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PREFACE 


— This volume provides a gentle introduction to most of the main areas 
of r¢search on general Banach algebras. It also serves the more specific 
puryiose of providing the background for Volume II which will deal more 
mtensively with *-algebras (i.e. algebras with fixed involutions, normally 
denoted by *). The focus is on the algebraic, and sometimes the geometric, 
underpinnings of the analytic theory. The subject is rich with sesthetic 
appeal, and many topics are pursued just as far'as I found thearattractive. 
References are given to more thorough expositfois when they are available 
or to original sources. I have tried to make the ‘book. teadable for begin- 
ning graduate students. Towards this end, I sometimes include a bit of 
undergraduate level material when it may not have been absorbed by such 
readers. There are also generous comments and historical remarks. They 
are all intended to serve a pedagogic purpose. I have tried to document 
the original source of most ideas, but sometimes I have failed. I apologize 
to those thus slighted. The knowledgeable reader. will also find numerous 
prev‘ously unpublished results and technical improvements. 

rt eaders should note the Symbol Index at the end of the volume. I have 
chos:n notation carefully and used it consistently throughout the work. For 
instance, A always represents an algebra and A with a subscript always 
represents a subset of that algebra. Each entry in the bibliography displays 
the numbers of the sections in this volume to which it is related. A few 
of these entries, primarily those recording recent papers, are not actually 
referred to in the text but have been included to record the names of current 
reseerch workers. When it is convenient to state several parallel cases in a 
single definition or result, the various options are enclosed in angle brackets 
() ar.d separated by an ordinary slash /. Internal references are given by the 
famitiar device of tripartite numbers separated by periods where the ( first 
/ sscond / third ) number refers to the ( chapter / section / subsection 
or statement ). Additional notation and conventions are introduced at the 
beginning of Chapter 1. 

{nn 1970 I began writing a book on *-algebras. Repeatedly I discovered 
that existing references did not cover the background material in sufficient 
detail or from the viewpoint I needed. Thus this first volume began life as 
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a series of appendices. Chapter 2 on the spectrum and spectral algebres 
is a direct descendent of the first of these appendices which attained the 
status of a complete independent exposition. When the appendices became 
as long as the main text, I realized that they needed to come first and 
could easily be expanded to provide a relatively complete introduction to 
Banach algebra theory. | Jearned this theory from the ground-breaking 
bouk of Charles E. Rickart [1960] and those familiar with his book will sce 
the strong influence his crganization of the subject still has on my own. 
By 1978 J had written a relatively complete manuscript. Unfortunately 
it was never quite finished for publication, and | devoted the decade of the 
1980's mainly to administrative work. During that whole period, I tried 
1G keep current with work on general Banach algebras, and I continually 
revised sections and incorporated really striking new results which obviously 
belonged. However, there was no time to complete the manuscript for 
publication. A. daunting nile of typed pages was the result in those pre- 
compu Sig iS. Einglly ;i i became nearly impossible to trace down and 
change. eal she | ET QBS. relerenses when new material was added. 
3 Docepiogr, i957 ? Robert §. Doran (Texas Christian University) asked 
THe, ae AY BOOK aS Pragtess siag and whether I had a publisher. Wholly 
involyea ath dean’s work; at, the time, I replied that I did not see how I 
would eves Gnisu it, witseut a coauthor. Within a few days he expressed 
willingness to. veyise. the. hook as a comithor and [ immediately accepted. 
Bob quickly, arvaggea a contract with Cambridge University Press, and f 
began ta withdsaw trom further administrative commitments. In December 
1988 Eot sant ine. a preprint of Thomas J. Ransford’s beautiful proof of 
Barry Johnson's uniqueness of norm theorem. Within a few hours | had 
used Ransford’s method to give a new proof of the fundamental theorem 
bf spectzal senm-norms (Theorem 2.3.6). Since I had known fur years that 
2a. vagy early procf of this result was a key to a smooth exposition of many 
cf.ay ideza, | decided then and there to leave the dean’s office and work 
exe this bous. Wii Bob's help it seemed a task of two or three 
years at most. Unfortunately, during the 21 months it took me to free 
myself of all administrative commitments, Bob was drawn more and more 
into administration himself. hy March 1991 he had to drop his role as 
coauthor. This book would have greatly benefitted had he been able to 
continue. Besides securing a contract for publication, Bob worked with his 
colleague David Addis to develop TEX macros for the book and arranged 
to have his wife Shirley Doran prepare a preliminary Tk:X version of my old 
manuscript. Without all their contributions, I could not have TeXed the 
whole book. Bob also made numerous suggestions on style. Many readers 
wil] thank him for convincing me to give up the use of the Fraktur alphabet. 
niuov heart. 7 still believe that Q@ is a typical Banach algebra.) 
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Many other people have helped with completion of this book. All the 
reords and mistakes are my own, but most of the commas were contributed 
by my wife Laramie and by Kenneth A. Ross, both of whom have proof- 
read essentially the whole work. Richard M. Koch has repeatedly come to 
“y rescue when some computer or TpXnicality defeated me. Laramie has 
helped with the book from the beginning; Ken and Dick were also essential. 
“ohn Duncan (University of Arkansas), Robert B. Burckel (Kangas State 
\Faiversity) and Michael J. Meyer (Georgia State University) read most of 
sre manuscript, sometimes in earlier versions, and made valuable sugy.s- 
Sisns. Barry E. Johnson (University of Newcastle) and H. Garth Daies 
(Leeds University) helped on more limited portions. Numerous colleagues 
Seve provided preprints or valuable information. Beginning in 1970 several 
zenerations of graduate students at the University of Oregon have seen pre- 
jirainary versions of the book. They have pointed out obscurities or even 
errors and in the later stages have contributed to the proofreading efforts. 
= cannot list them all but here are a few: Abdullah H. Al Moajil, Robert 
Bekes, Michael Boardman, Sean Bradley, Jon M. Clauss, David Collett, 
Den Hendrick, Thomas W. Judson, Michael Leen, Chung Lin, Jorge M. 
Lopez, Michael Ottinger, William L. Paschke, Paul L. Patterson Hi, John 
Phillips, James Rowell, Richard C. Vrem and Sheng L. Wu. To all those 
mentioned above by name or category, I extend heart-felt appreciation. 
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With deep filial respect, this volume is dedicated to: 


Ernest Jesse Palmer 
(April 8, 1875 to February 25, 1962) 


and 


Elizabeth McDougall Palmer 
(March 14, 1902 to April 25, 1972). 
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Introduction to Normed Algebras; 
Examples 


Introduction 


This chapter begins by stating some basic conventions, definitions and 
notation that will be used throughout the work. Additional standard no- 
tations will be introduced from time to time, as needed. The reader should 
cor sult the index of notation for reference. Many of the ideas presented in 
the first section will be familiar to some readers, They are mentioned for 
the sake of review and to fix our notation. Also, of course, some standard 
concepts are defined in slightly different ways by different authors, and we 
wish to make clear our own conventions. The chapter concludes with a 
number of examples discussed in some depth. We urge readers to acquaint 
themselves with these since an abstract theory, such as that presented in 
this work, lacks substance without knowledge of examples. 

The first section deals primarily with basic elementary results on normed, 
semi-normed, or topological linear spaces and algebras. Such topics as ide- 
als, homomorphisms, quotient norms, etc. are discussed, and the role of 
sen .i-norms in locally convex topological linear spaces is quickly surveyed. 
The unitization of an algebra and an important convention about it are 
also introduced. 

In order to enliven the section, we have introduced several interesting 
or slightly unusual topics which need relatively few prerequisites. Some 
basic facts about commutant subsets of algebras and maximal commutative 
subalgebras are presented. For any submultiplicative semi-norm o on an 
algeora A, we present the important properties of the non-negative real- 
valued function on A defined by 

i lim o(a")'/" VaEA. 

ay n—+00 

ection 1.2 deals with the double centralizer algebra D(A) of an algebra 
A. We regard D(A) as a more natural unitization of a non-unital algebra 
A. It also allows the classification of extensions of well-behaved Banach 
algebras under mild hypotheses. This interesting theory is also presented. 

Section 1.3 discusses a number of ways in which algebras and Banach 
algebras can be combined to make new algebras. It introduces direct sums, 
direct products, subdirect products, both projective and injective limits, 
ultraproducts and ultrapowers. 
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Section 1.4 is devoted to the Arens product. This interesting, fundamen- 
tal and elementary construction, which provides a product on the double 
dua] Banach space of any Banach algebra, is surveyed in some detail and 
explored more thoroughly in some of the examples which follow. 

The remaining six sections present examples. Some of these will proba- 
bly be familiar hut most are discussed in an elementary fashion to show how 
the ideas arise naturally and to make them accessible even to the begin- 
ner. In many years of teaching this material, we have often noted students 
who become facile with the theory without knowing a reasonable stock of 
examples. Thus we urge that these sections be read in detail. Algebras of 
functions are dealt with very briefly since they belong more to the subject 
matter of Chapter 3. Matrix algebras, operator algebras and group algebras 
are presented in more detail. 

A number of simple examples, which we might have included here are 
algebras with involutions. Since the second volume of this book will be 
devoted to a much deeper study of involutions, we omit most of these 
examples here. For this reason, most algebras of operators on Hilbert space 
are omitted or slighted even though they rank among the simplest examples, 
as will be seen when they are presented in Volume II. 


1.1 Norms and Semi-norms on Algebras 


Sets. Functions and Notation 


If D and S are sets, we write D\S for the difference set {uc D: a ¢ S}. 
If f is any function with domain D, and S is any set, fig denotes the 
restriction of f tothe domain DiS. In neither case do we insist that S be a 
subset of D. We sometimes use the notation f~ for the relation which is the 
inverse of a function f, particularly when f*~ is not a function. (However 
if f is a function in an algebra A of linear functions under composition, we 
always use f~! for the inverse when it is a function in A. Conversely, if 
f is a function with values in a group in which multiplicative notation is 
used or in the invertible elements in some ring, and if f belongs to a group 
or ring of functions in which multiplication is defined pointwise, then f~! 
will always represent the function defined by f~!(z) = f(z)~! for each z 
in the domain of f.) If F is a set of functions, each with domain including 
X, we write F(%) for the set {f(z): fe F, xr € X}. 

In any topological space we denote the boundary, closure and interior 
of a subset S by 0S. S~, and S°, respectively. The support suppf of a 
real- or complex-valued function f defined on a topological space 2 is the 
closure of the set where f is non-zero. 

We will use C, BD, T, R, Ry, R&, Z, N, N° and @ to denote, respectively, 


the set of comples numbers, the unit disc {A © Cs jAl <4}, the t-torus 
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{A € C: |A] = 1}, the set of real numbers, the set of non-negative real 
numbers, the set of positive real numbers, the set of all integers, the set 
{1,2,3,...} of natural numbers or positive integers, the set {0,1,2,...} of 
non-negative integers and the empty set. We endow each of these sets with 
all its usual structure so that, for instance, R is an ordered normed field. 
Open and closed intervals are denoted by }-,-[ and [-,-], respectively. The 
supremum of a set in R is oo if the set is unbounded and —oo if the set is 
empty. Similar conventions hold for the infimum. The compler conjugate 
of a complex number \ will be denoted by »*. We frequently use the 


Kronecker delta 
5.af1 ifi=j 
o-)0 ifi4;. 


‘The indices ¢ and j may be any type of mathematical object. 

‘lt is often convenient to state several definitions or results in a parallel 
fashion. We clo so by listing the various choices involved in order, enclosed 
in angular brackets and separated by slashes: {... / ... / ...). References 
wituin this work are given by a three part number made up of the chapter 
nember, section number and result or subsection number. References to 
other books and articles are given by mentioning the author's name in the 
text and then giving the year of publication enclosed in square brackets. 
Full details are located in the bibliography. 


Algebras and Subalgebras 


1.1.1 Definition An algebra A over a field F is a ring which is also a 
linear space over F under the same addition and satisfies 


{Aa)b = A(ab) = a(Ab) VAEF, a bEA 


N. B. Throughout this work all linear spaces or algebras will have the 
complex field as their field of scalars unless the contrary is explicitly stated. 
Occasionally F will denote either the real or the complex field: R or C. 

An algebra is said to be unital if it has a multiplicative identity (t.e., an 
element 1 satisfying la = al = a for all a € A). 

A subalgebra is a subring which is also a linear subspace (i.e. it is a linear 
subspace which contains the product of any of its elements). A subalgebra 
of « unital algebra which contains the multiplicative identity element of the 
warger algebra is called a unital subalgebra. 


We will always state definitions and results for algebras even when the 
theory for arbitrary rings is no more complicated. When feasible, we will try 
to state definitions, propositions and arguments so that they also apply to 
algebras with the real numbers as scalar field but this is not always possible. 
Note that a subalgebra may be a unital algebra (because it contains its own 
identity element) without being a unital subalgebra (because the larger 
algebra is cither nonunital or has a different identity elernent). 
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An element a in an algebra A is called an ( idempotent / nilpotent ) if 
it satisfies (a? =a / a" = 0 for some n EN ). An idempotent is said to be 
proper if it is not a multiplicative identity element for the algebra to which 
it belongs. A non-zero proper idempotent is said to be nontrivial. Finally, 
two idempotents e and f are orthogonal if they satisfy ef = fe = 0. 

An element a in an algebra A is called a ( left / right ) divisor of zero 
if there is some non-zero 6 € A satisfying (ab=0 / ba = 0), An element 
which is either a left or right divisor of zero is called a divisor of zero and 
an element which is both is called a two-sided divisor of zero and a joint 
divisor of zero if the same element b can be used on both sides. 


Historical Remarks on Algebras 


The term “algebra”, was first applied, in the sense used in this work, by 
Benjamin Peirce [1870]. His interesting paper, which was published posthu- 
mously in 1881, was in part a philosophical discussion intended to establish 
the modern 20th century view that “Mathematics is the science which draws 
necessary conclusions.” As an example, he defined “linear associative al- 
gebras”, by axioms and derived a number of consequences. For another 
third of a century most mathematicians studied algebras as “systems of 
hypercomplex numbers”. This term denoted a linear space with a given 
distinguished basis and a multiplication table for the basis elements giving 
each product as a specified linear combination of basis elements. Shortly af- 
ter the turn of the century, under the influence of Leonard Eugene Dickson, 
the term “algebra”, and the axiomatic definition and viewpoint were gen- 
erally adopted by mathematicians. For instance, at Dickson’s suggestion 
the term “algebra”, (but not the axiomatic definition) is used in the text 
of Joseph H. Maclagan Wedderburn’s classic paper {1907] establishing his 
decomposition theorems. Dickson used both the term “algebra”, and the 
axiomatic definition in his influential book [1927]. See also Karen Hunger 
Parshall {1985}. 


Linear Spans, Conver Hulls, Products and Sums of Subsets 


When S is a subset of a linear space Y we write span(S) for the linear 
span of S and co(S) for the convex hull of S. If 4 is the linear span of a 
linearly independent set, we call the set a Hamel basis for 1. A subset S 
of a linear space is said to be balanced if Ax belongs to S for all complex A 
satisfying |A| < 1 and all z € S. The balanced conver hull of a subset S of 
2%, denoted by ba(S), is the set 


{Soe ne A, 60, €; 6.8 for jz =1,2,.0. 9% e, [Ns S i}. 
371 pet 

Let A be an algebra. If S and T are linear subspaces of A, we will denote the 
set span{ab:a€ S,b¢ T} by ST. Also if a is an element of A and S and 
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T are linear subspaces of A, we denote the set span{bac : b € S, c € T} by 
SaT. Similar variants are also used including expressions like (1 —a)A = 
'b— ab: b € A} and (A-—a)A = {Ab — ab: b € A} even in nonunitai 
algebras, In general, the algebras we study will be noncommutative. Hence 
‘Sis important to agree that the symbol II7_,a; means a,a3---a@,. For any 
nteger n strictly greater than one and any linear subspace S, we denote 
she set span{II?_,a; : a; € S} by S”. If S and T are any subsets of A, we 
lenote the set fa+b :a€S,be T} by S+T. If S = {a} is a singleton, we 
ceplace S+T by a+ 7. (These notations were introduced into the theory 
of algebras by Wedderburn [1907] following similar notation used in group 
theory by George Frobenius.) 
{ The multiplication of linear subspaces just defined satisfies the asso- 
siative law and the distributive law relative to addition. The addition of 
jubsets satisfies the commutative and associative laws. We will use these 
»roperties without further comment. (The reader should note the contrast 
vith the notation F(%) = {f(a): f € ¥; 2 € X}, where F is a set of func- 
tions with domains including ¥. In this case no linear span is taken even 
‘f F and X are both linear spaces.) The kernel of a linear map y: ¥ — Y 
:s the linear subspace ker(y) = {x € ¥ : v(x) = O}, 


Ideals, Homomorphisms and Quotients of Algebras 


We use the word ideal to mean a two-sided ideal. Thus a left ideal or 
ight ideal is not a special kind of ideal. In an algebra, a one-sided ideal 
or an ideal is a linear subspace since it is a subalgebra. A homomorphism 
between algebras is a ring homomorphism which is also a linear map. Thus 
it is a linear map + satisfying 


p(ab) = pla)p(s) Wa,beA 


if A is the domain of y. Its kernel is {a € A: y(a) = O}. If A and 
.3 are algebras, the set of homomorphisms of A into 8B will be denoted 
by Hom(A, B). As usual, a bijective homomorphism of algebras is called 
on isomorphism and an automorphism if it maps A onto itself. If A is a 
unital algebra, the simplest automorphisms are the inner automorphisms 
a ++ b-'ab where b is invertible and 6? is its inverse. A linear map or 
homomorphism y: A — B is said to be injective if its kernel is {0}, and 
surjective if each element of B is the image under ¢ of some element of A. 

A linear map y:A — B which is anti-multiplicative (1.e., g(ab) = 
(0(b)p(a) for all a,b € A) is called an anti-homomorphism. “Isomor- 
phic”, “anti-isomorphism”, “anti-isomorphic”, etc. are defined as usual. 
lf y: A — B is an algebra homomorphism (or anti-homomorphism), then 
its kernel is an ideal of A. Conversely, if Z is an ideal of an algebra A, 
then the set A/T = {a+TI : a € A} of cosets has (in the usual way) 
the structure of an algebra such that the natural map y: A — A/T is a 
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homomorphism with kernel T (7.e., (a+Z)+(b+Z) =a+6b+TZ, XA(a+T) = 
Aa+TZ, (a+TZ)(b+T) = (ab+T)) and p(a) =a+TZ. 

If Z,X and C€ are ideals in an algebra A and C is included in Z, we 
expect the reader to be familiar with the natural isomorphisms between 
T/(I0\K) and (1 +K)/K: a+ INK + a+K; and between A/Z and 
(A/L)/(Z/L): a+ Z-—+ a+ + (T/L). They are both easily checked. 


Historical Remark on Ideals and Quotients 


We wish to comment on the significance of the word “ideal.”, In at- 
tempting to prove Fermat's last theorem, both Augustin-Louis Cauchy and 
Ernst Eduard Kummer were led to consider, at least implicitly, algebraic 
number fields, 1.e., finite algebraic extensions of the rational field. At first 
they each made the mistake of implicitly assuming that the fundamental] 
theorem of arithmetic (the uniqueness of factorization into primes) held. 
When Peter Gustav Lejeune Dirichlet pointed out the error, Kummer in 
ca. 1845 invented what he called ideal numbers in order to restore unique 
factorization. Richard Dedekind replaced Kummer’s ideal numbers with the 
special subrings which we now use, and he quite naturally called them ideals 
as we still do. In the theory of algebras, ideals were considered for several 
decades under the name “invariant sub-complexes”, cf. Theodor Molien 
{1893}, Elie Cartan [1898], and Wedderburn [1907]. The term “ideal”, was 
used in the context of algebras by Dickson in his infiuential book [1927]. 

The quotient algebra of an algebra modulo an ideal was introduced by 
Molien {1893}. In the case of certain special commutative algebras, the idea 
was accepted much earlier and can be traced back to Karl Friedrich Gauss’ 
theory of congruences. 


Hereditary Subalgebras and Normal Subalgebras 


The two classes of subalgebras mentioned in the heading have some sim- 
ilarity to ideals in that they are defined by requiring that certain products 
of sets have special properties. A subalgebra B of an algebra A is said to 
be hereditary if it satisfies BAB C B. Obviously the intersection of a left 
ideal and right ideal has this property. The concept arose to generalize this 
situation to closed *-subalgebras of C*-algebras which were gencrated by 
their positive parts. The term seems to have been first used by Francois 
Combes in {1969}. This followed the recognition by Reese T. Prosser [1963] 
that these algebras have the form LN L* where CL is a closed left ideal, and 
a series of papers by Gert K. Pedersen, beginning with [1966], which had 
the goal of understanding the non-closed case. 

The concept of normal subalgebras was introduced by Marc A. Rieffel 
[1979a], [1979b]. It is motivated by the following consideration which relates 
to Section 1.9 below. Suppose G is a locally compact group and H is an open 
subgroup. Then L!(H) can be regarded as a subalgebra of L}(G) simply 
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by extending functions on H to be zero on the rest of G. The problem 
then is to distinguish the subalgebras arising from normal subgroups from 
those arising from non-normal subgroups. Suppose H is normal. If Z is 
an ideal of L}(G), then K = IN L1(H) would satisfy L'(G)K = KL‘(G), 
aud this would only be true in general when H is a normal subgroup. 
Thus Rieffel defined a subalgebra of an algebra to be normal if the above 
invariance property (7.e., for 8B a subalgebra of A and Z an ideal of A, 
A(ZNB) = (IMB).A) holds for a suitable class of ideais. In the cited paper 
he was able to use this concept to generalize certain aspects of the theory 
of induced representations from normal subgroups to the setting of normal 
subalgebras of algebras. We mention this concept here in part because 
it has not yet been exploited despite its obvious potential. With further 
refinements, possibly involving double centralizer algebras, it may play an 
important role. 


The Reverse Algebra 


If A is an algebra, the reverse of A is the algebra A” with the same 
underlying linear space as A but with multiplication defined by setting ab 
in A® equal to ba in A. Thus the identity map of A onto A® is an anti- 
isomorphism, and an algebra B is anti-isomorphic to A if and only if it is 
isomorphic to A®. 


Semi-topological Linear Spaces and Algebras 


Much of this work deais with the interplay between algebraic and topo- 
logical or metric properties. We now introduce the first. of these hybrid 
concepts. N. B. Throughout this work, a set U is called a neighborhood of a 
point a if a is in the interior of UY. Thus a neighborhood need not be open. 


1.1.2 Definition A semt-topological linear space X is a linear space 
together with a topology such that the maps 


Cx X + & defined by (A, 2) > Az (1) 


XxX +X defined by (x,y) Harty (2) 


are continuous. A semi-topological algebra A is an algebra together with a 
topology such that the linear space of A is a semi-topological linear space 
and the maps of A into A defined by 


at ab and at ba (3) 
are both continuous for each fixed b € A. A topological linear space or 


a topological algebra is, respectively, a semi-topological linear space or a 
semi-topological algebra in which the topology is Hausdorff. 
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Some authors require that the multiplication in a topological algebra 
A be jointly continuous from Ax A to A. In this terminology, a semi- 
topological algebra is often a Hausdorff topological algebra with singly 
rather than jointly continuous multiplication. 


Separation Properties 


Recall that for a semi-topological linear space the Ty, T;, Hausdorff (T2) 
and regular Hausdorff (73) separation axioms are equivalent. To see this, 
consider a neighborhood ¢ of zero in a topological linear space 4’. Subtrac- 
tion is continuous since addition and multiplication by —1 are. Thus there 
is a neighborhood VY of zero satisfying V— V C U, and hence Y~ C UW. Since 
translation is a homeomorphism, this shows that for any neighborhood U¢ 
of a point in 7 there is a neighborhood Y satisfying Y~ C U. This result 
shows that Tp implies T3. In fact a topological linear space is completely 
regular since it is uniformizable (cf. e.g., Kelley [1955]). We will say more 
on this subject when we discuss topological groups. In the next chapter, 
Section 2.9 will also give more information on topological algebras. 


Quotients of Semi-topological Algebras 


If Z is an ideal in a semi-topological algebra A, then A/Z can be fur- 
nished with the quotient topology. We remind the reader that the quotient 
topology defined by the map y: A — A/T is the topology on A/T in which 
a set L¢ C A/T is open if and only if y* (UY) is open in A. 


1.1.3 Proposition Let A be a semi-topological algebra and let Z be an 
ideal in A. 

(a) A/T is a semi-topological algebra under the quotient topology. It is 
a topological algebra tf and only if ZT is closed. 

(b) If Z is the kernel of a continuous homomorphism into a topological 
algebra, then T ts closed. 


Proof (a): In order to check that A/T is a semi-topological algebra we must 
check the continuity of the maps (a@+Z, b+Z)rHa+06+T, (A,a+Dr 
Aa+T, a+T ++ ab+T anda+Z ++ ba+T. We show only the first since the 
others are similar. Suppose U/ is an open neighborhood of a+6+T in A/T. 
By definition of the quotient topology, this means that the preimage U/’ of U 
under the natural homomorphism y: A > A/T is open. Thus there are open 
neighborhoods Y and W of a and b, respectively, satisfying V+ WC WU’. 
Since U/’ is a union of cosets of T, we have (V+7)+(W+Z) C UW’. However, 
¥+T (and similarly W + T) is open since it is the union of the open sets 
V¥+a. Hence y(V) and y(W) are open neighborhoods of a + Z and 6 + 7, 
respectively, and they satisfy y(V) + y(W) Cu. 

If ZT is closed, A/T is T, and hence a topological algebra. Conversely if 
A/T is T,, then Z is closed. 
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(L-): If g: A —» B is continuous and B is a topological algebra, then the 
kernel J = y* ({0}) is closed by the definition of continuity. oO 


If A and B are semi-topological algebras, denote the set of continuous 
alget a homomorphisms y: A + B by CHom(A, B). Any y € CHom(A, B) 
can Le factored 


| A+ A/T + 9A) > B (4) 


wher: Z is the kernel of y. If B is a topological algebra, then Z is closed so 
A/T ‘and (A) are topological algebras. 

It‘is easy to see that the closure of a subalgebra, left ideal, right ideal or 
ideal in a semi-topological algebra is a subset of the same type. A subset S 
of an‘algebra A is called commutative if any two of its elements commute 
(i.e., if a, 6 € S implies ab = ba). It is easy to see that the closure of a 
commutative subset in a topological algebra is commutative. 


Commutants 


Jchn von Neumann [1929] introduced both the notation and an appreci- 
ation of the importance of commutants. Commutants are sometimes called 
centralizers, but this word also has other meanings. 


1.1.4 Definition If S is a subset of an algebra A, then the commutant 
of S is the subset S’ defined by 


S'={aeA:ab=ba VbES}. 


We denote the double commutant (S’)’ by S” and similarly for higher order 
commutants. The set A’ is called the center (German Zentrum) of A and 
is denoted by Az. 


1.1.5 Proposition The commutant S’ of a subset S of an algebra A 
satisfies: 

(a) S’ is a subalgebra of A. 

(b) SCS". 

(c} SCS’ if and only if S is commutative. 

(dj Sy C S2 implies S} CS}. 

(e) SS =S". 

(f) A subset C of A is a maximal (under inclusion order) commutative 
subsei if and only if it satisfies C = C’. Hence marimal commutative subsets 
are subalgebras. 

(g, Every commutative subset C ts included in some maximal commuta- 
tive si.balgebra. 


Proof Most of these results are immediate consequences of the definition. 
Result (e) comes from applying (d) to (b), and (f) can be seen by noting 
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that C u {c} is commutative if C is and c belongs to C’. Obviously (g) 
depends on an application of Zorn’s lemma. Dp 


We now note the topological consequences of these results. A variant 
of result (b) was first systematically exploited by Paul Civin and Bertram 
Yood [1959]. 


1.1.6 Proposition Let A be a topological algebra. For every SC A, S' 
ts closed. Hence the center of an algebra and every maximal commutative 
subalgebra are closed. 


Proof For each b € S, the set {a € A: ab— ba = 0} is closed. The 
intersection of all these sets for 6 € S is just S’. The center is A’ and (f) 
of the last proposition shows C = C’. QD 


For another interesting property of maximal commutative subalgebras 
refer to Proposition 2.5.3. 


Semt-norms 


Nearly all of the topological or semi-topological algebras and linear 
spaces in this work will have topologies defined by a semi-norm or a family 
of semi-norms. We introduce this simple but important concept now. 
1.1.7 Definition A semi-normo on alinear space X isamapa: ¥ ~ Ry; 
satisfying: 

(a) o(z+y) < o(z)+oly) (subadditivity) (5) 
(b) a(dz) |Alo(z) (absolute homogeneity) (6) 


for all z, y € X and A€ C. A semi-norm o on an algebra A is called an 
algebra semi-norm if it also satisfies: 


{c) a(ab) < o(ajo(b) (submultiplicativity) (7) 


for alla, 6 € A. An algebra semi-norm o on an algebra A is called nontrivial 
unless A has a multiplicative identity at which o is zeru. For any semi-norm 
o on a linear space +, define 4, by 


X= {ze X:o(r) =O}. (8) 


A semi-norm o on a linear space 4 is called a norm if 4 = {0}, (i.e., when 
o(x) = 0 implies x = 0). A linear space together with a semi-norm or norm 
is called a semi-normed or normed linear space. An algebra together with 
an algebra semi-norm or algebra norm is called a semi-normed or normed 
algebra. A normed linear space or normed algebra which is complete in its 
norm is called a Banach space or Banach algebra, respectively. A normed 
linear space is said to be separable if it has a countable dense subset. Finally, 
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a map y between semi-normed linear spaces (1, oa) and (), 7) is said to 
be { isometric / contractive ) if it satisfies 


( r(y(z)) = o(z) / r(y(z)) S o(z)) Vee X, 
An isometric linear map is called an isometry. 


The above definition of a nontrivial algebra semi-norm is certainly not 
what one might expect at first, since it calls the identically zero semi-norm 
on a non-unital algebra nontrivial. However, we will see in several places 
(e.g., Theorem 2.2.1) that this definition is very convenient. H. Garth Dales 
{1981b] gives examples of normable and non-normable algebras. 


Historical Remarks on Banach Algebras 


Before discussing several aspects of this definition which need further 
comment, we discuss the early history of Banach algebras. Both Arne 
Beurling (cf. e.g., {1938]) and Norbert Wiener {1932] raised questions and 
used some techniques which we would now place in the theory of Banach 
algebras. Furthermore, John von Neumann alone {1929], {1936a], {1940], 
[1943] and with Francis J. Murray [1935], [1937], [1943] began the study 
of von Neumann algebras (they called them rings of operators) which are 
among the most important examples of Banach algebras and are now often 
treated as such. 

Curiously, those first attempting to abstract von Neumann algebras did 
not recognize the importance of the norm. Stourton William Peile Steen 
began his abstract study of algebras of operators with the commutative 
case [1936], [1937] in which he correctly noted the importance of order 
properties for the set of hermitian elements. As he began to generalize 
to not necessarily commutative algebras {1938] and then explicitly to von 
Neumann algebras [1939], he continued to use the order properties which 
were no longer so well suited. Finally, in the last paper of the series [1940], 
he introduced the norm (the referee of the paper supplied a reference to 
Nagumo [1936], see below) and actually defined what were later called H*- 
algebras by their re-discoverer and developer Warren Ambrose [1945], who 
apparently was not aware of Steen’s work. 

Banach algebras, under the name linear metric rings, seem to have been 
first defined explicitly by Mitio Nagumo [1936]. He remarks in the introduc- 
tion to his paper that he intends to treat the analytic rather than algebraic 
theory (for instance “the ideal theory”) of his rings. His main result, which 
is still of considerable interest, will be presented as part of Theorem 2.1.12 
beiew. Nagumo’s terminology was immediately adopted by Késaku Yosida 
who wrote two papers [1936a], [1936b] related to Nagumo’s results. These 
three papers were widely noted. They are cited by Stanislaw Mazur in his 
note [1938] stating the Gelfand~Mazur theorem (Corollary 2.2.3 below). 
This paper in turn led to the two interesting papers of Meier Eidelheit 
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[1940a], [1940b] which explicitly begin to develop a general theory of linear 
metric rings. Eidelheit’s paper {1940a] contains the first example of a result 
of the type treated in Chapter 6 below (cf. 1.7.15 below). 

Aristotle D. Michal and Robert S. Martin [1934] studied the expansion 
of analytic functions in an awkwardly, but correctly, defined Banach algebra 
with a trace function as part of its basic structure, but this promising start 
does not seem to have borne fruit. Pessach Hebroni’s concept of normed 
rings (with no linear structure) [1938] provides another adumbration of Ba- 
nach algebra theory. However, it was not until Israel Moiseevit Gelfand 
[1939a], [1939b], [1939¢] and his collaborators (Vitalli Arsenievié Ditkin 
[1939], Georgi Evgenyevié Silov [1939], Gelfand and Andrei Nikolaevie Kol- 
mogoroff (1939]) took up the theory that it became an important part of 
the mathematical literature. It has often been remarked that Gelfand’s 
elementary proof {1941d] of Wiener’s theorem [1932] (that the Fourier se- 
ries of the inverse of a function with absolutely convergent Fourier series 
converges absolutely) showed the mathematical community the power of 
Banach algebra theory. 

Gelfand’s papers of 1939 were merely announcements without details. 
By the time his complete paper [1941a] appeared, World War II had dis- 
rupted communications and mathematical research so that further devel- 
opments did not come so fast as they might have otherwise. Nevertheless, 
by 1941 the following additional papers dealing with Banach algebras had 
been published by Russian authors: Gelfand [1941b], [1941c]; Gelfand and 
Silov [1941]; Iakov Isaevit Khourguine and N. Tschetinine [1940]; Mark 
Grigorevié Krein [1940a], [1940b], [1941a], [1941b], [1941c]; Silov [1940al], 
[1940b]; Vitold L. Smulian [1940]. Furthermore, in 1941 John Williams 
Calkin published his important study [1941] of ideals in B(71), where H is a 
Hilbert space, and Irving E. Segal [1941] published an abstract of his Yale 
thesis [1940] on group algebras. Unfortunately the details of Segal’s work 
were not published until [1947a], [1947b] because of the war, and then in a 
considerably different form. By 1942, Banach algebra theory had developed 
beyond infancy. See also Antonie F. Monna [1973]. 

Just as the Soviet Union was the site of the first flowering of research on 
Banach algebras, it was also the place where the first monographs/textbooks 
appeared. In 1940 Gelfand, Raikov and Silov wrote an expanded account 
of a number of their early papers which was first published in truncated 
form in [1946]. It was translated into English in 1957. This was greatly 
expanded in [1960] and the enlarged version was translated into both Ger- 
man and English in 1964. This work is primarily addressed to commutative 
Banach algebras, but contains a substantial treatment of Banach *-algebras 
also. Richard F. Arens had noted a nontrivial error in MR 22 #5907 which 
went uncorrected. See Arens’ review of the German edition for details, Eva 
Kallin {1963} for a counterexample, and Arens {1961] for a correction. 
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David Abramovié Raikov [1945] treats commutative harmonic analysis 
frem the viewpoint of Banach algebras. This book was translated into 
German in 1954. In (1947a| Silov gave a 118 page treatment of completely 
regular commutative Banach algebras. Formal power series are also studied 
in some detail (cf. 3.4.18 below). A 19-page English summary included 
conplete statements of most results. 

Mark Aronovié Naimark [1948] is a comprehensive treatment of the 
theory of *-algebras as it was then known. In the same year Einar Hille 
included a substantial treatment of Banach algebra theory in his book on 
semigroups [1948]. Chapters V and XXII provided the best introductory 
treatment in English up to that time. The revision, published jointly with 
Ralph S. Phillips [1957], expanded this treatment in Chapters IV and IX. 

Lynn H. Loomis [1953] presented the material from a course initiated 
at Harvard under George W. Mackey and continued by Loomis. It was 
sharply focused on commutative harmonic analysis from a Banach algebra 
viewpoint and might be considered a successor to both André Weil [1940] 
and Raikov (1945]. A small slip about the uniqueness of the extensions of 
left ideals in a nonunital algebra to the unitization was repeated in Naimark 
[1956]. See MR 22-#1825 for a correction. Gelfand and Naimark [1948] 
covers the theory of *-algebras. 

The first full length textbook covering all of Banach algebra theory was 
Naimark’s important monograph [1956]. Starting with a detailed treatment 
of basic functional analysis, the book went up to the frontiers of research 
in she decomposition theory of von Neumann algebras. It was translated 
into both German and English in 1959. Unfortunately the final chapter 
was based on some work by Tomita which claimed to remove separability 
restrictions from the decomposition theory. It was soon discovered that 
this claim was overly optimistic. (See MR 29 #5120 for an actual coun- 
terexample.) Thus a second English edition was issued in 1964 (MR 34 
#4928) in which Naimark returned to von Neumann’s original treatment 
of decomposition theory. This version was republished in 1970 without 
ess2ntial change (MR 50 #8075). A somewhat more thoroughly updated 
version appeared in Russian in 1968 (MR 50 #8076). Finally, this version 
was translated into English in 1972 with further improvements. 

This record shows that there were substantial book length treatments 
of Sanach algebra theory before Charles E. Rickart [1960] appeared. Nev- 
ert 1eless we consider that Rickart’s book defined the classic scope of the 
gereral theory of Banach algebras. His treatment was more algebraic and 
thrs somewhat less oriented towards analysis than previous works. In par- 
ticlar it placed the theory much more solidly into the context of other 
algsbraic investigations. This has proved fruitful. After 1960, most books 
on functional analysis devoted substantial space to Banach algebra theory, 
anc: many more specialized books appeared. We have not discussed early 
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books on von Neumann algebras nor the more recent flowering of books on 
C*-algebras, but we should mention that Marshall Harvey Stone’s [1932] 
book prepared American readers for highly algebraic excursions into anal- 
ysis. 


The Topology Defined by a Semi-norm 


A semi-normed linear space (4’,o) is a semi-topological linear space 
with basis {N27(z):¢ € R&, x € 4} for its topology, where 


Nez) = {ye #2 a(z —y) < €}. (9) 


This topology defined by o is called the o-topology. Topological statements 
about a semi-normed space will always refer to this topology unless some 
other topology is explicitly mentioned. Two semi-norms on the same space 
are called equivalent if they define the same topology. A semi-norm a 
is said to ( majorize / dominate ) a semi-norm 02 on a linear space 4 if 
( o2(z) < o1(x) holds for all x € ¥ / there is a constant k satisfying 


o,(z)<ko\(x) VWrer). (10) 


Two semi-norms are ( equal / equivalent ) if and only if each { majorizes 
/ dominates ) the other. 

Whenever (’, c) is a semi-normed linear space, we will denote the closed 
untt ball by 

AX = {x EX: 0(zr) < 1}. (11) 

The open unit ball is then Vf and the unit sphere is 04. For t > 0 we write 
t&, for the closed ball of radius t. The set {x € ¥ : a(x) = O}, previously 
denoted by %,, is the closure of {0} in the o-topology. Clearly (4,o) is a 
topological linear space exactly when o is a norm. (Norms will frequently 
be denoted by || - ||.) 

If (A,o) is a semi-normed algebra, then it is a semi-topological algebra 
in which multiplication is jointly continuous in the o-topology. It is a 
topological algebra if and only if o is a norm. Clearly A, is an ideal. 


Algebra Semi-norms 
1.1.8 Proposition Let (A.co) be a semi-normed algebra and let I be 
an ideal. Then the quotient topology on A/T is given by a semi-norm o’ 


defined by 
a'(a+ Z) = inf{o(b):b€ a+ TZ} VaceA (12) 


and a’ is an algebra semi-norm. Furthermore, o is a norm if and only if Z 


is closed, 


Proof Check it. 0 
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We will call o’ the quotient semi-norm. Directly, or from Proposition 
1.1.3, it is obvious that o’ is a norm if and only if Z is o-closed. Quotient 
norms for Banach algebras modulo closed ideals were used by both Calkin 
(1941] and Gelfand {1941a]. 

We assume the reader is familiar with the completion of a normed linear 
space or normed algebra. We normally avoid completions of semi-normed 
spaces. When it is necessary to use the completion of (A,c), it is just the 
completion of A/A, in the norm a’ introduced above. 

The insistence that an algebra norm be submultiplicative is not really 
as restrictive as it may seem. If multiplication in some algebra -A is jointly 
continuous with respect to some linear space semi-norm o, then the absolute 
homogeneity of o shows that there is an equivalent algebra semi-norm on 
A.‘ We incorporate this observation in the following more interesting result, 
which is due to Gelfand [1941a]. See also Ma. José Mijangos [1982], Ali 
Ulger [1990b] and Subhash J. Bhatt and D. J. Karia [1992]. 


1.1.9 Proposition Let A be an algebra and let (A,o) be a Banach space 
which is a topological algebra in the topology defined by o. Then there is 
an algebra norm || - {| on A equivalent to o such that (A, |\|- ||) ts a Banach 
algebra. Moreover if S is some bounded multiplicative semigroup in A (i.e., 
a bounded subset closed under multiplication), then the algebra norm can 
he chosen so that each element of S has norm at most 1. For this last 
result, completeness is not required if the norm is already assumed to be 
submultiplicative. 


Proof The uniform boundedness theorem shows that multiplication is ac- 
tually jointly continuous, t.e., continuous as a map from Ax A — A. 
Hence, using the absolute homogeneity of o, there is a constant M satisfy- 
ing o(ab) < Mo(a)o(b) for all a, b € A. We may assume M > 1. Define a 
norm by 


fall’ = sup{o(Aa + ab) : |A;+o(bt) <1; AEC, bE A} VaeA (13) 
and note |laj|’ < Mo(a) since o(Aa + ab) < |Alo(a) + Mo(a)o(b). By 
choosing 4 + b = 1+, we see |la||’ > o(a). Hence || - ||’ is at least an 
equivalent linear space norm. However, any a, c € A satisfy 

llac|l’ < sup{o(Aac + acb) : o(Ac + cb) < lell/; AE C; bE A} 
< lle’ sup{o(ad) : o(d) < 1, de A} < |lal|' |lel|’ 
so that || - ||’ is an equivalent algebra norm. 
Now suppose S is a bounded multiplicative semigroup in the original 
norm (or topology). It is still bounded in the equivalent algebra norm, so 


we will assume that || - ||’ is submultiplicative and S is bounded by N with 
N > 1. Define a new linear space norm by 


Illa|| = sup{llcal|’, |Jall’:ce€ S}  Vae A. 
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It is easy to check that this is a linear space norm satisfying 
Wali’ < Illal| < Nllell’ and {jjeall| < |llall| Wae Aces. 
Now define the desired algebra norm by 
ilal] = sup{|||Aa + abj}| : JA} + Nb) <1; AEC; bE A} VaEA. 
By the same argument as before, we check that this is an equivalent algebra 
norm in which each element of S has norm at most 1. Oo 


The Limit o© for an Algebra Semi-norm o 


The following interesting and elementary properties of a submultiplica- 
tive semi-norm are extremely useful. They were discovered by Gelfand 
(1941a]. For related results see Theorems 2.2.2 and 2.2.5 below. 


1.1.10 Theorem Let o be an algebra semi-norm on an algebra A. For 
each a € A, define o™(a) by 


o™(a) = inf{o(a")!/" : n € N}. (14) 


For alla, b € A, we have: 
(a) o°(a) = limp. a(a")/”. 
(b) 0 < o®(a) < ofa). 
(c) (Aa) = |Alo™(a) VrAEC. 
(d) c©(ab) = 0° (ba). 
(e) a (a") = o™(a)” VneEN. 
(f) If A has a multiplicative identity 1, then o(1) = 1 holds unless 
o is trivial. 
(g) If a and b commute, they satisfy: 


o*@(a+b) < o%(a) + a™(b) a*(ab) < a*(a)o™(b). 


Hence o© is an algebra semi-norm on any commutative subalgebra of A. 
(h) Any sequence {an}nen C A which converges to a sattsfies: 
lim supo™ (an) < a (a). 
00 


(i) Finally, o satisfies 


o™(a) = inf{ {all : || - {| ts an algebra norm on A equivalent to c}, 
and if A ts unital we may restrict the norms || - || in the above infimum to 
satisfy ||1}[ = 1. 


Proof Note that (b), (c), and (f) are immediate from equation (14). Thus 
in proving (a), we may assume o™(a) < a(a) < 1. Choose € > O satisfying 
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é€ <1-~o%(a). Find m € N satisfying o(a™)'/™ < o°(a) + €/2. Find 
r € N satisfying 0° (a) + (€/2) < (o(a) +€)'"+)/". Now for any n > mr, 
we can write n = mp+q with p>r,0<q<m. This implies 


o*°(a) 


IA 


a(a")'/" < a(a™?)!/"g(q2)i/" 


(o(a™ sim?" (aya! < (0° (a) + (€/2))™P/* 


< (aX (a) $e)MPTHN/m < G(q) + e, 


IA 


since mp(r + 1) > mpr + gr = nr. It follows that o°(a) = lim o(a")!/". 

From (a) it is easy to prove (d) (consider (ab)" = a(ba)"~1b), (e) and 
the second inequality of (g). We now prove the first inequality of (g). 

Let a, 6 € A commute and choose s > o™(a) and t > 0(b). Write ag 
and by for s~4a and t~'b. Since o(a")!/" and o(bp")!/" are both strictly 
less taan 1 for sufficiently large n, there is a finite number MM satisfying 
sup{o(ap), o(t) :n € N} < M. For any ne€ N, we get 


o((a+b)") = ao (: 4 ont) 


k=0 
< Do (p)er tet o(aa"-to(to) 
k=0 
= n 
k 


-e ( )antetae =(s+t)"M?, 


k=0 


IA 


Thus taking the limit as n increases, we have 
o°(a +b) =lim o((a + b)")'/" < 5 +t. 


This completes the proof of (g), since s > o™(a) and t > o%°(b) were 
arbitrary. 

(h): As in the proof of (a), we may assume o(a) < 1 and o(a,) < 1 for 
all n. Let € > 0 be given. The definition shows that it is enough to find ng 
and m in N so that 


o(a,”)/" <o%(a)+e/2  Wn>no. (15) 


Choose m to satisfy o(a™)!/™ < o~(a) +€/4. The inequality 


m-1 
ala," —-a™) = o x an? (ay, — a)a™ 97! 
=0 


lA 


m max{a(an),o(a)}"~!o(an — a) < ma(ay — a) 


18 1: Normed Algebras and Examples 1.1.10 


implies the existence of an ny so that 
o(a,™ —a™) < m(o™(a) + 6/4)" 'e/4 
for all n > no. The binomial expansion for ((a°(a) + €/4) + €/4)” shows 


o(a,™) = o(a™ + (a,” —a™)) < o(a™)4+o0(a,™ -a™) 


< (a™(a)+e/4)" + m(o™(a) +€/4)" "6/4 
< {a (a) 4 2/2) 


for all n > ng. Taking the m** root gives inequality (15). 

(i): If 0° (a) is strictly less than 1, {a" : n € N} is a bounded multi- 
plicative semigroup. Hence by the last remark of Proposition 1.1.9, we may 
choose an equivalent algebra norm satisfying |la"|| <1 for allan ¢ N. If A 
is unital, we may include 1 in the semigroup. D 


An element a in a semi-normed algebra (A, o) is said to be topologically 
nilpotent if it satisfies o°({a) = 0. (The term quasi-nilpotent is sometimes 
used instead of topologically nilpotent, but we prefer to retain the prefix 
“quasi-” for another concept introduced in the next chapter.) In many 
semi-normed algebras, this happens if and only if a is not invertible but 
A1 — a is invertible in the unitization which we are about to discuss for all 
non-zero 4 € C. See Theorem 2.2.5 below. 


Unital Algebras and Unatization 


We have already called an algebra unital if it contains a multiplicative 
identity element. The multiplicative identity element in a unital algebra 
will usually be denoted by 1. It is easy to see that 1 in a normed unital 
algebra must satisfy ||1|| > 1. Note that the term unital is used by some 
authors (e.g., Bonsall and Duncan [1973b]) to signify that a normed algebra 
contains an identity element of norm one. We do not make this restriction. 
A map ¢ between unital algebras is called unital if it satisfies y(1) = 1. 

Many of the algebras that we will consider are not unital. On the 
other hand, many constructions and arguments are much easier to formulate 
and understand when an identity element is present. For this reason it is 
desirable to have a procedure for enlarging an algebra so that the enlarged 
algebra contains an identity element. There are several ways of doing this. 
The simplest way, which was already known to Benjamin Peirce [1870], 
is also the least natural but it suffices for most arguments. Let A be an 
algebra. Consider the linear space C i) A with multiplication defined by 


(A @a)(u Gb) =AupSAb+patab) VA wEeC,abeA (16) 


Clearly the map a ++ 0 @ a embeds A isomorphically into this algebra. 
Furthermore ! @ 0 is an identity element. We can partially alleviate the 
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awkwardness of this construction by the following device, which was already 
used by Segal [1941]. 


1.1.11 Definition Let A be an algebra. If A is not unital, denote the 
algebra described above by A}. If A is unital, denote the algebra JA itself 
by Al. We will call A! the unitization of A. 


The advantages of this convention on the meaning of A! will begin to 
become apparent when we discuss the spectrum. From now on we will 
always consider A as a subset of Al under the embedding a++ 0 @ a. We 
will also suppress the direct sum notation @ and will usually denote the 
multiplicative identity of A! by 1 whether or not A is unital. Furthermore, 
for any A € C, the element 1 of A? will be denoted simply by X. 

Fven when calculating in an algebra A, which may not be unital, it is 
frequently convenient to use notation which must be interpreted in A}. For 
instance, the expression a(\ + b)(4 +c) represents an element in A. We use 
it since it is easier to understand than Aya + Aac + pab + abc. Similarly 
we will routinely denote the smallest ideal of an algebra A containing an 
element a of A by A'aA!. We remark that if Z is an ideal of .A, then it is 
also an ideal of A! since A!IA! C T holds. 

If (A,o) is a nonunital semi-normed algebra, there are several ways 
of extending the semi-norm o to a semi-norm o! on A!. Since different 
extensions are useful under different circumstances, we make no permanent 
choice. One method of extending o which always works, but is frequently 
unnatural, is to define 


a(A\+a)=jA\jto(a) VA+acEA'. (17) 
We restrict attention to algebra norms in the rest of this discussion. 


1.1.32 Definition Let || -|] be an algebra norm on an algebra A. 

(a) If | - || satisfies |ja|| = sup{|lab||, ||ba|| : 6 € Ai} for all a € A, then 
it is called a regular norm. 

(t) If A is nonunital, define the unitization || - ||, of || - || on A! by 


A+ ali = [A] + fla VA+aeA'. 


(c) If A is nonunital and || - || is regular, define the regular unitization 
I] - Ize of || - |] on A® by 


||A + allz = sup{||Ab + abl], |]Ab+ ball : 6 € Ay} VYrA+ac€ A}. 


A number of authors have defined an analogue of || - ||z by |]\ + all, = 
sup{||Ab + ad|| : 6 € Ai}. However, if there is a right identity 7 in A (but 
no left identity), then the equation || — 1+ ||, = 0 shows that || - |, is not 
a norm on A!, Our definition avoids this problem. 


20 1: Normed Algebras and Examples 1.1.13 


1.1.13 Proposition Let || - || be an algebra norm on an algebra A. 
(a) If A is unital, then || - |] ts regular if and only sf it satisfies ||1|| = 1. 
(b) If A 18 nonunital, || - ||| 13 a regular norm on A! which extends || - || 
on A, and any regular norm |||- ||| on A! which extends ||-|| on A satisfies: 


WA + aff} < JA + ally VA+ae Al. 


(c) If A is nonunttal and || - || ts regular, ||- || is a regular norm on A! 
which extends ||-|| on A, and any regular norm ||| - ||| on A! which extends 
| - || on A satisfies: 


IA +alle < |HA +l] < Atal < (1 +2¢)|A tale VAtaE A’. 


Proof (a) and (b): Obvious. 

(c): Any 4+ a € A! and b € A, satisfy ||Ab + abj| = |||Ab + ad||| < 
IIA + all [Ol] < |J[A + ||| and the similar inequality with 6 on the left. 
This gives the first inequality and the second has already been noted. 

In the final inequality, e is the base of the natural logarithms. Since 
the proof is easy with the numerical range techniques of Section 2.6, we 
postpone it until just after Theorem 2.6.4. D 


Locally Conver Spaces 


Besides semi-normed linear spaces, there is another class of semi-topolog- 
ical linear spaces that we will frequently meet. These are the locally convex 
semi-topological linear spaces. We will review their theory briefly and in- 
formally. For proofs and more details, the reader should consult a book on 
functional analysis or one of the many books on topological linear spaces, 
e.g., Kelley and Namioka et al. [1963], Robertson and Robertson [1964], 
Kéthe [1971] and Schaefer [1971]. 


1.1.14 Definition A locally conver semi-topological linear space is a semi- 
topological linear space 1 that satisfies one of the following two equivalent 
properties: 

(a) There is a neighborhood base U at zero consisting of balanced convex 
subsets. 

(b) There is a collection P of semi-norms on 4 such that the topology of 
& is the weakest topology in which each of these semi-norms is continuous. 


Given condition (a), condition (b) follows by constructing the Minkowski 
functional ay of each U contained in UW, where oy is defined by 


oy (tz) = inf{t ER, : 2 € tU}, Varner. 


Then P may be chosen as {oy : U € U}. Conversely, if the family P of 
semi-norms is given, One can take LV to be the set of all subsets 


Urn ={zEX:a(z)<n', o€ Fh, 
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where F' ranges over finite subsets of P and n ranges over N. These state- 
ments require some checking, which we omit. A standard form of the 
Hahn- 3anach theorem applied to the second definition shows that there 
are enc ugh continuous linear functionals on V to separate the cosets of the 
subspsce which is the closure of zero. This fact is more familiar in the 
case of locally convex topological linear spaces (i.e., locally convex semi- 
topological linear spaces satisfying the Hausdorff separation axiom), where 
it asserts that there are enough continuous linear functionals to separate 
points. Finally, we mention that a locally convex topological linear space 
is metrizable if and only if the set P in condition (b) can be chosen as a 
countadle set. In this case, the metric may be chosen as 


d(z,y) = 5 °2-" min(l,en(e —y)} Va,yeEr, (18) 
n=1 


where {o, : n € N} is an enumeration of P. This metric is translation 
invariant, but it is not a norm since it is not absolutely homogeneous. 
There are interesting and important cases in which the topology it defines 
is not given by any norm. 

This work is sharply focused on normed algebras and Banach algebras. 
We tend to explore generalizations to abstract (complex) algebras while 
omitting many generalizations to more general topological algebras. How- 
ever, the brief Section 2.9 in the next chapter will give a survey of a few 
facts about more general topological algebras which are needed. 


The Dual Space 


1.1.15 Definition Let 4 be a linear space. A linear map w:4 — C is 
called a linear functional on X. The linear space of all linear functionals on 
X (under pointwise operations) is denoted by 4’! and is called the algebraic 
dual of ¥. If ¥ and ) are linear spaces and T: ¥ + ) is a linear map, then 
the algebraic dual of T, denoted by Tt: Yt G 21, is defined by Tt(w) = woT 
for all w € yt. 

Let 4 be a normed linear space. If w € 4+ is continuous, define the 
dual norm of w by 

||wl] = sup{|w(x)| : 2 € Ai}. 


The linear subspace of 1! consisting of all continuous linear functionals 
on & with the dual norm is denoted by +* and called the Banach space 
dual of ¥. If T is a continuous linear map between normed linear spaces ¥ 
aud y, then the restriction of the algebraic dual map Tt: yt + At to y* 
will be denoted by T*: ¥" — X* and called the dual map again. (We shall 
reserve the term “adjoint map”, which is often used as a synonym for the 
dual map, for the case of the Hilbert space adjoint to be defined later.) 
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We denote (4*)* by 4** and call it the double dual of ¥. The natural 
map kK or Ky of X into its double dual is defined by evaluation: 


K(z)(w) = w(z) VrEeXxj we xX”. 


The weakest topology on * relative to which each element of 4* is 
continuous will be called the weak topology or the ¥*-topology. The weakest 
topology on 4° relative to which each element of «(4’) is continuous will 
be called the weak*-topology or the X-topology. 


Note that the Banach space dual 2’* is always a Banach space, whether 
or not 4 is complete. The natural map « is always an isometric linear 
injection. It is also easy to see that the weak and weak* topologies are 
locally convex. 


The Algebra of Linear Maps 


The linear space (under pointwise linear operations) of all linear maps 
of one linear space ¥ into another Y (normed or not) will be denoted by 
L(X,y). If Y equals %, we simplify this to £(¥). Then £(%) is an algebra 
when multiplication is composition of maps. Unless the contrary is specif- 
ically stated, all subalgebras of £(4’) will be given these same algebraic 
operations. We state the next definition formally because of its importance 
in what follows. 


1.1.16 Definition For any normed linear spaces 4 and ) the subspace 
of £{¥, Y) consisting of continuous linear maps will be denoted by B(4’, Y) 
and considered as a normed linear space under the operator norm 


\T|| = sup{|lTz|| : 2 € %1} VT € BA). (19) 


Whenever the linear spaces are obvious from context, we will simply call 
elements of B(4’, Y) operators. 

Topological statements about B(4’, Y) always refer to the norm topol- 
ogy unless another topology is specifically mentioned. The strong operator 
topology on B( 4’, Y) is the topology of pointwise convergence with the norm 
topology on Y. The weak operator topology on B(4, ) is the topology of 
pointwise convergence when JY carries its weak topology. 

When ) equals 4, we write B(¥) for B(4,Y) and consider it as a 
normed algebra under composition as multiplication. 


Many readers will already know that B(4’) is a Banach algebra if 7 
is a Banach space, and that B(%) is a topological algebra under both the 
strong operator topology and the weak operator topology. In any case, 
these statements are easily verified. Observe that B(4’, Y) is complete if 
is complete (whether or not ¥ is complete). 


EE ee eee 
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The Ideal of Finite-rank Operators 


1.1.17 Definition Let W, 4, Y and Z be normed linear spaces. For 
elements y € Y and w € 4", we define an operator y @w € B(X, Y) by 


(y@w)(z)=w(z)y VzEer. (20) 
We denote the linear span of all such operators by Br(4’, Y) and call oper- 
ators in this space finite-rank operators. We denote Bp(*%, 4) by Bp(). 


The tensor product notation (@) will be explained in Section 1.10. For 
arbitrary 5S € B(W, 2X), T € B(Y,Z), ye VY, we X*,zE€ Zand7€ y” it 
is easy to check the formulas 


(z @T)(y @w) T(y)z@w 
T(y @w) T(y) @w (21) 
(y@w)S = y@S*(w). 


where z ® 7 belongs to Br(), Z), z @w and T(y) @w belong to Br(#, Z) 
and y®S*(w) belongs to Br(W, /). Also the dual map of y@w € Br(#, Y) 
is given by 
(y@w)* =w@xk(y) € Br(Y", X*). 
Now suppose W, ) and Z all equal 4 in the above formulas. Then 
these formulas show that Br(7) is an ideal of B(). We prove more. 


1.1.18 Proposition Let ¥ be a normed linear space. The set of operators 
in B(X) with finite-dimensional range is the set 


Br(%) ={}_ 2) Qu; : n EN; Zi EX; wy EX} (22) 
j=l 


of finite-rank operators. It is an ideal of B(X) which is included in every 
non-zero ideal. 


Proof Clearly every operator in Br(4’) has finite-dimensional range. Con- 
versely, if T € B(4) has finite-dimensional range, let {z1,22,...,2n} bea 
basis for its range. Use the Hahn-Banach theorem to extend linear func- 
tionals on this range space to elements {w1,w2,...,wn} of X* satisfying 
w; (te) = 63x. Then 
n 
T= py @T*(w;) 
f=i1 
is the desired expansion. 


Suppose J is a non-zero ideal of B(4’). Then there is a non-zero operator 
T €Z and a vector z € & satisfying Tz 4 0. By the Hahn-Banach theorem 
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there is a continuous linear functional 7 € 4* satisfying 7(Tz) = 1. Hence 
for any z € X and any w € A* we can write z @w as 


rQw=(zr@T)\(Tz @w) = (xz @7T)/T(z @w) 
which proves that x ®w belongs to the ideal TZ. oO 


This proposition explains why we call Bp() the ideal of fintte-rank 
operators. Note that the equations in (21) show that Br(4’, V) is a type of 
generalized ideal in the complex of spaces B(4’,¥) as ¥ and ) vary. The 
ideal By (X) of compact operators will be defined and discussed in §1.7.7. 


1.2 Double Centralizers and Extensions 


A double centralizer (sometimes called a double multiplier) of an algebra 
A is a pair of maps of A into itself. The set of double centralizers of A 
forms a@ unital algebra D(A) under natural operations. We will begin by 
introducing the regular representation which defines a homomorphism of 
the original algebra onto an ideal in D(A). The mapping is surjective if 
and only if A is unital and, in this case, it is actually an isomorphism. In the 
situations of most interest, this homomorphism is injective and one often 
thinks of the original algebra A as a subalgebra of the double centralizer 
algebra D(A). In many circumstances this embedding of A into D(A) is 
a more natural way of adding an identity to a nonunital algebra. (After 
Proposition 1.2.6, we will mention three classes of examples which are given 
in more detail later in this chapter.) Moreover, D(A) is an example of an 
extension of the algebra A: that is, there is a short exact sequence 


{0} - A > D(A) > D(A)/A — {0}. 


It turns out that this short exact sequence is universal for the algebra A in 
the sense that al] short exact sequences 


{0} > A+ BC = {0} 


can be constructed from this one and a naturally defined homomorphism 
of C into D(A)/A. When we think of B in such a short exact sequence 
as being constructed from the “simpler” algebras A and C, we call it an 
extension. Thus, this is a satisfying way of constructing and classifying 
extensions of A. We explore all these ideas in this section starting with the 
regular representation. 


The Regular Representations 


1.2.1 Definition Let 4 be an algebra. For each a € A, let Z, and Ry 
be the linear maps in £(A) defined by 


La(b)=ab and R,(b)=ba VbEA. (1) 
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We call the map L (i.e., at» La) the left regular representation of A and 
the map R (i.e., at Ra) the right regular representation of A. The kernel 
Ata ={a€A : ab=0V bE A} of L is called the left annihilator of A 
and the kernel Arg = {a € A : ba = 0V bE A} of R is called the right 
annikilator of A. The intersection A, of the left and right annihilators 
of 4 is called the annthilator of A. The extended left and right regular 
representations are the maps L! and R! of A into L(A!) defined by 


L(+) = Aatab 


VaeA, A\+bE Al. (2) 
Ri(X+b) = Aat+ba 
Note that the left and right regular and extended regular representations 
are bounded if the original algebra is normed. In that case, we give them 
their operator norms, using the norm 


JA +al]=|Al+l|lal] VWAEC,aEA (3) 
for A} if A is nonunital. Then it is easy to see 
lal = |Lall= Rol] Vaed. (4) 


In particular, L} and R} are injective. When A is noncommutative, the 
right regular and extended right regular representations are anti-representa- 
tions rather than representations in the general terminology introduced 
later, but the present usage is well established. It is of some interest that the 
extended left regular representation was used by Charles Saunders Peirce 
[1881] to prove that every finite-dimensional algebra could be represented 
by matrices. See Thomas Hawkins [1972] for remarks on the context in 
which this proof was given. 
Note that the annihilator ideals satisfy 


(Aza)? = (Ara)? = (Aa)? = {0} (5) 


and hence the annihilator ideals themselves are {0} if A is semiprime (Defi- 
nition 4.4.1 below) and a fortiori if A is semisimple (Definition 4.3.1 below). 
Of ccurse, they vanish if A is unital or even approximately unital (Defi- 
nition 5.1.1 below), Following Wang [1961], Ronald Larsen [1971] says a 
Banech algebra A is without order if Apa = {0} or Ara = {0}. This 
ungainly terminology is more common in commutative algebras. 


Centvahizers 


When the annihilator ideal is zero, there is another more natural way 
of embedding A into a unital algebra. The following construction was first 
explicitly studied by Gerhard P. Hochschild [1947]. It was introduced into 
analysis by Barry E. Johnson [1964a], [1964b], [1966], who was apparently 


26 1: Normed Algebras and Examples 1.2.2 


unaware of Hochschild’s work and abstracted the idea from the work of 
James G. Wendel {1952] and Jeffery D. Weston [1960] (cf. our remarks 
below on Ju-kwei Wang's [1961] study of multipliers). See also Sigurdur 
Helgason [1956], John Dauns [1969] and Dauns and Kar! H. Hofmann [1968], 
{1969}. 


1.2.2 Definition Let A be an algebra. A ( left centralizer / right 
centralizer ) of A is an element ( L / R) € £(A) satisfying 


( L(ab) = L(a)b / R(ab)=aR(b)) Va,beA. (6) 


A double centralizer of A is a pair (L, R) where L is a left centralizer, R is 
a right centralizer and together they satisfy 


al(b)=R(a)b Va,beA. (7) 


The algebra D(A) of double centralizers of A is the set of double centralizers 
with pointwise linear operations and with multiplication defined by 


(11, Ri)(La, R2) = (L,L2, RoR1) (8) 


for all (£1, R,) and (£2, R2) in D(A). 
If A is a normed algebra, then the set Dg(A) = {(L,R) € D(A) : 
L, R € B(A)} is called the algebra of bounded double centralizers and is 


given the norm 7 


I(Z, R)l] = max{||ZI], |Ril} (LZ, R) € Da(A), (9) 


where ||L|| and IRI are the operator norms of L and R, respectively. 


A (left / right ) centralizer is simply a map in the commutant ((Ry)’ / 
(La) ) of the ( right / left ) regular representation in £(A). As mentioned 
above, this definition of double centralizers is due to Hochschild (1947]. 
Johnson {1964a] considered any pair (L, R) of maps in £(A) which satisfies 
equation (7). We will show in Theorem 1.2.4 below that such a pair is 
a double centralizer in our terminology if both the one-sided annihilator 
ideals are zero. Therefore, our definition agrees with Johnson’s definition 
in this case, which is the most frequently considered case anyway. (Note 
that the identities (Ai 4)? = (Ara)? = {0} imply that any semisimple or 
even any semiprime algebra (as defined in Chapter 4 below) satisfies this 
condition.) When A,, and Ap, are not both zero (particularly if their 
intersection A, is zero), the definition given here is more convenient. 

It is easy to check that D(A) is an algebra under the stated operations 
and that Dg(A) is a subalgebra when it is defined. Clearly (J, /) is an iden- 
tity element for D(A), where J is the identity map in £(A). Moreover the 
map a+» (L,, Ra) is a homomorphism (called the regular homomorphism) 
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of A into D(A) which maps into Dg(A) when A is normed. The kernel of 
the regular homomorphism is obviously the annihilator ideal ApLaN Ar, = 
Avs of A. If A is unital, then for all a € A and all (Z,R) € D(A) we have 
L{a) = 1L(a) = R(1)a = Lp(a) and R(a) = R(a)l = aL(1) = Ryj(a). 
Note also that L(1) = 1Z(1) = R(1)1 = R(1). Thus the regular homomor- 
phism is surjective if and only if A is unital. 

If A is a normed algebra, it is simple to check that Dg(A) is a normed 
algebra under the norm given in the definition. Of course the identity 
element of Dg(A) satisfies {{1|| = ||(7, )|| = 1. 

For all a, b € A and (L, R) € D(A), we have 


LaL(b) = ab(b) = R(a)b = Lrcayd, 

RR(b) = R(ba) = bR(a) = Ryayd, (10) 
LL,(b) = L(ab) = L(a)b = Lyayb, and 

R,R(b) = R(bja = bL(a) = Ryd. 


Therefore the image of the regular homomorphism is an ideal in D(A) and 
we have 


(Z, R)(La, Ra) 


(Lia); Ru(a)) 
(La, Ra)(L,R) = (Lara): Rreey) 


If the annihilator ideal is zero and A is considered as embedded in D(A) 
(via the regular homomorphism), then these relations can be written as 


V(L,R)ED(A);a€ A. (11) 


(L, R)a = L(a), a(L, R) = R(a) V (L,R) € D(A); aE A. (12) 
We will now state some of these results formally and add a few more. 


1.2.8 Proposition Let A be an algebra. 

(a) D(A) is a unital algebra. 

(b) The regular homomorphism of A into D(A) has the annihilator ideal 
Aa as kernel and its range is an ideal. It ts surjective if and only if A is 
unital, in which case it ts an isomorphism. 

(c) If either A? = A or the annihilator ideal Aq is zero, then the fol- 
lowing conditions on (L, R) € D{A) are equivalent: 

(cy) (LZ, R) belongs to the center of D(A). 
(c2) L=R. 
(c3) L and R are both left and right centralizers. 

(d) If the annihilator ideal is zero, then A ts commutative if and only if 
D(A) is commutative. 


Proof It only remains to show (c) and (d). Under the hypothesis of (d) 
the regular homomorphism is injective, so A is commutative if D(A) is 
coimrm.utative. The implication (c3) => (c,) shows the converse. Hence it 
remains only to prove the equivalence of the conditions in (c). 
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First we will show, without any restriction on A, that either (c,) or 
(cp) implies (c3). The second of these implications is immediate from the 
definitions. If (ci) holds, then any a,b € A satisfy L(ab) = LL,(b) = 
[L,L(b) = aL(b) and R(ab) = RR,(a) = R,R(a) = R(a)b. Hence (c1) 
implies (c3). 

Next we will show that (c3) implies (c;) and (cz) under either of the 
hypotheses of (c). Suppose (c3) holds. Then any a, b € A and any left 
centralizer L’ satisfy LL’(ab) = L(L’(a)b) = L'(a)L(b) = L'(aL(b)) = 
L'L(ab). A similar calculation for right centralizers shows that (c3) implies 
(c,) when A satisfies A? = A. Also any a, b € A and any double centralizer 
(L’, R’) satisfy the two relations 


bLL'(a) = L(bL'(a)) = L(R’(b)a) = R’(b)L(a) = bL'L(a) 


LL'(a)b = L'(a) L(b) = L'(aL(b)) = L/(L(a)b) = L'L(a)b. 
A similar calculation for R’R shows that (c3) implies (c,) when A satisfies 
Aa = {0}. 

If Aa = {0} and (c3) are both true, then the identities L(a)b = L(ab) = 
aL(b) = R(a)b and bL(a) = R(b)a = R(ba) = bR(a) for all a, b € A imply 
(cg). If A? = A and (c3) both hold, then the identity L(ab) = a 
R(a)b = R(abd) for all a, b € A implies (ca). 


A linear operator T = L = R € L(A) satisfying condition (c) in the 
above theorem is an example of a multiplier. For any algebra .A, we define 
T € L(A) to be a multiplier if it satisfies 


T(a)b = aT(b) Va,beA. 


If the ( left / right ) annihilator ideal of A is zero, then the calculation 
( cT(ab) = T(c)ab = cT(a)b / T(ab)c = abT(c) = aT (b)c ) for allc €C A 
shows that T is a ( left / right ) centralizer. Hence Proposition 1.2.3(c) 
shows that when the annihilator ideal is zero, the set of multipliers is simply 
the center of the double centralizer algebra. Multipliers were defined by 
Helgason [1956] and first systematically studied on commutative Banach 
algebras (with annihilator ideal {0}) by Ju-kwei Wang in his thesis [1961]. 
They are still most often considered in this context. The standard reference 
for their theory is Ronald Larsen [1971]. However, we are aware of a number 
of papers which purport to use multipliers on noncommutative algebras but 
apply properties which hold only in the commutative case. Hence we shall 
not use the term “multiplier” again. 

The second statement in the next theorem is our first example of au- 
tomatic continuity, in that a purely algebraic condition on a map implies 
that it is continuous. Both results are due to Johnson [1964a}. A related 
result is given in Proposition 5.2.6. 
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1.2.4 Theorem Let A be an algebra satisfying ALa = Ara = {0}. 
{a) If L and R are arbitrary (not necessarily linear) maps of A into A 
sat‘sfying the double centralizer condition (7) 


aL(b)=R(a)b Va, bE A, 


the: (L, R) is a double centralizer. 

‘b) If A is a Banach algebra and (L, R) is a double centralizer, then 
LE cnd R are bounded linear maps, so Dp(A) equals D(A). In this case, 
D(A) = Dp(A) ts a Banach algebra under its norm and the regular homo- 
morphism is contractive. 


Proof (a): For any a, 6, c € A and any 4, p € C, we get cL(Aa + pb) = 
R(c)(Aa + pb) = AR(c)a + wR(c)b = c(AL(a) + pL(b)), and cL(ab) = 
R(cjab = cL(a)b. Since ¢ € A is arbitrary and the right annihilator of 
A is zero, we conclude that L is a left centralizer. Similarly, R is a right 
centralizer. 

(b): Suppose A is a Banach algebra, {a,}nen is a sequence in A converg- 
ing to zero and the sequence {Z(a,)}nen also converges to some element b 
in A. Then any c € A satisfies 


cb = im, cL(an) = Jim, R(c)an = 0. 


Hence, Ara = {0} implies b = 0. Thus L is closed and, by the closed graph 
thecrem, it is continuous. Similarly R is continuous. 

It is easy to check that Dg(A) is a Banach algebra since the limit in 
B(A) of a sequence of left or right centralizers has the same form. Clearly 
the -egular homomorphism is contractive. Oo 


If A is an algebra satisfying A, = {0}, then D(A) is a unital algebra 
which contains an ideal isomorphic to A under the regular homomorphism. 
If A is a Banach algebra satisfying Apa = Ara = {0}, the last theo- 
rem shows that D(A) = Da(A) is a unital Banach algebra which contains 
an ideal continuously isomorphic to A under the regular homomorphism. 
Hence, under suitable restrictions on the annihilator ideals, the construc- 
tion of D(A) provides another way to embed an algebra in a unital algebra 
and 3 Banach algebra in a unital Banach algebra. (Examples are mentioned 
after Proposition 1.2.6.) Note that A equals D(A) if and only if A is uni- 
tal. or technical reasons, it is sometimes desirable to replace D(A) by the 
poss‘oly smaller unital subalgebra D(A)z +A. For a discussion of this, see 
Dauns [1969] and Dauns and Hofmann [1968], [1969]. 


Left and Right Idealizers 


1.2.8 Definition Let A be a subalgebra of an algebra B. The left idealizer 
of Ain Bis the set {6 € B: bA C A}. The right idealizer is defined similarly. 
The idealizer B, of A in B is the intersection of the left and right idealizer. 
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Clearly the ( left / right ) idealizer is the largest subalgebra of B in 
which A is a ( left / right ) ideal. Similarly the idealizer is the largest 
subalgebra in which A is an ideal. If b belongs to the left idealizer of A in 
B, then Ly maps A into A and its restriction to A is a left centralizer. The 
same remarks hold for the right idealizer and right regular representation. 
Hence if 6 belongs to the idealizer of A in B, then (Lo|A, Ry|A) is a double 
centralizer. This is the most natural way in which double centralizers arise. 
See the proof of the following result. 


1.2.6 Proposition Let A be a subalgebra of an algebra B and let Ba be 
the idealizer of A in B. Then there is a natural homomorphism 6 of Ba 
into D(A) defined by: 


O(b) = (Lo|A, lA) VbE Ba. (13) 


The homomorphism 0 extends the regular homomorphism of A into D(A). 
It is the only such homomorphism if the annihilator of A is {0}. The kernel 
of 0 is {bE B: bA = Ab= {O}}. 

If A is an tdeal in B, then 6 maps B tnto D(A). If B is a normed 
algebra, then @ is a contractive map into Dp(A). 


Proof The description of the kernel of # and the last sentence are obvious. 
Thus we only need to check the uniqueness assertion. Let 6: B 4 —» D(A) be 
any homomorphism which extends the regular homomorphism. Let a € A 
and b € By be arbitrary and denote 6(b) by (£, 2). Then formula (10) 
gives (Lap, Ras) = O(ab) = O(a)6(b) = (La, Ra)(L, R) = (Lace), Rr(a))- 
Since A satisfies A4 = {0}, this implies R(a) = ab. A similar argument 
gives L(a) = ba. Hence we conclude that 6(b) = (LZ, R) = (Lo|A, RolA) 
(where we use the left and right regular representations of B), proving the 
uniqueness. o 


Examples of Double Centraltzer Algebras 


Let 2 be a locally compact topological space. In §1.5.1 we will more for- 
mally introduce the following two important commutative Banach algebras 
of bounded continuous complex-valued functions on 9. Both are Banach 
algebras under pointwise multiplication and the supremum norm: 


IIflleo = sup{|f(w)| : w € O}. 


Let C(Q) be the algebra of all bounded continuous functions and let Co(Q) 
be the algebra of continuous functions vanishing at infinity. Clearly Co(Q) 
is a closed ideal in C(Q). Hence by Proposition 1.2.6 there is a natural 
homomorphism of C(Q) into D(Co(2)). In §1.5.1 we show that this is an 
isometric algebra isomorphism onto D(Co(Q)). 

Similarly, in §1.7.1 we will show that the double centralizer algebra 
of the ideal Bx (4’) of compact operators on any Banach space 7 can be 
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identified with the algebra B(4’) of all bounded linear operators on ¥. In 
fact, we show that this result extends to a general class of ideals in B(¥). 

Finally in §1.9.13 we will show that for any locally compact group G 
the double centralizer algebra of L!(G) can be identified with the measure 
algebra M(G). We have already noted that the use of this identification 
by Wendel [1952] provided an important stimulus to the study of double 
centrahzer algebras in analysis. 


Automorphisms 


The proof of the next result is straightforward. When derivations are 
introduced in Chapter 6, a similar result will be proved there. 


1.2.7 Proposition Let A be an algebra in which the annithilator ideal is 
zero and let a be an automorphism of A. Then we may define an automor- 


phism & of D(A) by 
a(L, R) =(acLoa!,ac Roa") 


which extends a when A is viewed as a subalgebra of D(A). Thena — & de- 
fines an isomorphism of Aut(A) onto the subgroup of Aut(D(A)) consisting 
of those automorphisms for which A is invariant as a subset of D(A). If A 
is normed, we may replace the word “automorphisms”, by “homeomorphic 
automorphisms”, everywhere. If a is an isometry, so is &. 


Topological and Geometric Categories of Normed Algebras 


There are two categories of normed algebras (or normed linear spaces) 
in common use. Since confusion between them sometimes occurs, it is 
worthwhile to point out the distinction clearly here. We will only describe 
the case of normed algebras, since the case of normed linear spaces is exactly 
similar. 

im the more common and important category, the morphisms are con- 
tinuous algebra homomorphisms. That is, y: A — B is a morphism if it 
is an algebra homomorphism and there is some real number k satisfying 
\\e(2)|| < lll] for all a € A. The isomorphisms are homeomorphic algebra 
isomorphisms. Thus the objects are not really normed algebras but rather 
tepological algebras with a topology defined by some algebra norm. The 
objects may also be identified with equivalence classes of normed algebras, 
where two normed algebras are equivalent if they are isomorphic as alge- 
bras and the algebra isomorphism is a homeomorphism. (Equivalently, the 
algebra isomorphism y:.A — A’ satisfies klla|] < ||p(a)|| < k’|lal| for some 
non-zero constants k and k’ and all a € A.) We follow the usual custom 
in such cases of denoting an equivalence class of normed algebras by any 
single element in the equivalence class. This is the topological category of 
normed algebras. 
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The second category has contractive algebra homomorphisms as its mor- 
phisms (3.e., algebra homomorphisms y: A — B satisfying ||y(a)|| < ||a|| for 
all a € A). Hence, an isomorphism is an isometric algebra isomorphism. 
In this category an algebra with two unequal but equivalent algebra norms 
corresponds to two non-isomorphic objects. Thus, in particular, a finite- 
dimensional algebra, which is a single object in the topological category, is 
the underlying space of infinitely many non-isomorphic objects in this sec- 
ond category. We will call this the geometric category of normed algebras. 
If we restrict the objects in these two categories to be Banach algebras, 
we get the topological and geometric categories of Banach algebras. The 
terms “dominate” and “majorize” for comparison of two norms which we 
introduced above, correspond to these two categories. 

By simply deleting all reference to multiplicative structure, we get the 
topological and geometric categories of normed linear spaces and the topo- 
logical and geometric categories of Banach spaces. 

Many arguments and constructions in this work may be carried out in 
either category. We will seldom point this out explicitly. Instead we will 
carry out the construction in whichever category seems best. 

From time to time, the differences in the properties of these two cate- 
gories of Banach algebras do become significant. The following is a good 
example. Example 4.8.11, which is due to Robert C. Busby [1971a], shows 
that the short five lemma of category theory fails in the geometric category 
of Banach algebras. Hence the theory of extensions is more complicated in 
that category. (In the geometric category, the bijection of Theorem 1.2.11 
has a (well identified) subset of Ext(C,.A) as its range. For details, see the 
original paper by Busby [197la]. In the terminology of that article, our 
construction of the double centralizer algebra shows that a Banach algebra 
with zero right and left annihilator ideals is faithful, and the various argu- 
ments using the open mapping theorem establish the algebraic properties 
of the topological category of Banach algebras.) 


Classification of Extensions 


We now turn to the use of the double centralizer algebra in the classi- 
fication of extensions. With any class of mathematical objects, one wishes 
to analyze the complicated examples in terms of the simple examples. To 
do this, one needs to know how to build up complicated examples from 
simple ones. There are many such constructions for topological algebras-— 
direct sums, tensor products, direct and inverse limits, etc. However, we 
will investigate here the fundamental case of extensions. One is given two 
algebras A and C and asks how to classify the algebras B in which A can 
be embedded as an ideal in such a way that B/A is isomorphic to C. For 
algebras, the theory was partially worked out by Hochschild [1947]. The 
Banach algebra case turns out to be no harder. We follow the treatment 
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of Busby (1971a] which was originally limited to C*-algebras [1967], [1968]. 
See the first reference for further details. (The reader should be aware that 
in some contexts B is called an extension of A whenever A is a subalgebra 
of B. See Example 3.4.17 for information on this.) 

An algebra is simple (in the technical sense) if it has no ideals except 
{0} and itself. A topological algebra is topologically simple if it has no 
closed ideals except {0} and itself. Many algebras with which we will deal 
can be built up in a finite number of steps by successive extensions from 
topologically simple algebras. We need some technical definitions. 


1.2.8 Definition A short exact sequence of Banach algebras is a triple 
of Banach algebras A,B and C together with a pair of continuous homo- 
morphisms y: A — B and w: B > C such that ¢ is injective, its image y(A) 
equals ker(y), and w is surjective. This short exact sequence is denoted by 


0 A SB Sc — 0 (14) 


The terminal arrow (0 - A/C — 0) encodes the assumption that ( p 
is injective / y is surjective ). The open mapping theorem shows that ¢ is 
a homeomorphism of A onto its range ker(7) and that ~ is open. Hence in 
particular, C is homeomorphically isomorphic to the quotient B/(A) with 
its quotient norm. 

We now change our viewpoint slightly and thus give a new name for 
essentially the same object. 


1.2.9 Definition Let A and C be Banach algebras. An extenston of A 
by C is a short exact sequence 


OF A So Bee ee (15) 


of Banach algebras. Two extensions 
Oak Ave Be Se Oe 


of A by C are said to be equtvalent if there is a homeomorphic isomorphism 
6: 3 —> B’ such that the diagram 


ta |e |r (17) 
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commutes, where /4 and Ic are the identity maps on A and C, respec- 
tively. The set of equivalence classes of extensions of A by C is denoted by 
Ext(C,A). The extension (15) is called a semidirect product if there is a 
continuous homomorphism x:C — B with wo x the identity map on C. A 
short exact sequence is said to be split if it represents a semidirect product. 
A semidirect product is called a direct product if x(C) is the kernel of a 
continuous surjective homomorphism 7z onto A. 


A simple but interesting example of a split extension is given in 5.3. 
When the maps y and y in (15) are obvious, one often speaks informally 
of B as the extension of A by C. However, some authors reverse A and C 
in this phrase. 

If 9 is any continuous homomorphism which makes the diagram in the 
definition of equivalence commute, it is in fact a homeomorphic isomor- 
phism. To see this, suppose b belongs to ker(@). Then we find successively 
w(b) = p’ 0 6(b) = 0, b = y(a) for some a € A, y'(a) = Oo Y(a), a = 0, 
b = 0. Similarly any 0’ € B’ satisfies ~’(b’) = (b) = yw’ o O(b) for some 
b € B, b! — 8(b) = ¢'(a) for some a € A, b! = 0(b) + y/(a) = 0(b + y(a)). 
The open mapping theorem completes the proof. Hence, to prove equiv- 
alence, it is enough to produce a continuous homomorphism which makes 
(17) commute. ( N. B. This is the argument which fails in the geometric 
category of Banach algebras.) 

In a direct product, any element 6 of B can be identified with the pair 
(1(b), (b)) and thus B is isomorphic to the Cartesian product, A x C 
with pointwise operations. This Cartesian product algebra can be given 
the (*-norm 


I|(a,c)|| = max{|lal}, lel} VaeA;cec 


which makes the isomorphism into a homeomorphic isomorphism. The 
images of A and C in B are both closed ideals, and another way to describe 
a direct product is to say that it is the sum of two closed ideals with 
intersection {0}. 

In a semidirect product, each element b is the sum of b— x 0 w(b) and 
xow(b), where the first summand is in the image of since it is in the kernel 
of ~. Thus again, B can be identified with the Cartesian product AxC with 
the @°-norm, but this time only the linear operations are pointwise. The 
image of A is a closed ideal, but the image of C is only a closed subalgebra 
in general. (Both of these constructions remain correct in the geometric 
category of Banach algebras.) 


1.2.10 Theorem Let 


0 =n A FOR) Bt ae 8 (18) 
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be an extension of A byC and let 7r:C' + C be a continuous homomorphism. 
Then there is an extension 


O-—5 fetes, ae Mead — 5 (19) 


of A byC' and a continuous homomorphism @: B’ — B such that the diagram 


0.5 Ae Bee SO 


Ju Je |r (20) 


o— As Bp yc 0 
is commutative. This extension of A by C' is unique up to equivalence. 


Proof Let B x C’ be the Banach algebra with B x C’ as its underlying 
set, with pointwise algebraic operations and with norm given by |{(b,c’)|| = 
max{{[b|{, |Ic’||}. Let B’ be the closed subalgebra {(b,c’) € Bx C’ : w(b) = 
r(c')}. Define the maps ¢’,6, and w’ by y’(a) = (v(a),0), 6(d, c’) = 6 and 
op'(9,c') = ce for all a € A and all (b,c’) € B’. This clearly makes (20) 
coramute. It is obvious that y’ is contractive and surjective (since w is 
sur‘ective) and a’ og’ = 0. Furthermore, y’ is continuous since 6 restricted 
to its range is an isometry and y is continuous. Hence it only remains to 
snow the inclusion ker(w’) C y’(A). However, ker(y’) = {(b,0) € B’} = 
{(b, 0) : p(b) = 0} = {(y(a),0) : a € A} = y'(A). 
Suppose the diagram 
» 


o—- AS — c — 0 


iz |e" |r (21) 


0 Ae pt Banc SS 8 


alsc commutes. Define 6’: B” — B’ by 6/(b”) = (0”(b"), p”(b")), so that 
it is a continuous homomorphism which makes the analogue of diagram 
(17) commute. The argument preceding this theorem shows that 6’ is a 
homeomorphic isomorphism, so that the two extensions are equivalent. O 


Recall that after Proposition 1.1.3 we defined CHom(.A, B) to be the set 
of continuous homomorphisms from a normed algebra A to another B. 


1.2.11 Theorem Let A andC be Banach algebras with the first satisfy- 
ing Ara = Axa = {0}. Let 0-+A+D(A)--+D(A)/A—+0 be the short 
exact sequence in which p is the regular homomorphism and o is the nat- 
ural map. The construction of Theorem 1.2.10 applied to this short exact 
sequence gives a bijection of CHom(C,D(A)/A) onto Ext(C, A). Purther- 
more, the extension corresponding to r € CHom(C,D(A)/ A) is a semidi- 
rect product if and only if there exists a map w € CHom(C, D(.A)) satisfying 
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7 =00w and this extension is a direct product if and only if 7 is the zero 
map. 


Proof The remarks following Theorem 1.2.4 show that D(A) = Da(A) 
is a Banach algebra. For any tr € CHom(C, D(A)/A), the construction of 
Theorem 1.2.10 gives the following commutative diagram. 


0 — A +» D(A) “+ D(A)/A — 0 


[ee 9 


0 — A & B Cc =|) 


where the lower line is an extension of A by C, which is unique up to 
equivalence. This establishes a map of CHom(C, D(.A)/A) into Ext(C, A). 
We must show that the map is both injective and surjective. 

We will prove injectivity first. Suppose that 0—.A->B-*sC 0 and 


0o—A +, B ~',C —+0 are two extensions of A by C constructed from 
7:C — D(A)/A and 1/:C -—+ D(A)/A, respectively. Let @:B — D(A) 
and 6: B’ -+ D(A) be the maps associated with this construction, which 
satisfy 0o p = p= W# oy’. If these extensions are equivalent, there is a 
bhomeomorphic isomorphism #’: B — B’ which makes the following diagram 
commute. 

i A+ Bie c — 0 


We have Gop = p= WH og! = (8 06") oy. Therefore, the uniqueness 
assertion of Proposition 1.2.6 implies 6 = 6’ 06”. Since any element of C 
can be written as ~(b) for some b € B, the calculation 


T(¥(b)) = 7 06(b) = 006 06"(b) 
Toy’ 06" (b) = 7'(p(b)) VbEB 


i 


proves T = 7’. Hence the map is injective. 
Now suppose an extension 


£, : 


0 —+ A B—- C — 0 


of A by C is given. Proposition 1.2.6 shows that there is a continuous homo- 
morphism @: B — D(A) satisfying p = Gog. Define r € CHom(C, D(A)/A) 
by 7(y(b)) = 0 0 O(b) for all ¥(b) € C. First we check that 7 is well de- 
fined. If y(b’) = y(b), then there is some a € A satisfying b’ = b + y(a), 
so 0(6(b’)) = o(0(b) + p(a)) = o(A(b)) as desired. The remark following 
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Definition 1.2.8, that C is homeomorphically isomorphic to B/y(A) with its 
quotient norm, shows that 7 is continuous. 

Now the diagram in (22) satisfies all the conditions of diagram (20) and 
thvs, by uniqueness, 0— A*»B-“+C —0 is the extension defined by 7 up 
to 2quivalence. Hence the map is surjective. 

Finally we prove the results about semidirect and direct products. First, 
suppose 7 can be written as T = o ow for w € CHom(C, D(A)). Then it is 
easy to check that y:C — BC D(A) x C defined by x(c) = (w(c),c) shows 
that the extension splits (1.e., the extension is semidirect). Conversely, if 
the splitting map x:C — B is given, we may define w to be Qo x. The 
statement about when the extension is a direct product is even easier to 
check. Qa 


We have discussed extensions of Banach algebras because this is the case 
in which we are most interested. However the reader can easily strip away 
all the norm and continuity assumptions from the above discussion and 
obtain an improvement of Hochschild’s original theory [1947] for extensions 
of a.gebras. Hochschild also considers the case in which the annihilator ideal 
is ndt necessarily zero. 


1.3. Sums, Products and Limits 


™n this section we introduce a number of ways in which new algebras 
or Banach algebras can be constructed from a collection of algebras. No 
deer results are proved. The last section mentioned the direct product of 
two algebras as a special case of an extension. When more than a finite 
number of algebras are involved, direct products and direct sums are two 
very different generalizations of this simple case. 


Direct Products 


Let A and C be Banach algebras and give the Cartesian product A x C 
pointwise algebra operations. Define a norm || - || by 


\I(a,¢)|| = max{llal[, tell} V (a,c) E AXC. 


This direct product satisfies a universal mapping property. If {A% : a € A} 
is a family of objects in a category, then an object A together with maps 
(called projections) t,: A — A® for each a € A is called a product of 
{A® : a € A} if, whenever another object A’ and another collection of maps 
ni, 4’ — A® for each a € A is given, there exists a unique map y: A! > A 
such that 7/, = 7,04 for all a € A. This definition determines the product 
up tc isomorphism. It is easy to see that the direct product introduced 
abov : with projection 7; (a,c) = @ and 72(a,c) = csatisfies this definition in 
both the topological and the geometric category of Banach algebras. More 
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generally, if {A® : a ¢ A} is any finite set of Banach algebras, the Cartesian 
product xg¢4A® can be inade into a Banach algebra by coordinatewise 
algebraic operations and the @°-norm: 


I(da)aeall = max{{aal|:a€ A} V (Ga)aca € XacaA®. 


It is again clear that this construction with the obvious definition of pro- 
jections gives a product in either category of Banach algebras. 

In the topological category of Banach algebras this construction satis- 
fies another universal mapping property, so long as {A : a € A} is finite. 
Let {A® : a € A} be a collection of objects in a category. An object A 
together with maps (called injections) na: A* — A is called a coproduct 
of {A® : a € A} if, whenever another object A’ and another collection 
of maps 7/,: A° — A’ for each a € A is given, there exists a unique map 
p:A —- A’ satisfying ni, = yong for each a € A. This definition deter- 
mines a coproduct up to isomorphism. It is again easy to check that the 
construction described above, together with the obvious injection maps, 
defines a coproduct in the topological category of Banach algebras. To get 
a coproduct in the geometric category, we merely need to change the norm, 
80 long as {A® : a & A} is finite. The norm we need is the ¢'-norm: 


Maa)aeall, = d> Ilacll V (da)aca € XacaA®. 
acéA 


When we come to infinite families {A° : a € A} of algebras, normed 
algebras or Banach algebras, the construction of the product and coprod- 
uct diverges more decisively, and becomes dependent on whether algebras, 
normed algebras or Banach algebras are involved. 

Throughout this work we always interpret the Cartesian product x g¢AA*® 
of a family of sets as the collection of all functions a: A — Uge4A® satis- 
fying a(a) € A® for each a € A. An element of the Cartesian product is 
called a cross section when considered as a function. 

The direct product Mg¢ 4A® of a family {A® : a € A} of algebras is sim- 
ply the Cartesian product x q¢4A® made into an algebra by coordinatewise 
algebraic operations. 


1.3.1 Definition Let {A® : a € A} be a family of normed algebras or 
Banach algebras. The ¢°-direct product IIS. ,A®% of {A% : a € A} is the 
subset of the Cartesian product xg¢4A®% consisting of all cross sections a 
such that 

lai. = sup{|ja(a)|| : 0 € A} (1) 


is finite. The subset is made into a normed algebra or Banach algebra by 
coordinatewise algebraic operations and the £°-norm defined by equation 


(1). 
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It is easy to see that the above definitions subsume those given earlier 
and define products in all of the relevant categories when the projections 
are defined in the obvious way. 


Direct Sums 


, Let {A% : a € A} be a collection of algebras or normed algebras. The 
direct sum Bac aA® of {A® : a € A} is the subset of the Cartesian product 
XoeceAA*% consisting of all cross sections which are zero except at a finite 
number of elements of A. (The finite set of a with a(a) non-zero varies 
with @ € ®ae4A%.) This set is made into an algebra by coordinatewise 
algebraic operations. If the summands .A% are normed algebras, then the 
direct sum is a normed algebra with the ¢!-norm defined by 


ilall: = >> lla(a)|I. 


acA 


The direct sum just described is frequently called the algebraic direct sum. 

In order to define the direct sum in the categories of Banach algebras, 
and for many other purposes in this work, we need the notion of an un- 
orcered sum of numbers. Let A be an arbitrary index set and for each 
a € A, let a, be a complex number. The unordered sum So 4¢ 4 @a of this 
arbitrary set of numbers is defined as follows. Let F be the collection of all 
finite subsets of A. When F is ordered by inclusion, it is a directed set. For 
each F € F define ar = )>,¢74a- Then {ar} res is a net. If this net has 
a limit, then this limit is the unordered sum. If the net has no limit, then 
the sum does not exist. If it should happen that each number ag (a € A) 
is non-negative, then it is easy to see that sup{ar : F € F} is the limit of 
the net (and hence the unordered sum) if and only if it is finite. Hence for 
non-negative series we define sup{ar : F € ¥} to be the unordered sum, 
whather or not it is finite. 


2.4.2 Definition Let {A° : a € A} be a collection of Banach algebras. 
The Banach algebra direct sum ee AA* of {A® : a € A} is the subset of 
the Cartesian product Xg¢4A% consisting of all the cross sections a such 
that the unordered sum 


llall, = 50 fla(a)|l (2) 


acA 


is finite. This set is made into a Banach algebra by coordinatewise linear 
vperations and the ¢'-norm defined by equation (2). 


The definitions of direct sums of algebras, normed algebras, and Banach 
algebras just given subsume the previous definitions and give coproducts 
in each of the relevant categories with respect to the obvious injections. 
Suppose {A® : a € A} is a collection of Banach algebras. Then its Banach 
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algebra direct sum 4, ,.A® is just the completion of its normed algebraic 
direct sum @ace4A*. 


Internal Direct Sums 


The direct sums we have just discussed are sometimes called external 
direct sums. There are corresponding notions of internal direct sums. Let 
A be an algebra, let A be an index set, and let {Z% : a € A} be a family of 
ideals of A. Then the sum 5°. ,Z° of this family is the set of finite sums 
of elements from Uge4Z%. The algebra A is called the internal direct sum 
of the family {Z% : a € A} if A is the sum of the family and satisfies 


I7n S> T={0} vaeA. 
ae A\{a} 


When these conditions hold, we write A = ®gce4Z®. It is clear that the 
(external) algebraic direct sum @®a¢4A® is the internal direct sum of the 
ideals Z° = {a € ®gcAA® : a(B) = 0 for all 8 ¥ a}. Conversely, if A is the 
internal direct sum of {Z° : a € A}, then A is naturally isomorphic to the 
external direct sum @ac al”. 

If A is a normed algebra, we say it is the internal direct sum of the 
family {I° : a € A} if each Z° is a closed ideal, A= >< 42% and 


I°n > ={0} vaead, (3) 
BEA\{a) 


where the bar denotes closure. Again it is easy to check that the external 
direct sum ®acaA® of a family {A® : a € A} of normed algebras is the 
internal direct sum of {Z* : a € A}, where each T° is defined by Z* = {a € 
@BacaA* : a(f) = 0 for all 8 # a}. Suppose A is the internal direct sum 
of {Z* : a € A}. The definition of a coproduct guarantees that there is a 
map (in either category) of the external direct sum onto A. The map is an 
algebra isomorphism but not necessarily an isomorphism in either category 
of normed algebras. 

In either category of Banach algebras we say that A is the internal 
direct sum of {Z* : a € A} if each TZ? is a closed ideal, }>,.4Z% is dense 
in A and I° 3) 5c 4\ {a} ZF is zero for each a € A. Clearly an external 
direct sum is an internal direct sum as before. If A is the internal direct 
sum of {Z* : a € A}, then the definition of a coproduct shows that there 
is a map (in either category) of the external direct sum oe al” Onto a 
dense subset of A (which includes }°,. 42%), but this map need not be a 
homeomorphism nor onto A. 


Subdirect Products 


Finally, we discuss what are usually called subdirect sums of algebras 
and normed algebras, but what are more correctly called subdirect prod- 
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ucts. These arise naturally in many contexts as will be shown in Chapter 4 
end elsewhere. It should be noted at the outset that representation of an al- 
gebra as a subdirect product furnishes relatively little information about its 
structure unless additional information, such as that discussed in Chapter 
6, is available. Subdirect products were first considered by H. Priifer [1925] 
for commutative rings and by Gottfried Kéthe [1930] for noncommutative 
rings. For further information and history, consult Neal H. McCoy [1947]. 
“he normed case is an obvious extension of the non-normed case. Sub- 
Girect products are simply algebras, normed algebras or Banach algebras 
together with a suitable embedding as a subalgebra, or normed subalgebra 
of a direct product. Direct sums are examples of subdirect products when 
provided with the obvious embedding into the direct product. 


1.3.3 Definition Let A be an index set and let {A° : a € A} bea 
family of algebras. A subdirect product of {A% : a € A} is a subalgebra 
A of Tge4A% such that for each a € A, m:A —> A® is surjective. The 
subdirect product in either category of normed algebras or Banach algebras 
is simply a normed or complete normed subalgebra A of Ia¢4.A®% defined in 
te appropriate category with the same restriction that each 1,:A — A® 
should be surjective. 


Let A be a subdirect product in any of these categories and, for each 
& € A, define Ig to be {a € AC XacaA® : a(f) = O}. Clearly, Z, is an 
iceal which is closed in the normed cases. Furthermore, each 7, can be 
icentified with the natural map A — A/I, ~ A®. Finally, NacAZa = {0} 
holds. Conversely, if {Z, : a € A} is any collection of ideals (closed in 
the normed case) with NacaZa = {0}, then A is isomorphic to a subdirect 
product of {A/Z, : a € A}. This is the way in which subdirect products 
most commonly arise. 

All of the foregoing discussion of direct products, direct sums, internal 
d rect sums and subdirect products applies to Jinear spaces, normed linear 
s'saces and Banach spaces. Simply dropping all references to multiplicative 
structure, (and thus replacing ideals by linear subspaces) makes this clear. 
Later we will need to deal with direct sums in the category of Hilbert spaces. 
The discussion of that case is postponed until needed. 


Inductive or Direct Limits 


We begin by defining inductive limits which can be considered as a 
massive extension of direct sums. We will then give one example which is 
important in the definition of K-theory. The example is often called the 
a zebra of matrices of arbitrary size. 


13.4 Definition Let (A,<) be a directed set, and for each a € A let 
/ q be an algebra. For each a, 8 € A with a < B, let Yga: Aa — Ag bea 
homomorphism; these will be called connecting homomorphisms. For each 
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a<fi<7e A, let these homomorphisms satisfy: 
Pra = 213° Pda (4) 


The above set of data will be called an inductive (or direct) system of alge- 
bras. If, in addition, each A, is a normed algebra and each vg is continuous, 
the inductive system will be called an inductive system of normed algebras. 
Finally if all these conditions hold and, for each a € A, the limit superior 


lim sup || Pgall (5) 
BEA 


is finite, then the inductive system will be called a normed inductive system 
of normed algebras. (When all the A, are Banach algebras, the uniform 
boundedness principle shows that this last condition is satisfied if and only 
if lim supge 4 ||¥a(@)|| is bounded for each a € A and each a € Aj). 

The normed inductive limit (or normed direct limit) of such a normed 
inductive system of normed algebras (Ag, Pga : a, 8 € A) is the algebra A, 
denoted by A = lim g A, and the continuous homomorphisms ya: Ag — A, 


defined as follows. Let .A be the disjoint union of all the algebras Ag for 
a € A. Consider the equivalence relation ~ defined on this set by a, ~ bg if 
and only if there exists ay € A witha < 7, 8 < 7 and Yyq(Ga) = pypa(dg)- 


Let A be the quotient of A by this equivalence relation. It is easy to check 


that, for any finite set of elements in A, there is an index y € A large 
enough so that all of the equivalence classes have elements from A,. Hence 


A has the structure of an algebra if we merely retain the algebra operations 
from each of the A, which are consistent by the inductive nature of the 
homomorphisms. Finally, it is obvious that limsupge 4 ||?ga(a)|| defines an 


algebra semi-norm on A. Let (A, ||- ||) be the normed algebra obtained by 
dividing out the ideal on which this semi-norm vanishes. For each a € A 
and each a € A,, define ya(a) to be the equivalence class in A of a. 

The inductive limit (or algebraic inductive limit) of an inductive system 
of algebras is defined by simply omitting the last quotient by the ideal on 
which the semi-norm vanishes. 


We leave it to the reader to show that the normed inductive limit sat- 
isfies Ya = $f © Yga for all a < @ and is the unique normed algebra such 
that any other normed algebra B and system of continuous homomorphisms 
{Wa : a € A} satisfying Vo = Vg o Ya for all a < # factors through A in 
the obvious way. (A similar universal property holds for algebraic inductive 
limits.) Furthermore, it is clear that if each of the homomorphisms in the 
inductive system is injective and the limit superior semi-norm is a norm 
(e.g., if all the homomorphisms are isometries), then the inductive limit is 
essentially just the increasing union of the normed algebras A,. Even for 
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general inductive systems, the inductive limit is essentially an increasing 
union of the Ya(Aa)- 


1.3.5 The Algebra M,,(A) of Matrices of Arbitrarily Large Size 
ever an Algebra A This is an important general example of a normed 
inductive limit of algebras. (In this case and others where the connecting 
homomorphisms are isometries, the normed inductive limit and algebraic 
inductive limit coincide.) Let A be an algebra or a normed algebra and 
let M,(A) be the algebra of n x n matrices over A described in Definition 
1.6.9. If A is a normed algebra or a Banach algebra, then M,(A) is a 
normed algebra or a Banach algebra under various natural norms as noted 
before Proposition 1.6.10. Construct an inductive system with the positive 
integers N as index set, the algebra M,,(A) corresponding to n € N and with 
the connecting maps defined by sending each smaller matrix into a larger 
one by putting it in the upper left-hand corner and completing the matrix 
with zeroes. Clearly this is an inductive limit, and each homomorphism 
is an isometry under any of the norms mentioned above if A is a normed 
algebra or a Banach algebra. The limit is essentially the union of matrix 
algebras of arbitrary size over A, so that any algebraic operation with 
a fnite number of elements can always be carried out in a specific size 
matrix algebra over A, but the size may increase as needed in any series 
of computations. Operations in this algebra bring out some of the more 
subtle structure of the original algebra A. It is used in most definitions of 
K-theory. 

Of course we could complete M,,(A) or any other normed algebra. It 
is vorth noting that if A is a C*-algebra, then the completion of Moo.(A) 
has an interesting interpretation. First, M,.(A) itself is isometrically iso- 
morphic to a dense subalgebra of the tensor product of A with the Banach 
algebra of all compact operators on separable Hilbert space. This tensor 
product has a natural norm. The appropriate norm for the inductive limit 
(relative to which this isomorphism is an isometry) comes from applying 4 
certain operator norm to the individual matrix algebras, which extends the 
C*-norm of the original algebra. Then the completions of the algebra of 
eccltrarily large matrices and of the tensor product are naturally isomet- 
zceily isomorphic. The importance of this tensor product was recognized 
before the natural inductive limit construction of M,.(A) was appreciated. 
{See Section 1.10 and Volume II.) 


Projective or Inverse Limits 


Ja again begin with a definition of this concept which has about the 
same relationship to direct products as the inductive limit has to direct 
stzrs. In some sense it is the dual construction to that of inductive limits. 
In ¢2¢ case of inductive limits, we were interested in limits in the category 
of normed algebras, but here we are primarily interested in the category of 
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topological algebras. We will again give one example. 


1.3.6 Definition Let (A,<) be a directed set, and for each a € A let 
A,, be an algebra. For each a, 8 € A with a < f, let vga: Ag — Aa be 
a homomorphism. For each a < @ < 7 € A, let these homomorphisms 
satisfy: 

Pra = Ppa ° Pyp- (6) 
The above set of data will be called a projective (or inverse) system of 
algebras. If in addition each A, is a normed algebra and each Yq is con- 
tinuous, then the projective system will be called a normed projective sys- 
tem of normed algebras. The projective limit of such a projective system 
(Aa, ¥fa : 2,8 € A) is the algebra A, denoted by lim A,, and the homo- 


morphisms ya: A — Ag satisfying pga ° yg = Ya defined as follows. Let 
A={aeé TI Aa : ¥pa(4p) = Ga for all @ > a}, (7) 


and endow this collection of coherent cross sections with the obvious point- 
wise operations. For each a, the map ¢, is just the projection map onto 
the a factor. In the case of a projective system of normed algebras, this 
same algebraic projective limit can be given the weakest topology making 
all of the projection maps y, continuous. This topology, which is just the 
relativized topology from the direct product, is seldom a norm topology. 


It easy to check that these projective limits satisfy the universal prop- 
erty that if B is another algebra (or topological algebra) with a family of 
(continuous) homomorphisms ¥,:B — A, satisfying pga 0 Vg = Va, then 
there is a unique map VW: B — A satisfying yo V for alla € A. 


1.3.7 A Projective Limit Algebra This example should help make 
the concept more comprehensible. Consider the directed set of all com- 
pact subsets of the real line ordered by inclusion. For each compact subset 
K, let Ax be the Banach algebra C(K) of all continuous complex-valued 
functions on K with the supremum norm ||- ||... Then prix is just the re- 
striction map when L includes K. As an algebra, the projective limit is just 
the collection of all continuous (not necessarily bounded) complex-valued 
functions on R since any coherent family must certainly come from such 
a function. (Or define >ne, depending on one’s viewpoint.) However, the 
topology, when this is considered as a projective limit of topological alge- 
bras, is the topology of uniform convergence en each compact subset. This 
easy example exhibits one surprising phenomenon. Although the directed 
set is very complicated, it has a cofinal subset with the order structure of 
the positive integers: {[-n,n] : € N}. In general, projective limits are 
much better behaved when such a cofinal subset is available. 
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Ultraproducts and Ultrapowers 


These concepts have proved valuable in Banach space theory, but are 
or ty beginning to be used in Banach algebra theory. We will provide a 
brief introduction. Details can be found in Brailey Sims [1982] and Stefan 
Heinrich [1980]. 

Let J be an infinite index set. A filter of subsets of I is a nonempty 
family F of nonempty subsets of J satisfying: 

(1) If A, B € F, then ANB € F, and 

(2) If AE F and AC BCT, then BE F. 

(Some authors allow a filter of subsets to contain the empty set @. Then 
tke collection of all subsets of J is the only filter of subsets containing 9. 
With this convention, our filters are simply called proper filters.) Probably 
the most familiar filter is the family of all neighborhoods of a point in a 
torological space. Given any nonempty subset S of J, the family of all 
subsets of J which include S is a filter denoted by Fg. Still another filter 
on I is the Fréchet filter of all the subsets of I which have finite complement 
in I. 

A filter of subsets is called an ultrafilter if it is maximal (under inclusion) 
ariong filters. Every filter is included in some ultrafilter. It is easy to see 
that a filter of subsets is an ultrafilter if and only if for each subset A of 
J exactly one of A and J \ A belongs to the filter. Another easy argument 
shows that this is equivalent to: 


If AU B belongs to F, then either A € F or B € F holds, 


Hence for any ultrafilter F, (){A : A € F} is either a singleton set or empty. 
Note that Fs introduced above is an ultrafilter if and only if S = {p} isa 
singleton set. In this case we write F, instead of Fs. The only ultrafilters 
wish (\{A: A € F} nonempty are those of the form F,. We call these fired 
(or trivial) ultrafilters and all others free ultrafilters. Hence an ultrafilter is 
fixed if and only if it contains a finite subset, and it is free if and only if 
(\;A:A€ F} =0. Every filter of subsets is included in an ultrafilter. We 
will require that our ultrafilters be countably incomplete. This means that 
the ultrafilter is not closed under countable intersections. It is equivalent 
to requiring that the intersection of the sets belonging to some countable 
subset of the ultrafilter be the empty set. It certainly implies that the 
ultrafilter is free. From now on F will be a particular countably incomplete 
ultrafilter on J. 

For each i € J, let A‘ be a ( Banach algebra / Banach space ). Our 
construction begins with the ¢°-direct product [%,A' of {A‘: 7 € I} of 
Definition 1.3.1. The case in which all the A’ equal a fixed A is important. 
Fo: any a € Ilfe,A', we can define |{a|| to be the unique non-negative 
nunber such that for every ¢ > 0 the set {¢ € I: {|al|-e < |la(i)|| < |la||+e} 
is in F. We will take the existence, uniqueness and other properties of || - || 
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for granted. Let B be the quotient of II%,.A* modulo the subset of elements 
with norm 0. Then B has the structure of a ( Banach algebra / Banach 
space ). 


1.3.8 Definition The ( Banach algebra / Banach space ) B defined 
above is called the ultraproduct with respect to F of the family {A'}.ie7. If 
all A' = A, then it is called the ultrapower of A with respect to F. 


It is not easy to give an illuminating example, but the reader may look at 
the theory of ultraprime ideals introduced in Definition 4.1.11. The paper 
by Michael Cowling and Gero Fendler [1984] has interesting applications 
to representations on Banach spaces (cf. Chapter 4 below). See also the 
proceedings of a conference edited by Nigel J. Cutland [1988]. 


1.4 Arens Multiplication 


Introduction 


Richard Arens defined two products on the double dual .A** of any 
normed algebra A [1951a], {1951b]. The first systematic study of these 
products was carried out by Paul Civin and Bertram Yood [1961]. A useful 
compilation and simplification of results up to that date was published 
by John Duncan and Seyed Ali Reza Hosseiniun [1979]. (See also Harald 
Hanche-Olsen [1980] for a different approach to a related problem.) 

Each product makes A** into a Banach algebra and the canonical in- 
jection «:.A — A** is a homomorphism for both products. (This canonical 
injection is just the evaluation map: x(a)(w) = w(a) for any a € A and 
w € A*.) We shall denote the two products by juxtaposition and by a dot, 
respectively, (t¢., we use fg and f +g for the two products of f and g in 
Ars): 

In most cases the two products do not agree and the double dual algebra 
with either product is too large, too complicated and too badly behaved 
to be useful without some simplification. However, there are special cases 
(notably the C*-algebras which will be considered in the second volume 
of this work) in which this algebra is easy to comprehend and exploit. In 
other cases, quotients of the algebra modulo various natural ideals are easier 
to exploit. In all cases that have been studied in detail, the structure is 
intimately connected with that of the original algebra and has interesting, if 
sometimes complicated, relationships to significant mathematical objects. 

In this section we explore identities and one-sided identities in the Arens 
products, connections with double centralizers, the case in which the two 
products agree and a few simple examples. Two representations which also 
stem from Arens’ very general construction are defined. 

Although the two Arens products are usually called the first and the 
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second Arens product, they stand on a completely equal footing since their 
definition simply depends on choosing left or right first. The first product is 
coa.inuous in the weak* topology in its first (left) variable for any choice of 
the second (right) variable in A**; it is also continuous in the same topology 
in its second variable for any choice of the first variable in the canonical 
image of A in A**. (That is, f ++ fg is continuous in f € A** for any 
g € A**, and g ++ «(a)g is continuous in g for any a € A.) The second 
product enjoys the reflected continuity properties. (That is, g > f-g is 
continuous in g € A** for any f € A**, and f + f-x«(a) is continuous 
in f for any a € A.) Basic properties of the weak* topology guarantee 
that any element f € A** is the limit of a net in «(.A) within the ball of 
radius || f|| (¢f. Dunford and Schwartz [1958] V.4.2). These facts allow the 
calculation of both products, but the reader should be warned that this is 
a subject on which an unusual number of false results have been published, 
and several of the errors stem from attempting to use continuity results 
in proofs. The entirely algebraic original construction is less subject to 
erroneous interpretation. We now give that definition, which guarantees 
the existence of products with the continuity properties just described. 


Definitions and Basic Properties 


1.4.1 Definition Let A be a normed algebra, let k: A — A** be the nat- 
urel injection and let L and F be the left and right regular representations 
of A. For any a € A and w € A*, define elements wa and gw of A* by 


wa = (La)*(w) and gw = (Rq)*(w). (1) 
For any w € A* and f € A**, define elements sw and wy of A* by 
sw(a) = f(wa) and wy(a) = f(aw) (2) 


for alla € A. Finally for any f,g € A** and w € A*, define elements fg 
and f -g of A** by 


F9(w) = f(qw) and f+ g(w) = g(wy). (3) 


These two products in A** are called the first and second Arens product, 
respectively. When the two products coincide, the algebra A is said to be 
Arens regular. 


We gather some elementary properties of these two products. 


1.4.2 Theorem The elements w, and qw belong to A* and satisfy: 
Wa(b) =w(ab) — ,w(b) = w(ba) (4) 


wall < loll Hall = Hawll < Hell Ile (5) 
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(wa)s = Wad (aw), = a(ws) alow) = ab (6) 


for allw € A* anda,b€ A. The elements sw and wy belong to A* and 
satisfy 


sell SOUS = weed) S el Fl (7) 
(sw)a = (Wa) a (wy) = (aw) s (8) 
x(a)! = aw Wea) = Wa (9) 
for alla € A, w € A* and f € A**. Finally the two products satisfy 
fol < Fi Moll = WF oll < IFN Noll (10) 
fo = g (qu) Wig = (WF)y (11) 
K(a)f =n(a)-f =(La)"*(f) f(a) = f(a) = (Ra)**(f) (12) 
k(a)k(b) = K(a) - x(b) = K(ab) (13) 


for alla,b€ A, w € A*, f,g € A*”. 

Each product makes A** into a Banach algebra, and k is an injective 
homomorphism from A to A** with respect to either Arens product. The 
two products agree whenever one of the factors is in K(A). Furthermore, 
the map ( L: A** — B(A*) / R: A** — B(A*) ) defined by ( Ly(w) = 
pw | Rs(w) = wy ) is a ( homomorphism / anti-homomorphism ) with 
respect to the ( first / second ) Arens product. 

The following maps are continuous in the weak* topology (i.e., the A*- 
topology) on A**: 

frofo9 gef-g (14) 


gr>K(ajg fro f-w(a) (15) 


for alla € A and f,g€ A”. 

If py: A — B is a continuous ( homomorphism / anti-homomorphism ), 
then p**: A** — B** 18 a continuous ( homomorphism / anti-homomorph- 
ism ) with respect to ( either Arens product / the opposite Arens products ) 
on A** and B**. 


Proof All these results are easy to obtain from step by step calculations 
starting with the three step definition. Oo 


We will show in Prorosition 2.5.3(e) that «(A) is a spectral subalgebra 
of A** with respect to either Arens product and in 4.1.15 that various kinds 
of ideals in A and A** are closely related. In Proposition 8.3.7 and Theorem 
8.7.14 we will give more details on the relationship between minimal ideals 
in A and A**. 

Fereidoun Ghahramani, Anthony To-Ming Lau [1988] and Ghahramani, 
Lau and Viktor Losert [1990] show that, for locally compact groups G and 
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H, any isometric isomorphism y: L'(G)** - L'(H)** sends L}(G) onto 
L1(4) and thus comes from a homeomorphic isomorphism of G onto H. 

Michael Grosser and Losert [1984] consider a natural quotient of A** 
whi-h has an interesting interpretation in the case of group algebras L(G) 
of Iocally compact abelian groups. For compact groups, Nilgun Isik, John 
Pyr: and Ali Ulger (1987] give somewhat complicated convolution formu- 
las ‘or L'(G)** considered as a measure algebra on a semigroup which is 
the product of the original group and a rather degenerate semigroup con- 
structed from it. See also Robert S. Doran and Wayne Tiller [1983], D. J. 
Parsons [1984] and Lau [1979], [1981], [1983], [1986], [1987], Lau and Losert 
[19€8], Lau and Pym [1990]. 

3runo Iochum and G. Loupias [1989] use an ultraproduct construction 
to s;udy the Arens product. S. L. Gulick [1966a] and [1966b] and Nicholas 
=. Young in [1976] extended the definition of Arens products from normed 
algebras to more general algebras. The latter paper considers locally convex 
algebras in which the product of any two bounded sets is bounded. See also 
Nilgiin Arikan [1981], [1982], [1983] and Pym and Ulger [1989]. 


Identities and One-sided Identities for A** 


if A has an identity element 1, it is obvious that «(1) is an identity 
element for A** with either Arens product. However, it is common for A** 
to have an identity, or at least a one-sided identity, even when A does not. 
Left and right one-sided identities behave quite differently with respect to 
the iwo Arens products. It is comparatively easy for there to be a ( right / 
left ) identity for the ( first / second ) Arens product and e is such an 
element if and only if it satisfies 


( e(w,) = w(a) / e(qw) = w(a)) or equivalently 
(w=w/we=w) 


for ella € A and w € A*. A (left / right ) identity for the ( first / second ) 
Arens product must also be a ( left / right ) identity for the ( second / 
first ) Arens product and is less common. This implication follows from the 
fact that an element e € A** is a { left / right ) identity for the ( first / 
second ) Arens product if and only if it satisfies 


(e(sw) = f(w) / ewe) = f(w) ) VfEA* we, (17) 


and these conditions imply (16) (in reverse order) by equation (9). 

For reasons to be considered in Chapter 5 below, it is fairly common, 
and quite interesting, for A** to have a right identity for the first Arens 
product which is also a left identity for the second, We call such an element 
a mzed identity for A**. Let us denote one by e € A**. This condition 
is ecuivalent to assuming ew = w = w, or, equivalently, that e(w,) = 
w(a) = e(qw) for all w € A* and a € A. There is no reason to expect 
tha. a mixed identity is unique. In fact, any e’ € A** such that e and 


(16) 
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e’ agree on (L4)"(A") + (Ra)*(A*) is also a mixed identity. Anticipating 
the terminology and results of Chapter 5, we note that A** has a mixed 
identity if and only if A has a bounded two-sided approximate identity. 
In this situation we say that A is apprommately unital. Similar results 
involving one-sided approximate identities hold for a right identity for the 
first Arens product or a left identity for the second product individually 
even if they are not mixed identities. If A** has a ( left / right ) identity 
for either product, then equations (16) and (4) show that the annihilator 
ideal ( Ara / Axa) ) is zero. 

The situation on uniqueness of mixed identities changes if A** has a 
(two-sided) identity element for either one of the Arens products. In that 
case any mixed identity must equal this unique (two-sided) identity since 
(e=e’ =e fe=c'ce  e) if eis an identity and e’ is a ( right / left ) 
identity. 

When A”® is unital or when it just has a mixed identity, there is another 
way to consider the Arens product which is helpful in some situations. In 
slightly less generality, it was first published by Duncan and Hosseiniun 
[1979]. Recall that Theorem 1.4.2 already showed the existence of a ( ho- 
momorphism [: A** — B(A*) / anti-homomorphism R:A** — B(A*) ) 
defined by ( Ly(w) = sw / Ry(w) = wy ). In fact we have already derived 
in equations (1) and (8), but not yet stated explicitly, that the range of 
(LZ / R) is included in the commutant ( ((L.4)*)’ / ((R.a)*)’ ). When A** 
has a one- or two-sided identity we get the following. 


1.4.3 Proposition Let A be a normed algebra. Then ( L / R) has the 
whole commutant ( ((L.4)*)’ / ((R.s)*)’ ) as its range if and only if A** has 
a right / left ) identity for the ( first / second) Arens product. Further- 
more, ( L / R) is a homeomorphic ( isomorphism / anti-isomorphism ) of 
A** unth the ( first / second ) Arens product onto ( ((L4)*)’ / ((Ra)*)’ ) 
uf and only tf there is a two-sided identity for the ( first / second ) Arens 
product. Finally, ( E / R) is an tsometry if and only if the two-sided 
identity for the ( first / second) Arens product has norm one. 


Proof We work only with L since the case of R is similar. Suppose L has 
all of the commutant as its range. Then there is some e € A** satisfying 
L. = | € B(A"). This means ew = w, from which it follows that e is a right 
identity for the first Arens product. If L is an isomorphism, then e must 
be a two-sided identity and if L is an isometry, |le|| must be one. 
Conversely, suppose e € A** is a right identity for the first product. Let 
S be arbitrary in the commutant ((L,4)*)’. Define fs € A** by fs(w) = 
e(S(w)) for all w € A*. Then equation (16) shows fs(wa) = e(S(wa)) = 
e(S0(La)*(w)) = e((La)* 0S(w)) = e(S(w)a) = S(w)(a), 80 Z maps fs onto 
S. Thus L is surjective. Now suppose e is a two-sided identity for the first 
product. Since sw is just Ls(w), equation (17) shows that Lis injective. 
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Finally if € is a two-sided identity element of uorm one, then the map we 
have just constructed from the commutant to A** is contractive. Since L 
is obviously always contractive, we conclude that it is an isometry. Oo 


This result shows that when A** is unital for one of the Arens products 
its Arens multiplication may be defined in terms of the multiplication in 
((L.4)*)' or ((R4)*)’ as a subset of B(A*) induced by the appropriate map 
L . The existence of an identity in A** can be described in terms of the 
existence of a particularly strong kind of approximate identity in A, but we 
will not discuss this here since approximate identities are not introduced 
unti! Chapter 5 

I is of considerable interest that if either f is a right idealizer of «(A) 
in A** or g is left idealizer of «(.A) in A**, then Ly and iy comnuite in 
B(A*). It is easy to see that these two operators commute feeartly when 
the nixed associative law g- (hf) = (g-h)f holds for all h € A**. Hence 
they commute for all f,g € A** if A is Arens regular or «(.A) is a one-sided 
idez! in A** with respect to one, and hence both, Arens products. 


Relationship to the Double Centralizer Algebra 


x. should not be surprising that there is an intimate connection between 
the Arens products on A** and the double centralizer algebra D(A). We 
will define various maps between subalgebras of A**, D(A) and D(A**) 
under minimal hypotheses on A beginning with the following two easy 
propositions. Some of these ideas are related to Laszl6 Maté [1967] and 
Pak Ken Wong [1985]. 


1.4.4 Proposition Let (L,R) be a double centralizer of a Banach algebra 
A in which the annthilator ( ideal A, is / ideals Apa and Apa are) {0}. 
Then 

(L,.R) ++ (L**, R°*) (18) 
ig an isometric injective isomorphism of { Dg(A) / D(A) = Dp(A) ) into 
Dz(A*") when A** is endowed with either Arens multiplication. Note that 
L** and R** leave x(.A) invariant as a subset of A**. 


Proof Under the second alternative hypothesis, all double centralizers are 
sounded by Theorem 1.2.4. (In that case the same theorem shows that it 
is enough to consider the third and sixth lines below.) One easily checks 
the following results for all a € A, w € A*, and g€ A**: 


L*(w)a = Wra) al*(w) = L*(qw) 
R* (w)a = R (wa) ak* (w) = R(a)¥ 

L*(wa) = WR(a) Liaw = R*(qw) 
gL” (w) >= L*(w) L*(w)g = WLe+(g) 
ght*(w) = Reig R*(w)g = R*(wg) 


R* (gw) = L**(g) L* (wg) = W R**(9)- 
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These equations show that ( L** / R** / (L**, R**) ) is a bounded 
(left / right / double ) centralizer whenever ( L / R / (L, R) ) has the same 
property, no matter which of the Arens products we use. Since (So T)** 
equals S**oT** and |jS|j equals ||S**||, the maps L + L** and Rr R** are 
homomorphisms and isometries. (This proof could also be based on looking 
at L** and R** as extensions by continuity of L and R, respectively.) 


1.4.5 Corollary If A** has a mized identity e and (L,R) is a double 
centralizer of A, then they satisfy the following identities: 


Re*(f) = fR(e) = fLe(e) and 
L**(f) = L**(e) f = Re*(e)-f 


for all f € A**. Thus the map (L, R) + (L*", R**) of D(A) into D(A**) 
has range in (the image of) A** for one of the Arens products if and only 
if there is a two-sided identity e € A** with respect to this product. In 
that case, (L,R) ++ L’*(e) = R**(e) is a homeomorphic isomorphism of 
D(A) = D(A) into A**, which is an isometry if and only if the identity 
has norm one. 


(19) 


Proof As noted already, the existence of a mixed identity ensures that 
Ara and Ara are zero so the stronger form of the last proposition is 
available. Equations (19) now follow by applying the basic properties of 
double centralizers to (L"*, R**) and the equations fe = f ore-f = f, 
respectively. In particular, (/**,/**) is a norm one, two-sided identity for 
D(A*") in whichever Arens product is being used. It can be identified with 
e in A** if and only if e is an identity for A** in that Arens product. (Recall 
that, if any algebra like A** has an identity of norm strictly greater than 
one, then the embedding of A** into D(A**) is an isomorphism but not an 
isometry.) oO 

When A** is not unital, the situation becomes more complicated, and 
in particular it may be necessary to consider quotient algebras. We begin 
to study this situation by noting that the idealizer A‘g of «(A) in A** does 
not depend on which Arens product we use, since the two products agree 
when one factor is in «(A): 


A = {f © A™: f(A) = f(A) C K(A) (20) 
and x(A)f = «(A)- f C m(A)}. 


Proposition 1.2.3 describes the obvious homomorphism of this set into 
D(«(A)), and we may consider this as a map into D(A). Technically we 
can define this as : 8 

fr O(f) = (Ly, Rs) where (21) 


1 


Ly=n olor and Ry = 67 


oRson 
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with ( Ly / Ry ) being the ( left / right ) representation of f in A** with 
either of its Arens products. Now it is easy to check 


(Ls)* = Ry € ((Ra)*)’ and (Ry)* = Ly € ((La)*)! (22) 


in terms of the notation used in Theorem 1.4.2 and Proposition 1.4.3. In 
the next proposition, we examine the second conjugates of the actions Ly 
and Ry. For any subset S of A*, we use S+ to denote the subset of A*™* 
cons'sting of those functionals which vanish on S. 


1.4.6 Proposition The subset ( (L,4)*(A*)* /(Ra)*(A*)+ ) is an ideal 
in A** with respect to the ( first / second) Arens product which is the kernel 
of the maps (I and R / R and L ). In fact, any element f from this ideal 
satisfies 


(Af =0/ fA =0). (23) 


The subset AN = (R.4)*(A*)*(La)*(A*)*+ = {(Ra)*(A*)+(La)*(A*)}4 
ts an ideal in A% and is the kernel of the homomorphism 0: A*{ — D(A), 
defined above as L, 29s 

Of) = (is, Ry) VEE AY. (24) 


The :wo Arens products agree on A*f/A} and the map induced by 6 is an 
wom wrphism onto D(A). In particular, Ay is zero uf A** has an identity 
for ether Arens product. 

¥hen the map 0: At? — D(A) is followed by the embedding (L, R) + 
(L**, 2**), the image of f € A%f is a double centralizer in either Arens 
product which agrees as a pair of maps with (L?) RY) where the super- 
scrip. numerals indicate the regular representation with respect to the second 
and first Arens multiplication, respectively. 


Prooj We consider only the second case (for variety). For f € (R4)*(A*)+, 
we hive f(aw) = 0 for all a € A and w € A’; this implies wy = 0 from 
whict the identification as kernels and equation (23) follow directly. (Note 
that |Z / R) can be defined on the appropriate one-sided idealizer set 
whick includes the annihilator set ( (R.4)*(A*)+ / (L4)*(A*)+ ).) Since R 
is an anti-homomorphism with respect to the second Arens product defined 
on all of A, the set is a (two-sided) ideal even though (23) only shows that 
it is & right ideal. We can show directly that g- f is in this ideal for any 
9 € AM, We see 9 f(a) = f((a)g) = f(a(wg)) = 0 if f € (Ry)*(A)*. 
Suppose f € A**, 9 € Af and gx(a) = K(b). Then 


fg(aw) = flow) = gx(a)(ws) = f - 9(aw). 


The case of wa is similar so the two products do agree on the quotient. 
Now consider the last statement of the proposition. We again prove the 
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second case. For f € A**, g € Ag and w € A*, we get (Ry)**(f)(w) = 
F((R,)*(w)) = f(gw) = fo(w) = RY (f)(w). 


Note that this proof has established more than stated in the proposition 
in several cases. QO 


(L, R) Eee en riers a Ye (L**, R**) 


D(A) - D(A**) 
(n) p(n) 
(Ly Ry ) 


A - AX 


a@———————+ K(a) ff ———-+f 


The last three propositions can best be visualized in terms of the com- 
mutative diagram above, which represents the case in which the nth Arens 
product has an identity e either for n = 1 or 2. (All the maps are defined 
and interesting without this restriction, but the diagram is no longer com- 
mutative in general.) Each map is a homeomorphic isomorphism onto its 
range and is isometric if e has norm one. 

Thus we see that if at least one of the Arens products has an identity, 
then a substantial part of A** behaves very well indeed: just like the double 
centralizer algebra. Consider approximately unital algebras for a moment. 
If such an algebra is Arens regular, then it has only one mixed identity 
which is in fact a (two-sided) identity for both Arens products. Hence, in 
the context of approximately unital normed algebras, A** being unital for 
one of the Arens products is a weak version of A being Arens regular. 


Arens Semiregularity 


A still weaker version of Arens regularity has been introduced by Michael 
Grosser [1984] and studied there and subsequently by the same author 
[1987] and by others. An approximately unital Banach algebra A is said to 
be semiregular if it satisfies R**(e) = L**(e) for all mixed identities e. (The 
idea behind the definition is that an algebra is semiregular if and only if 
the two embeddings of double centralizers, based on using their left or their 
right centralizers, agree for any mixed identity.) Corollary 1.4.5 shows this 
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is true whenever A** has an identity for at least one of the Arens products. 
The above remarks show that Arens regular algebras are semiregular. The 
letter result and the easy fact that commutative approximately unital Ba- 
nech algebras are semiregular were established in the first cited paper. The 
case of commutative algebras shows that semiregularity is strictly weaker 
than the possession of an identity for at least one Arens product. 

‘Losert and Harald Rindler [1984] showed that, for a locally compact 
group G, the algebra L!(G) is semiregular if and only if it is either discrete 
or commutative. This contrasts with the case of regularity where L!(G) is 
regular if and only if G is finite, a result proved by Young [1973a] after Civin 
and Yood [1961] handled the abelian case. Similarly, the algebra B4(%¥) 
of ayproximable operators (i.e., those uniformly approximable by finite- 
rank operators (Definition 1.1.17 above)) on a Banach space * is regular 
if and only if ¥ is reflexive (Young [1976]). Much weaker conditions are 

nown for semiregularity (Grosser [1987]). We shall treat these results in 
a preliminary way later in this section and in more detail in Section 1.7 
after introducing more of the relevant concepts. However, two special cases 
completely solved in the last reference are particularly interesting. Consider 
the algebra B4(C(Q)) of operators on the Banach space of all continuous 
complex-valued functions on a compact Hausdorff space 2. This algebra 
of operators is semiregular if and only if Q is scattered, where scattered 
signifies that every nonempty subset contains an isolated point. Let yz be 
2 finite measure and let L!(u) be the usual space of (equivalence classes) 
of absolutely y-integrable functions. Then B,4(Z)(2)) is semiregular only 
when L'() is finite-dimensional (in which case, of course, the algebra is 
Arens regular). 
Before discussing Arens regularity, we introduce three simple examples. 


Exaraples of Arens Multiplication for Commutative Algebras 


For a commutative algebra A, Definition 1.4.1 immediately implies gw = 
Wa and sw = wy, hence fg = g- f (note reversal of factors) for all a € A, 
w € A* and f,g € A**. From this it easily follows that a commutative 
algebra is Arens regular if and only if one, hence both, Arens products are 
comrautative. In the following examples, this observation will be useful. 
For a fuller discussion of this and many other results on the Arens products 
for general commutative Banach algebras, see Theorem 3.1.12. 


1.4.¢ Arens Multiplication in (cg)** ~ €© This is perhaps the simplest 
example in a nonreflexive space and shows that the Arens multiplication 
is often the natural multiplication on the double dual. (Of course, in a 
Banach algebra which is reflexive as a Banach space so that A and A** are 
canonically isomorphic under «x, both the Arens products agree with the 
origiral multiplication.) As usual, let cg be the collection of all sequences 
converging to zero with elementwise algebra operations and the supremum 
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norm: 
{lall,. = sup{|an| : n € N}. 


We identify @ (the space of all sequences for which the norm, 


loll, = D> [bal 


n=l 


is finite, with elementwise linear operations) with the dual of cg as follows: 
(°,2) 
w:é' — (co)* is defined by uy(a) = > and, 
n=1 


for all a € co and b € é!. Then we can identify @° (the space of all 
bounded sequences with the same supremum norm as cg and elementwise 
linear operations again) with the dual of ¢! ~ (co)* by: 


fF: — (@)* where fa(b) = 3° anbn 
n=l] 


for all a € £° and be é'. With these identifications (which the reader can 
easily check are isometric linear isomorphisms), the canonical injection of 
Co into its double dual identified as €* is just the usual inclusion as spaces 
of sequences. Thus we will suppress the symbol for this injection. 

Now the following resuks are immediate: 


a(wp) = (we)a = Wap Where (ab)yn = and, VaEc; be fel; 
p(we) = (we) = wy, where (fb)n = fndn Vfeem, bedi; 


(fg)n = (f° 9)n = fnGn V fig Ee &. 


Thus, in this case, the two products agree and just give the elementwise 
multiplication with which we would certainly have endowed @~ in the first 
place. 

This example is unusual. Most algebras are not Arens regular and gen- 
erally the double dual is quite complicated. The fact is that co is an example, 
of a commutative C*-algebra. Commutative C*-algebras will be introduced 
in Chapter 3, particularly Theorem 3.2.12. Not necessarily commutative 
C*-algebras are briefly introduced in §1.7.17 and will be studied at more 
length in the second voiume of this work. There we will show that any 
C*-algebra is Arens regular and that its double dual has a very natural 
interpretation as a universal W*-algebra (or von Neumann algebra) “com- 
pletion”, of the original algebra. 

Theorem 3.2.12 shows that every unital commutative C*-algebra has the 
form C'(Q) for some compact space 2 and vice versa. Hence it is obvious 
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that of" ~ €© is C(Q) for what turns out to be a rather complicated 
extre nely disconnected connected space. For generalizations, see Samuel 
“apr n [1985]. 


14.8 Arens Multiplication on (é')** when é) has Pointwise Mul- 
tiplication There are two possible fairly natural multiplications on @!: 
point vise and convolution multiplication. We will examine the Arens mul- 
tiplic tion in both cases. Although both multiplications are commutative 
on £’ only the first is Arens regular. This is particularly interesting since, 
as we will note below, certain Banach space properties force Arens regular- 
ity. his example shows that no Banach space property can characterize 
Arens regularity. 

vy make these two examples more interesting, we wish to exhibit a rea- 
sonakly concrete interpretation of the double dual space of @!. It turns 
out tiat there are two concrete representations, each of which has some 
interest. But before we even describe these concrete representations of 
(é!)** ~ (e9)***, we note a special property of any triple dual Banach space 
«***: it has a canonical contractive projection 7 onto 4*. Any linear sub- 
space which is the range of a bounded projection 7 is complemented by the 
closed linear space (J —)(4’***). In this case this complementary subspace 
is precisely x(¥)+, as the reader may easily check. The construction of this 
projection will be given in Section 1.7. 

The first concrete realization of (€°)* ~ (@')** ~ (co)*** we mention 
is the; given by Dunford and Schwartz ({1958] IV.8.16) as the space ba(N) 
of all complex, bounded, finitely additive set functions where the duality is 
implemented by simply integrating the sequence in 2° by the set function 
in ba(N). In this case the two complementary subspaces defined in the last 
paragraph are simply: 

a(5a(N)) is the space of countably additive measures on N which 

can obviously be identified with @! by the Radon—Nikodym 
theorem; and 

(J — 1)(ba(N)) is the space of finitely additive measures which vanish 

on all finite sets. 

The second representation of the dual of €° comes from noting that 
é ig a unital, commutative C*-algebra. Hence, by what is essentially 
a corollary of Theorem 3.2.12 described in §3.2.15, @° can be identified 
with the Banach space C(GN) of all continuous complex-valued functions 
on a compact Hausdorff space BN, called the Stone-Cech compactification 
of N. There is a continuous injection of N onto a dense subspace of GN, 
and the function in C(GN) corresponding to f € £ may be considered 
as just the extension of f by continuity to all of GN. Then the Riesz 
representation theorem identifies (€°)* ~ (C(@N))* with the Banach space 
M(@¥) of all complex regular Borel measures on GN. This time the pair 
cf camplementary spaces consists of the subspace of measures supported 


G 
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on N C Q@N (naturally identified with @1, again by the Radon~Nikodym 
theorem) and the space of measures supported on the complementary space 
SN\N. 

We now consider the Arens products arising from elementwise multipli- 
cation on é! following Civin and Yood {1961], Theorem 1.4.2. In describing 
the situation, we use several concepts which will not be introduced until 
later in this work, and some of the ideas come from our discussion in Chap- 
ter 3 of the Arens multiplication in commutative algebras 3.1.12. To begin 
with, the situation is similar to that of the last example. We identify £° 
with the dual of @' ~ (co)* by: 


wil? — (é')* where wa(b)= > anbn 


for all a € @° and b € ¢!. We will use ( Ko / «1 ) for the natural map of 
(co / £' ) into its double dual space. We immediately see 


b(Wa) = (Wa)b = Was where (ab), = anbn 


for all a € @° and b € é!. However, this shows that these linear functionals 
are all in «o(co), from which it follows that all Arens products with at 
least one factor from the complementary subspace to «;(é') in the triple 
dual space decomposition must be zero. Call this complementary subspace 
R = ko(co)*. Thus the direct sum decomposition (é1)** ~ «,(é') ® R is 
an algebra direct sum, multjplication on (¢')** is commutative for either 
Arens product and thus the two products agree. Moreover, it is easy to see 
that any non-zero hornomorphism of ¢! (and hence of (é')** under either 
interpretation of this as a space of measures) into C is given by evaluation 
at a positive integer n. All these evaluations belong to the dual space of 
é' since they are obviously all contractions. Their closed linear span is 
just the image of cg in © under the embedding xg:cg — €°. Thus the 
subspace of elements of (€1)** which vanish on all these homomorphisms 
is just R. Hence R is the Gelfand radical and the Jacobson radical of 
(é')**, and @! (or equivalently «,(@')) is Jacobsun semisimple. Thus, with 
pointwise multiplication on é', the Arens multiplication on its double dual is 
extremely simple but badly behaved in that it has an enormous annihilator 
ideal. 

1.4.9 Arens Multiplication on (é')** ~ M(8N) when £' has Convo- 
lution Multiplication In this example, it will be tidier if we consider the 
entries in the sequences in @' to be indexed starting with zero. Obviously 


this makes no difference to the Banach space structure. The convolution 
product is then defined by 


(b*d)n = S-bn-kdy Vn N;> bade 
k=0 
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which is easily seen to be commutative. Let 6, € @! be the sequence which 
is zero except at n where it is one (so (6n)m = Onm, the Kronecker delta). 
Then 69 is a multiplicative identity and in general 6, * 6m = 6n4m so that 
! with this product may be interpreted as the semigroup algebra of N° 
with addition for its semigroup operation. This time an easy calculation 
shows 


0° 
b(Wa) = (wa)o =Wacb where (a 7 b)n = > On+mbm 


for all n € N°, a € €© and b € @). However, the formula for the next step 
in the definition would not help us to see that this algebra is not Arens 
regular, Instead we look at a very concrete construction using property (f) 
of Theorem 1.4.11 below. 

Consider two sequences {b,,} and {d,} in ¢) where bo = 69 and, for 
n> 1, by = dgan-1 and dy = 692... These are chosen so that simple 
inequalities show that all b, + d,, are distinct if their indices are different. 
Hence the characteristic function of {2?7-! + 2?" : m < n} in €© gives 
0 for one of the limits in equation (28) of Theorem 1.4.11(f) and 1 for 
the other limit. Therefore this algebra is not Arens regular. The idea 
for this example comes from Young [1973b] where he proves the following 
surpzising and comprehensive theorem. Semigroup algebras are defined in 
§1.9.15 below. 


1.4.10 Theorem The following are equivalent for any locally compact 
topological semigroup S in which multiplication is at least singly continuous: 

fa) The measure algebra M(S) (with the topology of S) is Arens regular. 

(>) The algebra £1(S) is Arens regular. 

(c) There do not exist sequences {un} and {vm} in S such that the sets 
{untm:m>n} and {unum :m <n} are disjoint. 

(d) The semigroup operation can be extended to the Stone-Cech com- 
pactification BS of S as a discrete space. 

- When these conditions hold, £'(S)** with its Arens product can be natu- 

rally identified with M(8S) equipped with the convolution product based on 
the extended semigroup operation. 


We refer the reader to the original paper for a proof, although one can 
be based on our next result and is suggested by the last example. 


Arens Regularity 


Recall that an algebra is called Arens regular if the two Arens products 
agree on its double dual. This topic has attracted most of the attention 
devo‘ed to Arens multiplication, at least until recently. As we will note, 
Arens regularity is uncommon. Duncan and Hosseiniun [1979] first formu- 
tated the following comprehensive theorem this way, using ideas crystallized 
by Young [1976] from Pym [1965], and J. Hennefeld [1968]. 
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For any w € A* define 


(Ay: A> A* /Py:A>A*) by (Au(a) =wa / Pula) = aw) (26) 
for all a € A. These maps satisfy 
(AR(f) = sw / PL(f) = wy) and (27) 


(AS (Ag) = Folw) / Pi*(9)(f) = fF - 9(w) ) 


for all f,g € A**. The linear functional w on an algebra A is called weakly 
almost periodic if either (and hence both) A, and P,, are weakly compact 
operators. This means explicitly that the weak closure of thesets {w. : a € 
A} and {aw : a € A} have compact closure in the weak topology (or A** 
topology) on A*. A well known result (cf. Section 1.7 below or Dunford 
and Schwartz [1958] VI.4.2) states that a linear map is weakly compact if 
and only if its double dual is included in the canonical image of the original 
target space of the linear map. We will use this criterion below. 


1.4.11 Theorem The following are equivalent for a Banach algebra A: 
(a) A is Arens regular. 
(b) For each f € A** the map g+> fg is weak* continuous. 
(c) For each g € A** the map f+ f -g is weak* continuous. 
(d) For each w € A® the map A,, 1s weakly compact. 
(e) For each w € A* the map P,, is weakly compact. 
(f) Any two bounded sequences {a,} and {b,} in A andw € A* satisfy 


lim lim w(@nbm) = lim limw(anbm). (28) 


Proof The equivalence of (a), (b) and (c) follow from the weak* continuity 
properties of the Arens products contained in Theorem 1.4.2 and the density 
of «(.A) in A**. The second result in equation (27) shows that if A is Arens 
regular, then it satisfies (d) and (e). Conversely, if either of the maps in 
(d) and (e) is weakly compact, then its dual is continuous from the weak* 
topology on A** to the weak topology (op. cit. VI.4.7) on A* which, by 
the first part of equation (27), implies (b) or (c). Finally, equation (28) is 
Alexander Grothendieck’s criterion [1954] for weak compactness of either 
of the sets {wa : a € Aj} or {aw:a€ Aj}. a) 


The following corollary can be based on criterion (f) of the last theorem, 
but the results were first noted by Civin and Yood [1961] where they were 
derived from the last sentence of Theorem 1.4.2 above. 


1.4.12 Corollary A subalgebra or quotient algebra of an Arens regular 
algebra ts Arens regular. 
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Arens [1951b] gave the first example of a non Arens regular commutative 
algetra. Civin and Yood [1961] proved many interesting results chiefly 
relaiig to group algebras. In particular, they showed that for a locally 
compact abelian group G, L!(G) is never regular unless G is finite. This 
was extended to arbitrary locally compact groups by Young [1973a]. Ian G. 
Craw and Young [1974] show that no locally compact group G has a weight 
function with Arens regular Beurling algebra (cf. 1.9.15 below) unless G is 
discrete and countable. Despite these negative results, Sheila A. McKilligan 
and «lan J. White [1972] proved interesting properties of quotient algebras 
for g.oup algebras as well as more general Banach algebras. See also Civin 
[1961', [1962a], [1962b], Oshobi and Pym [1981], {1984], [1987] and Oshobi 
[1985 (see review). 

Va will postpone until Volume II the interesting proof that for a Hilbert 
space +H, B(H) and therefore all its closed subalgebras are Arens regular. 
Since the Banach algebra Co(Q) of continuous complex-valued functions 
vanishing at infinity on any locally compact space 2 is a closed subalgebra 
of so:ne B(H) (cf. Section 1.5, §1.7.17 and Theorem 3.2.12), any uniform 
algeb:a (3.1.8) or quotient of a uniform algebra is Arens regular. The norm 
closure B,4(%) is Arens regular for a Banach space ¥ if and only if ¥ is 
reflex:ve, but little positive is known about the Arens regularity of B(’). 
We mentioned additional results on Arens regularity in our discussion of 
semiregularity above. 

Our examples have shown that two different multiplications on the same 
Banach space can differ with respect to Arens regularity. Nevertheless, 
sufficiently strong conditions on the Banach space structure, short of re- 
flexiv'ty, do imply regularity. (See Gilles Godefroy and Jochum [1988].) 
Similer results have been obtained by Ulger [1987] and [1990a] and Angel 
Rodriguez-Palacios [1987], who consider a kind of super regularity for Ba- 
a spaces. The Banach space of any C*-algebra satisfies this condition. 

P:rm and Ulger (1989] consider the Arens regularity of inductive limit 
algeb-as and Ulger [1988a] deals with projective tensor product algebras. 
Ulge: [1990c}] shows that the Banach algebra C(0, A) of all continuous 
funct:ons from a compact Hausdorff space 0 to a Banach algebra A (with 
supre num norm) is Arens regular if and only if A is Arens regular. 

CT ncan and Hosseiniun [1979], following McKilligan and White [1972], 
estab!ish a variant of Theorem 1.4.11 in which the maps A,, and P,, are 
required to be compact. This is equivalent to either Arens product being 
jointly continuous in each variable in the bounded weak* topology described 
in Dunford and Schwartz [1958] V.5.3. 

Before the last theorem, weakly almost periodic elements of the dual 
space .A* of an algebra A were defined. A linear functional w on an algebra 
A is called almost periodic if both A,, and P,, are compact operators. This 
vuez: explicitly that the the sets {wg : a € Ai} and {gw : a € A;} have 
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compact closure in the norm topology on A*. If A is the usual group algebra 
L}(G) of a locally compact group G, then A* can be identified with L(G). 
This example motivates the name assigned to these functionals. When G is 
the real line under addition, the concept agrees with classical terminology. 
The sets of weakly almost periodic and almost periodic functionals on A 
will be denoted by Aj, 4p and A‘ >, respectively. The book by Robert B. 
Burckel {1970} gives a useful compendium up to the time of its publication. 
See also Andrew Tonge [1980] and Jesis Gil de Lamadrid and Loren N. 
Argabright [1990]. 


K(A) as an Ideal in A** 


The ideas used in Theorem 1.4.11 allow us to say when (A) is a one- or 
two-sided ideal in A**. So many papers have been published on this inter- 
esting question that the following simple straightforward characterization 
due to Seiji Watanabe [1974] is particularly satisfying. See also Michael 
Grosser [1979b], Ghahramani [1984]. 


1.4.13 Proposition The following are equivalent for a normed algebra A: 
(a) x(A) is a ( left / right ) ideal in A**. 
(b) ( Ra / La ) is weakly compact for each a € A. 
(c) ( (Ra)* / (La)* ) 18 weakly compact for each a € A. 
Hence, (A) is a two-sided ideal if and only if both R, and Lg are weakly 
compact for alla € A. 


Proof Gantmacher’s theorem (cf. Dunford and Schwartz [1958] VI.4.8) 
shows the equivalence of the last two conditions. Condition (b) is equiva- 
lent to (R%*, LS*) having range in x(A) (op. cit. V1.4.2). However, as we 
have noted earlier, (Ra)**(f) = fx(a) and (L.)**(f) = «(a)f, proving the 
equivalence to (a). Oo 


Arens Representations 


In his original papers, Arens’ construction was extremely general. In 
particular, the situation he described applies not only to algebras but to 
certain representations as well. Representations will be studied systemat- 
ically in Chapter 4, but here we will define a continuous ( representation 
/ anti-representation ) T of a Banach algebra A on a Banach space ¥ to 
be a continuous { homomorphism / anti-homomorphism ) T: A — B(4) 
with the image of an element a € A under T denoted by Tj. The Arens 
representations arising from a representation T are two representations 
T!,T?: A** — B(X**) where T™ is a representation with respect to the 
nth Arens product for n = 1,2. These representations extend 7 in the 
sense that the following diagram is commutative where ** denotes the map 
which assigns to any operator S its double dual S**. (The map on top is a 
homomorphism (or representation) with respect to the nth Arens product, 
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A‘ 7. B(v*") 


Je J+ (29) 


A + B(x) 


Although the construction we are about to give is derived from Arens’ 
original papers, it was hardly utilized until quite recently. The present 
treasment is based on Palmer [1985] (cf. Grosser [1987]). The basic defini- 
tion is similar to that of the Arens products. 


1.4.14 Definition Let T:.A — B(%) be a continuous representation of 
a normed algebra A on a normed linear space XY. For anyaé A,rex 
and 7 € A*, define elements 7, € 4’* and ~7 € A® by 


Ta = (Ta)*(r) and = 7(a) = r(Ta(z)) = 7a(z). (30) 


For anya € A, re 4,7 € X*, f € A*™* and F € X*", define elements 
rT € A® and ry € A* by 


rT(a)=F(7) and = rs(x) = f(27). (31) 


Finally, for any f € A**, 7 € 4* and F € 4**, define elements T} and T? 
of B(X**) by 


T;(F)(r) = f(r) and  1}(F)(r) = F(r4). (32) 
The ;wo maps T! and T? of A** into B(X’**) are called the first and second 
Arens representations, respectively. 


V/e again gather some elementary properties of these two representa- 
tions. 


1.4.15 Theorem Let T: A — B(#%) be a continuous representation. The 
elements T, and 7 belong to X* and A*, respectively, and satisfy: 


mall HTH el Mell eri SUTIN Wel (33) 


(Ta)b=Tab (wT) (4) = Tav(z) (34) 


for alla,be A, ze # andr € X*. The elements p7 and 7; belong to A* 
and <*, respectively, and satisfy: 


He7 SITU EH Meet <TH Ut MA (35) 


(rT)a = F(Ta) nx(w)T = aT 2(T¢)=(eT)F Tr(a) =Ta Thg=(Te)y (36) 
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foralac A re X, red", figeE A" and F €X**. Finally, the two 
maps T’ and T? of A** into B(X**) are continuous representations with 
respect to the first and second Arens product, respectively. Also T! and T* 
have bound ||T\| and each makes diagram (29) commutative. 


Proof All these results are again easy to obtain from step by step cal- 
culations starting with the three step definition. The only intermediate 
equation we have not displayed above is 71(r)T = g(FT) for all r € 4", 
g€ A** and FE xX. a) 


Similar constructions are possible for anti-representations. Section 1.7 
gives an explicit construction for the first Arens representation of the alge- 
bra of approximable operators. Since the construction involves ideas and 
notation which will not be introduced until that section, we postpone it. 


1.5 Algebras of Functions 


The next six sections, beginning with this one, are simply intended to 
give the reader a stock of examples to which the theory presented in this 
work can be applied. The discussion in all these sections shows how natu- 
rally Banach algebra concepts arise in examples. At least at the beginning 
of each section, the exposition has been kept elementary. 

The present section is extremely brief because the topic belongs more 
naturally to the subject matter of Chapter 3, which studies commutative 
algebras. In that chapter, we will show that a commutative Banach algebra, 
and more generally a commutative spectral algebra (cf. Section 2.4 for 
the definition), can be represented as an algebra of bounded continuous 
functions with pointwise multiplication. In this section we briefly introduce 
such algebras. 

Let 2 be a set and let C be a collection of complex-valued functions on 
2. If this collection of functions is closed under addition, multiplication and 
scalar multiplication, then it is an algebra under pointwise operations. Let 
us agree that, when we call any such collection of functions an algebra, we 
mean that the algebraic operations are pointwise unless we clearly specify 
some other operations. If the functions in C are all bounded, then the 
supremum norm or uniform norm defined by 


fll = sup{|f(w)]:weQ} fec 


is an algebra norm on C. Convergence with respect to this norm is uniform 
convergence. Thus if C should be closed under uniform convergence, then it 
would be complete under the supremum norm. Hence C would be a Banach 
algebra. 

Let w be a point in 2. Then evaluation at w defines a homomorphism 
wie — C by y(f) = f(w) for all f € C. Unless all the functions in C 


Vad Algebras of Functions 65 


vai.ish at w, %, wil] have all of C as its range. Hence ker(y,,) will be an 
ideal of C which is maximal among proper ideals. (To see this, note that 
if :. were an ideal properly between ker(7,,) and C, then y,,(Z) would be a 
uon-zero proper ideal of C.) Results in the next two chapters (particularly 
Corollary 2.2.3, Proposition 2.4.12 and the first portion of Section 3.1) will 
show that in many circumstances, every ideal which is maximal among 
proper ideals of C will arise in this way. In particular, Theorem 3.2.12 and 
§3.2.15 show that the algebras of continuous functions considered below 
have this property. 

Consider the algebra B(Q) of all bounded functions on 2. This is ob- 
viously uniformly closed so the remarks above show that it is a Banach 
algzbra under the supremum norm. There are various uniformly closed 
subalgebras of B(Q) which we will consider in this work including certain 
sutalgebras of measurable functions. However, the most important exam- 
ple: arise when 2 is a topological space and we consider certain classes of 
bovnded continuous functions on 2. 


1.6.1 Algebras of Continuous Functions Let 2 be a topological 
spa:e. We will define two algebras of bounded continuous complex-valued 
fun:tions on 9, each of which is a commutative Banach algebra under 
the supremum norm. Let C(Q) be the algebra of all bounded continuous 
complex-valued functions on 2, and let Co() be the algebra of all contin- 
uous complex-valued functions on 2 which vanish at infinity. (A function 
f 01 Q is said to vanish at infinity if for every constant € > 0 there is a 
compact subset K of 2 satisfying | f(w)| < e for all w € N\K.) It is easy to 
check that each of these algebras is a Banach algebra under the supremum 
nor n, 

‘We usually assume that the space 2 is completely regular and Hausdorff. 
(Some authors include Hausdorff as part of the definition of completely 
regular, e:g., Gillman and Jerison [1960].) This condition can be defined 
by requiring that singletons are closed sets (i.¢e., 2 is T,) and that, for 
any closed subset K C 2 and any point w € 2 \ K, there is a continuous 
function f:2Q — (0, 1] satisfying 


f(K) = {0}, fw) =1. 


It ‘s easy to see that the concept of complete regularity is not changed if 
we merely assume that f belongs to C(), instead of requiring that it have 
range in [0,1]. In §3.2.15, we show that for any topological space 2 there 
is a completely regular Hausdorff topological quotient space © such that 
the natural map of C(9) onto C(Q) is an isometric isomorphism. Thus the 
asstmption that 2 is completely regular is no loss of generality from the 
vies point of Banach algebra theory. 

“ecall that Urysohn’s lemma shows that a normal space (which we 
ass: me Hausdorff) is completely regular. It is easy to show that a compact 
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space is normal, that a subspace of completely regular space is completely 
regular and that a locally compact space (which is a subspace of its one- 
point compactification) is therefore completely regular. In §3.2.15 we also 
show that Co() is naturally isometrically isomorphic to Co(Q), where 2 
is a locally compact quotient of 2. Hence we will usually assume that Q 
is locally compact when discussing Co(Q). We remark that the algebra 
Coo(Q) of continuous complex-valued functions on 2 with compact support 
is a dense ideal of Co(Q) when 22 is locally compact. 

The Stone-Weierstrass theorem gives a useful criterion for a subalgebra 
of Co(Q2) to be dense. In particular, it establishes the last remark. Since this 
theorem is frequently stated in less generality than we will want, we take 
this opportunity to state the result in the form we will need. If 2 is locally 
compact, then a subalgebra of Co({) is dense if it is closed under complex 
conjugation, separates the points of 2. and does not vanish identically at 
any point of 2. The last two requirements simply mean that, for any two 
distinct points w and w’ of 2, there are functions f and g in the subalgebra 
satisfying f(w) # f(w’) and g(w) 4 0. See Robert B. Burckel [1972], [1984], 
Thomas J. Ransford (1984b}, Jaroslav Zemanek [1978] for recent extensions 
and proofs. 

The commutative Banach algebras C(Q) and Co(Q) are characterized 
as Banach algebras by Theorem 3.2.12. Note that C() is always unital 
and that Co(Q) is unital if and only if 2 is compact, in which case the two 
algebras coincide. Furthermore Co(Q) is an ideal in C(Q). We will now 
show that extension of the regular homomorphism described in Proposition 
1.2.6 naturally identifies C(Q) with the double centralizer algebra of Co(2). 


Theorem Let {) be a locally compact Hausdorff space. Then the natural 
homomorphism of C({l) into the double centralizer algebra D(Co(Q)) of 
Co(Q) ts an isometric isomophism onto P(Co(M)). 


Proof To simplify notation, we write C, D and A for C(Q), D(Co()) and 
Co(%), respectively. Proposition 1.2.3(c) and (d) show that D is commuta- 
tive and that any double centralizer (LZ, R) € D satisfies L = R so that L 
and R# are both left and right centralizers. Hence we may identify D with 
the Banach algebra of left centralizers on A under composition as product 
and the operator norm. With this identification the natural map @: C + D 
has the form 


Ofg=fog VEC, GEA 


We will now construct an inverse for this map. Choose L € D. Let 
g and h be two functions in A which are non-zero at w € 9. Then the 
equation L(g)h = gL(h) shows that L(g)(w)/g(w) is independent of g so 
long as g(w) # 0. Hence we can define fp: — C by fr(w) = L(g)(w)/g(w) 
for any g which is non-zero at w. Since the same g may be used in some 
neighborhood of w, we see that f, is continuous. It is bounded by |{L||, so 
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fi belongs to C. Clearly the map L +> fy, is an inverse for 6. Both maps 
are contractive, so they are isometric isomorphisms between C and D. O 


For later use we also need the following result on Co(2). 


“neorem Let Q be a locally compact Hausdorff space and let I be an ideal 
of Co(Q). Either there is some w € Q on which every g € I vanishes or T 
includes Coo(8t), so I is dense in Co(Q). 

If T is the kernel of a non-zero homomorphism +: Co(Q) — C, then the 
former case holds and IT = {f € Co(Q) : f(w) = 0} so y(f) = f(w) for all 
f €Co(Q) 


Proof Suppose there is no w € 2 on which every g € Z vanishes. Choose a 
non-zero h € Coo(M). For each w € supp(h), choose g, € T such that 
gQuiw) = 1. If g* is defined by g*(r) = gu(r)* for all 7 € Q, then 
9%,0~ = {g.|* belongs to Z and is non-negative-valued. By the compact- 
neces of supp(h), we can find g1,92,...,9n © ZI non-negative valued and 
such that 9 = )°"_1 9; €T satisfies 1 < 9(w) for w € supp(h). Next choose 
k € Coo(Q) so that k(w) = 1 for allw € supp(h) and k(w) = O if g(w) < 1/2. 
Then kg~! is defined and belongs to Cop(2), so h = (kg~!)gh belongs to 
Z, 

Suppose J = ker(y). The former case holds since +y is non-zero. Hence 
shere is some w € 2 on which every g € ker(y) vanishes. The range of 
a homomorphism is a subalgebra, so y maps onto C. Choose h € Co(Q) 
so that h(w) = 1. Then for all f € Co(Q), vanishes on (f — y(f))h, so 
(fw) — ¥(f))1 = 0. a 


If K is a subset of Q, then it is clopen (= closed and open) if and only 
if its characteristic function belongs to C(Q). Furthermore, an element f 
of C(Q) is an idempotent (i.e., f? = f) if and only if it is a characteristic 
function. Hence, 9 is disconnected if and only if C(Q) contains idempotents 
different from 0 and 1. Similarly, Co({) contains idempotents different from 
6 if and only if 2 has at least one nonempty compact clopen subset. A deep 
gereralization of these results, due to Silov {1953], is given in Corollary 
©.4.13 below. 

A simple application of the Stone—Weierstrass theorem to the remarks 
of the last paragraph shows that, for a compact Hausdorff space 2, C(Q) 
‘3 generated as a Banach algebra by its set of idempotents if and only if 
© is totally disconnected. Many other connections are known between the 
algebra structures of C(Q) and Co(Q) and the topological structure of 2. 
Same will be given in Chapter 3. 

The Gelfand theory presented in Chapter 3 shows that for any com- 
mutative Banach algebra C there is a canonical locally compact space Ic 
and a canonical homomorphism 6:C — Co([‘¢). This space Ic is compact 
if and only if C is unital in which case Co(('c) = C(T'c). In many inter- 
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esting cases, the canonical homomorphism @ is injective. Theorem 3.2.12 
characterizes those algebras for which the canonical homomorphism is an 
isometric isomorphism. 


1.5.2 The Disc Algebra The above remarks justify the claim made 
earlier that Co(@) and C(Q) are universal commutative algebras in some 
sense. However, they are far from typical. We now present a simple but 
somewhat more general example. 

Let D be the unit disc, D = {A € C: |A| < 1}, and denote its interior by 
D° = {\ eC: |A| < 1} as usual. The disc algebra A(D) is the algebra of 
continuous complex-valued functions on D which are analytic (=holomor- 
phic) on its interior. These functions are bounded since D is compact. The 
algebra is closed in C(D) and therefore complete in the supremum norm 
since the uniform limit of analytic functions is analytic. (To see this, one 
may use Morera’s theorem: a continuous function on D°® is analytic if its 
integral around any circle in D® vanishes.) Hence A(D) is a commutative 
unital Banach algebra. The maximum modulus principle shows that the 
map which restricts a function in A(D) to the boundary T of D is actually 
an isometric isomorphism onto its range. This range is a proper subset of 
C(T) since the continuous function which takes each ¢ € T to its complex 
conjugate certainty does not belong to it. These facts will be proved to- 
gether with many other interesting properties of the disc algebra in §3.2.13. 


1.5.3 The Algebra C!(T) as the Quotient of a Uniform Algebra 
The algebra C'(T) is just the linear space of functions on T which are 
continuously differentiable :n the sense of differentiation along T. (An easy 
definition of this differentiation is given at the beginning of Section 1.8 if 
the reader wishes to see it.) This is a Banach algebra under pointwise 
multiplication and the nor:a 


IIflles = Iflloo + If'lleo «= VF € C*(T). 


(To check completeness, write f as an indefinite integral of f’.) 

The following construction is due to Sten Kaijser [1976]. Consider the 
collection of all continuous functions f:T x D — C. This is a Banach 
algebra under the supremum norm and pointwise product. We will consider 
a closed subalgebra .A defined by two conditions. First, for each ¢ € T 
the function A 4 f(¢,A) should belong to the disc algebra. Any such 
function clearly has a series expansion f(¢,A) = 3-9 fn(¢)A” in terms 
of continuous functions f, on T. Note that the first two terms in the 
expansion of the product fg have coefficient functions (fg)o = fogo and 
(fg): = fog: + fi90, respectively. The second condition for a function f to 
be a member of JA is that it should satisfy 


fole") = fo(1) - 4 / file!)e'ds. 
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T 1is condition obviously defines a subspace closed in the supremum norm. 
It can be restated as requiring that fo be differentiable and satisfy fj = f,, 
in which form we see that it defines a subalgebra. Hence A is a Banach 
al,;ebra of functions under pointwise multiplication and the supremum (or 
uriform) norm. Such algebras are called uniform algebras. Note that the 
pr vious two examples discussed uniform algebras also. 

We wish to write C!(T) as a quotient of A. The ideal Z involved is 
de ined to be the collection of functions f in A with expansions satisfying 
fo = fi = 0. This also gives a nontrivial example of a split extension in 
the terminology of Definition 1.2.9 since we may embed C!(T) into A by 


an isomorphism y: 

x(f)(G,A) = £(¢) + F(A. 
Ttis embedding is isometric by the maximum modulus principle. It is 
obvious that the quotient A/T can be identified with C1(T) and that y is 
a right inverse for the natural quotient map. 


1.6 Matrix Algebras 


For each n € N, the set M,, of all n x n (complex) matrices is an algebra 
un-ler the usual linear operations and matrix roultiplication. The expression 
(A::)nxn Stands for the matrix 


{Au Ai --- Ain \ 
Aga «Ae = «-.) Aan 


Male Ake. ach Ann 
The product of (Ajj), ANd (Hiz),.,, 18 the matrix 


n \ 
(x: Nik Me; } 
k=1 omxn 

‘These algebras form the most familiar reasonably representative family of 

algebras in which calculation is easy. It is surprising how often confusion 

or én ill-founded conjecture can be cleared up by checking the 2 x 2 matrix 

els: ora. We urge the beginning reader, who is probably already acquainted 

wit + the basic facts, to become facile with such calculations. Of course, M, 

hes dimension n*, has an identity element (which we denote by I ) and is 
ne ‘ommutative unless n equals 1. 


1.° 2 Matrix Units The usual choice of a linear space basis for M,, is the 
se; “EM:1<k,< n} of matriz units where E* has 1 in the ké-position 
anu zero elsewhere (i.e., the 7j-entry is given by 


(E™),; = ik O50, 
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where 6, is the Kronecker delta). The matrix units satisfy the product 
law: 


Ev. EM =6,E% VW i,j,k, 8. 


This relation provides an abstract description of a matrix algebra: An 
algebra is isomorphic to M,, if and only if it contains a linear space basis 
{E*:1<k,@<n} satisfying the above product law. 


1.6.2 The Trace We may define a linear map Tr: M,, — C by describing 
its value on the above basis by Tr(E’?) = 6,, for all i,j. This map is, of 
course, just the usual trace, defined explicitly by 


n 


Tr((4)) nun) = Oy: ies 


w=1 


From the product law for matrix units we see Tr( EY E**) = bebe = 
Tr(E*£E"7). Hence we have the trace identity 


Tr(AB)=Tr(BA) VA,BeM,. 


By using the product law for matrix units, it is easy to show that any linear 
function satisfying the trace identity is a multiple of the trace as defined 
here. For some purposes, the normalized trace which equals 1Tr on M,, is 
useful. 


1.6.3 Matrix Representations of Linear Operators We briefly review 
the connection which exists between linear operators on a finite-dimensional 
linear space with dimension n and n x n matrices. Let V be a linear space 
of dimension n. Let V and W be two ordered bases for V with basis vectors 
tyu?,...,0" and w!,w?,...,w", respectively. (An ordered basis is simply 
a basis listed in a fixed linear order.) For each T' € L(V), define n? complex 
numbers {A,, : 1 < i,j <n} by 


T(v) = Saya! 
t=1 


Denote the matrix (\;;),,,,, by Mv(T). For any other ordered basis such 
as W, My/(T) is defined similarly. The main fact about this construction 
is summarized in the following theorem. 


Theorem. Lei V be an ordered basis for the n-dimensional vector space V. 
Then My (as defined above) is an algebra isomorphism of L(V) onto My. 


1.6.4 Change of Bases The matrix corresponding to a given operator 
depends on the choice of ordered basis. For example, let V be the two- 
dimensional linear space consisting of all differentiable functions f: R — C 
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such that f” = f. Consider the two ordered bases V and W given by the 
functions (exp(-), exp(—(-))) and (cosh(-), sinh(-)), respectively. Differen- 
tiation defines a linear operator D in £(V) and we have 


My(D) = ( 4 5 ). Mw(D)= ( sa) 


We wish to recall the effect of changing bases. We continue the notation 
‘established above. Given the two ordered bases V and W, we can define 
an element Cyw of £(V) by 


nm 


Cyvw SDA! = So Aw! Vv > A,u' ey. 
t=1 t=1 


i=] 


Note that Cyw is invertible with inverse Cwy. Denoting My(T) by 
(Hij)axnr We obtain 


TCywv! = Tw = So wig! = Cuw So je. 


i=1 i=1 


Multiplying both sides by Cy}, and recalling the definition of My(T), we 
seu: 


Mw (T) = Mv(CywTCvw) = Mv (Cvw) Mv (1) Mv (Cvw)- 


This shows that My(T) and My(T) are similar matrices. By reversing 
the above argument, we also see that any matrix similar to My(T) will be 
Mw(T) relative to a suitable ordered basis W. 

The trace identity shows that similar matrices have the same trace, 
Thus the foregoing discussion shows that, for any finite-dimensional linear 
space V and any linear operator T € L(V), we may define the trace of T by 


Tr(T) = Tr(My(T)) 
where the choice of the ordered basis V is irrelevant. 


1.6.5 Determinants It is possible to define the trace and the deter- 
rainant of a linear operator on a finite-dimensional space directly without 
introducing bases (cf. e.g., Nickerson, Spencer and Steenrod [1959]), but 
th’s is sufficiently difficult that it is seldom done. We will not do it here. 
“lence we will assume that the reader is familiar with a definition of the 
de.erminant of an n x n matrix and the following three basic facts. We use 
Det(M) to denote the determinant of an n x n matrix M. 

(1) Det( MN) = Det(M)Det(N) VM,NEM,. 

(2) Det(M4) =0 if and only if M is not invertible. 
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(3) Det(J) = 1. 

Properties (1) and (3) and the similarity of My(T) and My(T) show that 
Det(My(T)) depends only on T and not on the choice of ordered basis V. 
Hence, from now on, we often consider Det to be a multiplicative map from 
L(V) into C (defined by Det(T) = Det(My(7)) where the choice of V is 
irrelevant). 

Consideration of the extended left regular representation shows that ev- 
ery finite-dimensional algebra is isomorphic to a subalgebra of some matrix 
algebra. We will show later that every finite-dimensional prime algebra is 
isomorphic to M,, for some value of n. See Chapter 4 for terminology and 
Theorem 8.1.1 for a proof. Each M,, is a simple unital algebra. This means 
that there are no ideals except {0} and M,. Proposition 1.6.10 establishes 
a more general result. 

Every finite-dimensional semiprime algebra is uniquely an internal di- 
rect sum of finitely many algebras, each of which is isomorphic to M,, for 
some n, and every such direct sum is strongly semisimple. Finally ev- 
ery finite-dimensional algebra is uniquely decomposable as the linear space 
internal direct sum of a (finite-dimensional) nilpotent ideal and a (finite 
dimensional) semiprime subalgebra. 


1.6.6 Historical Remarks These last results were proved by Elie Car- 
tan [1898] but are called the Wedderburn or Wedderburn-Artin structure 
theorems because of important generalizations due to Wedderburn [1907] 
and Emil Artin [1926]. They are proved at the beginning of Chapter 8. 

Matrix algebras have an interesting history. They were invented and 
named by Arthur Cayley [1855], [1858]. However, quite independently, and 
from very different motives, they were re-invented by both Benjamin Peirce 
[1870] and his son Charles Saunders Peirce [1873]. James Joseph Sylvester 
stated [1884] that at Johns Hopkins University in 1881, he gave the first 
course on matrix theory ever given anywhere. For additional historical 
comments, particularly on the interesting separate viewpoints of Benjamin 
Peirce and C. S. Peirce, see Thomas Hawkins [1972] and Karen Hunger 
Parshall [1985]. 


1.6.7 Norms on M,, The algebra of n x n matrices can be made into 
a normed algebra in many ways. Since any norm on a finite-dimensional 
space is complete, M,, together with any of its algebra norms is a Banach 
algebra. Any two norms on a finite-dimensional space are equivalent, so that 
only when one is examining geometric rather than topological properties 
does it matter which algebra norm is used. The simplest norm for most 
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calculations is the Hilbert-Schmidt norm defined by 


1/2 
(ais nxnllers = (3: sD st 


i=1 j=1 


for all (a;;),,,, © Mn. The submultiplicative property is verified by an 
application of the Cauchy-Schwarz inequality. 

Let C” be the n-fold Cartesian product of C made into a linear space 
by “he usual pointwise linear operations. When the elements of C” are 
writen as column vectors, matrix multiplication defines an isomorphism 
between M,, and the algebra £(C") of linear operators on C”. If C” is 
provided with a norm so that it is a Banach space, then (because of finite- 
dir: nsionality) the Banach algebra B(C") of bounded linear operators is 
just £(C") provided with the corresponding operator norm. When these 
ope-ator norms are carried back te M, through the isomorphism mentioned 
abo e, we get a large family of algebra norms on M,. We will give the 
operator norms on Me corresponding to the three most common norms on 
C?. The operator norms for 


corresponding to the é!-norm (|{(6,€)|| = 6] + lel), the €-norm (|[(6,€)|| = 
(|6? + |e[?)!/), and the é°°-norm ((|(6,¢)|| = max{|6|, |e|}) on C? are, re- 
spec ively, 


Jalen == max{|a| + |, 18] + |6]} 
llallen = 27/7 {|al? + |B? + |? + [8 

+((la|? + |B}? + by}? + |8]?)? — 4fad — By)?]/?}/? 
llal|g0 =~ max{ja| + |A|, }71 + [6]}. 


The first and last of the above norms are easily checked. The second norm 
can »e most easily calculated from the properties of self-adjoint elements 
in © -algebras discussed in Volume II. 


1.6.6 Tensor Products of Matrices We wish to recall an old-fashioned 
concvete construction of the tensor product of two matrices. Let a = 
(i5}.,,,, and b = (bj;),,,,, be two matrices. Their tensor product a @ b is 
the rm x nm matrix (cj) axnm defined as follows: 

be : (k-—1l)n<i<kn;p=i-—(k—-—1)n 
Cij = Gpgdke, where asx aie f Sig = 9a (t= 1m. 


74 1: Normed Algebras and Examples 1.6.9 


Example: 


ae be af of 
(e()-(5 $2 f 
ed gh ag bg ah bh 
cg dg ch dh 


Another way to describe this product is to note 
EY @ EX = Elkn-ntlimnt) 1 cag ens il cke<sm 


where E”) is the ij-matrix unit in M, and E* is the ké-matrix unit in M,. 
It is easy to check that this operation satisfies the following identities: 


(Aa+pc)®b = A(a@b)+pu(c@bd) 
a@(Ab+pd) = A(a®b)+p(a@a) 
(a@b)(c@d) = ac@bd 


for alla, c€ M,, 6, d€ M,, and A, w € C. The formula for tensor products 
of matrix units shows that the set of all finite sums of tensor products a@b 
for a € M, and b € M,, (which we would normally denote by M, ® Mm) 
is all of Mam. Hence M,, ® M, is isomorphic to M, ® Mp. 
The maps 

arra@l aéM, 

bo I@b bE Mn 
are unital algebra isomorphisms of M, and Mm, respectively, into Mam = 
M,,® M,,. Note that the images under these isomorphisms of M,, and M, 
in M,m are commuting unital subalgebras. Each is exactly the commutant 
of the other (Definition 1.1.4). Theorem 1.10.6 gives a general framework 
for this construction and show that the algebra Mym ~ M, ® M,, together 
with these embeddings is the solution to a universal mapping problem. 


The Algebra M,,(.A) of n x n Matrices over an Algebra A 
1.6.9 Definition Let A be an algebra. For each i and j satisfying 


1 < i,j <n let a;; be an element of A. Then (aij)nxn represents the 
matrix 


Qi. @i2«-- Gin \ 
G21 G22 «-- Gan 
\@ni Qn2 ---  Gnn/ 


We use M,,(A) to denote the set of all n x n matrices with entries from A 
The sum of two matrices (a;;),,,,, and (bi;),,,,, it Mn(A) is (ai; + 8:5) 


nxn nxn nxn? 


and the product of these matrices is 


n \ 
bs AiKDk; ] 


k=1 7 axn 
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It is casy to check that M,(A) is an algebra. In Section 1.10, Myn(A) 
wi!l be identified as the algebra tensor product of M, and A. 

The map which sends any element a of A to the diagonal matrix which 
has a at each position on the main diagonal (1.e., at each position with 
2 =: j) and 0’s elsewhere is an isomorphism onto the subalgebra of diago- 
nal matrices. Another way to embed A isomorphically into M,,(A) is to 
send each a € A onto the matrix with this element in its upper left corner 
(i.e. its 1, 1-position) and 0’s elsewhere. Clearly there are many other sim- 
ilar isomorphic embeddings. 

If A is a normed algebra or a Banach algebra, then M,,(A) is a normed 
eigebra or a Banach algebra under various natural norms. For instance, 
the matrix (a;;),,,,, acts on the column vector (b),b2,...,n) with entries 
‘son A! by matrix multiplication 


n 
a1) G12 wae Qin \ by ‘> =] aixds \ 
Q21} 422... Gan be kai G2kbk 
Qn, Gn2 --- Onn/ bn panda. Onk dk 


Clearly this action defines a bounded linear operator when the space (A!)" 
carvies any one of several natural norms such as 


||(b1, b2, sAges 1 bn) Ilo = sup{||bi||, ||ball, oe S9 ||bn II}. 


The matrix (a,;),,,,, can now be given the operator norm for this bounded 
linear operator. If A is normed, M,(A) may also be given the Hilbert- 
Schmidt norm: ||(ai;)nxnll#s = (224; llaig||?)"/? which is submultiplicative 
by *he Cauchy-Schwarz inequality. 

From now on, we will assume that A is unital. Then M,(A) contains 
various useful matrices in which all the entries are either 0 or 1. Let J be the 
igentity matrix, and let E*£ be the matrix which has 1 in the ké-position 
and zero elsewhere (i.e., the ij-entry is given by (E**),; = 5;45je, where dss 
is the Kronecker delta, cf. §1.6.1). 


2.3.10 Proposition Let A be a unital algebra. Then I > M,(Z) ts a 
bijection of the set of ideals of A onto the set of ideals of M,(A). 


Proof It is obvious that Z ++ M,(Z) is an injection into the set of ideals of 
MyiZ). Suppose Z is an ideal in M, (Z) and A = (a,;),,,,, is a matrix in 
I. For any indices i, 7, k and é, I contains the matrix E*‘AE% with a; 
at tae ké-position and zeroes elsewhere. This shows that Z has the form 


Mé;,,{Z) for some ideal T of A. Oo 
, Let A be a unital algebra and Iet B = M,(A). Let e € B be the matrix 


mill 


&°' and let w € B be the matrix with ones on the diagonal immediately 


1 
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below the main diagonal and in the upper right corner (the 1n-position) 
and zeroes elsewhere. It is easy to check that e and w satisfy the conditions 
of the next theorem. 


1.6.11 Theorem Let B be a unital Banach algebra. Then B is isomorphic 
to M,,(A) for some unital Banach algebra A and some n € N if and only 
if there are elements e and w in B satisfying 


w'=1=) w lew and ewe = b,;e Vj7=1,2,...,n. (1) 


In this case, A is isomorphic to the subalgebra eBe and B is isomorphic to 
M,,(eBe) under the tsomorphism p defined by 


p(b) 5k =ew!?bwkte WbEB; j,k=1,2,...,n. (2) 


Furthermore, the map 6: eBe — B defined by 


Bebe) = S>w’tebew'"? VE B (3) 


j=) 


is an isomorphism ont> its range 0(eBe) C B. Each element of 6(eBe) 
commutes with e and w. Finally, the center of B is the image 6((eBe)z) of 
the center of eBe under 0. 


Proof The discussion preceding the statement of the theorem shows that if 
B is isomorphic to M,,(A) then B contains elements satisfying (1). In this 
case eBe is obviously isomorphic to A. 

Suppose, conversely, that elements e and w satisfying (1) can be found 
in B. For any a, € B and j,k = 1,2,...,n we get 


> (a) ;59(b) ik 
t=1 
Sew! 2a(w'>te?w** bw! Ke = ~(ab) jx 


t=1 


(p(a)p()) 5% 


I 


which shows that y is a homomorphism. To see that it is surjective, note 
p(w! tebew*") 4 = bijdeeebe VdDEB. 


If b € ker(), then 


b= Yow tew' dS w* ew! = wi" p(b) ;,.w!* = 0, 
j=l k=1 


j=lk=] 


uw 
ii 
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For any a,b € B and 7,k = 1,2,...,n the calculation 


n 
p(O(ebe)) ;~ = ew! (~ wi lebew!~*) wk-1 = 6;,ebe 


i=1 


shows that y(@(ebe)) is the matrix ebel from which all the properties of 0 
‘ollow. a) 


Let A be a unital commutative algebra and let M,,(A) be the algebra 

of all n x n matrices with entries from A. The usual proof of Cramer’s 

ale shows that a matrix in M,,(A) is invertible in M,(A) if and only if its 

determinant is invertible in A. Determinants do not work well in matrices 

over noncommutative algebras. Perhaps the easiest way to understand the 
sroblem is to consider the following matrix products 


a b d -b\_ fad-—be -—ab+ba 
c d —c ic rea —cb+da 
& —b\ /a jae em 


-c a c d \ -ca + ae —cb + ad 


If a,b,c and d belong to a commutative algebra, the expressions on the right 
are just the determinant times the identity matrix, but if these elements do 
not commute, the right sides may be quite complicated. There are also four 
different ways to calculate the determinant. For specific examples, consider 
the algebra M2(M2) of 2 x 2 matrices over M2. If we choose 


20) ,-f0°2\) _/0 0 _({1 0 
= (5 1)#=(0 a)-e=(2 6) a e=(0 9): 


then the determinant calculated in any of the four possible orders is invert- 
idle but the matrix ‘ 
a 
a= e a) (4) 


is not. In the other direction, if 


0 0 Oo 1 0 0 1 0 
oe € a a= G ns = G ") t= tj a 
t1en the element A defined in (4) satisfies A? = J so that it is invertible 
even though its determinant is not invertible when calculated in any of the 
four orders. Criteria for invertibility and one-sided invertibility in terms 
ci the determinant have been developed (cf. S. S. Kesler, and Naum Ya. 
Krupnik [1967] or Krupnik [1987] Theorems 1.2 and 1.3). 
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The following criterion is occasionally useful for matrices in M2(A). If 
A has the form (4) and a is invertible, then A is invertible if and only if 
d — ca~'b is invertible since A satisfies 


4-{ 1. 0\fa 0 \/1 a-'b\ 
“(ea 1) \o d-cab)\o 1 ): 

Cf. the remarks following the proof of Theorem 2.2.14 and Danrun Huang 

{1992}. 


1.7 Operator Algebras 


Algebras of operators on linear spaces are among the most important 
algebras to which the theory of this work applies. The extended left regular 
representation shows that every Banach algebra is isometrically isomorphic 
to a (necessarily closed) subalgebra of B(4’) for some Banach space 1. 
The last section deals with the case of finite-dimensional vector spaces, 
so in this section we will usually assume that the vector spaces lack a 
finite basis and are therefore infinite-dimensional. Interesting results on 
infinite-dimensional linear spaces require some topology on the space and, 
in keeping with the general emphasis of this book, we will require a norm. 
In fact, the most common situation will be that in which the operators act 
on a Banach space. 

At this point we do not have enough terminology for a detailed discus- 
sion of algebras of operators. Therefore, we will concentrate on introducing 
a few important ideals that occur in the algebras B(). The theory of 
these ideals becomes somewhat messy unless the Banach space is fairly 
well behaved. From another viewpoint, we are merely acknowledging that 
a perfectly general Banach space may be wildly poorly behaved. Fortu- 
nately, most Banach spaces which appear in applications (other than as 
counterexamples) are relatively tame. 

Hilbert spaces are the best behaved of all infinite-dimensional Banach 
spaces. However, the study of operator theory on Hilbert space is domi- 
nated by the extra structure provided by the Hilbert space adjoint which 
makes many interesting algebras of uperators into *-algebras. Since the 
second volume of this work is devoted to the study of *-algebras, we pre- 
fer to postpone most of the study of operators on Hilbert space until that 
volume. (A short summary is included in 1.7.17 below.) Therefore we will 
state results for operators on Banach spaces which satisfy an array of de- 
sirable properties. There are many excellent books for further reading of 
which we mention a few. Dunford and Schwartz [1958] remains a basic ref- 
erence but for newer developments Joseph Diestel and John Jerry Uhl, Jr. 
{1977}, [1983] and Joram Lindenstrauss and Lior Tzafriri [1977], [1979] are 
particularly useful. See also Mahlon M. Day {1973}, Diestel [1984], Graham 
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J. O. Jameson [1987], Vitali D. Milman and Gideon Schechtman [1986], 
Gilles Pisier [1986], Ivan Singer [1970], {1981], Nicole Tomczak-Jaegermann 
{1989], Dick van Dulst [1978] and Bernard Beauzamy [1982]. 


1.7.1. Reflexive Banach Spaces The most important distinction in 
Banach space theory is between reflexive and nonreflexive spaces. If ¥ isa 
normed linear space, then its double dual space ¥** is just the collection 
of continuous linear functionals on its dual space 4*. Thus evaluation 
provides a natural linear map x: ¥ — X** defined by 


K(z)(w) =w(t)  WrEX;, we a. 


Et #s easy to see that this is an isometric linear isomorphism of ¥ into 4’**. 
Tous it is often useful to think of Y as a subspace of ¥**. 


Definition A Banach space is called reflezive if the map x, defined above, 
is surjective. 


It is important to note that the definition requires that « be the map 
which establishes a linear isometry between VY and X**. Robert C. James 
[2951] provided an example of a (nonrefiexive) Banach space J (called the 
James space) which is isometrically isomorphic to 7** but in which «(.7) is 
a codimension one subspace of 7**. (Alfred Andrew and William L. Green 
[1930] show that 7 is a Banach algebra under pointwise multiplication and 
taet the Arens product on 7** is the unitization of 7. They determine the 
automorphism group of this algebra in detail. See also Shashi Kiran and 
Ajit Iqbal Singh [1988].) 


‘Theorem The following are equivalent for a Banach space X: 
(a) &X is reflexive. 
(b) 4" is reflexive. 
(c) The weak topology (i.e., ¥**-topology) on A* equals the weak* 
topology (i.e., X-topology). 
d) The unit ball of X is compact in its weak topology. 
e) The unit ball of X* is compact in its weak topology. 


ato 


\ 


Proof (a)=>(c): This is obvious. 

{c)=>(e): Alaoglu’s theorem (Dunford and Schwartz [1958], V.4.2) shows 
this. 

‘e)=(b): Goldstine’s theorem (Dunford and Schwartz [1958], V.4.5) 
asserts that the image under « of the unit ball , of any Banach space Y 
is dense in the unit ball Y* of its double dual space in the weak* topology 
cr énat space. When this topology is transported back to } by k, it is just 
222 weak topology. Hence if A} is weakly compact, its image under « must 
ce sll of X47**. Thus « is surjective. 

{b)=>(a): Let no: 4 — 4°" and K,:4* — 4**" be the natural maps. 
Condition (b) shows that any 2 in ¥*** has the form 0 = «,(w) for some 
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w € X*. Therefore Q(Ko(x)) = K1(w)(Ko(r)) = Ko(x)(w) = w(z) for all 
z € X shows that 2 is zero if it vanishes on Ko(4’). The Hahn—Banach the- 
orem then shows that «o(4’) is norm dense in 1’**. Since «o is an isometry, 
its range is complete and thus norm closed. Therefore «po is surjective. 
Now the equivalence of (d) and (e) follows from the equivalence of (a) 
and (b). oO 


Relatively few Banach spaces are reflexive. The best known examples 
are L? and f° for 1 < p < oo. Hilbert spaces are reflexive. In fact if H is 
a Hilbert space, then it is isometrically real-linearly isomorphic to H* but 
the isomorphism is conjugate linear rather than complex linear. 

In a nonrefiexive space, the tower of dual space 7, ¥*, ¥**,... usually 
grows very rapidly. (The space 7, mentioned above, is a weird exception.) 
In fact, nonreflexive Banach spaces X with 1* separable are comparatively 
rare and concrete representations for 1*** are even rarer among nonreflex- 
ive spaces. 

The theorem implies that every closed subspace and every quotient 
space of a reflexive Banach space is reflexive. We mention two additional 
interesting properties which characterize reflexive Banach spaces. The weak 
compactness of the unit ball shows that any continuous linear functional on 
a reflexive Banach space actually attains its norm at some point in the unit 
ball. (Ie. for each w € 4", there is some x € 4 satisfying w(z) = ||w|[.) 
This property characterizes reflexive Banach spaces (James {1972]). If a 
reflexive Banach space is given an equivalent norm, it is again refiexive by 
condition (c) of the last theorem. Thus, in particular, it is a dual Banach 
space. Again this property is characteristic. That is, any nonreflexive Ba- 
nach space ¥ has an equivalent norm in which it is not isometrically linearly 
isomorphic to a dual Banach space. (See van Dulst and Singer [1976] and 
van Dulst {1978], 4.8 for a slightly stronger result.) 

The following result is due to Nicholas J. Young [1976]. 


Theorem [f X is a reflexive Banach space, then every continuous linear 
functional on By (AX) ts weakly almost periodic. Conversely, if X ts a non- 
reflerive Banach space, then no non-zero continuous linear functional on 
Br(X) (with its operator norm) is weakly almost periodic. 


Recall (from Theorem 1.4.11) that a normed algebra A is Arens regular 
if and only if every continuous linear functional on A is weakly almost 
periodic. Also, subalgebras and quotient algebras of Arens regular algebras 
are Arens regular. For a normed algebra A (such as Br(2’)) which is 
not complete, Arens regularity and the weakly almost periodic character 
of linear functionals do not change when the algebra is replaced by its 
completion. 

There are two easy and interesting corollaries. 
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Corollary Let X be a Banach space. Then Bx(X) is Arens regular if 
and only if X is reflexive. 


Lorollary Let (2X / ) ) be a ( nonreflerive / reflerive ) Banach space. 
Then there is no non-zero continuous homomorphism of Br(X) into B()). 


Young shows that reflexive Banach spaces 7 exist for which B(1) is 
not Arens regular. In fact, he exhibits a reflexive Banach space 4 for 
which Bx (4%) is Arens regular and Bx (4)** with Arens multiplication is 
homeomorphically isomorphic to B(4’) (cf. §1.7.14 below), but B(%) is not 
even Arens regular. Hence an algebra A may be Arens regular while its 
double dual A** (with Arens multiplication) is not Arens regular. Pym 
[7983] gives an easier example. Ulger [1988b] proves a stronger form of 
Arens regularity for By (4) when 2 is reflexive. 


1.7.2 Topological and Geometric Categories of Banach Spaces In 
Section 1.2 we mentioned the existence of two categories of Banach algebras. 
We have the same phenomenon in the present case also. We consider the 
topological category, in which the morphisms are continuous linear maps, to 
be more fundamental than the geometric category, in which the morphisms 
are contractive linear maps. In the first of these categories, objects are 
isomorphic if there is a homeomorphic linear isomorphism between them, 
a::d thus the objects are really topological algebras in which the topology is 
derived from a complete norm. In the geometric category, two objects are 
isomorphic if there exists an isometric linear isomorphism between them, 
and thus the precise value of the norm itself is part of the isomorphic struc- 
ture of an object. Traditionally, two Banach spaces are called isomorphic 
if they are isomorphic in the topological category and isometric if they are 
isomorphic in the second category. We observe this distinction. We will 
stress properties of Banach spaces which are isomorphism invariants. We 
have already noted that reflexivity of a Banach space is an isomorphism 
invariant. 

We wish to introduce four additional properties related to refiexivity. In 
two cases it requires care to define them in an isomorphism invariant way. 
We begin by considering a more restrictive condition. 


1.7.3 Super-reflexive Banach Spaces Let us briefly discuss Hilbert 
st ace as a special case of a Banach space. We noted earlier that Hilbert 
space is usually defined in terms of an inner product and this gives rise 
tc the Hilbert space adjoint of a bounded linear operator and thus to the 
*_algebra structure of algebras of operators. A Hilbert space inner product 
(cf. 1.7.17) can easily be introduced into any Banach space for which the 
ncerm satisfies the parallelogram law: 


lz + yll? + lx — yll? = 2jfxl)? + allyl? 


82 1: Normed Algebras and Examples 1.7.3 


in such a way that the inner product defines the given nomn. (A proof is 
included in Volume II.) This condition may be considered as asserting the 
perfect roundness of the unit ball, and it turns out that reflexivity is related 
to the absence of infinite dimensional flatness on the surface of the unit ball. 
James A. Clarkson [1936] introduced a condition which he called uniform 
convexity. D. P. Milman [1938] showed that it implied reflexivity although 
it is not enjoyed by all reflexive Banach spaces. (See Kosaku Yosida {1965] 
V.2.2 for a proof.) It is a sort of weak form of the parallelogram law and, 
like it, is certainly not an isomorphism invariant. Uniform convexifiability, 
super-reflexivity and related properties were studied extensively by James, 
but the final characterization is due to Per Enflo [1972] (cf. van Dulst 
{1978]). 


Definition A Banach space ¥ is called uniformly convez if the following 
implication holds for any two sequences {z,}nen and {yn}nen of elements 
in the unit ball: 


In + Yn 
(12581) - (Ihen~ voll +0). 


A Banach space 4 is called uniformly smooth if the norm is uniformly 
differentiable in the sense that the limit: 


+ ty|| — 
on 2 + ull — Hell 
t-0 t 


exists uniformly for r, y € 4,2 4 0. A Banach space ) is said to be finitely 
representable in a Banach space + if, for every finite-dimensional subspace 
F of Y and every < > 0, there is a linear injection @ of F into 4 satisfying 


(1—e)lull < lO@ ls G+ejlyll VyeF. 


Finally, a Banach space 1 is said to be super-reflexive if any Banach space 
¥ which is finitely representable in it is reflexive. 


Finite representability is not a demanding condition. For instance, for 
every Banach space, +** is finitely representable in VY. More surpris- 
ingly, there is a reflexive Banach space U in which every Banach space 
is finitely representable. The space UW is just the @-direct sum of the 
spaces C” for all n € N where the individual pieces carry the sup norm: 
(Aa, Aas. +s Andlloo = wnax{]Ai|, [Aa]... |An|}. Obviously W is not super- 
reflexive. Moreover, ¢? is finitely representable in any infinite-dimensional 
Banach space. 


Theorem 4A Banach space is unsformly convex if and only if its dual space 
is uniformly smooth. A uniformly conver or uniformly smooth Banach space 
ts reflexive. 
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The following conditions are equivalent fer a Banach space X: 

(a) ¥ is super-reflexive. 

Ch) X* ig super-reflexive. 

(c) X 1s unifermly convex in an equivalent nerm (i.e., it is isomorphic 
io a. uniformly convex space). 

(a) & is uniformly smooth in an equivalent norm (i.e., it is isomorphic 
to a uniformly smeeth space). 

(e) ¥ has an equivalent norm tn which it is both untformly conver and 
uniformly smooth. 


We prove ouly that a uniformly convex space is reflexive. By considering 
the converse of the definition, it is easy to see that a space is uniformly 
convex if and only if for every € > 0, the number 


rt+y 
2 

is positive. (A deeper and surprising result states that, if 6(€) is positive 
for any single value of « with 0 < e < 2, then the space is uniformly convex 
(van Dulst [1978] p. 188).) We have already noted Goldstine’s result that 
the'unit ball of a Banach space is dense in the unit ball of its double 
dual with respect to the weak* topology on the latter space. Thus any 
z** € X** of norm 1 is the weak* limit of a net {ra}aca C %. The 
net {(Za + Zg)/2}(a,8)e Axa also converges to x**. Hence the weak* lower 
semicontinuity of the norm implies that this net satisfies the condition in 
the uniform convexity criterion and thus limi.) ||Za — Z{| = 0. Therefore 
the original net is a Cauchy net in the norm. Hence it must converge to an 
element of % which « sends onto r**. See van Dulst [1978] for a full proof. 

We will mention other conditions below which are equivalent to super- 
reflexivity. However we will omit the large number of equivalent, more 
geometrical properties based on the growth of trees in the space. Those 
who wish to learn more should consult the very readable book by van Dulst 
{1978}. 


1.7.4 Weak Sequential Completeness The weak topology on a Banach 
space is seldom a metric topology (except in the comparatively rare case 
when its dual space is separable). Hence there is no reason to expect 
that, for example, a weak limit point of a sequence will be the weak limit 
of a subsequence. Nevertheless, since the very beginning of the subject, 
humerous results have been found showing that sequences are unusually 
useful in the weak topology. Probably the best known result is the Eberlein-— 
Smulien theorem which asserts that weak compactness of a subset K of 
a arach space is equivalent to weak countable compactness (i.e., every 
sequence has a weak limit point in K) and to weak sequential completeness 
‘4.2, 272ry sequence has a subsequence converging weakly to an element in 
.c). “or an easy proof see Robert Whitley [1967]. 


6(e) = inf{1 — |] 


Il: z,y € Ai; Ile — yl] > &} 


B4 lL: Normed Algebras and Examples 1.7.5 


We now introduce an important sequential property which is enjoyed 
only by certain Banach spaces. 


Definition A sequence {z,}nen in a Banach space 4 is said to be a weak 
Cauchy sequence if for each w € 4° the sequence of numbers {w(zn)}nen is 
a Cauchy sequence. Th Banach space 4 is said to be weakly sequentially 
complete if every weak Cauchy sequence has a weak limit in ¥. 


Proposition A reflerive space is weakly sequentially complete. 


Proof A corollary of the uniform boundedness principle shows that a weak 
Cauchy sequence is bounded. Since the weak and weak* topologies agree 
on a reflexive space, the sequence must have a weak limit by the Alaoglu 
and Eberlein-Smulian theorems. (This result can be established without 
the last theorem.) Oo 


In addition to reflexive spaces, most Banach spaces of measures and L!- 
and ¢!-spaces are weakly sequentially complete. See Dunford and Schwartz 
[1958], pp. 374-379. 


1.7.5 Dual Spaces Obviously a reflexive Banach space is always the 
dual of some other space, namely its own dual. We have already noted 
that reflexive spaces are the only Banach spaces which, when given any 
equivalent norm, are still isometric to a dual space. However, a space V 
which is a dual space in some norm has interesting properties. This is 
particularly true if it satisfies some other property such as separability or 
possession of a basis. 

For any dual space, there is a canonical projection of 4*** onto X*. 
However, this property does not characterize dual spaces—-Banach spaces 
with this property are known which are not dual spaces in any equivalent 
norm (e.g. L'({0,1])). We now give the interesting construction of this 
projection for a dual space. 

Let ¥ be a Banach space and let x9: 4 — ¥** and K,: 4" — A*** be 
the canonical injections. Then for the dual xj: ¥*** — A* of «Ko, the map 


Kg OK: X* > X" 
is the identity by an easy calculation. Hence 
Ky ° Ko: ant yy ce 


1s anorm 1 projection onto the subspace 4,(4"). We will denote this projec- 
tion by 7. It is easy to see that the kernel of 7 is the closed complementary 
subspace (I — 1)(¥°°") = Ko(4¥)*. 


1.7.6 The Radon—Nikodym and Krefn—Milman Properties The 
Radon-Nikodym property has great importance in many areas but it arose 
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in the study of vector measures. The excellent book by Diestel and Uhl 
[1977] presents many equivalent conditions, summarized on page 217 (cf. 
[1983] also). Because space does not permit a discussion of vector measures 
here, we will use one of the easy geometric conditions in our definition. Our 
chief interest lies in another consequence of the Radon—Nikodym property 
which will be introduced after certain ideals of operators have been defined. 


Definition Let VY be a Banach space. 

fa) Let K be a convex subset of ¥. A point z € K is said to be an 
extreme point of K if it is not the midpoint of a positive length line segment 
with end points in K. Similarly, x € K is a strongly exposed point of K if 
there is a linear functional w € 4* with the following two properties: (1) 
w(x) is strictly greater than w(y) for any other y € K and (2) if any sequence 
{tn}nen in K satisfies limw(zr,,) = w(z), then the sequence converges to z. 

() # is said to satisfy the ( Krein—-Milman / Radon-Nikodym ) property 
if every nonempty norm closed bounded convex subset of 4 is the norm 
closed convex hull of its ( extreme / strongly exposed ) points. 


Is is not known whether the two properties introduced in (b) are actually 
equivalent. The classical Krefn—Milman theorem asserts that, in any locally 
conv2x topological linear space, every nonempty compact convex subset is 
the closed convex hull of its extreme points. Hence, in a dual Banach space, 
a nonempty norm closed bounded convex subset is the weak* closed convex 
hull of its extreme points. If the Banach space were reflexive, so that the 
weak* and weak topologies agreed, this would make the set the weak closure 
and hence the norm closure of its convex hull. Obviously a strongly exposed 
poini is an extreme point. These two remarks establish part of the next 
theorem. See Diestel and Uhl [1977] for a full proof. 


Theorem A reflexive space or a separable dual space has the Radon- 
Nikodym property. Any space with the Radon-Nikodym property has the 
Krein-Milman property and the two properties agree on dual spaces. 

Finally, a Banach space is super-reflexive if and only if every space 
finitely representable in it has either the Radon-Nikodym or the Kretn-— 
Miln.an property. 


It every Banach space finitely representable in a given space ¥ has a 
certain property, then we say that 4 has the super-property. Thus the 
above theorem shows that super-reflexive is equivalent to super-Radon- 
Nikodym and to super-Krein—Milman. It turns out that there are other 
properties for which the super version is equivalent to super-reflexive. We 
introduce some briefly. 

r rst let us consider the girth of the unit ball in a Banach space. To 
unde ‘stand this concept, consider first two-dimensional real space where 
our g20metrical insight is good. We will introduce three possible unit balls 
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and then measure the distance around them in the norm which they define 
on the space. A circular disc defines the ordinary Euclidean norm and its 
girth is 27. A hexagon or parallelogram centered around the origin give 
girths of 6 and 8, respectively, and it turns out that these are the extreme 
values. In a higher dimensional space, we wish to measure the minimal 
distance of a closed curve on the surface of the umt sphere which contains 
the antipode —z of any point z in the curve. It is easier to think of finding 
the shortest path from any point to its antipode and doubling the length of 
this path. The rather astounding fact is that, for some infinite-dimensional 
Banach spaces, the distance on the surface of the unit sphere from a point 
to its antipodal point can be as short as 2 (i.e., the same as the straight 
line distance through the origin.) A Banach space in which this can happen 
is aptly called flat and a space where it does not is called nenflat. 

We will show that ¥Y = C((0, 1}) is fat. Consider the path z: [0,2] — ¥ 
defined by r(s) = f, where 


_f 14+2t-s if O<t<s/2, 
sult) = { 1-2t+s if s/2<tsl. (1) 


It is easy to check that this path satisfies || f,|| = 1 and {|f. — fel] = |s — rl 
for all s and r in [0,2] and fz = —fo. 


Theorem If a Banach space X is flat, then so is its dual X*. In this 
case, X 13 not reflexive and its dual X* is not separable. 


We can embed C({0,1]) isometrically into @° by simply enumerating 
the rational numbers in (0, 1} and mapping a function to the sequence of its 
values. Hence f° = c§* is flat, but co is not since its dual @! is separable. 
It turns out that é! is not flat either. 

We consider two more properties. A Banach space is said to have the 
Banach-Saks property if each of its sequences {tn }nen has a subsequence 
{tn, }ken for which the sequence {n~! 37; _, Zn, nen Of Cesdro means con- 
verges. Uniformly convex spaces have the Banach-Saks property and spaces 
with the property are reflexive, but the converses of both these implica- 
tions fail. In particular, the Banach space U, introduced in the discussion 
of super-reflexive spaces, has the Banach-Saks property. Finally, a Banach 
space X is said to be ergodic if for every linear isometry T € B(4) the 
sequence {(n+1)7! 7? T*}new of Ceséro means converges to zero in the 
strong operator topology. Reflexive spaces are known to be ergodic but, 
again, the converse fails. Both of these concepts were introduced in order 
to state the following theorem. 


Theorem The following six properties of a Banach space are equiva- 
lent: super-reflerive, super-Radon-Nikodym, super-Krein-Milman, super- 
nonflat, super-Banach-Saks and super-ergodic. 
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All these results are proved in Diestel and Uhl [1977] and van Dulst 
[1978]. 

Bcfore we discuss the final two properties of Banach spaces which we 
want to survey, the existence of bases and the approximation property, we 
will introduce several ideals of operators. 


1.7.7 The Ideals of Approximable and Compact Operators The 
ideal Br(¥) of finite-rank operators on a normed linear space ¥ was in- 
troduced in Definition 1.1.17. Proposition 1.1.18 shows that Br(%) is an 
ideal of B(¥) which is included in every non-zero ideal of B(.’). We recall 
the formulas. Let W, ¥, Y and Z be normed linear spaces. For elements 
y © Y and w € 4", define an operator y @w € B(X, Y) by 


(y@w)(z)=w(zjy WzErk, (2) 


We denote the linear span of all such operators by Br(4’, ) and call oper- 
ators in this space fintte-rank operators. We simplify Br(4, 4) to Br(%). 
For arbitrary S € B(W,%), T € B(Y,Z), y € Y¥,w € X*, z € Z and 
7 € Y* these operators satisfy 


(z@r)(y@w) = rly)z@w 
Tiy®w) = T(y)®w (3) 
(y@w)S = y@S*w) 
(r@w)* = w®@x(z). 


_, We introduced tensor product notation in the last section in a prelimi- 
nary way. The concept will be studied more systematically in Section 1.10. 
When this is done, it will be seen that By (7) is isomorphic as a linear space 
to the algebraic tensor product 1 @ 4°, and that the notation given for 
tne operators z @ w is consistent with the general notation. Furthermore, 
a matrix representation for the operators z @w can be constructed explic- 
itly as a generalization of the explicit construction of the tensor product 
M,®@ M,, given in the last section. To make things simpler, we will assume 
that + is finite-dimensional and that {z1,72,...,2n} is a basis for 7. Let 
{w:,<22,...,Wn} be the dual basis for ¥* used in the proof of Proposition 
1.1.18. Then the matrix for z @ w is 


(Ait5 aon? 


where z = yj, Asai and w = S07_, wjw;. When x is considered as an 
nm x 1 matrix (a column vector) and w is considered as a 1 x n matrix (a 
row vector) so that the evaluation w(z) is just matrix multiplication, then 
the above formula for the matrix of z @w and the explicit formula for the 
matrix a @b (for a € M, and b € M,,) given in the last section agree. 
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Remark and Convention We are about to introduce a number of ideals 
of B(4’). However, all these ideals may be extended to be subspaces of the 
normed linear space B(4’, Y) of bounded linear operators from XY to Y. In 
this setting they still form a sort of generalized ideal in the sense indicated 
by equations (3) above. From now on, we will freely use our terminology 
for operators in B(4,) when this is convenient even when the definition 
is given only for operators in B(A4’). In every case definitions and proofs are 
obvious generalizations. 


In a Banach algebra, the closed ideals are usually more important than 
the nonclosed ideals. It is easy to see that Br(4’) is never closed unless V 
is finite-dimensional, in which case it equals B(1). 


Definition The closure of Br() is called the ideal of approrimable 
operators and denoted by Ba(%). 


Obviously this ideal is included in each non-zero closed ideal of B(). 
For some common Banach spaces ¥, it is the only proper closed ideal of 
B(x). 


Definition An operator T in B(%) is said to be compact if the norm 
closure of T(4,) is compact in the norm topology of 1. The set of compact 
operators in B(4) is denoted by Bx (%). 


Proposition Bx (4) is a non-zero closed ideal in B(X) which includes the 
tdeal of approrimable operators. In an infinite-dimensional Banach space 
it is always proper (i.e., not equal to B(4)). 


Proof To see that By(.Y) is closed, we use the fact that a subset of ¥ has 
compact closure if and only if it is totally bounded. The sum of two compact 
operators is compact because the sum of two compact sets is compact. If K 
is a compact operator ead T an arbitrary bounded operator, then TK (4) 
is the continuous image of a compact set and hence compact. Similarly 
KT() is included in ||T'||K (4) and hence is compact. Thus the compact 
operators form an ideal. 

Any finite-rank operator is compact since the unit ball of a finite di- 
mensional normed space is always compact. Hence Bx (1) is non-zero and 
includes the ideal of approximable operators. 

If ¥ is infinite-dimensional, we may choose a strictly increasing sequence 
of closed subspaces 41) C 42) C A(z) C --- © AY. Hence by the Riesz 
lemma, stated and proved below, we may choose a sequence of unit vectors 
Yn € Xn) satisfying ||Ym — ynl| > 1—€ form An. This shows that 1, is 
not compact. Hence the identity operator J is not compact. Oo 


The following result was proved by Frigyes Riesz [1918]. 
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Riesz Lemma _ If ¥ is a proper closed subspace of a normed linear space 
X, then for every « > 0 there is a vectorxr € 4 \ ) satisfying |x|] = 1 and 
Jz -- YI] = inf{||z + yl]: y € VY} >l—e. 


Proof We start with an arbitrary z € 4’\) and note that ||z+ || is positive 
sinc: Y is closed. Hence there is a (non-zero) vector y € ) satisfying 
lz + yll < [lz + Y|(’—e)*. An easy calculation shows that the vector 
x = {jz + y||7*(z + y) has the desired property. oO 


The fact that B(4) has a nontrivial (i.e., a non-zero, proper) closed 
idea! when 4 is infinite-dimensional contrasts with B(1’) ~ M, for a finite- 
dimensional normed linear space 4 of dimension n. In the last section we 
notcd that M,, has no ideals except {0} and M,,. 

For all classical separable Banach spaces, the ideals of approximable 
and compact operators are equal. It was a long standing open question as 
to whether this was true for all separable spaces. Enflo [1973] settled the 
question by giving a counterexample. 

Schauder’s theorem (Dunford and Schwartz [1958] VI.5.2) states that 
an operator is compact if and only if its adjoint is compact. We prove the 
next proposition both for historical reasons and because we will use it later 
in this section. 


Provosition For any Banach apace 1, a compact operator sends weakly 
contergent sequences into norm convergent sequences. 


Proof Suppose T is a compact operator and {z,},,cy C 4 is a sequence 
converging to z in the weak topology. For any w € 4’*, the numbers 
wT, —~w0t = w(Tr, — Tr) = T*(w)(tn — £) form a sequence converging 
to zero. Hence {Tzn},cy converges weakly to Tz. Suppose {Ty }nen 
does not converge to T’z in norm. Then there is a constant 6 > 0 and 
a subsequence which we again denote by {zn}nen such that {Trn}nen 
remains outside the 6-ball around Tz. Since {tn}nen converges weakly, 
the uniform boundedness principle shows that it is a bounded sequence. 
Since T is compact, this shows that there is a subsequence of {T2n}nen 
whic) converges in norm to some element y outside the 6-ball around Tz. 
However this would imply that the subsequence converges weakly to y which 
is impossible since it converges weakly to Tz. This contradiction proves 
that !/Trn}nen converges to Tx in norm. oO 


Corollary For any Banach space X, a norm continuous operator is also 
weak'y continuous (i.e. any operator in B(X) is continuous as a function 
from X with its weak topology to X with its weak topology). 


Proo? Use nets instead of sequences in the first step of the last proof. O 
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If ¥ is reflexive, the property of compact operators proved in the above 
proposition characterizes them. This is an immediate consequence of the 
Eberlein-Smulian theorem and the results on reflexive spaces given above. 
David Hilbert [1906] originally defined compact operators just on Hilbert 
space in terms of this characterization. The definition of compact operators 
that we have used is due to Frigyes Riesz {1918). 

Calkin [1941], in one of the earliest papers dealing with the ideal theory 
of a Banach algebra, showed that when Y = H is a separable Hilbert 
space then every ideal of B(7) lies between Br(H) and By (H). The result 
is known to hold for some additional Banach spaces (I. A. Feldman, Israel 
Tzutikovié Gohberg and A. S. Markus [1960]) and to fail for others (Dunford 
and Schwartz [1958] Chapter VI, and Seymour Goldberg [1966]). Calkin 
also classified all the ideals of B(#1). We discuss several other ideals related 
to Bx (%) next. See Section 2.8 below for the spectral properties of compact 
operators. 


1.7.8 Completely Continuous, Weakly Compact and Strictly Sin- 
gular Operators An operator in B(4) is called completely continuous if 
it maps weakly convergent sequences into norm-convergent sequences. It 
is easy to see that the set Boc(4) of completely continuous operators is a 
closed ideal of B(4’). We have shown that this ideal includes Bx (4’) and 
that it equals By (4) if ¥ is reflexive. The term “completely continuous” 
with this meaning was used by Hilbert [1906] for operators on Hilbert space, 
where it has the same meaning as “compact”, before the term “compact”, 
was invented. 

An operator T in B(%) is called weakly compact if the weak closure 
of TX is compact in the weak topology of 4’. Because bounded linear 
uperators are weakly continuous, it is easy to see that the set Bw x (4) 
of weakly compact operators is an ideal of B(4’) containing the ideal of 
compact operators. Since a Banach space Z is reflexive if and only if its unit 
ball is weakly compact, it is also easy to see that Z is reflexive if and only if 
for all Banach spaces ( 4’ / )), all operators (R € B(4’,Z) /Q € B(Z,))) 
are weakly compact. The fact that By ,(4’) is a closed ideal follows from 
the next theorem formally stated below. Gantmacher’s theorem asserts 
that an operator is weakly compact if and only if its adjoint is. For a proof 
of this and other assertions given here, see Dunford and Schwartz [1958] 
VI-4. The following result, proved there, is often useful. 


Theorem An operator T € B(X,)) is weakly compact if and only tf it 


Satrsfies: 
T**(X"") C w(¥). 


This theorem leads to an interesting exact sequence for any nonreflexive 
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0 Bwk(¥) — B(X) > B(X**/K(4X)) 


where any T € B(2) is sent to T defined by T(F +4(%)) = T**(F)+4(4) 
for F' € A’**. This may be regarded as a faithful representation (cf. Defi- 
nition 4.1.1 below) of the weak generalized Calkin algebra B(X)/Byw K(X). 
If X = J is the James space, this provides a homomorphism of B(7) onto 
C with kernel Bw x (7). 

E. Garth Dales, Richard J. Loy and George A. Willis [1992] construct 
an interesting Banach space related to the above considerations. For each 
2 2 2, they first construct an analogue J, of the James space based on 
£?, so Je is the ordinary James space. For q > p, they show B(.J,, Jp) = 
Bx(Jq: Jp), and for q < p every operator in T € B(.J,, Jp) can be written 
uniquely in the form 4+ W for 4 € C and W € Bwk(Jq, Jp). Let W be 
the 2’ direct sum of the spaces J,, where pi = 2 and {px }xen is a strictly 
increasing sequence. The operators on W have a matrix representation 
with matrix entries restricted as noted above: compact above the main 
diagonal and the sum of a scalar and a weakly compact operator on and 
below that diagonal. This allows the Banach algebra B(W) to be analyzed 
in detail. For instance, the operators for which the matrix entries on the 
main diagonal are weakly compact (i.e., zero scalar part) form a closed ideal 
I which satisfies B(}W) = I+ D where D ~ €~ is the closed subalgebra 
of diagonal operators with purely scalar diagonal entries from 2. Also 
B(W) = K+T where KX is the closed ideal of operators with the scalar part 
of each matrix entry zero, and T is the closed subalgebra of operators with 
purely scalar matrix entries. We refer the reader to the original paper for 
substantial further detail. 

The first part of the next theorem is an important result of William 
J. Davis, Tadeusz Figiel, William B. Johnson and Aleksander Petczynski 
[1974]. The last paragraph of the theorem comes from Kaijser [1976]. 


Theorem An operator P € B(X,)) is weakly compact if and only if 
there is a reflexive Banach space Z and linear operators R € B(X,Z) and 
Q € B(Z,y) satisfying P = QR. Moreover, Q may be chosen injective and 
contractive, and S may be chosen to have the same norm and kernel as P 
and dense range in Z. 

Suppose T: A > B(X) and S: A — B(Y) are continuous representations 
of a normed algebra A satisfying PT,(x) = Sa(Pr) for alla € Aandre Xx. 
Jf ? is weakly compact and Z, Q and R are as described above, then there 
is 2 continuous representation U: A > B(Z) satisfying RTq(z) = U.(Rz) 
and QU,(z) = Sa(Qz) for allac A,r EX andze Z. 


“arizal Proof For each n € N define a new norm on Y by 


iIvlln = inf {||P 2-7/7 |x|] + |ly-Pzll:ce 4X} VWyey. (4) 
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lyin < Ilvll Wye; neN (5) 
and |lyl| < |/Pzll + lly — Pall < || Pll xl] + 2"/?|ly — Pz] implies 
iy <2”7llyln Vy eV; nEN. (6) 
Hence all these norms are equivalent. Note also 


|Prlln < 2°" |Pl| zl] vee x. (7) 


Define Z by Z = {ye V:*, |lyll2 < co}, and define a norm on Z by 


hoo 1/2 
INlelll = (d 8 VzeZ, (8) 
n=1 


From (7) we see 


4 


lPz{ll < (Ler i=] =||Piiiz| Weer (9) 


n=1 
so PX C Z. Hence we may define R € B(¥, Z) and Q € B(Z,) by 

Rr = Pr VreEeXr; Qz=z VzeEZ., (10) 
Inequality (9) shows ||Rl| < {|P|| and 


as) \ 1/2 


a 1/2 
lal = ( ete] < (Soiet3] =(Iz|I| Vzez 
n=1 


n=1 
(11) 
shows ||Q|| < 1. Hence P = QR implies ||A|| = ||P} and ||Q|| = 1. If RY is 
not dense in Z, replace Z by the closure of RX. This proves all the results 
except that Z is reflexive and the statements about representations. For 
the former fact we refer the reader to either Diestel and Uhl [1977], VIII.4.8 
or Albrecht Pietsch [1980], 2.4. 

We now turn to the proof of the last paragraph. The final equation 
in the theorem and our definition of Q@ show that we must define U by 
Ua(z) = Sa(z) for all a € A and z € Z. Hence we need to check that S,(z) 
is in Z for all a € A and z € Z. Note 


I|Saplln 


inf {||Pl|2-"/? Tall + ||Say — PTaz|| : 2 € ¥} 
inf{\|Talf Pl 2°"? [Tax + Sal ly — Paxil: 2 € X} 
max{||Tl}, ISii}leliiiyl,n  VaeA yey 


IA IA IA 
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where we used the intertwining equation PT, = S,P. This shows that S, 
senc's elements satisfying condition (7) into other elements satisfying that 
equation. If it is necessary to replace this original choice of Z by the closure 
of PX, the intertwining equation shows again that S,z will still belong to 
Z if z does. Hence we are free to define U: A > B(Z) by U,(z) = Sa(z) for 
allc ¢ A and z € Z. We also conclude that the norm of the representation 
U is at most max{||T'|, {|.S||}. 0 


. Banach space 1’ is said to have the Dunford- Pettis property if every 
weaxly compact operator from ¥ into any Banach space ) is completely 
cor:.'‘nuous. Obviously no infinite-dimensional reflexive space has this prop- 
erty, but most classical nonreflexive spaces do (Dunford and Schwartz [1958] 
p. 511). In fact, if 4* has the Dunford—Pettis property so does 4’, but the 
converse fails. 

The composition of a weakly compact operator followed by a completely 
continuous operator is compact by the Eberlein—-Smulian theorem, since the 
image of a bounded sequence will have a weakly convergent subsequence. 
Hence for any space with the Dunford—Pettis property, the square of the 
ideal By x(4’) of weakly compact operators is the ideal of compact opera- 
tors. (This is the first example we have given of a natural ideal for which 
the square is different and also a natural ideal. The example is rather un- 
usual in that the square is closed in the norm in which the original ideal is 
complete.) If 2 is a compact Hausdorff topological space and ¥ = C() is 
the Banach space of continuous functions on 2 under the supremum norm, 
then the ideals of weakly compact and of completely continuous operators 
actually coincide and they are proper and properly include the ideal of com- 
pact operators unless 4 is finite-dimensional (or equivalently, 1 is finite). 
Wea:xly compact operators were introduced by Késaku Yosida [1938] and 
Shizuo Kakutani [1938]. 

An operator in B(1) is called strictly singular if it does not have a 
bourded inverse on any infinite-dimensional subspace. The set Bgg(#) of 
strictly singular operators in B(1’) is a closed ideal which includes Bec (V)N 
Bwx(*). This class of operators was introduced by Tosio Kato [1958]. 

Wie conclude this discussion by noting the inclusions which hold between 
these classes of operators from one Banach space to another. If 4 and 
are arbitrary, they satisfy 


Bu (*#,Y) C Bec(¥,Y) NBwK(#,Y) C Bss(4,y). 
Whe:: ) is reflexive, these inclusions can be improved: 
Bx (4, Y) © Boc(#,Y) € Bss(X,Y) C Bwk(%, Y) = B(#, Y). 
Finaity, if V is reflexive instead, we get even more: 


3x (X,Y) = Bec(4,Y) C Bss(*,¥) C Bw (#, Y) = B(X, Y). 
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For further results on these classes of ideals, see Goldberg [1966] and 
Gustafson [1968]. 


1.7.9 Bases It turns out that there is a fairly natural idea of a basis in 
a Banach space, but not all separable spaces have bases. A space with a 
basis is easily seen to be separable. 


Definition A sequence {z,}nen in a Banach space 1 is called a basis 
or Schauder basis for ¥ if for every z+ in X there is a unique sequence 
{An}nen of scalars so that 57°; Anzn converges to x in the norm. For 
a basis {z,}kcn and a positive integer n, define the n” basis projection 
Paid — sp{z 1,22, see 12a} by Paya Ack) = bieca Akl: 

For a basis {7,} nen, the sequence of linear functionals {z* }ncn defined 
by 


rod ty A323) =An Or 2S (tm) = bmn 
j= 
is called the biorthogonal system defined by the basis. 

A basis {Zn} nen is said to be shrinking if for each w € 4* the sequence 
{(7 — Pn)*(w)}nen converges to zero in norm, and boundedly complete if 
for every sequence of scalars {An}nen for which the supremum of the set 
{i OF_.Asz,l| : 2 € N}, is finite, the series > Antn converges. 


For very simple examples, consider the obvious bases for cp and @! (de- 
fined by the Kronecker delta {6,}nen) which are, respectively, shrinking 
and boundedly complete. Since all classical separable Banach spaces have 
bases, Banach asked whether this was true of all separable Banach spaces. 
The question was not settled until Enflo [1973] constructed a counterex- 
ample. Banach also noted that the uniform boundedness principle shows 
that the sequence of basis projections is norm bounded. Note that the 
basis projections have the expansion P, = > x; © x} in terms of the 
biorthogonal system. 

The next theorem gives some interesting properties of the concepts just 
introduced. Proofs can be found in Lindenstrauss and Tzafriri [1977], 1.b. 


Theorem [fa Banach space X has a shrinking basis, then its biorthogonal 
system is a boundedly complete basis for X’°. 

A space with a boundedly complete basis is isomorphic to a dual space. 
If a dual space X* has a basis, then X has a shrinking basis so V* has a 
boundedly complete basis. 

A Banach space X with a basis is reflerive if and only if it satisfies one 
and hence all of the following equivalent conditions. 

(a) The given basis is both shrinking and boundedly complete. 

(b) Every basts for X 1s shrinking. 

(c) Every basis for X 1s boundedly complete. 
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1.7.10 The Approximation Property In a space with a basis, the se- 
quence {P,}nen of finite-rank projections converges to the identity operator 
in some sense, which we will now make explicit. Alexander Grothendieck 
[1255], [1956] discovered the right way to present the property involved. 


Definition A Banach space is said to have the approximation property if 
its identity operator J can be uniformly approximated on every compact 
subset K by finite-rank operators (i.e., for every € > 0 there is a finite- 
rank operator T’ (depending on K and ¢) satisfying [Tx — 2|| < e for all 
z € K.) It is said to have the bounded approrimation property if there is 
some finite constant B so that the finite-rank operator T can be chosen to 
satisfy ||T'|| < B independent of X and e. If B = 1, then the Banach space 
is seid to have the metric approzimation property. 

& Banach space is said to have the compact approzimation property 
if its identity operator can be uniformly approximated on every compact 
subset by compact operators. If the approximating compact operators can 
be chosen from a bounded set, the space is said to have the bounded compact 
epprozimation property. 


As we just note, the bounded sequence of basis projections {Pn}nen 
approximates the identity operator in this fashion for a space with a basis. 
Thus all Banach spaces which have a basis also enjoy the bounded approx- 
imation property. Enflo’s counterexamples [1973], which we have already 
mentioned twice, were actually spaces which failed to have the approxima- 
tion property. His examples were simplified and supplemented by Alexander 
M. Davie [1973b] and Andrzej Szankowski [1978] so that now subspaces of 
Co and @? for 1 < p < 2 and 2 < p < oo are known which lack the approxi- 
mation property. In fact they do not even have the compact approximation 
property. Thus reflexive spaces may fail to have the compact approxima- 
tion property. Spaces are known (even with separable duals) which have 
the approximation property but not the bounded approximation property 
and with the compact approximation property but not the bounded com- 
pact approximation property. Willis [1992d] has recently given an example 
cf a separable reflexive Banach space with the bounded compact approx- 
imation property which does not have the approximation property. It is 
03 “nown whether all separable spaces with the bounded approximation 
pronarty have a basis (cf. Lindenstrauss and Tzafriri [1977] and [1979]). 
The only naturally occurring Banach space known to lack the approxima- 
ticn sroperty is B(H) for a Hilbert space 1, Szankowski [1981]. In §5.1.12 
we show the connection between these properties of 4’ and the existence of 
approximate identities in various ideals of operators in B(4’). 


96 1: Normed Algebras and Examples 1.7.10 


Basis 


BAP(AP/ABCAP) 


The diagram above summarizes the easy implications between these con- 
cepts (omitting the metric versions). We are about to note that the approxi- 
mation property implies that the finite-rank operators are norm-dense in the 
compact operators. This establishes the equivalence BAP@(APABCAP). 
All the other implications are obvious. The preceding remarks show that 
no implication arrow can be added to this diagram unless it turns out that 
BAP implies the existence of a basis (for separable spaces). 

Here is an elementary result which applies only to the bounded case. 


Theorem Let 2X be a Banach space and let B be a finite constant. Then X 
has the ( bounded / bounded compact ) approrimation property with bound 
B if and only if for every € > 0 and every finite subset r1,22,...,2n of 
&X there is an operator T € ( Br(¥) / Bx(#) ) satisfying ||T|| < B and 
Tz; —2z;\| <€ for j =1,2,...,n. 


Proof Let K be an arbitrary compact subset of V. Cover K with open 
e/(B +1) balls centered at 21, 22,...,2n- If T is the operator guaranteed 
in the condition and z € K, then they satisfy |[T'x ~ z|| < ||[T7(z — z;)|| + 
||T2; — z;|| + |jz; —2|| < 2e for some 7. The converse is immediate. Oo 


Before stating the next theorem, which is due to Grothendieck [1955], 
we mention two more ideas important in the proof. Compact subsets of 
a Banach space can be characterized as those included in the convex hull 
of some sequence converging to zero. Our definition of the approximation 
property mentions uniform approximation on compact sets. This corre- 
sponds to a locally convex topology on B(4’,y), the topology of uniform 
convergence on compact sets, which is given by the collection of semi-norms: 


{ox : K is a compact subset of 4}, where ox (T) = sup{||Tz|| : 2 € K}. 


From now on, we will call this the Grothendieck topology on B(4,y). The 
proof of the next theorem depends on showing that the linear functionals 
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on B(#,) which are continuous in the Grothendieck topology are exactly 
those given by: 


TH >> wn(T2n) for {tn}nen CX; {Wn}nen C V*; > lwn|lll2nl| < 00. 


n=} nel 


Theorem The following assertions are equivalent for any Banach space 
“a. 

(a) ¥ has the approrimation property. 

(b) For every Banach space ¥, Br(4’,)) is dense in B(X,y) in the 
Giothendieck topology. 

(c) For every Banach space ), Br(}, 4) is dense in B(Y,*) in the 
Grothendieck topology. 
(d) Every choice of {Zn}nen C ¥ and {wn}nen C V* such that 


fo @) fo o} 
> llwalllizall <0o and S°wa(z)tn =0 for allz eX 


n=] n=l 


so isfies \o°° , wa(tn) = 0. 

(e) For every Banach space Y, Bp(,X) is dense in Be(¥, 2X) in the 
nom topology. 

Moreover, X satisfies the { metric / bounded ) approximation property 
if and only if there is some finite constant B, so that in (b) or (c) finite- 
rank operators in the ( unit ball / B-ball ) approximate operators in the 
unit ball and in (d) the last condition is replaced by | ~~, wa(Tzn)| < 1 
for all T € Br(#), and the conclusion is replaced by ( | )--; n(tn)| < 1 
/ '3na1 “n(Zn)| < B ). 


If Bk (Y, ¥) and Br(¥, 4%) in condition (e) is replaced by Bx (4, Y) and 
By‘X,)), we get a characterization of when 1* has the approximation 
prcperty. Thus we see that the ideal of compact operators equals the ideal 
of «pproximable operators in B(.%) if either ¥ or 4* has the approximation 
prcoerty. Attractive proofs of all these results can be found in Lindenstrauss 
anc. Tzafriri [1977], l.e. With the ideas given in the last paragraph, they 
are all easy. In particular, note that (d) is just the statement that any 
linear functional, continuous in the Grothendieck topology, which vanishes 
on Jl rank one operators must vanish on the identity. Hence it is obviously 
equivalent to (a). Despite the next theorem, there is a space with a basis 
(ax d hence the approximation property) and a separable dual for which the 
duz] space fails to have the approximation property. 


Theorem A Banach space has the approrimation property if its dual 
space does. Hence a reflexive space has the approrimation property if and 
only if its dual space does. A reflerive space or a separable dual space with 
the approzimation property has the metric approrimation property. 
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1.7.11 Nuclear Operators The closed ideals of operators considered 
above are all (possibly) larger than the ideal of compact operators. The 
ideal considered here lies between the compact operators and the finite-rank 
operators. Both the ideal of nuclear operators and the ideal of integral op- 
erators (considered next) are complete in their own norms which dominate 
the operator norm. We shall continue to make definitions for operators in 
B(X) (thus getting ordinary ideals, which is our main interest) but to use 
the fact that these are ideals in the extended sense when considered for 
operators from one space to another. The book by Pietsch [1980] provides 
an interesting view of these and other operator ideals. 


Definition An operator T € B(%) is said to be nuclear if there exist 
sequences {Zn}nenG * and {uwpa}nen C 2X” satisfying 


SS llwnlllizall < co and T(z) = So wa(z)tn Veer. (12) 
n=1 


n=1 


The set of all nuclear operators is denoted by By(4’) and is provided with 
the nuclear norm 


Tin = inf{>> llwnllllzn |] : Tis represented by pa In @ Wn}. 


n=l n=) 


Of course, the representation mentioned in the definition of the norm is 
that described in equation (12). Obviously the adjoint of a nuclear operator 
is nuclear, but the converse fails (Pietsch [1980] 8.2.6) unless the dual space 
has the approximation property. The norm inequality in the next theorem 
is characteristic of ideals defined by norms. 


Theorem The collection By(4) of nuclear operators is an ideal in B(¥). 
It 1s a Banach algebra in its own norm which is greater than or equal to 
the operator norm and satisfies the inequality: ||RTS|\|n < RUT |lwilSil 
for R, S € B(X) and T € By(X). Moreover, ||z @w||n = ||z\||lw|| for all 
ze xX andw€ X* and || - || ts the largest norm on Bp(4) satisfying this 
condition. 


All the above results are easy to prove. Nevertheless, the nuclear opera- 
tors exhibit some mysterious behavior in perfectly arbitrary Banach spaces 
which was first identified by Grothendieck [1955], [1956]. This arises from 
considering their relationship to tensor products. Since we will put off a 
general discussion of tensor products until Section 1.10, we could avoid 
these complications here. However, we wish to introduce the duality the- 
ory involved in the two classes of ideals introduced in this and the following 
section, and that deeply involves their relationship with tensor products. 

We begin by considering the ideal B(%) of finite-rank operators as the 
algebraic tensor product 1% X*. We have already considered the operator 
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norm on Br(4) and its completion in this norm B,(a). In the language 
-f Sensor products, this norm is called the injective tensor norm and the 
serspletion B,(4’) corresponds to the injective tensor product, denoted by 
X@AX"*, which carries this norm. 

There is another natural norm for T € Br(4’), the projective tensor 
norm. 


n n 
IIT lp = inf{ >> |[rel|llwel] : T = S- ze @ we} (13) 
k=! k=1 

where the infimum extends over all n € N; z, € V; we € AX*. If we 
complete ¥ @ a’* ~ Br(A’) in this norm instead of the operator norm, we 
get the projective tensor product denoted by Y@X*. It is not hard to see 
that this norm is greater than or equal to the operator norm so that there is 
a natural contractive linear map 7: ¥@4* — B,(#). Also, every element of 
the projective tensor product can be represented in the form )-~_, tpn @Wp 
where {rn}nen CX and {Wp}nen € +* satisfy OP, |lwnllilznl| < oo. The 
infimum of the last sum over all such representations is the projective tensor 
norm. Thus it is obvious that the norm decreasing map 7 sends ¥&4* onto 
By (4). One would certainly hope that this map was an isometry, but in 
fact it may have a kernel. The remarks we have already made show that 
Bn (4X) is isometrically isomorphic to Y@2X*/ker(7), but for a finite-rank 
operator the two inequalities 


n n Tt 
| So 2x @well < | So ze @uelly < || d_ ze @ well 
k=1 k=1 k=1 


are both strict in general. (The first norm is the operator norm which equals 
the injective tensor norm, the second is the nuclear norm which is calculated 
as the infimum over countable representations of the operator and the third 
is the projective norm which involves only finite representations of the finite- 
renk operator.) The approximation property for ¥ is precisely the condition 
needed to ensure that 7 is injective and hence that the last two norms agree 
for every (nuclear) operator. This is the content of condition (d) of the 
main theorem on the approximation property which shows that a countable 
sum which vanishes as an operator is already zero in the projective tensor 
product. 

“nm fact condition (d) has another interpretation. It asserts that the map 


fo ¢) fo} 
Ste @wnr So wa(tn); 
n=1 n=l 


which is certainly well defined and therefore contractive in the projective 
tensor product, is also well defined (and therefore contractive) on the ideal 
oi :2clear operators. Since this map is defined by the classical formula for 
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a trace, we will call it the trace. Hence, when 4 has the approximation 
property and T € By(4’), we define 


Tr(T) = So wn(ztn) where T=} tn @un, 
nl 


n=} 


{Zn}nen CX, {wa}nen © X* and O™, |lznlll|wWnl| < co. The definition 
makes the following trace identity and inequality clear for any T € By(4) 
and S € B(x), 

Tr(TS) = Tr(ST) 


[Tr(TS)| < [IT lw lS. 


Hence nuclear operators induce continuous linear functionals on B(.). 
More is true as we will show in the next theorem. 

When we examine the projective tensor product more closely, we will 
see that, for any Banach space, B(4’*) is naturally isometrically isomorphic 
to the dual of ¥ OX * under the map which sends an operator T onto the 
linear functional T defined by 


T(r) = S°T (wn) (Zn) where T= Wee @ wy. 


n=l 


When 1 has the approximation property and we apply this construction 
to the ideal of nuclear operators instead of the projective tensor product, 
we get the second statement of the following result. 


Theorem If X has the approrimation property, then Ba(%) equals Bx (4). 
Also, the map T — T establishes an isometric linear isomorphism between 


B(4*) and the Banach spoce dual of Bn(X). 


Proof The first statement follows from (e) of the main theorem on the 
approxiniation property, nd we have already outlined the proof of the 
second. oO 


If the Banach space 4 is a Hilbert space H, then it has the approxi- 
mation property since every separable subspace has an orthonormal basis 
which is a Schauder basis. Furthermore, the nuclear operators can be iden- 
tified with the trace class operators, and #1" can be identified with H (by 
a conjugate linear isometry). Hence the second result states that the dual 
of the ideal of trace class operators is the algebra of all bounded linear 
operators. This special case is better known and has proved more useful 
(so far) than the more general result. It will be discussed in Volume II. 


1.7.12 Integral Operators Next we identify the dual space of B4(%). 
This will turn out to give a new ideal of operators on 4 in a natural way. 
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Any operator T in B(4’) defines a linear functional on Br(¥V) = Y@X* 
L: the action S ++ Tr(ST) for any S € Br(4). There is no reason to 
s* 9pose that this linear functional is continuous with respect to the operator 
nerm on Br(a), and for many bounded operators T it is not. When the 
linear functional is continuous in the operator norm on Br(%), we say 
tat T is an integral operator and write T for the continuous extension 
to an element of Ba(a’)*. We denote the set of integral operators on Y 
by By(4) and give this space the norm ||T||; = ||T||, the norm of the 
lingar functional. This definition is due to Grothendieck. Unfortunately 
th: term “integral operator” is also used with other meanings. (Diestel and 
Ubh1 [1977], VUII.2.10 shows that Pietsch integral operators coincide with 
integral operators in Grothendieck’s terminology when 1’** is the é!-direct 
su-n of x(a’) and a complementary closed subspace. Hence, this is true 
when & is a dual space.) 

it is obvious that each nuclear operator is integral and that {!TIj; < 
\?"|~ for these operators. (The embedding of ¢! into @© is an example of 
an integral operator which is not nuclear because it is not even compact.) 
No:e that if T is an integral operator which is not nuclear, the formula 
f{.3) = Tr(ST) would not make sense for all operators S € B4(¥). The 
linear functionals on B4(4’) which arise from operators in B;(1) are all 
cox tinuous in a stronger topology than the operator norm topology, but if 
we consider operators in By;(4*) we get the following theorem. 


Theorem The set By(4) is an ideal in B(X). It is a Banach algebra in its 
ow: norm which is greater than or equal to the operator norm and satisfies 
WSR < SHIT lr Rll for all S, R € B(X) and T € B;(A4’). Moreover 
lla wl}, = llz||\|wl| for allz € XY andw € X*. Finally, the map T+ T 08 
(where 6 is the map which takes an operator to its adjoint) establishes an 
isometric linear isomorphism between B;(X*) and Ba(X)*. 


Prcof All these statements are obvious except the claim that every continu- 
ous linear functional on B4(4’) comes from an integral operator in B;(%*). 
If 7 belongs to B,4(4’)*, we can use it to define an operator T in B(4*) 
as follows. It is easy to see that for w € X* the map z +> 1(z @w) is an 
element of * which we will denote by T(w). Then the map T which takes 
w into T(w) is a well defined element of B(4’*). It is easy to see that 7 
is itst T'o 6. Diestel and Uhl [1977] VIII.2.12 show that T is an integral 
operator and this completes the proof. 0 


‘Ye know that the finite-rank operators are included in any ideal (such 
ase ideal of integral operators), and by construction they are dense in 
the deal of nuclear operators, but they are not always dense in B;(%). 
The relationship between the nuclear and integral operators is obviously 
“c. , but in general the two ideals are distinct and the two norms differ on 
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nuclear operators. Theorem VIII.3.8 of the reference cited in the last proof 
gives the easy result that 1’ has the metric approximation property if and 
only if the nuclear and integral norms are equal for all operators in By (1). 
We combine these results to get the representation we need of the dual and 
bidual of the compact operators. 


Theorem If X* has the metric approximation property and finite-rank 
operators are dense in the integral operators on X*, then By(X*) is iso- 
metrically linearly tsomorphic to the Banach space dual of Bx (¥) under 
the action 


T(S)=Tr(TS*) VT €By(X*); S€ Bx(4). 


Hence Bx (A)** is isometrically linearly isomorphic to B(XV**) under a map 
@ which satisfies O(K(K)) = K** for all K € By(#). 


Corollary If X 1s reflerive and has the approrimation property, then 
Bx(X)* is isometrically linearly isomorphic to By(X*) as in the theorem 
and Bg(X)** ts isometrically linearly tsomorphic to B(A’) under a map © 
which satisfies @(K(K)) = K** for all K € Bg(A). 


We close by quoting two related results of Grothendieck {1955] on in- 
tegral operators from Diestel and Uhl [1977]. Theorem VIII.2.11 shows 
the nontrivial fact that an operator is integral if and only if its adjoint is. 
Theorem VIII.4.6 shows that if 4’* has the approximation property, then 
it has the Radon-Nikodym property if and only if By;(4,Y) and By(¥, Y) 
and their norms are equal for all Banach spaces ). 


1.7.13. The Arens Products on B,({4)** We now wish to calculate 
the first Arens representation (cf. Section 1.4) for the double dual of the 
algebra By (4) of compact operators. This was first done in the case of 
Hilbert space. We will do it here for a wide class of Banach spaces, but. 
not for arbitrary ones, since the exact nature of the Arens products on the 
double dual of Bx (a’) or Ba(4’) is not known for perfectly general Banach 
spaces. The results are due to Palmer {1985]. 

Let us assume that the Banach space 4’* has the metric approximation 
property and that the finite-rank operators are norm dense in the integral 
operators on it, so that 4 satisfies the last theorem. We will calculate 
the first Arens representation for A = By (4) and the representation T 
which is just the given action of the operators in Bx (4’) on 4. This Arens 
representation is an algebra homomorphism of Bx (4’)** with its first Arens 
product into B(4**). It is satisfying that this homomorphism is the same 
map as the isometric linear bijection © just developed from purely Banach 
space considerations. Before stating a comprehensive theorem, we give 
the meaning of the various steps in the construction of the first Arens 
representation and Arens product using the notation introduced above. 
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An arbitrary linear functional on ( A / A* ) has the form ( $ / T ) 
for ( S € By(A*) / T € B(X**) ). Using the above notation, for r € 4", 
K € Bx(A4) and F € X*", Definition 1.4.14 gives 


TK=K*(r) pt =(r@F)Y —-15(F) = T(F). 


Hence the first Arens representation T!, of T € A** is just the natural 
action of T on 4**. Since this is essentially an independent calculation, it 
allows us to give a converse to the last theorem of the previous section. 

We conclude by stating the main result from the cited paper, which 
shows that if B4()** is even a little like B(4**), it is isometrically alge- 
braically isomorphic to it when the former carries its first Arens product. 
See the original paper for additional details, including a formula for the 
second Arens product. 


Theorem The following are equivalent for a Banach space X: 

(a) The dual X* of X has the metric approrimation property and Bp(#*) 
ts dense in B,(X*). 

(b) There is a left identity element of norm one for Ba(X)** with its 
first Arens product. 

(c) The first Arens representation of Ba(A’)** is an isometry onto B(X**). 

(d) All the following are natural isometric linear isomorphisms which are 
also algebra isomorphisms when both spaces have natural algebra structure: 


Ba(®) = Bx (X) ~ XO24" 
Ba(X)* = Bg (¥)* © By(#*) = By(X") ~ XOX" 
Ba(X)** ~ B(X**). 


Many common Banach spaces satisfy these conditions. See Linden- 
strauss and Tzafriri [1977] and Diestel and Uhl [1977] for examples. In 
contrast, B4(4’) is Arens regular only for reflexive Banach spaces. For 
reflexive Banach spaces and Hilbert spaces, we have more. 


Corollary The following are equivalent for a reflexive Banach space ¥: 
(a) ¥ has the approzimation property. 
(b) The two Arens products on By (4’)** agree and the natural injection 
« of Bx(4) into Be(4’)** can be extended to an isometric algebra iso- 
morphism of B(A’) onto Bx (A’)** which is compatible with the inclusion of 
Bx(X) in B(A’). Moreover Bx (X)* is isometrically isomorphic to By(X*). 


Corollary If H is a Hilbert space, then (b) of the last corollary holds 
‘with ¥ =H). Moreover the ideal By (H) of nuclear operators is precisely 
the ideal Br,(H) of trace class operators and is included in Bk(H). The 
isometric linear isomorphisms 


By (H)* ~ Br-(H) and Br,(H)* = B(H) 
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are both implemented by the pairing 


(T, S) = Tr(TS) VT € B(H); S € Br,(H). 


1.7.14 Double Centralizers of Ideals of Operators In the last 
example, we calculated the Arens product on the double dual of Bx (4) for 
special Banach spaces and identified it with B(4) in the reflexive case. In 
this example, we will show that B(.1’) can also be identified with the double 
centralizer algebra of By (4’) for any Banach space 4’. Actually our results 
hold for a general class of ideals in B(1’) 

Let 1 be a Banach space, and let A be a non-zero ideal in B(4’) which 
is complete in its own norm |||- ||| (which need not be the restriction of the 
operator norm on B(4)). Proposition 1.1.18 shows that A must include 
Bp(X). The ideals B(®), Bx (X), Boo(%), Bwx(*), Bss(¥), By(%) and 
B;(4#) (amnong others) satisfy all the requirements which we will subse- 
quently make for A. Proposition 1.2.6 gives a homomorphism @ of B(1’) 
into D(A) defined by 6(T) = (Lr|A, Rr|A) for al T € B(X). The inclu- 
sion Bp(4#) C A shows that 6 is injective. Theorem 1.2.4 shows that the 
operators Ly|A and Rr|A are continuous. We will now investigate when 
@ is surjective. This will « ccur if and only if every left centralizer has the 
form Ly|A. 

From now on, we will assume that the norm ||| - ||| on A is a reasonable 
norm when restricted to F «(¥) C A (t.e., it lies between the injective and 
projective tensor norms cf. Section 1.10) and satisfies 


max{||[TS{{], NSTI} < IIIS - ITH = VS eA; T € BCX). 


To simplify notation, we will replace Lp|A and Rr|.A by T# and T°. Thus 
(*) is a contractive injective homomorphism of B(%) into the subalgebra 
L C B(A) of continuous left centralizers on A, and (°) is a contractive 
injective anti-homomorphism of B(%) into the subalgebra R C BA) of 
continuous right centralizers on A. 

We claim that (*) is an isometric isomorphism of B(4’) onto £. To 
prove this, let L € £, z,y € ¥ and w,r € 2X” satisfying w(y) = 1 be 
arbitrary, and define z € VY by z = L(t @w)y. Then we get L(x @r) = 
w(y)L{z @7r) = L((z @w)(y@r7)) = Liz @w)y @7 =z @r. Clearly z 
depends linearly and continuously on z and is independent of r. Hence the 
map r +> z belongs to B(.’); if we denote it by T then the restriction of 
L to Br(A) satisfies L|Br(¥) = Ly|Br(¥). Since ||| - ||| is a reasonable 
norm, we get ||T|| < ||Z|/. Hence for any S € A, x € ¥ and7z € A we have 


L(S)z @t = L(Sz@r) = L((Sx) @7) = (TSz) @7r =T*(S)z @r. 


This implies L = T*. Therefore * is an isometric isomorphism as claimed. 
{Note the curious fact that the restriction of L to By(A4’) determines L 
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even though Br(4’) need not be dense in A (e.g., A = B(¥X)).) For any 
(L,R) € D(A), L = T* implies R = T° so that T + (T#,7*) is an 
isometric isomorphism of B(4’) onto D(A). 

When we apply similar calculations to the homomorphism (°), the an- 
sv ers are surprisingly different. Before doing so, we note that the Banach 
¢: ce adjoint (*) is an anti-homomorphism of B(7) into B(4’*) which is sur- 
js sive if and only if 4 is reflexive (Dunford and Schwartz [1958], VI.9.13). 

Let Re R be arbitrary. Choose w € X* and y € & satisfying w(y) = 1. 
Then, for any t € 4%, define o € X* by o = (R(y @r))*(w). For any 
xz 2 X, the calculation R(z @r) = w(y)R(z @ Tr) = R((z @w)(y @1r)) = 
r©wR(y®t) = £@o shows that o is independent of the choice of w and y. 
Clearly it depends linearly and continuously on r. Hence the map rt + o 
be’ongs to B(%’*). If we call this map R, then we have R(z @r) = r@R(r) 
for all z € Y and r € 4’* from which we conclude ||RI| < ||R|| since ||| - ||| 
is . reasonable norm. Hence for any S € A, z € ¥ and r € A* we have 


z®(R(S))*r =2 @rR(S) = R(z @rS) = R(x ® S*r) = 2 @ RS*r. 


Therefore R(S)* equals RS* for any S € A. If & is reflexive, R may be 
written as T* for some T € B(4) so we have R= T°. Thus the map T + T° 
is an isometric anti-isomorphism of B(¥) onto R when 4 is reflexive. 

We conclude by briefly considering the case in which ¥ is not reflexive 
and A is either Bx (4) or Bwx (4). Then well known results which can 
be found in Dunford and Schwartz [1958] VI.4.2, VI.4.8, and VI.5.2 show 
thet, for any T € B(4**) and any S € A, the restriction S**T|x belongs 
to AC B(X). This, together with the results obtained above, shows that 
the map T ++ Ry. defined by 


Rr-(S) = S"*T*|x VTE BAX"); SEA 


is ¢ isometric isomorphism of B(4*) onto R. The above example is due to 
JG: nson [1964a], but the methods used here (and the generality obtained) 
ar ear to be novel. 


1.7.15 Norms and Isomorphisms of B(.’) In one of the earliest papers 
on Banach algebra theory, Meier Eidelheit [1940a] proved several remark- 
able theorems about the algebra B(4’) of all bounded linear maps of a 
Ranach space ¥ into itself. He showed that an algebraic isomorphism be- 
tween B(4’) and B()) must come from a homeomorphic linear isomorphism 
between V and Y. He also showed that every automorphism of B(4’) is an 
*-=-r automorphism and that any Banach algebra norm on B(4) must be 
eqtivalent to the operator norm. (We will enormously generalize this last 
res::lt in Chapter 6.) Here we will prove slightly stronger statements using 
his simple but powerful ideas. We also give a related result based on an 
argument of Bertram Yood [1958]. 
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Theorem Let { 1 / )Y ) be a Banach space and let ( A/ B) bea 
norm closed subalgebra of ( B(Y)/ B(Y) ) including ( Br(¥) /Br(y) ). if 
®:.4 — B ts an algebra isomorphism, then there 1s a homeomorphic linear 
tsomorphism P: X — ¥ satisfying 


@(S)=PSP"! VSEA. 


Proof Choose a non-zero element z € 4 and a linear functional 7 € 4* 
satisfying r(z) = 1. Then z @7r is an idempotent operator of rank one. 
Hence #(z @ 7) is also idempotent. Several easy arguments show that 
(z @1) also has rank one. For instance, note that (z @r)A(z @ 1) is the 
one-dimensional space Cz ®r. Hence ®(z @r)BO(z @r) must also be one- 
dimensional]. Since the image includes ®(z  7)Br(Y)6(z @ 7), this proves 
that @(z@7) is arank 1 idempotent. Hence we may write (z@r) = w@a 
for some w € Y and o € )* satisfying o(w) = 1. 

We can now define the operator P. For any z € V, ®(r @r) = (rz @ 
T)O(z @r) = O(z @r)(w @a) = y @o for some y € Y which depends 
linearly on z. Define P to be the operator which sends x to y. We can 
write P as 


P(z) = y @o(w) = O(z @r)(w) Vr2EX 
and its inverse as 
P-'(y) = 2@1r(z) = © '(y @e)(z) Vyey. 


For any S € A and z € 4, we have $(S)P(z) @o = O(S(z @r)) = 
P(Sz) ®@ 0, proving the formula. 

Thus it only remains to show that ® and its inverse are continuous. This 
follows from the next lemma, since any isomorphism obviously preserves the 
criterion for boundedness. Bo 


Eidelheit’s Lemma _ Let A be a closed subalgebra of B(A’) which includes 
Br(X). Then a subset S is bounded if and only if for every T € Br(*) 
there exists ane > 0 such that ] — ATS is invertible for alld € eC, and all 
SES. 


Proof The identity operator is the only operator which could serve as an 
identity element in A. If it is not in A, put it in. Suppose S is bounded by 
M. Choose ¢ = (M{\T||+1)7'. Then || < € implies ||AT'S|| < 1. Hence 
the series (7° _,(AT'S)" converges in norm, so the calculation 


(I — ATS) Sersy = years)" - Sy ars) =I 
n=0 n=0 n=0 


is justified. It shows that J ~ ATS has a right inverse. Similarly, it has a 
left inverse and hence is invertible. 
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Conversely, suppose that S is not bounded. By a corollary of the 
uniform boundedness principle and the Hahn-Banach theorem (Dunford 
and Schwartz {1958], II.3.21), there exist z € 4 and w € 4 such that 
{w(Sx) : S € S} is not bounded. Let T be the operator z ®w. Then for 
any € > 0, there is an S' € S satisfying |w(Sz)| > e~!. Hence we see that 
the condition fails by taking 4 = (w(Sz))~! and noting (I — ATS)z = 0.0 


Ccrollary 1 If ¥ and ) are Banach spaces, any algebraic tsomorphism 
from B(4’) to B(Y) (or even between closed subalgebras which include Br(¥) 
and Br(¥), respectively) is continuous. 


Corollary 2 Every algebra automorphism of B(4#) ts an inner automor- 
phism. 


Corollary 3 Let A be a norm closed subalgebra of B(X’) which includes 
Br(X). Then any two complete algebra norms on A are equivalent. 


Proof This follows from the lemma. Suppose a sequence {Tp} nen converges 
to zero in another complete algebra norm. Then we can find a sequence 
{tn}nen Of positive numbers converging to oo so that {tpTn}nen still con- 
verges to zero and hence is bounded. The first half of the proof of the 
lemzna depends only on the fact that we have a Banach algebra, so this 
sequence satisfies Eidelheit’s boundedness criterion. Hence the sequence 
{¢n“n}nen is bounded in the operator norm and thus {Tn}nen converges 
te zero in the operator norm. By the inverse boundedness theorem, the 
‘ceniity map between the algebra in these two complete norms must be 
a “omeomorphism since we have just shown that it is continuous in one 
direction. Oo 

‘The following related result is based on the proof of Theorem 2.3 in 


Yood [1958]. Theorem 2.6 in the same paper will be derived from this 
result as Theorem 2.5.17 in Chapter 2. 


Theorem Let ¥ be a Banach space and let A be a non-zero ideal of B(X) 
or any subalgebra of B(X) which includes Bp(4’). Any (not necessarily 
complete) algebra norm on A dominates the operator norm. 


Prof If A is an ideal, it includes Bp(4’) by Proposition 1.1.18. The proof 
is by contradiction. Let the algebra norm on A be ||| - |||. Suppose it does 
not dominate the operator norm. Then we may find a sequence {Tr}nen 
satisfying |||T;,||| = 1 for all n € N and ||T,|| — 00. Now let 2 € ¥ and 
w € X* be arbitrary. Then |w(T,(z))|[||z @ w||| = {llz @wTrz @u||| < 
|||2 ® w]||?. Hence, in particular, {|w(T;(z))| : n € N} is bounded for each 
2 ¢ X and w € X*. The uniform boundedness principle thus implies that 
SiZn il : 2 € N} is bounded, contradicting our assumption. QO 
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1.7.16 Generalized Calkin Algebras and Fredholm Operators In 


the carliest American paper on Banach algebras with an abstract “modern” 
viewpoint, Calkin [1941] introduced an algebra which has come to be known 
as the Calkin algebra. It is the quotient algebra B(H)/Bx(H), where # is 
a separable Hilbert space. This algebra is simple (7.e., it has no nontrivial 
ideals) and unital. In Volume II we will further discuss this algebra and 
Calkin’s representation of it. 

Here,we generalize to the case in which 7 is a Banach space by defining 
Q(41) = B(X)/Be (2X) to be its generalized Calkin algebra. We have seen 
Banach spaces in which By (4) lies strictly between By (4) and B(¥) 
so that the generalized Calkin algebra is not always simple. Furthermore, 
in some of these spaces (e.g., those with the Dunford-Pettis property, in- 
cluding most classical nonreflexive spaces) the square of the ideal of weakly 
compact operators is the ideal of compact operators. In that case, the gen- 
eralized Calkin algebra has a closed non-zero ideal with square zero. This is 
a type of bad behavior studied in more detail in Chapter 4 below. See also 
Selwyn R. Caradus, William E. Pfaffenberger and Bertram Yood [1974], 
John J. Buoni and Albert J. Klein [1979] and Michael J. Meyer [1992c]. 

An operator in B(4) is called Fredholm if its image in Q(4) is invert- 
ible, Riesz if its image in Q(4’) is topologically nilpotent, and inessen- 
tial if its image in Q(4’) belongs to the Jacobson radical Q(4%), of Q(¥). 
The terms “topologically nilpotent” and “Jacobson-radical” are defined in 
the next chapter. The literature on Fredholm operators is enormous (cf. 
Caradus, Pfaffenberger and Yood {1974], Kato [1966], Martin Schechter 
[1971] and Section 8.5 below). Riesz operators are discussed briefly in Sec- 
tion 2.8 below, where the name is explained, and in great detail in Bruce A. 
Barnes, Gerard J. Murphy, M. R. F. Smyth, and Trevor T. West [1982]. For 
the other notions introduced above, see Anthony F. Ruston [1954], David 
C.Kleinecke [1963], West [1966], and Pfaffenberger [1970]. 


1.7.17 Hilbert Spaces and C*-algebras Although intensive study of 
these topics is postponed until Volume II, a brief overview will be useful 
here. All details can be found in Volume II. 

Let H be a linear space. An inner product on is a map 


(,):HxHAC 
which is linear in the first factor, conjugate linear in the second and satisfies 
(z,z)>0 VreEH\ {O}. 
An inner product defines a norm on 7: 


|| = (2, 2)!/? VreH. 


A Albert space is a linear space with a fixed inner product such that the 
corresponding norm is complete. The most important property of Hilbert 
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spaces is that for any continuous linear functional w on a Hilbert space H. 
there is a unique clement y € # satisfying 


w(x) = (z,y) VreEH. 


Furthermore, y also satisfies ||y|| = |||}. 

Hilbert spaces are reflexive and even super-reflexive. They have or- 
thonormal bases which are always both shrinking and boundedly complete 
bases in the terminology of §1.7.9 above. Hence Hilbert spaces have the 
sounded approximation property with bound 1. Moreover if # is a Hilbert 
syace, the ideal of compact operators is the only nontrivial closed ideal in 
&(H) and includes all proper ideals. There is an interesting continuum of 
iceals CP for all 0 < p < 00 in B(H) deeply connected with the é? spaces. 
Each ideal is a Banach algebra in its own norm ||-||,. and is the completion 
of the ideal of finite-rank operators in this norm. Here C™ is just Bx (H) 
and CP is continuously embedded in C% if p < g. Furthermore C" is the 
iceal of nuclear operators which is also the ideal of trace class operators 
(with a different, but equivalent, definition), and C? is the ideal Bys(H) of 
Hilbert-Schmidt operators. This last set is itself a Hilbert space in its own 
inner product and norm. It can be defined either abstractly or in terms of 
very concrete integral operators. 

The inner product on 1 gives rise to the Hilbert space adjoint in B(H): 
for any T € B(H), there is a unique operator T* in B(H) satisfying 


(T*zx,y) = (2, Ty) Va,yEHu. 


The map T + T* from B(H) to B(H) satisfies the next definition. 
Definition An involution on an algebra A is a map (* ): A > A satisfying 


(a+b)* = a*+b* (additive) 


(Aa)* = A*a* (conjugate homogeneous) (14) 
(ab)* = b*a* (anti-multiplicative) 
(a*)* = a (involutive) 


for all a,b € A and 4 € C. An algebra with a fixed involution is called 
a -algebra, and a Banach algebra with an involution is called a Banach 
*-clgebra. The following condition is called the C*-condition: 


\la*al| = lal]? =VaeA (C*condition). (15) 


A 3anach algebra in which the norm and involution are related by the 
C*-condition is called a C*-algebra. 


The simple definition of a C*-algebra does not suggest the profound 
efiect the C*-condition has on the structure of an algebra. In Chapter 3 


ECC 
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we will show that commutative unital C*-algebras can be characterized as 
those algebras isometrically isomorphic to the algebra C({)) of all contin- 
uous complex-valued functions on some compact Hausdorff space 2 (cf. 
§§1.5.1, 3.2.12 and 3.4.17). The remarks preceding the above definition 
show that B(H) is a C*-algebra when H is a Hilbert space. Hence any sub- 
algebra of B(H) which is closed under the involution and also norm-closed 
is a C*-algebra. The fundamental Gelfand-Naimark theorem (Corollary 
9.5.5 in Volume II) asserts the converse: any C*-algebra is isometrically 
isomorphic to a norm-closed and involution-closed subalgebra of B(7) for 
some Hilbert space H. All the ideals of B(#1) mentioned above are closed 
under the involution, but only the ideal of compact operators is closed in 
the operator norm. 

A number of formulas are known to calculate the norm of a C*-algebra 
from its *-algebra structure. Hence, in particular, every homomorphism 
y between C*-algebras which respects the *-algebra structure (i.e., satis- 
fies y(a*) = (y(a))* for all a) is continuous (even contractive), and every 
isomorphism which respects the involution is an isometry. 

These results show that, in the category of *-algebras, the norm of a 
C*-algebra is a consequence of the other structure. Similarly in the geomet- 
ric category of Banach algebras (where morphisms are contractive algebra 
homomorphisms and isomorphisms are isometric), the involution in a C*- 
algebra is a consequence of the shape of the unit ball. See Section 2.6 
and especially Proposition 2.6.8 for this viewpoint. Even in the topological 
category of Banach algebras (where morphisms are continuous algebra ho- 
momorphisms and hence the norm is only determined up to equivalence), 
the involution can be derived from consideration of bounded subgroups. 
All this will be discussed further in Volume II. 

Propositions 2.3.17 and 2.3.18 show that every C*-algebra is semisimple 
(cf. Definition 2.3.2 and Section 4.3). Even the Banach space structure of 
a C*-algebra is strongly restricted by the definition. Any Banach algebra 
with the underlying Banach space of a C*-algebra is Arens regular. Also if 
a ©*-algebra is linearly isometric to the dual of some Banach space, that 
Banach space is uniquely defined in a strong sense. 

In Chapter 6 we need to know that the double centralizer of any C*- 
algebra is again a C*-algebra and that the regular homomorphism is an 
isometric isomorphism which preserves the involution. We will give the 
easy proof here. Let A be a C*-algebra. Recall that the norm of a bounded 
double centralizer is given by 


I(L, R)l| = max(i[L|, Rll) V (£,R) € D(A). 


The C*-condition shows directly that the hypotheses of Theorem 1.2.4 are 
satisfied (so every double centralizer is bounded) and that the regular ho- 
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momorphism is an isometric isomorphism 
llal|? = |laa*|| = ||La(a*)|] < Lallllal| < lal? VaeA 


and similarly for the right regular representation R. The involution on 
D(A) is given by 


(ZL, R)* = (R", L*) V (£,R) € D(A) 
where R* and L* are defined by 
T*(a)=(T(a"))”  V Te L(A ace. 


ES ig easy to check that this does define an involution. Theorem 1.2.4 shows 
that D(A) is a Banach algebra under its norm. In the present case each 
(z, R) € D(A) satisfies 


[Z| = sup{||Z(a)|] : @ € Ai} = sup{||L(a)d|] : a, bE Ai} 
= sup{||aR(d)|] : a, b € Ay} = sup{||R(d)|| : b € Ay} 
; = RIL, 
? (LZ, R)"|| = |}(R*,£*)|] = ||R*ll = sup{||R*(a)ll : @ € Ai} 
= sup{||(R(a*))*|| :@ € A,} = ||RIl 
= |\(L,R)|| and 
Mo, R)(L,R)|| = IRL] = supf{||R*L(a)bl| : a, b € Ar} 


= sup{||L(a)L*(b)|| 4, b € Ai} 
> sup{|[L(a)L(a)" ||: € Ay} = sup{||L(a)|/? : a € Ay} 
= LI? = (LZ, RY? > WW(Z, RZ, RIL 

Hence D(A) is a C*-algebra. 


1.8 Group Algebras on T 


‘This section provides elementary concrete realizations of many phenom- 
ena that we will discuss more abstractly and in much more generality later. 
See particularly Sections 1.9 and 3.6. Here we will look in detail at the 
various spaces of functions on the circle group which are algebras under 
convolution multiplication or are in some other way related to harmonic 
analysis in this setting. 
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1.8.1 Basic Facts and the Haar Integral The symbol T will always 
represent the set of complex numbers of absolute value one, considered 
as a group under multiplication. (T stands for torus since this group is 
sometimes called the one-dimensional torus.) This group will always carry 
the relative topology it inherits as a subset of the complex plane. Locally 
this is also the topology of the line as we will explain in greater detail below. 
The group operations (t.e. the multiplication map (A, 4) + Ay from T x T 
to T and the inversion map A+ 7! from T to T) are obviously continuous 
so that T is an abelian, compact, connected topological group. 
The map h:R — T defined by 


h(t) = e* 


is a group homomorphism of the additive group of R onto T which is also a 
local homeomorphism. Thus h identifies T with the quotient of R modulo 
the subgroup 27Z. From another viewpoint this makes it clear that T is 
an abelian, real, compact, connected, Lie group which has h:R — T as its 
simply connected covering group with fiber 7,(T) ~ Z. 

When f:T — C is any function, it will be convenient to denote f oh 
by adding a tilde: f. This identifies complex-valued functions on T with 
2x-periodic functions on R. Another useful viewpoint is to consider the 
restriction of f to the closed interval [—7, 7]. This identifies complex-valued 
functions on T with functions on (—7,7] which have the same value at —7 
and 7. 

We use the map h to define integration and differentiation of complex- 
valued functions on T. For any suitable function f:T — C, we define 


[ f(A)dd = = | foh(t)dt = a | f(t)dt = x | f(et*)adt. 


(N. B. The integral defined here is not a contour integral although on other 
occasions we will use the notation f. f(A)dA to denote a contour integral 
on a contour [ in C.) If f is Riemann integrable, this integral may be 
interpreted as a Riemann integral, but usually we consider it as a Lebesgue 
integral. It has the following remarkable properties 


[ surar= [pore VET, (1) 
T T 


[rena= [ p00. (2) 


Translation invariance, as given in equation (1), is the characteristic prop- 
erty of a Haar integral to be defined in Section 1.9 below. Equation (2) is 
a property of unimodular Haar integrals. 
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Whenever f:T — C is a function such that f has at least an almost 
everywhere defined derivative, we will define f’ to be the function satisfy- 
ing (f’) = f’. We will transport other properties of functions on [—7, 7] 
to functions on T in a similar fashion. Frequently we prefer to work with 
. instead of f because of the more elementary appearance of the computa- 
tions. 


1.8.2 Some Banach Function Spaces We wish to define a number 
o: Banach algebras of complex-valued functions on T. Let us begin by 
discussing the Banach spaces involved. Their linear operations are always 
sointwise. Readers not already familiar with these Banach spaces can work 
cit their properties as exercises after consulting Dunford and Schwartz 
i. 958), Edwin Hewitt and Kenneth A. Ross [1963], [1970], or Walter Rudin 
(: 962]. We will make some clarifying remarks after listing the Banach spaces 
02 complex-valued functions on T and their norms. 


E.anach Space Norm 
L* = {absolutely integrable functions} || f||, = f|f(A)|dA 


Le = {square integrable functions} _|| f||, = (J | f(A) )2aay'/? 
= {essentially bounded functions} || f||,, = ess sup{|f(A)| : 4 € T} 


= {continuous functions} Iflloo = sup{lf(A)| : A € T} 
av = {continuous functions of Ifllesv = = IIFlloo + ||fll) where 
bounded variation} Iflly = sup{ 2 If(ts) - F(ts—a)I} 
AC = {absolutely continuous lf llac = Ili. +1F ls 
functions} 
C! = {continuously differentiable Wfllor = Wflloo + IF’ Ilco 
functions} 


The supremum in the definition of ||f||) is extended over all n € N and all 
sets {to,t),...,tn} satisfying tg = —17 <t, <...<t, = m. If {fa}nen is a 
Cauchy sequence in C'BV, then its limit f in C actually belongs to CBV 
ard is its limit in CBV, so that CBV is complete. (To see this let k = 
sup{|lfnlly : m € N} and, for any € > 0, choose p so that ||fp — fmlly < € 
for all m > p. Then show that each set {to,t1,...,tn} satisfies both 


3 \f (tj) — f(tj-1)| < k and v3 FY(ts) — fp - f)(ts-1) | $e.) 


j=l j=l 


A function f: T — C is defined to be absolutely continuous if f is abso- 
lutely continuous on [—7, 7]. Hence, f belongs to AC if f is differentiable 
almost everywhere and its derivative belongs to L! and satisfies 


t 
f(t) =fi-n)+ [ Fryar VteR. 
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This observation will be used several times. In particular, it gives the 
completeness of AC. (If {fn} ,¢n is a Cauchy sequence in AC, then there is 
ag € L' such that {f/},,<nj converges to g in L'. Hence if we define f(—7) 
by lim fa(—m) and define f € AC by f(t) = f(—m) + f', g(r)dr, then 
{fa}nen converges to f in AC.) Alternatively, it is not particularly hard 
to see (e.g., Hewitt and Karl R. Stromberg [1965], 18.1) that the norms 
ll-llepy and |l-Il4c are actually equal on AC’ and that AC is a closed 
subspace of CBV, so that it is complete. The proof of the completeness of 
C’ is similar to the (first) proof of the completeness of AC. 
The inclusions 


C1CACCCBVCCCL“ CLC L} (3) 


are obvious from the definitions. (Of course the inclusion C C L™ needs 
some interpretation, since the elements of L® are equivalence classes of 
almost everywhere equal functions. If one of these equivalence classes con- 
tains a continuous function f, it contains only one and the two interpre- 
tations of || f||,, agree. This gives meaning to the inclusion C C L™ and 
shows that C is closed in L™®.) The fact that T has measure one, and other 
elementary considerations, give the inequalities 


fll < fle S Wflloo ¥ Wlleay = Wfllac $< WIflles- (4) 


Therefore each inclusion in (3) expresses a continuous embedding of the 
smaller Banach space into the larger. The embeddings C + L™ and AC — 
CBYV are actually isometries. 


1.8.3 Trigonometric Polynomials We will next discuss the linear space 
of trigonometric polynomials. It is dense in all of the above Banach spaces 
except L© and CBV. For each n € Z, define hy: T — C by hy(A) = A” 
so that h,(t) is just e'"'. The set T of trigonometric polynomials is the 
set of finite linear combinations of functions in H = {h, : n € Z}. If 
p = Vp-_, ars is a trigonometric polynomial, then we call the smallest. 
possible n in this expression the degree of p. 

Clearly 7 is an algebra under pointwise multiplication, which is closed 
under complex conjugation, separates the points of the compact space T 
and contains the constant functions. Since these are the hypotheses of the 
complex form of the Stone-Weierstrass theorem (cf. 6.1), we conclude that 
T is dense in C (1.e., dense in the uniform norm || - ||,,). From the regularity 
of the measure on T, one can conclude that C is dense in both L} and in L? 
in their respective norms. This fact and the inequalities || - |], < |{- ||,, and 
ll - flo < Il- 1. show that T is dense in L' and L? (e.g., for any « > 0 and 
f € L*, find g € C and he T satisfying ||f — gl, < § and |lg — All, < §, 
and thus conclude 


é€ 
If — Alla < IF — alle + lo — Alla < 5 + Il — Allo < €-) 
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learly T is not dense in L© since it is included in C which is closed in L™. 
Similarly 7 is not dense in CBV since it is included in the closed subspace 
4.5. The density of the trigonometric polynomials in AC can be established 
as fellows. For any f € AC and any € > 0, choose g € T satisfying 
lg = fll, < §. Next define h € T by A(t) = f(—7) + + J! g(r)dr. Then 
we ave 


t 
" 


If Mac =supla- f (P(r) —9(r) del + lg ~ St, 


< =i lF(r) ~ g(r)ldr + 5 <e. 


An entirely similar argument proves that the trigonometric polynomials are 
dense in C’. 


1.8.4 Banach Algebra Structure So far we have discussed these 
seven spaces as Banach spaces. It is easy to check that the five Banach 
spaces L©, C, CBV, AC and C! are all Banach algebras under pointwise 
multiplication. This is not the Banach algebra structure in which we are 
primarily interested here. We wish to consider all seven Banach spaces as 
Banach algebras under convolution multiplication, which we are about to 
define. To distinguish these two Banach algebra structures, we will use the 
symbols L!, L?, L®(*), C(*), CBV(«), AC(*) and C}(«) for the Banach 
alge>-as with convolution multiplication and use L©, C, CBV, AC and C? 
to denote either the Banach spaces or the Banach algebras with pointwise 
multiplication. 


1.8.5 Convolution Products For any two functions f, g € L1 we denote 
theiz convolution product by f * g and define it by 


frou) = ff o0twar Vvuet 
T 
Frais) = 5. f fWao-oe veer (5) 


(81.9.1 below gives an elementary explanation of the origin of these formu- 
ias.) Application of equations (1) and (2) allows us to rewrite this as 


fron) = [ f(wd)g(A7)dd = | f(wr7)g(A)ad 
T T 
= I fA)gAu)dA VET (6) 
which implies 
fegearf. (7) 
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An application of Fubini’s theorem and equation (1) shows 


seo, = (2) fi J Hous ~ pana (8) 


~~ -* 


(2) | i |F(t)a(s — t)|dsdt = If], lal: 


~" —-f 


IA 


So the norm on L! is submultiplicative. (Hereafter we omit the proof 
that various functions are measurable and other measure theoretic sub- 
tleties. Many of these results are checked explicitly in Hewitt and Ross 
[1963] or Hewitt and Stromberg [1965].) We could now check the other 
properties necessary to show that L! is an algebra by arguments similar to 
those already given. (Only associativity is nontrivial.) Actually we prefer 
to postpone this until we have introduced the Fourier transform at which 
point these results become obvious. Anticipating this discussion, we will 
regard L} as a commutative Banach algebra and prove that the other con- 
volution algebras are subalgebras or ideals in L!. We will also derive the 
submultiplicative property for each norm. 


1.8.6 L? is an Ideal in L! For f € L! and g € L?, the Cauchy—Schwarz 
inequality gives 


x 2 = 2 
(i / LF(O1 Lats - va) = (i / IF(ey'/7(1F(8)1 lal -7 at) 


<x fifties [FO ao~orae= ist 5: [ \Fo1 ae-9Pae 


This result together with Fubini’s theorem gives 


If * alla” = i [ts eonerPars (55 5) [ {frroae-na) ds 


2 x x 
<ith (x) ff Wiel tas 9Pasae= Wyo? 


Hence we have established 


If*glla<lfliligl, VFeLts gel’, (9) 
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so that L? is an ideal in L}. Inequalities (4) and (9) show that the norm 
on L? js an algebra norm. 


1.8." L©(*) is an ideal in L) It is even easier to show that L™(s) is 
also xn ideal of L?. For any f € L}, g € L® and s € [—7,7], we have 


Fras < 5 flats plats 5 f 170) ltlodt = Isl lle 


This establishes 


If * allo Sifliigi VAEL g EL. (10) 
so th +t L°(*) is an ideal in ZL) and in L?. This inequality and (4) show 
If *glloo <Mfllollgil, VhgEeLb™. 
So L‘°(«) is a Banach algebra. 


1.8.8 The Convolution Product of Functions from L'! and L© 
is Continuous To establish this and several] related results we need a 
lemma. For any f:T — C and any s € R we will define f,:T — C by 


fad) =fOre*) VAET or f,(t)=f(t+s) VteR. (11) 


In all of the Banach spaces under consideration, note that the norm satisfies 
fll = {|fel| for all f in the space and all s € R. 


Lemma _ Let X be one of the Banach spaces L!, L?,C, AC, or C1. Then 
for each f € X, the mapt rH f, from R to & is continuous. 


Proof For any 3,r € R, any f € ¥ and any e > 0, we choose ap € T 
satisfying || f — p|| < §, where || - || is the norm in Y. Then we have 


Ife ~ Fell Sf — Pall + lips — Pell + lpr — fell 
2 
IF — Pall + pe — poll + NF — Pell < + lipo — Pel 


Hence it is enough to show that any given p € 7 and r € R satisfy 
lim,_; ||ps —p,-|| = 0 in the norm of each of the Banach spaces under discus- 
sion. After choosing an n such that p can be written as p = )-,__,, @,h for 
suital le coefficients a,, one can easily establish these continuity properties. 
a 


Tu:is lemma easily establishes the inclusion 


LD 4 L4G. (12) 
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This implies that L°(+*) and C(*) are both ideals in LZ! and hence in L?. 
For f € L1, g € L™ andr, s € R we have 


—— 


(Ff * 9) (8) — (f * 9) (r)| 


xf (fs + t)9(-t) — f(r + ba(-t)) dt| 


<5 fh fool lo(-tlae 


< fs — fella loll. 


Since the first factor on the right can be made arbitrarily small, f * g is 
continuous. Note that equation (12) also implies that the ideal (L°(«))? in 
L(x) is included in C’. This ideal clearly contains T (each h, is idempotent 
under convolution multiplication so T? = 7) and hence we have 


((L™(#))?)— =C # L™(+). 
1.8.9 CBV(+) is an Ideal in L™(+*) This follows from the inequality 


If *gllcay <llfllollgiicay VFEL; gE CBV (13) 


which we now prove. Given f and g as above, we have ||f*gi|,, < 
Ifllcollgll, < lNfllocllgll.. by previous results. For any partition to = —m < 
t) <-:-<t, =7 we have: 


So M(F * 9)(ts) 


(Ff * 9)(ts-1)I 


j3=1 
n 1 pd cd . ‘ 
< Da | Ol lates - 0) - atta ae 
j=1 mt 
Le gay . 
< Wllox 215-14) — 9-1(t)-1)]dt 
1 n 
< Wes | lglvat = lIflleollgllv- 


Hence (13) follows from 


If *glleay =IIf * glo +lIF * ally < NF llo(Ngllo+lIgllv) = Wf llecllglleav: 


Combining again with (4) shows that the norm on CBV is submultiplica- 
tive. 
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3.€.29 AC(+) is an Ideal in L! To complete the discussion of the relation 
of these convolution algebras we will show 


(fg =feg Vel; geAC (14) 
whica implies f * g € AC and 
If *gllac < WFlhlgllac VfeEL'; g€ AC. (15) 


Thus AC(*) is an ideal in L} and hence in the other convolution algebras 
which contain it. Furthermore (14) and (10) show that C1(«) is an ideal 
in D*. As in the earlier cases, we conclude that the norms on AC(+*) and 
C}(«) are submultiplicative. 
™o prove (14), assume f € L1 and g € AC. Then the equation g(s) = 
(-r) +f", 9'(r)dr for all s € R implies 


Fea(s)— Fea (-m) = 5 | Fl\(a(s — t) - 5(—n ~ bat 


= pe | f(t) fs gl(r)dr dt = 5 | | f (t)g'(u — t)dudt 


‘ ~—T—t —a 


aT F(t)a'(u— that du = J (f + (g/)J(u)du. 


Diffezentiating this equation gives (14). The equation also shows directly 
the: f +g is an indefinite integral and therefore belongs to AC. 


2.8.41 L? as a Hilbert space In order to introduce the Fourier transform 
‘~ © natural way, we will discuss the Hilbert space L? in more detail. Its 
inner product is 


* 


(f.9)= f feanya= = f Fwstyrat 
T —* 


The functions h,,, introduced above, satisfy 


2x 


1 i(n— 0, n#xm 
= i(n—m)t 74 _ ’ 
(An, hm) x fe dt { 1, 
0 


n=m. 


Eerce H = {hy : n € Z} is an orthonormal set in L? since this is just 
the defining property of such a set. Recall that an orthonormal set H in a 
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Hilbert space 2H is called an orthonormal basis if it satisfies one (and hence 
all) of the following equivalent conditions: 

(a) H is a maximal orthonormal set. 

(b) If z € 1 satisfies (z,h) = 0 for all h € H, then z = 0. 

(c) # is the closed linear span of H. 

(d) For all z € H, the unordered series 


z= 5° (z,h)h 


heH 


converges to x in the norm of H. 
(e) For all z, y € #, the unordered series 


(e,y) = (x A)(Ayy) 
heH 


converges to (Zz, y). 
(f) For all z € H, the unordered series 


Iii? = 5° \(e,h)P 
heH 


converges to iIz{l?. 

The series in (d) is called the Fourier expansion of x, and each of the 
last two equations is sometimes called Parseval’s identity. (The easy proof 
of the equivalence of these properties can be found in any book discussing 
Hilbert spaces.) Since the set JT = span(H) of trigonometric polynomials 
is dense in L?, the orthonormal set H = {h, : n € Z} is an orthonormal 
basis. 


1.8.12 Fourier—Plancherel Transforms For each f € L?, let us define 
a function f:Z— C by 


fin) = (fbn) = ff forha(ay'aa= 5 f Fea. (08) 


Condition (d) for an orthonormal basis shows 


f= > f(r, Vfer (17) 


neZ 


where convergence is in the norm of L?. Condition (f) shows 


flo’ = Sof)? VF EL’. (18) 


neZ 
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Henze the map f ++ f is an isometric linear map of L? into the Hilbert 
space @? = ¢?(Z) = {square summable, doubly-infinite sequences}. Since 
Ynez Ann converges to an element f in L? for any a € @”, we see that the 
map fr f is surjective and hence is a unitary isomorphism of L? onto @?. 
We ‘vill call this map the Fourier-Plancherel transform. 


1.8.13 Ideal Structure of the Banach Algebra L? Next we wish 
io + amine the algebraic structure of L? and of the Fourier-Plancherel 
transform. A trivial calculation gives 


0, n#m 
hy thy = Vn, me Z. (19) 
ha, n=m 


Hence the orthonormal! basis H consists of orthogonal idempotents so that 


LD? = ®Cha (20) 
néZ 


is bozh an orthogonal direct sum decomposition of the Hilbert space L? and 
a Banach algebra internal direct sum decomposition of the algebra. The 
formula 4 

fehn=f(n)hn WEL, neZ (21) 
provides an easy proof that 7 is an ideal in L? (and in all our other con- 


volution algebras when the function f + f has been extended to L') and 
that the closed ideals of L? are exactly the subspaces of the form 


St={feLl?:(f,hn)=0 VWne S} 


where $ is an arbitrary subset of Z, (The ideal 7 is the socle of all of these 
algebras in terminology that will be introduced in Chapter 8.) 

F nally we come to the most interesting result. For any f and g in L? 
and ;ny n € Z, Fubini’s theorem and translation invariance, equation (1), 
give 


f*g(n) = (2) f | Foae- parca 


—-T 


= (2) ftom fa neme-Paaa 


=, 


= 55 f Fe amat = fln)a(ny. (22) 
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The Cauchy—Schwarz inequality shows that the pointwise product of two 
functions in @? is in 


0: = @(Z) = {doubly-infinite summable sequences} C é?. 


Hence we may, and will, consider £? to be an algebra under pointwise mul- 
tiplication. Thus, we have shown that the Fourier—Plancherel transform 
is not only a unitary isomorphism but also an algebra isomorphism of L? 
(with the convolution product) onto é? (with the pointwise product). 


1.8.14 Fourier Transform on L} Some important parts of the above 
discussion can be generalized. Except for the inner product, each of the 
expressions for f(n) given in (16) makes sense for any f € L}. Hence we use 
them to define a linear map f ~ f from L! into the linear space of complex 
sequences. This map is called the Fourier transform. It is immediate that 
all n € Z satisfy {f(n)| < [lf], so that f is always a bounded sequence. In 
fact a stronger result is easy for us to prove now, since we know that 7 is 
dense in L}. 

Riemann—Lebesgue Lemma _ The Fourier transform f of any function 
f € L' belongs to 


co = {doubly-infinite sequence converging to zero at oo and — oo}. 


Proof For any f € L} and any € > 0, we can find a trigonometric polynomial 
p satisfying || f — pili <¢. Then for n greater than the degree of p, we have 
lf(n)| = (fF — B)(n)| < lf — pil, < ©. Hence f belongs to the space cy. O 


The space cy is always regarded as a Banach algebra under pointwise 
multiplication. The calculation (22) remains valid for f, g € L! and shows 
that the Fourier transform is a contractive homomorphism of L! into co. 

Our next task is to show that the Fourier transform is injective and 
hence an isomorphism onto its range. The analogous result for the Fourier— 
Plancherel transform was easy since we could reconstruct any f € L? from 
its Fourier-Plancherel transform via the series f = So ,ezf(n)hn which 
converges in L?. The formal series > ,¢z f(n)hn is called the Fourier series 
of f, whether or not it converges in any sense. 


1.8.15 The Fejér Kernel Unfortunately the Fourier series for f € L' 
seldom converges in the norm of L}. However the series is summable by 
various standard summability methods. We will investigate only one— 
Cesaro summability. For a (doubly-infinite) series }>.-7 Qn, we will use S, 
to denote the n‘* symmetric partial sum S, = )~f__,, ae, and we will use 
on for the n** term in the sequence of Cesdro means: on = ait Veco ok 
It is easy to see that, if the sequence {Snr}nen converges (i.e., the series 
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converges), then the sequence {o,}nen converges, but that the converse 
feiis in many interesting cases. Since the limit of the latter always agrees 
witc. the limit of the former when that limit exists, it is a value that can 
be assigned in place of a sum for some nonconvergent series. 
Suppose f belongs to L!. Formula (21) shows that the Cesdro mean 


n k 


> d flahy 


k=0 j=-k 


On(f) = 


of the series 3° ,.¢z f(n)An is given by 
On(f) = Kn f, (23) 
where K,, is the trigonometric polynomial 
. lk| 
K, = 1-——— Jh 
2a ( n+1 r 28) 


waicn is called the Fejér kernel. Clearly K,, satisfies 


ee 

a / K,(t)at = 1. (25) 
It 2iso satisfies 

K, >0 VneNn (26) 
and: 

1 Q2n~S 
lim 5 / K,(t)dt=0 V6>0. (27) 
6 


Bot: of these properties are immediate consequences of the identity 
fi 14 
1 feat ‘ 
n+1 ( sin(5 a) 
which in turn follows from the calculation 


an+1)(sn(S)) x Balt) = (elt 426°) SO (n +1 — fale 


k=-n 


2 
= —ellntt 4 9 e-t(ntit _ 4 (sin (7 + 1 )) 


We will now show that if f belongs to one of the Banach spaces L!, 
o, £2 or C?, the sequence {o,(f)}nen converges to f in the norm of that 


K,(t) = 
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space. Of course this Cesdro series also converges in L? since the Fourier 

series itself actually converges there.) The only properties of on(f) we will 

use are those given by (23), (25), (26) and (27). Denote L1,C, AC or C! | 
by ¥ and the norm of 4 by || - ||. We will use only the following properties 

of these Banach spaces: for any f € 1, the function 8s + f, is 27-periodic 

and continuous from R to 4 and satisfies || f,|| = || f|| for all s € R. 

In the proof of the next theorem we will use Riemann integrals of certain 
continuous 7-valued functions. The definition of these integrals, the proof 
that they exist, and the proof of the other basic properties which we use 
can be copied from any careful calculus textbook discussion using Riemann 
sums. 


Fejér’s Theorem Let (%,||- ||) be a Banach space such that for each 
f€2# ands €R an element f, € X is defined satisfying: 


fell = Iil, s+ f, is continuous from R to (4, || - ||) 


and f, is 2x-periodic in s. Let {K,} be a sequence of continuous functions 
on T satisfying (25), (26), and (27). Define on(f) by (23). Then the 
sequence {on(f)} converges to f in the norm of X. 


Corollary If a function f belongs to L!, C, AC or C!, then the Cesdro 
mean o,(f) converges to f in the norm of the given space. 


Since the corollary is immediate, we prove the theorem. 


Proof For any f € ¥, (23) and (25) give 


f-on(f) 


1 ¥s g.» is 
se | KoloF ~ fae 


6 
= gf Roloi— fous = ff Rolf - Bet 
-6 6 


For the first integral, (26) and (25) give 


6 " 
ay gt 1 ha 
— - <— _ — _ 
gg | Kol(F — fae < 5 f Kolthatmax (lf ~ fl) = mats — fl) 
a —* 
which approaches zero with 6, by our assumption on the continuity of f > 
f,. For the second integral, after the choice of 5, the assumption || ft || = || f|l 
for all t € R gives 


2x-6 on~6 
lsc / Ra(t)(F - featll < 2Fll5— / K,(t)dt 
: 6 
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wich also approaches zero with n, this time by (27). Oo 


_ This result shows that the Fourier transform is injective on DL? since 
f = 0 implies o,,(f) = 0 for all n. We summarize our results on transforms: 


Corollary The Fourier-Plancherel transform is a unitary map and an 
algebra isomorphism of L? onto £2. The Fourier transform is a contractive 
injective homomorphism of L' into co. 


1.3.16 The Inverse Fourier Transform on ¢! We will now reverse 
ol: point of view briefly. Consider the Banach space 1 = ¢1(Z) of doubly- 
in inite absolutely summable complex sequences (i.e., functions a@ from Z 
to C satisfying }> <2 |a@n| < 00) with norm a + |lal], = Dnezlanl. We 
ca.) make é! into a Banach algebra by defining a convolution product 


(a*B)(m) =o anBm-n Va, pee. 


nez 


Tc see that a+ @ belongs to ¢) again and satisfies ||a + G||, < |lall, |6ll,, we 
use the sequential form of Fubini’s theorem: 


lla* Bll, < S> Yo fonBm—n| = Slant $2 |Bm—nl = Wels Illy- 


mEéZ néZ nezZ mez 


The rest of the axioms for a Banach algebra are now most easily checked 
by reference to (29) below. We will follow the common practice of denoting 
this Banach algebra by ¢! even though @ could be considered a Banach 
algebra under pointwise multiplication. 

For any sequence a € é', we define &:T — C by 


&(A)= Sand” VAET, of &= > anhn (28) 


neZ néeZ 


wi ere the first series converges absolutely and uniformly, and therefore the 
snd series converges in the norm of C to an element of C. The map 
a + & is called the inverse Fourier transform. Since uniformly convergent 
3e: ies are integrable term-by-term, we find 


(fsa Vael’. 


1.3.17 The Fourier Algebra In fact, it is obvious that a function f in 
C as an absolutely convergent Fourier series if and only if f belongs to £', 
in which case it has a uniformly convergent Fourier series. Let us denote 
th: space of such functions by A = A(T) and make A into a Banach space 
by transporting the norm of ! via (~) (or (*)), te. 


ifla= >If) vVreA. 


nez 
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In fact, A is a Banach algebra under pointwise multiplication. Its closure 
under pointwise multiplication is a consequence of the identity 


fo=fea VSQeA (29) 


which, of course, can be rewritten as 3 = (a * 3) for any a, 3 € £!. Since 
the proof of this is essentially the same as (22) above, it is omitted. This 
algebra A is called the Fourier algebra of T. The restriction of the Fourier 
transform to A is again called the Fourier transform. We have proved: 


Proposition The Fourter transform is an isometric algebra isomorphism 
of A onto @}. 

(Of course the isometry part of this proposition is a bit of a fraud since the 
norm of A was defined to make it true.) 


1.8.18 Other Algebras on T under the Pointwise Product We have 
already remarked that C, CBV, AC and C’ are, like A, Banach algebras 
under pointwise operations. We will close this section by showing that C! 
is included in A and some related results. This will depend on the following 
simple identity: 


(f'Y(n) =inf(n) WE AC; neZ (30) 


which is established by integration by parts: 


(f'Y(n) 


a | Penmat 
= ~ = i f(t)(—in)emtdt + f(t)e“™ é = inf(n). 


If f belongs to C’, then f’ belongs to C C L?. Hence the Cauchy-Schwarz 
inequality gives 


S- If(n)| 


YEU) 


ne€Z\{0} néZ\{0} 
\ 1/2 
1 z T 
<f YGP Layo] = elf’ <e 
neZ\{0} néeZ v 


Hence f belongs to A as claimed. 
We have already shown that the convolution product of a function in 
L and one in L™ gives a continuous function. Thus convolution is a 
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smoothing operation. This is important in the more classical applications. 
Here is another amusing indication of the same thing. Consider f € AC 
and g € A. Results (14) and (15) show f *g € AC and (f *g)! = f’ *g. 
Hence ((f « g)')* = (f'Jg is the pointwise product of a sequence in co 
exc a sequence in ¢! and hence belongs to é!. Therefore (f * g)/ belongs 
sc A and hence to C. Thus we have proved the inclusion AC * A C C?. 
Moreover, the convolution product of two functions without everywhere 
desined derivatives can have a continuous derivative. 


2.c.19 Historical Remarks The study of Fourier series was one of 
the :nain sources of functional analysis. Daniel Bernoulli (1700-1782) and 
Seer ard Euler (1707-1783) first used what we would now call Fourier series. 
“ey did not develop their ideas, and not much progress was made on this 
e77>roach until Jean Baptiste Joseph Fourier (1768-1830) used trigonometric 
series in a problem on heat. His methods were severely criticized by some of 
nig contemporaries, but this motivated him to further develop his ideas for 
a decade until he wrote his famous book Theorie analytique de la chaleur 
[1822]. In this book he claimed that “any function” could be expanded in a 
cozergent Fourier series. At that time, mathematicians were often not very 
precise about convergence and were extremely vague about the meaning of 
‘na word “function”. Fourier’s claim spurred a closer examination of the 
concept of a function. Peter Lejeune Dirichlet (1805-1859) stated essentially 
our :nodern view of functions and in [1829] he introduced his kernel and 
used it to prove the first rigorous convergence theorem for Fourier series. 
Since his theorem and method of proof are still important we will review 
them briefly. 

4. function f:R — C is said to be piecewise smooth on an interval (a, | 
if there is some partition a = to < t) < +--+ < ty = b of [a,b] so that f 
is continuously differentiable on each subinterval |t;—,,t,[. (This requires 
see. the one-sided derivatives at the end points of each subinterval exist 
anc oqual the limits of the derivative in the interior.) Denote the limits 
from the right and left, respectively, for f at z by f(z*) and f(z7). 


“*:chlet’s Theorem Let f:R — C be piecewise smooth on {[—7, 7] and 
2n-periodic. Then the Fourier series converges pointwise to f(x) at every 
poin: of continuity and it converges to 


f(z*) + f(z.) 
2 


et ory point of discontinuity. If f is also continuous, then the series con- 
verves to f absolutely and uniformly on R. 


"” Dirichlet’s proof was based on the following function known as Dirich- 
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let’s kernel 

sin((n + 4)t) 
sin(}t) 


D,(t)= >> e* =1+4 25 cos(kt) = 


k=-n k=1 


(31) 


The first expression in (31) shows that the convolution product with any 
function in L) is the nth partial sum of the Fourier series: 


f*Dn(t)= >> fee. 


k=—n 


The middle expression in (31) shows the same thing for Fourier series writ- 
ten in the standard real form. The last expression in (31) allows an ele- 
mentary evaluation of the limit of {f * D,(t)}nen as n increases. 

Around the beginning of this century, functional analysis began to de- 
velop around problems dealing with integral equations, many of which had 
originally arisen in the context of Fourier series (e.g., Eric Ivar Fredholm 
[1900], David Hilbert [1904], [1906], Erhard Schmidt [1907], [1908]). Just 
before the Second World War increasingly algebraic methods, which arose 
naturally in the study of Fourier series and its lineal descendent, harmonic 
analysis, were a main stimulus to the definition of Banach algebras (e.g., 
Norbert Wiener [1932], Arne Beurling [1938]). 


1.9 Group Algebras 


We will introduce some of the most important group algebras here and 
give a few of their basic properties. Since we are postponing the discussion 
of involutions to Volume II, and involutions play a prominent role in the 
theory of group algebras, we will not go into the theory of group algebras 
very deeply here. However, additional information on group algebras will 
be developed later in the present volume as new topics are explored. See 
particularly Section 3.6 (Commutative Group Algebras) and Example 5.1.9 
(approximate identities in group algebras). We will denote the identity 
element in a group by e unless some other notation is established. For 
more details we recommend Hewitt and Ross [1963] and Hans Reiter [1968]. 
Jean-Paul Pier [1990] is a fascinating historical survey. 


1.9.1 The Algebraic Group Algebra Fundamentally, most group 
algebras are devices for introducing linear operations into a group. We 
will call the simplest possible group algebra of a group G the algebraic 
group algebra. This algebra, which we will denote by €)(G), consists of all 
complex-valued functions on G each of which is non-zero at only finitely 
many elements of G. Each of these functions f may be thought of as a 
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formal sum 
f~ > f(uu 
uEeG 
o” finitely many complex multiples of elements of G. If two elements f 
end g of the algebraic group algebra are interpreted in this way, then the 
fe miliar rules of computation suggest the following definitions of addition, 
scalar multiplication and multiplication: 


d- f(uju+ So o(uu = So(F(u) + 9(u)u 


uEG ueG uEeG 
by Be f(uju = So Af(uju 
uEG uEG 
Y f(uu SD a(vv = SS YX F(u)g(vjur. 
ueG vEeG ueG veG 


Thus we define the linear operations pointwise. If we collect terms in the 
exoression for the product, we get. 


> (> f(u)g(u-tw))w, 


weG ueG 


Hence we are led to the definition of the convolution product 


fxg(u)=>_ f(vjg(v-'u)  VueG. (1) 


veG 


It s obvious that these operations make the algebraic group algebra into an 
algebra. (Note that the above discussion would not need to be changed if 
another field (or even ring) were substituted for the complex field. Algebraic 
group algebras with respect to other rings and fields play an important role 
in the theory of finite groups. See Charles W. Curtis and Irving Reiner 
[1981, 1987]. However, we will consider only complex scalars.) 

The algebraic group algebra has a number of disadvantages. It ignores 
the topology of G when G has a nontrivial topology, as we will often sup- 
poe. However even for finite groups (which are necessarily discrete in this 
discussion, since we will insist that topological groups have a Hausdorff 
to: ology) the algebraic group algebra is not a complete set of invariants. 
As 9 matter of fact the dihedral group of order eight (with two generators 


u end v satisfying u4 = v? = e and uv = vu) and the quarternion group 


(v7 sh two generators u and v satisfying ut = e, u? = v? and uv = vu?) 
ha: 2 isomorphic group algebras. (An explicit isomorphism is obtained by 
usiag the bases (e, u,u?, u?,v+u2v, uv+uv, w, uw) where in the first case 
w +3 u—u?v and in the second case w is i(uv — uv).) 
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As we will show below, the normed algebra (4(G), || - ||) obtained by 
endowing the algebraic group algebra with its natural é!-norm 


fll = 2 1f@l Vv Fe 4(G) (2) 


uEeG 


is a complete set of invariants for the group G. (This norm is submultiplica- 
tive as shown in (4) below, thus verifying that (€(G), || - ||,) is a normed 
algebra.) 

When thinking about topological groups we will call groups without 
topology, discrete groups. For discrete groups, this normed algebra is a 
fairly satisfactory group algebra. It is complete, and hence a Banach alge- 
bra, if and only if G is finite. In order to be able to make use of the theory 
of Banach algebras when G is not finite, it is useful to replace ()(G), || - ||,) 
by its completion. This completion is the most natural and useful group 
algebra for discrete groups. We will now introduce it formally. 


1.9.2 The ¢'-Group Algebra We begin with a formal definition. 


Definition Let G be a group. Let ¢1(G) be the set of functions f:G — C 
satisfying 
(fll, = d0 1F(&)| < 00. (3) 
uEeG 
Let £1(G) have the structure of a normed algebra with pointwise linear 
operations, the norm || - ||, defined above and the convolution product given 
in (1) above. Then @!(G) is called the ¢!-group algebra of G. 

With the above definition, é'(G) is a Banach algebra. It is easy to check 
that ||- ||, is a complete norm. To show that the product is well-defined, 
we check that the infinite series (1) converges absolutely. This calculation 
also shows that the norm is submultiplicative. We have 


fea, = SoLd- f@)9@*u)l (4) 
ueEG veG 
< SYS Me r)a(w7 a) = D2 SS 1F)1 lgo7*w)| 
uEG veG veEGueG 
= YL ifo) dS low)l=lfiillgh,  VA9ee@) 
vEeG weG 


where we have used the fact that G = {v~!u: u € G} holds for any fixed 
v € G. Now it is straightforward to check that @'(G) is an algebra (and 
hence a Banach algebra) under this multiplication. 

For each u € G, define 6, to be the function on G which takes the value 
one at u and zero elsewhere. Then it is easy to see that 6, is a multiplicative 


a?, 
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identity element for 21(G) and that each 6, is invertible and satisfies 
(64)? = bu- buby = buy Vu,veG. (5) 


<spce the map u +> 6, is a group isomorphism of G into the multiplica- 
tive group of invertible elements of @1(G). Each element of é'(G) may 
be expressed uniquely as an absolutely norm-convergent series of complex 


=ultiples of these elements: 
f= fw& vfee(e). (6) 
ucG 


Tris is a rigorous interpretation of the formal sums introduced above in the 
aiscussion of algebraic group algebras. 
Since u + 6, is an isomorphism of G into the multiplicative group of 


.£1(G), we see that £1(G) is commutative only when G is abelian. Con- 


versely, the absolute convergence of the expansion (6) for f € é1(G) gives 
an easy proof that £!(G) is commutative when G is abelian. Thus ¢'(G) is 
commutative if and only if G is abelian. 

if f belongs to the center of £'(G), then it satisfies 6, * f + 6,-1 = f for 
all u € G. In fact, the expansion above shows that this is a necessary and 
sv‘ficient condition for f to belong to the center of G. Hence f € @'(G) 
velongs to the center of £!(G) if and only if it is constant on conjugacy 
classes. (A conjugacy class in a group G is a set of the form C, = {uvu-! : 
«» & G} for some v € G.) An é! function can have a constant non-zero 


. value only on finite sets. Hence £1(G) has a nontrivial center (i.e., different 


from C6, which is always included in the center) if and only if it has some 
Sn*5e conjugacy classes besides the trivial class {e}. Groups which have 
only infinite conjugacy classes (except for {e}) are called Infinite Conjugacy 
Class (abbreviated ICC) groups. They provide important examples of von 
Neumann algebra factors as we shall show subsequently. 


1.9.3 Recovering G from ¢'(G) We now show how a discrete group 
may be recovered from the Banach algebra é'(G). Our previous remarks 
show that the norm must play an essential role in the process. Note that 
tke extreme points of the unit ball é1(G), of @1(G) have the form ¢6, for 
some ¢ € T and some u € G. This follows immediately from the expansion 
(6). Thus the set E of extreme points forms a group. Let h:G — T be any 
homomorphism. Then the set 


oe Hy = {h(u)b, : u € G} 
is « subgroup of EF which has the property 


Ift+gl =f +llgll Vege An. (7) 
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As we will show below, the normed algebra (£)(G), ||: ||,) obtained by 
endowing the algebraic group algebra with its natural é'-norm 


fl, = SS ¢@l vse 4(G) (2) 


uEG 


is a complete set of invariants for the group G. (This norm is submultiplica- 
tive as shown in (4) below, thus verifying that (£)(G), || - ||,) is a normed 
algebra.) 

When thinking about topological groups we will call groups without 
topology, discrete groups. For discrete groups, this normed algebra is a 
fairly satisfactory group algebra. It is complete, and hence a Banach alge- 
bra, if and only if G is finite. In order to be able to make use of the theory 
of Banach algebras when G is not finite, it is useful to replace (€4(G), || - |I,) 
by its completion. This completion is the most natural and useful group 
algebra for discrete groups. We will now introduce it formally. 


1.9.2 The ¢'-Group Algebra We begin with a formal definition. 


Definition Let G be a group. Let é1(G) be the set of functions f:G —+ C 
satisfying 
IIfll, = do [£(u)I < 00. (3) 
ucG 
Let #1(G) have the structure of a normed algebra with pointwise linear 
operations, the norm || - ||, defined above and the convolution product given 
in (1) above. Then £!(G) is called the é!-group algebra of G. 

With the above definition, @'(G) is a Banach algebra. It is easy to check 
that || - ||, is a complete norm. To show that the product is well-defined, 
we check that the infinite series (1) converges absolutely. This calculation 
also shows that the norm is submultiplicative. We have 


Ifa = SOUd> fe)g(o*u)| (4) 
vwEG veG 
< YoY Fae a) = 35S FO Igo 4) 
wEG veG vEGueG 
= Solfe)! SS low) =Wiiligh  Vfge(@) 
vEeG weG 


where we have used the fact that G = {v~!u: u € G} holds for any fixed 
v € G. Now it is straightforward to check that £)(G) is an algebra (and 
hence a Banach algebra) under this multiplication. 

For each u € G, define 6, to be the function on G which takes the value 
one at u and zero elsewhere. Then it is easy to see that 4, is a multiplicative 


doe 
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identity element for £'(G) and that each 6, is invertible and satisfies 
(6908 = bai. Oly = Oye Vu,veG. (5) 


“cece the map u + 6, is a group isomorphism of G into the multiplica- 
sive group of invertible elements of @1(G). Each element of £1(G) may 
be expressed uniquely as an absolutely norm-convergent series of complex 
zvultiples of these elements: 


f= f@)a Vf el (G). (6) 


ucG 


‘This is a rigorous interpretation of the formal sums introduced above in the 
discussion of algebraic group algebras. 
Since u+> 6, is an isomorphism of G into the multiplicative group of 


.21(G), we see that é1(G) is commutative only when G is abelian. Con- 


versely, the absolute convergence of the expansion (6) for f € £1(G) gives 
an easy proof that ¢1(G) is commutative when G is abelian. Thus £}(G) is 
commutative if and only if G is abelian. 

if f belongs to the center of £1(G), then it satisfies 6, * f *6,-1 = f for 
all u € G. In fact, the expansion above shows that this is a necessary and 
ev‘fcient condition for f to belong to the center of G. Hence f € ¢!(G) 
velongs to the center of é1(G) if and only if it is constant on conjugacy 
classes. (A conjugacy class in a group G is a set of the form C, = {uvu7!: 
» € G} for some v € G.) An @} function can have a constant non-zero 


. value only on finite sets. Hence £1(G) has a nontrivial center (i.e., different 


from Cé, which is always included in the center) if and only if it has some 
Sp*5e conjugacy classes besides the trivial class {e}. Groups which have 
only infinite conjugacy classes (except for {e}) are called Infinite Conjugacy 
Class (abbreviated ICC) groups. They provide important examples of von 
Neumann algebra factors as we shall show subsequently. 


1.9.3 Recovering G from ¢'(G) We now show how a discrete group 
G may be recovered from the Banach algebra ¢1(G). Our previous remarks 
show that the norm must play an essential role in the process. Note that 
the extreme points of the unit ball £1(G); of @1(G) have the form (6, for 


gome ¢ € T and some u € G. This follows immediately from the expansion 


(6). Thus the set FE of extreme points forms a group. Let h:G — T be any 
homomorphism. Then the set 


An = {h(u)bu :Uue G} 
is « subgroup of FE which has the property 


Ift+ol =I +l VS.9€ Hn. (7) 
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Furthermore ¢1(G) is the closed linear span of H;,. Conversely, suppose Al is 
a subgroup of F satisfying (7). Then H contains at most one element of the 
form ¢6, for each fixed element u € G. Hence H equals {h(u)d, : u € A}, 
where H is some subset of G and h: H — T is some function. Since H is 
a subgroup, H must be a subgroup of G and h must be a homomorphism 
of H into T. If in addition é'(G) is the closed linear span of H, then H 
must be G. Hence H is isomorphic to G. Therefore we can recover G, 
up to isomorphism, as any subgroup H of E which satisfies (7) and which 
has ¢'(G) as its closed linear span. In fact, in Volume II we will use the 
assignment G + é!(G) to construct an isomorphism between the category 
of groups and group homomorphisms and a certain restricted category of 
Banach algebras. The following result is immediate from what we have 
proved. ' 


Theorem Two groups G and H are tsomorphic as groups if and only if 
£1(G) and ¢!(H) are isometrically isomorphic as Banach algebras. 


1.9.4 Introduction to Representations Representations of algebras 
will be described systematically in Chapter 4. We introduce some of the 
ideas informally now in conjunction with representations of groups. A rep- 
resentation of a group G on a linear space V is a group homomorphism 
V:G — L(V)g of G into the group of invertible linear operators on V. If 
V is a representation of G on Y, then it is clear that V can he “extended” 
to a representation (i.e., an algebra homomorphism) 7” of the algebraic 
group algebra ¢)(G) of G on V. We simply write 


T}(u)= So flu =v f € &(G) 


uEG 


where there is no problem of convergence since only finitely many terms of 
the sum are non-zero. It is clear that TY is an algebra homomorphism and 
hence a representation of €)(G) on V. 
A normed representation of a group G on a Banach space 1 is a group 
homomorphism 
V:G— B(X)cg 


of G into the group of invertible bounded linear operators on 4. A normed 
representation V is said to be bounded if there is a common bound B for 
all the operators V, (t-e., [Vall < B for allu € G). Given a bounded 
representation of a group G on a Banach space 4’, we can “extend” V to 
& continuous representation TY of €'(G) (t.e., a norm-continuous algebra 
homomorphism T”: £1(G) — B(4’)) simply by writing 


TY => fy vFee(e). (8) 


uEeG 
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Clearly the sum converges absolutely and TY is a continuous homomor- 
phism of }(G) satisfying ||T’ || < B if B is a bound for V. Note that the 
continuity of TY has nothing to do with any continuity property of V. 

If G is a group and T is a unital representation of £}(G) or £'(G), then 
we may define a representation V7 of G by 


VI =Ts, WueG. (9) 


If T is a continuous representation of £1(G) on a Banach space, then V7 
is bounded. Clearly T ++ V7 and V + TY are inverse constructions. 
Hence we can identify the class of all representations of a group G with the 
cless of representations of £4(G), and we can identify the class of bounded 
representations of G on Banach spaces with the class of all continuous 
renresentations of £1(G) on Banach spaces. These identifications preserve 
all the important properties of the representations. For instance, if V is a 
representation of G on Y, then a linear subspace W of V is invariant with 
respect to V (i.¢., Vc € W for all u € G and all 2 € W) if and only if it 
is invariant with respect to TY (i.e. T/x € W for all f € é4(G) and all 
x € W). Similarly if V is a bounded representation of G on a Banach space 
*, then a closed linear subspace W is invariant with respect to V if and 
only if it is invariant with respect to TY. 

Here is a natural and important example of these ideas. (Others will 
be discussed in Volume II.) Let G be a group and, for any u € G, let 
Vu. € B(é!(G)) be defined by 


Vu(f)=duef=uf Vfeel(G). 


it [3 clear that this is a bounded representation of G with bound 1. It is 
als: clear that TY is the left regular representation of £1(G) on itself. 


3% Introduction to Topological Groups We now extend the fore- 
&o. -g considerations to topological groups. First we will define topological 
gro.ps and give a few basic facts about them. The important work by 
&c. ‘in Hewitt and Kenneth A. Ross [1963, 1970] is the best reference for 
ac< ‘tional facts. Unfortunately, our notation does not always agree with 
the-rs. 

4 topological group is a group which is also a Hausdorff topological 
spa:e in which the multiplication map from G x G to G and the inversion 
man from G to G, defined by (u,v) 4 uv and u + u!, respectively, 
ers continuous. Many authors do not require that a topological group 
be . iausdorff but we shall. Since inversion is its own inverse, inversion is 
actually a homeomorphism. These conditions ensure that, for any fixed 
v € G, the maps u+> uv and u + vu are homeomorphisms with inverse 
maps u +> uv! and u + vu, respectively. Each of these maps will 
carry a neighborhood system at the identity e into a neighborhood system 
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at v. The inverse maps have the inverse effect. Thus the topology of 
a topological group is completely determined by the neighborhoods of e 
and can be described by giving a neighborhood base at e. An abstract 
description of such a neighborhood base is given in Hewitt and Ross [1963], 
Theorem 4.5. Many properties of topological groups can be proved in terms 
of these bases, A subset U in a group G is called symmetric if it satisfies 
U = U~!, where U~! is just {u~} : u € U}. It is useful to know that any 
neighborhood V of e contains a symmetric neighborhood e.g., VN V7}. 
Hence a base of neighborhoods at e may always be chosen to consist of 
symmetric neighborhoods. 

Space forbids extensively developing the fundamentals of the theory 
of topological groups. We shall assume the most basic properties tacitly 
since they are almost self-evident. Complete proofs of all these facts, and 
some less basic ones, will be found in Hewitt and Ross {1963}, Sections 4 
through 8. For less obvious facts, we will give references. In particular, we 
assume the following results which are more or less obvious: the closure of a 
subgroup is a subgroup which is abelian or normal if the original subgroup 
has the corresponding property; the coset space G/N = {uN : u € G} 
of a closed normal subgroup N of a topological group G can be given 
the structure of a topological group in such a way that the natural map 
G — G/N is a continuous open homomorphism; the kernel of a continuous 
homomorphism is a closed normal subgroup; the product US = {uv : ué€ 


oO 
U, v € S} of an open subset U with any subset S is open; LJ U® is an 
n=l] 


open subgroup if U is a symmetric neighborhood of e. 

Here are some slightly less evident basic facts with references to Hewitt 
and Ross [1963]. If A is a compact subset and C is a closed subset, then 
KC is closed (Theorem 4.4); if V is a neighborhood of e, then there is a 
neighborhood U of e with U C V (Corollary 4.7) and if K is a compact 
subset, then there is a neighborhood U of e satisfying uu) C V for all 
u € K (Theorem 4.9); a subgroup is open if and only if it has nonvoid 
interior, and open subgroups are closed (Theorem 5.5). If y:G — H is 
a continuous homomorphism with the closed subgroup N as kernel, then 
there is a continuous isomorphism of G/N onto H. This need not be a 
homeomorphism. For example, consider the identity map of Rg (the addi- 
tive group of real numbers with the discrete topology) onto R (the same 
group with its usual topology). 


1.9.6 Locally Compact Groups A locally compact group is a topolog- 
ical group which is locally compact as a topological space. Such groups 
have very special properties which we will briefly discuss later. However, 
to begin with, we only need the definition. Note that any group considered 
as a discrete topological group is a locally compact group. The additive 
group R and the multiplicative group T = {¢ € C : |¢| = 1} are nondiscrete 
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locally compact groups under their usual topologies. Also, any closed mul- 
iinlicative group G of n x n real or complex matrices is a locally compact 
zroup under the relative topology it inherits as a subset of R” or C™. 

For a nondiscrete locally compact group G, we can of course construct 
£'(G), but it ignores the topology. (In fact in this case we will consider ¢!(G) 
to be the group algebra of Gyg—the discrete group which is isomorphic to 
G as a group.) In order to find a natural group algebra which involves the 
topology of G, we first note that £!(G) is isometrically isomorphic to the 
aval space of the space co(G) (the space of all complex-valued functions on 
G vanishing at infinity, i.e., those functions f;G — C such that for every 
€ > 0 there is a finite set off which the values of f are less than ¢ in absolute 
value). The duality is implemented by 


g>(f> >> f(ujg(u)) VgEl(G); f Ee(G). (10) 


‘The following general] considerations allow us to define a convolution prod- 
uct in a much wider context. (For historical comments on the development 
given here, see Hewitt and Ross [1963], §19 Notes].) 


i.2.7 Convolution on Dual Spaces Let G be a group and let f:G — C 


‘bs a function. For any element u € G, we may define two new functions 


uf:G— C and fy:G — C by 
x uf(v)=f(uv'v) and fu(v)= f(vu!) Vue G. (11) 
We also define a function f:G — C by 
f(u) = f(u7} VueG. (12) 
{t is easy to check that these definitions satisfy 
ulef) = why (fulv = fun F=f (13) 
(uf = (Aur and (fu)"=u-1(f) 


for all u, v € G. The function ( yf / fi, ) is called the ( left / right ) trans- 
late of f by u, and the function f is called the reverse of f. (Unfortunately 


“ere is no standard universally accepted notation for these important con- 


septs. Although our main reference for locally compact groups is Hewitt 
and Ross [1963], we have reluctantly chosen notation which is at odds with 
$2 notation used there.) For the given function f:G —> C we also define a 
function f:G — C by 


f(u) = f(u)* VueG (14) 


weere f(u)* is simply the complex conjugate of f(u). (The notation f* 
ould be more natural here, and we use this notation in some other con- 
4sxis for the function defined by conjugating the values. However, it will 


136 1: Normed Algebras and Examples 1.9.7 


be convenient to reserve f* for another concept when we deal with most 
convolution algebras of functions on groups.) 

Let G be a group and let 7 be a linear space of complex-valued functions 
on G. Let A be a linear space of linear functionals on 1. We will define 
a very general notion of convolution on A when A and % satisfy certain 
conditions. First we assume that 74 is closed under left translation: 


uf EX VfEerx ueG. (15) 
For any w € A and f € 4, we define a function “ f:G — C by 
* f(u) =wly-f) VueG. (16) 


Second we assume 
*fEx VfEX,;WEA. (17) 


Note that “ f(e) = w(f) shows that w+ (f + “f) is a linear injection of 
A into £(*%). Given any two linear functionals w, r € A, we define their 
convolution product to be the function w +7: 4 — C given by 


wet(f)=u("f) VEX. (18) 
Clearly w * 7 is a linear functional, and our third assumption is: 
weTEA VWu,T EA. (19) 
A routine calculation now gives 
wer f =ISCE Fy Vu,TEA, few. (20) 
This implies that A is an algebra under convolution multiplication and that 
wr (fr f) is an injective algebra homomorphism of A into £(¥). 


Retaining our previous assumptions, let us further assume that + is a 
normed linear space under the supremum norm: 


Iflloo = sup{|f(u)| : u € G} 


and that A is included in the space A* of continuous linear functionals on 
X. It follows immediately that any f € ¥, ue G and wu € A satisfy: 


ufll =F] and [l* fll < loll FIL 


From this we conclude 
wr] < lw] Vo,rEeA (21) 


so that the norm is submultiplicative and A ix a normed algebra. 
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If we apply the above theory to 1’ = co(G) and A = cq(G)* we obtain a 
Benach algebra structure on co(G)* which is isometrically isomorphic to the 
cex:volution algebra ¢'(G) defined in §1.9.2. The isomorphism is given by 
t* isometric linear isomorphism of ¢1(G) onto co(G)* given in (10) above. 


1.8.8 The Group Measure Algebra M(G) If G is an arbitrary locally 
compact group, then the Banach space Co(G) of all continuous functions 
from G to C which vanish at infinity is an obvious candidate to serve in 
the role of ¥. This choice of ¥ with the choice A = 4° satisfies all of the 
assumptions made above. This is easily checked when it is noted that for 
each function f in the dense set of continuous functions which vanish off 
a (variable) compact set the map u++ uf of G into Co(G) is continuous. 
Hence Co(G)" is a Banach algebra under convolution, For the rest of this 
exemple we will assume that G is locally compact and that Co(G)* has the 
Banach algebra structure just defined. 

It is customary to use the Riesz representation theorem (Rudin [1974] 
Theorem 6.19 or Hewitt and Ross [1963], Chapter 3) to identify Co(G)* 
wita the Banach space M(G) of all complex regular Borel measures on G, 
anc. then to call this convolution algebra the measure algebra of G. Of 
covrse, a measure pp € M(G) corresponds to the linear functional 


‘ 


pr f fdqx VfEC(G). (22) 
G 


When this identification is made, the convolution product takes on the 
att-active form 


[ fdpeve ip [ f(uv)du(u)dv(v) WV feCo(G) (23) 


whore p and v are any two measures in M(G). The norm on M(G), which 
agr2es with the norm on Co(G)* under the above identification, is just 


lll =|4l(G) Vue M(G) 


whre || is the total variation positive measure associated with the complex 
mersure p. Note that for a discrete group G, the Radon—Nikodym theorem 
identifies M(G) with £)(G), in such a way as to make our present discussion 
ac rect generalization of that given in §1.9.2. 

Since the present discussion uses no measure theory, we will often con- 
tinue to denote our convolution algebra by Co(G)* and think of its elements 
as continuous linear functionals on Co(G). We believe this approach is con- 
cep:ually simpler. However, in other sections of the book we will usually 
adopt common practice and write M(G) for this algebra. We note that 
mush of any proof of the Riesz representation theorem is algebraic in nature 
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and makes sense in a wider context than just that of algebras of continuous 
functions. This will be explored further in Volume II of this work. 

Next we wish to prove that G ++ Co(G)” is a covariant functor. In order 
to do this, we must construct a continuous algebra homomorphism 


P: Co(G)* — Co(H)” 


for each continuous group homomorphism y:G — H, where G and H are 
locally compact topological groups. It is natural to expect that @ will be 
the dual of the map 9: Co(H) —> Co(G) defined by 


Pf»\=fop VWfEC(H). 


However, unfortunately, the map ¢ just defined does not usually map Co(7) 
into Co(G). (Consider y to be the exponential map t > e** of R onto 
T= {A EC: JA{ = 1}.) At first sight, this appears to be a fatal flaw. 
Fortunately it is not. The map ¢ actually maps Co(H) into C(G). As 
we noted in §1.5.1, C(G) is the double centralizer algebra of Co(G). R. 
Creighton Buck [1958] shows that Co(G)* can be canonically identified as 
a Banach space with the closed subspace of C(G)* which consists of linear 
functionals continuous in the strict topology of C(G) with respect to Co(G) 
(see Definition 5.1.5). Under this identification, it is now possible to define 
@ by the formula 


Pw)f =H foy) WweECo(G)*; fe Co(H) 


where @ is w considered as a strictly continuous linear functional on C(G). 
Fortunately, all of this agrees with the identification of Co(G)* with M(G): 
the action of a measure » € M(G) on a function f € C(G), given by 
formula (22), is just the strictly continuous extension of its action on Co(G). 
Then formula (23) shows that the map @, which we have just defined, is a 
homomorphism. All this will be established in a wider setting in Volume 
II. For now, we have proved: 


Theorem Let G and H be locally compact groups. If y:G — H 1 a 
continuous group homomorphism, then %: M(G) — M(H) is a contractive 
algebra homomorphism where 


| se00) = [ toed Vf €Co(H);  € M(G). 
H G 


Equivalently, 2(4)(E) = u(y" (E)) for each Borel subset E C H, when we 
think of 1. € M(G) as a measure. 
If K is another locally compact group and yp: H — K is another contin- 


uous group homomorphism, then they satisfy op = pod. 
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1.9.9 Recovering G from M(G) We now show that the abstract Banach 
elgebra Co(G)* ~ M(G) determines G up to homeomorphic isomorphism. 
‘hus the functor G +» Co(G)* provides a complete set of invariants for 
locally compact groups. 

For each u € G, let 6, be the corresponding evaluation linear functional 
in Co(G)* defined by 


bu(fJ=f(u) VW fe Co(G). (24) 
Then it is easy to see that the map 
ur by VueG 


isian injective group homomorphism of G into the group of invertible el- 
ements of Co(G)* under convolution multiplication. It is injective since 
Co(G) separates the points of a locally compact space G. The convolution 
algebra ¢!(G) is obviously isometrically isomorphic to the closed linear span 
of {6, : u € G} in Co(G)* under the map 


fod sua vwree(a). 


ueG 


(rlote that this gives a more concrete interpretation of formula (6) above.) 
Sirce G can be embedded in Co(G)*, it is obvious that G is abelian (1.e., 
commutative) if Co(G)* is commutative. The reverse implication holds 
as we will soon see, or the reader may consult Hewitt and Ross [1963], 
Theorem 19.6, for a proof based on Fubini’s Theorem. 

Now suppose we are presented with A ~ Co(G)* ~ M(G) as an abstract 
Banach algebra and wish to recover the topological group G from it. The 
extreme points of the unit ball are just the elements of the form ¢6, for 
¢ © T and u€é€ G. This is easy to see when considering M(G). Hence the 
set of extreme points of A, form a group which is isomorphic to T x G. 
When starting from an abstract Banach algebra, in order to get a specific 
isomorphism, and thus identify G as a subgroup, we must find an element 
yy in the Gelfand space of A. In the case of M(G), this can be thought of 
as the map 7(z) = de du. In terms of 7, we define G4 to be the subgroup 
of Ag consisting of those extreme points which satisfy y(a) = 1. We note 
thet, as a Banach space, A is a dual space (namely of Co(G)). Furthermore 
she product in A is separately continuous with respect to both variables in 
shis topology. When G,, is provided with the relativized weak* topology, 
it is a locally compact group which is homeomorphically isomorphic to G. 
“ance we have established a procedure for recovering G as a topological 
gccup from the abstract Banach algebra A. 

Obviously the above procedure can be used to characterize those Banach 
algebras which are isomorphic to M(G) for some locally compact group 
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G. This was done by Roger Rigelhof in his thesis [1969b], but it seems 
likely that further improvements may be possible, Proofs or references can 
be found there for remarks in the previous paragraph which need proof. 
In [1965] and [1966] Marc A. Rieffel characterized the group algebras of 
commutative and finite groups, respectively. For commutative groups the 
characterization makes heavy use of the order structure on the group al- 
gebra. Frederick P. Greenleaf [1965] characterized the group algebras of 
compact groups. This characterization also relies on the special nature of 
the group in an essential way and involves the existence of minimal ideals 
(see Chapter 8). 

The Banach algebra Co(G)* is so large and complicated that it is poorly 
understood. Hence another smaller Banach algebra, which is less natural 
than Co(G)* in a number o’ respects, is usually taken as the group algebra 
of a nondiscrete locally compact group G. This is the L}-group algebra. In 
order to define it we need to introduce Haar measure. 


1.9.10 The Haar Functional Let G be a locally compact group and let 
Coo(G) be the linear space (under pointwise operations) of all continuous 
functions f from G to C which have compact support, where the support 
of f is defined by: 


supp(f) = {ue @: f(u) #0}. 


The cone of non-negative real-valued functions in Cog(G) will be denoted 
by Coo(G)+. If A is a non-zero function in Coo(G)4, it is natural to think 
of its translates ,h for u € G as all having the same size as h. Hence the 
size of a linear combination 


n 
Ste u,/ t, € Ry;u, EG 
k=1 


with non-negative coefficients should be }7;_, ty times the size of h. Using 
this idea, the order properties of Cog(G)4 and an elaborate limiting proce- 
dure which allows the comparison function h to be taken with smaller and 
smaller support, it is possible to find a linear functional on Coo(G) which 
precisely measures the notion of size crudely described above. We refer the 
reader to Hewitt and Ross [1963], §15 Notes, for the long and interesting 
history of these ideas. (Attractive proofs of the theorem are also given in: 
Glen E. Bredon [1963], Erik M. Alfsen [1963] and Leopoldo Nachbin [1965].) 
Since the decisive step in generalization was taken by Alfred Haar [1933], 
the resulting linear functional is called the left Haar functional or left Haar 
integral. We state its properties formally. 


Theorem Let G be a locally compact group. There exist maps A: Cog(G) > 
C and A:G — R$. satisfying: 
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(a) A is linear. : 

(b) A(f) > 0 for all non-zero f € Coo(G)4. 

(c) Auf) = A(f) for all f € Coo(G); ue G. 

(a) If A’: Coo(G) — C satisfies (a), (c) and 

(b’) A(f) > 0 for all f € Coo(G), 

then there is some c € R, satisfying A’ = cA. 

(e) A is a continuous group homomorphism into the multiplicative group 
of positive real numbers. __ 

(f) A(f) = A(u)A(fu) = A(FA) for all f € Coo(G);u € G. 


Note that (d) asserts that the Haar functional is unique up to multi- 
plication by a positive real number. The homomorphism A:G — R§. is 
called the modular function of G. Its existence follows directly from the 
uniqueness result in (d). Its continuity depends on the uniform continuity 
of translation in the supremum norm 


IIflloo = sup{|f(u)| : u € G} 


on Coo(G). 
If G is a discrete group, then (d) shows that 


A(f) = > flu) Vf € Coo(G) = 4G) 


uéG 


is ‘he Haar functional, so that A is the constant function with value 1. 
Tr2 modular function is also the constant function with value 1 if G is 
abzlian (use (f), (c) and the identity f,, = ,/) or compact (since A(G) is a 
corapact multiplicative subgroup of R$). Locally compact groups for which 
the modular function is identically equal to 1 are said to be unimodular. 
The uniqueness result (d) shows that if one can guess a functional A 
set sfying (a), (b), and (c), then this is the Haar integral. Thus we easily 


fin! 


A(f) = / f(t)dt Vf € Coo(R) 


for the additive group R and 
1 an 
A(f) = x | feat V f € Cyo(T) = C(T) 
0 


for the multiplicative group T. Of course any positive multiple of these 
linear functionals could also serve as the Haar functional, but in the case of 
compact groups such as T, it is customary to normalize the Haar integral so 
the. it satisfies A(1) = 1. Hewitt and Ross [1963] have many more examples 
in £315, 16. 
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Property (b) of the theorem shows that A is a positive linear functional 
on Coo(G). A standard construction in measure theory, which is carried out 
in sufficient generality in Hewitt and Ross [1963] §11, associates a unique 
positive regular Bore] measure on G with each positive linear functional 
on Coo(G). We will denote the completion of the measure on G associated 
with A by A and call it the (left) Haar measure of G. We will often continue 
to emphasize the functional A rather than the measure 4, but we record 
here the basic properties of left Haar measure. Paul R. Halmos [1950] gives 
a converse (essentially due to Weil [1940]) to this theorem. 


Theorem LetG be a locally compact group. There is a complete, extended 
real-valued, positive measure \ defined on a a-algebra By of subsets of G 
and satisfying: 

(a) By includes the o-algebra B of Borel subsets of G. 

({b) A(U) > 0 for all nonempty open subsets U of G. 

(c) A(K) < co for all compact subsets K of G. 

(d) A(uS) = A(S) for all S € By;u € G where uS = {uv: v € S}. 

(e) A(U) = sup{A(K) : K C U and K compact} for all open subsets U 
of G. 

(f) A(S) = inf{A(U) : SC U and U open} for ali SE B. 

(g) If \’ is any other measure satisfying (a), (b), (c), (d), (e), (f), then 
there is a positive constant c satisfying 


(8) =cM(S) VSEB. 
(h) A(f) = f f dd for all f € Coo(G) is a Haar functional. 


1.9.11 The Group Algebra L1(G) For each locally compact group 
which we consider, we make a choice once and for all of a particular Haar 
functional A and related Haar measure \ from among all possible positive 
multiples. We denote by L}(G) the usual Banach space L1(X) of (equiv- 
alence classes of} functions absolutely integrable with respect to 4 with 
norm 


Wt = f isa (25) 

G 
It becomes a Banach algebra when convolution multiplication is defined by 
g*h(u) = / g(v)h(v-u)dv Vg,hEL(G);ueG. (26) 


To prove that the integrand is B,-measurable and that g + h belongs to 
L'(G) requires a careful argument and Fubini’s theorem. 

We may interpret L1(G) as a subalgebra, indeed an ideal, in M(G) by 
considering the Radon-Nikodym theorem. Left Haar measure on G is finite, 
and hence an element of Af(G), if and only if G is compact, but we may 
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always consider the subspace M,(G) of M(G) consisting of those measures 
absolutely continuous with respect to Haar measure. The Radon-Nikodym 
s2eorem provides a bijective isometric linear isomorphism between this sub- 
gpece and L(G). Calculations then show that this is an algebra isomor- 
ph'sm and the subspace is an ideal. From now on we will regard L'(G) as 
en ideal in M(G) under this embedding, whenever that is convenient. See 
Hewitt and Ross [1963] for proofs. 

Table 1, on the next page, records all the standard facts about L'(G) 
e:a M(G) with the conventions and notation we use in this work. 

We have already noted that the map u + ,f is continuous from G 
into Co(G) for any locally compact group G and any f € Co(G). It is 
*-aquently useful to know that u + ,,f is continuous from G into L(G) for 
ax f € L'(G). The proof is similar to the one outlined in §1.9.7 for the 
certinuous case but relies on the regularity of Haar measure. A converse 
wes noted by Walter Rudin [1959] and rediscovered by Irving Glicksberg 
[1973]. This allows M,(G) ~ L1(G) to be defined independent of Haar 
measure. 


Proposition Let G be a locally compact group. A measure p in M(G) 
telongs to M,(G) if and only if v + p(v!E) is continuous from G into 
*. Yor any Borel set E. 


Preof Suppose p satisfies the criterion and E is a Borel set with Haar 
measure zero. Let g be the characterisitic function of a Borel set A with 
Enite measure so that g, and hence g * pt, belong to L}(G). Then 


[uot do = 9+ w(E) = / g* pdr =0 
A E 


shows that y(v~1£) is zero almost everywhere with respect to Haar mea- 
sure. Continuity assures p() = 0. a 


Elsewhere (Palmer, [1973]), we have fully developed another simple con- 
struction of the L!-group algebra which involves no measure theory. Each 
g € Coo(G) determines an element A, in Co(G)* by the formula 


; Ag(f)=A(gf) Vf eC)(G). 
‘Te see that Ag is continuous, we note 


IAg(f)I < A(lgfl) < ACIFllolal) $ AC aI) I floc 


for any f € Co(G). By considering A,(G), it is easy to see that this is an 
injection of Coo(G) into Co(G)*. A little more work (involving g/(|g| + €)) 
shows that g > A, is an isometry with respect to the norm 


lig: =A(igl) Vg € Coo(G). 
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For any function f:G — C and any u, v € G we define: 
Fw)= fu); Flu) = fu)’; 
uf(v)=f(uv'v); — fu(v) = f(vuT*). 
Then this notation satisfies: 
WA) = fats Pu = afi 
ulof) =u; ulfe) =(uf)oi (fue = fv: 


Denote left Haar measure by di, du or dv and the modular function by A. 
For u € G and p, v € M(G), define 6,, #2, ff and z*v in M(G) by 


o() = { 7 ee f(E)=p(E7') f(E)=p(E)*  V Borel sets E; 


J hdusv= f rwv)dulu)dr(v) V hE C (GC). 


Then any f,g € L'(G), u, ve G, p, v € M(G) and h € Co(G) satisfy: 


j fare [tas [tar= Au ) f fax; Aza" 
/ fAdd = / fad; / fine / fAdd (when defined). 


So right Haar measure is given by Add. 
bus fmaufs feby=Alu)fui bu=6y-15 buy = budy; 


pf. = / fv" u)dy(v); re ee / wfdy(u); 

feple) = | Atv") f(uv)du(v); few = | Afudy(u); 

fegu) = fFldgu~ ajar feg = SF(t) upde 
I fluv)g(v-)dv fa: Hu)de 


Wo We it 
oe 


[Aw F(wog(v)av J Alu)fu glu) 
f (v7!) f(07)g(vu)du; f A(u) f( u) y-1gdu. 


For h € Co(G), & € L(G), p, v € M(G) and f, g € L'(G) define 


nl) = fd and wn(f) = f gar 


Then this notation satisfies: 


wh(W eV) = Wyrer(t) = Wreay(v): wef * 9) = Woek(f) = Wkeas(g)- 
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Then L1(G) is just the completion of Coo(G) with respect to this norm. It 
may also be identified with the closure of Ag,,(g) in Co(G)*. 

To see the way in which this embedding is related to the multiplication 
on Co(G)* we need a technical result on A. Let K be a compact subset of 
G and let h € Coo(G) be a function satisfying h(u) = 1 for all u € K. 
“ay f © Coo(G) with support in K satisfies 


IACA)I < A(IF)) S A(IIFllo) S ACADIF Ilo» 


were A(h) depends only on K and not on the particular choice of f. Let 
us call a linear functional A’ on Coo(G) tame if for each compact K there 
is a constant By satisfying 


IAA) < Belifll, VF€Coo(G) with supp(f) cK. 


In addition to A, the restriction to Coo(G) of each w € Co(G)* is obviously 
tane. Tame linear functionals satisfy a weak form of Fubini’s theorem 
which is strong enough for our present purposes. The simple proof is based 
on using the Stone—-Weierstrass theorem to show that any function f in 
Coo(G x G) can be uniformly approximated by expressions of the form 


> fila); (v) for néEN and fj, 9; € Coo(U) 
j=l 


were U is an open set with compact closure related to the support of f. 
Arned with this result, we can now define and calculate all the properties 
of L}(G) as an ideal in Co(G)*. 

A large number of results are known for G or L1(G), both when G is 
abelian and when it is compact. We have already noted that G is unimod- 
uler in both cases. In §3.2.6 we note the easy fact that G is a [MAP] group 
win it is either compact or abelian. L1(G) is strongly semisimple (Section 
4.6) whenever G belongs to [MAP]. The Proposition in §5.1.9 shows that 
G 1as small invariant neighborhoods (or equivalently, L}(G) has a central 
az .roximate identity) in both these cases. In §7.4.10 we will note that 
G >elongs to [FIA]~ and hence L!(G) is completely regular under either 
hy»othesis. Finally, in Volume II we will show that G is amenable if it is 
gitcer abelian or compact. The relations between these and many other 
sincilar classes of locally compact group are studied in detail in Palmer 
[1978]. Some of these results are also given in Volume II. 


x.:.12 Functorial Properties of L1(G) The functorial properties of 
LG) are rather meager. Let G and H be locally compact groups and let 
iit" — H be acontinuous homomorphism. In §1.9.8 above, we constructed 
a contractive algebra homomorphism 7: M(G) — M(H) and this, of course, 
rar ies L1(G) into M(H). An easy computation gives the meaning of (f) 
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for f € L}(G) when y:G — H is the continuous homomorphism ( Z — R 
/R—RxR/ Rg —R) defined by (nH n/t (t,0)/trot). 
The image of L'(G) has trivial intersection with L1(H) in each of these 
three cases. Good results seem to depend on having y open as well as 
continuous. We shall discuss this situation under two cases: (a) G is an 
open subgroup of H; (b) H is the quotient G/N of G with respect to some 
closed normal subgroup. In the first case, it is easy to see that Coo(G) is 
embedded in Coo(H) by extending functions in Coo(G) to be zero on all 
of H outside G. Furthermore, the restriction of the Haar functional on 
Coo(H) to Coo({G) is obviously a Haar functional on Coo(G). Hence L'(G) 
is naturally isometrically isomorphically embedded in L1(H). 

The second case is a little more complicated. If N is any closed subgroup 
of G, N has its own Haar functional AY. Hence for each f € Coo(G), we 
can define a function 


yu(f)(uN) = AN f(uv) WV uN € G/N (27) 


where the subscript v on A* indicates that A is acting on f(uv) considered 
as a function of v € N only. The left invariance of AN shows that yy(f) is 
well defined on the topological space G/N = {uN : u € G}. Let pn: G > 
G/N be the natural (continuous and open) quotient map. Theu the support 
of p3,(f) is included in the compact set yy» (supp(f)) and an easy argument 
shows that u ++ A’ f(uv) is a continuous map on G so that y%,(f) is 
continuous on G/N, t.e., y},(f) belongs to Coo(G/N). 

Suppose now that N is a closed normal subgroup so that G/N is a 
locally compact group with Haar functional AG/". The functional 


fro AUN on (f) = ARAN F(uv) Vf € Coo(G) 


satisfies the hypotheses of (d) in the first theorem in §1.9.10 so that it is 
a multiple of Haar functional on Co9(G). By a suitable normalization, we 
have Weil's formula [1940], 2nd ed., pp. 42-45: 


AC(f) = ASIN AN f(uv) = Vf € Coo(G) or (28) 


[sores ff roerdvatuny VY f € Coo(G). 


We can now state the main result for case (b). 


Theorem Let G be a locally compact group and let N be a closed normal 
subgroup. Let the Haar functionals of G, N and G/N be normalized so 
that Weil's formula holds. Let pn:G — G/N be the natural map and let 
PN: Coo(G) + Coo(G/N) be as defined in (27). Then py induces a surjec- 


tive algebra homomorphism py, of L'(G) onto L'(G/N) which establishes 
an isometric isomorphism between L'(G)/ker(p5,) and L'(G/N). 
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To prove this, we state a lemma from which the theorem follows by the 
mest general abstract considerations. 


Lerrma Under the hypotheses of the theorem, py maps Coo(G) onto 
Coo(G/N) and satisfies 


lon (fll = min{Hgll, = eh (9) = eN(S)}- 


Proof For any k € Coo(G/N), Hewitt and Ross [1963] 5.24 (b) assert 
that we can find a compact set K in G so that yn(K) is the support of 
r} 


k. Choose a function h € Coo(G)4 which is identically equal to 1 on K. 
Define f:G — C by 


f(u) = kopn(u)gethopatay if ue x (supp(k)) 
0, if u ¢ yy! (supp(k)). 


Then f is obviously continuous on yy (K) and is zero on the open comple- 
ment of this set. Its support is included in supp(h). Hence f belongs to 
Coo(G) and satisfies yx,(f) = k. Since A is positive, Weil's formula gives 
lel, = Ilfll,. Weil’s formula also shows that yj is a contraction with 
respect to the L}-norms, giving the asserted equality. a) 


EG and # are any locally compact groups and y:G — 4 is a con- 
tinuous open homomorphism, then y can be written as the composition of 
“xve 29momorphisms G — G/ker(y) —+ H satisfying the two cases just dis- 
cussec. Comparing these two cases to the construction of §1.9.8 and then 
comoining them gives the following functorial result. 


Theorem Let G and H be locally compact groups and let y:G — H be a 
continuous open group homomorphism. Then there is a contractive algebra 
homomorphism @: L'(G) -+ L1(H) which is the restriction to L'(G) of the 
natural map G@: M(G) — M(H) defined by 


J s4ow)=[ foedu  ¥ fe CoH we MG) 
H G 


If K is another locally compact group and y: H — K is another con- 
tinuous open group homomorphism, then yoy: L\(G) — L1(K) satisfies 
yop = poG. 

For a related result see Antoine Derighetti [1978]. 


1.9.12 Wendel’s Theorem Next we give the result of James G. Wendel 
[29&2] which represents M(G) as the double centralizer algebra D(L!(G)) 
of © (G) whenever G is a locally compact group. For each » € M(G) ~ 
Co(G)", define L,, and R, in B(L(G)) by 


Luf=urf R,f=fen VfFEL'(G) 
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so that L and R are merely the restrictions of the left and right regular 
representations of M(G) to the ideal L'(G). Clearly we have ||L,{| < ||xIl 
and ||Rul| < ||uj| for all ~ € M(G) and we will soon see that equality 
actually holds in these inequalities. 

Theorem 1.2.4 shows that for any double centralizer (L,R) of L'(G), 
L and R are bounded operators if the annihilator ideals L'(G)z4 and 
L}(G)ra are both zero. We will show more than this: any f, g € L!(G) sat- 
isfy |If\| = sup{llf *gl| - 9 € L'(G),} and |lgi| = sup{||f « gl]: f € L(G) }- 
Hence when D(L1(G)) is given its natural norm 


(L, R)l| = max{||L|, RII} (L,R) € D(L'(G)), 


the embedding of L1(G) into D(L'(G)) is isometric. Obviously, the map 
6: M(G) > D(L!(G)) defined by 4(u) = (L,, R,) is a contractive homo- 
morphism, but even more is true. 


Theorem [fG is a locally compact group, the map 6: M(G) > D(L1(G)) 
is an isometric isomorphism of M(G) onto D(L)(G)). 


Proof It is enough to sow that each (L, R) € D(L'(G)) can be expressed 
as (L,, R,) for some p € M(G) satisfying ||u|| < |IL|| < {|(Z, R)]]. 

Let V be the family of all compact neighborhoods of e in G. Order V 
by reverse inclusion (t.e., for V}; W © VV < W means W CV). This 
makes Y into a directed set. For each V € VY, let ey be A(V)7! times 
the characteristic function of V. Example 5.1.9 below shows that the net 
fev}vev satisfies: 


lmevef=f; limfrev=f  Wfe L(G), (29) 
proving both ||f|| = sup{Ilf * ll : g € L*(G)i} and also |{gl| = 


sup{||f « gil: f € L'(G),} for all f, g € L1(G). 
Let (L, R) € D(L'(G)) and f € L'(G) be given. Here is another conse- 
quence of (29) which uses the continuity of L also: 


LF=L iim ev «f= lim L(ev «fl= lim hy * f, where hy = L(ey). 


Clearly {hy }yey is a net in the closed ball ||LZ||M(G),. Also ||L||M(G), = 
|L||Co(G){ is compact in the weak*- or Co(G)-topology by Alaoglu’s the- 
orem. Therefore some subnet {hy }yew converges to some p € ||L||M(G)i 
in the C’o(G)-topology. 

Let f and g be arbitrary elements of Coo(G) so that f *«g also belongs to 
Coo(G). Given any € > 0, there is some Vo € W such that V > Vo implies 


| [4+ au) duu) — ff +9(u) hy w) dul <e 
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By “‘ubini’s theorem we have 


Lf 40) f a0 wadutu)ao — J 80) [90> hv widuae <eé. 
Taking the limit of V > Vo in W gives 
L[ ferlba(arce)— Keoyo)lav 
= Lf 20a f acu tend = lim [ o(u~*v)hy (u)dulav <e. 


Since f € Coo(G) and € > 0 were arbitrary, we see that L(g) = L(g) holds 
for each g € Coo(G). Since both L, and L are continuous and Co9(G) is 
dens: in L!(G), we conclude L = L, where ||y{| = ||Z||. Furthermore, for 
any f,g € L1(G) we have R(f)*g = fx L(g) =fxuxg = Rf) +9. 
Hence we have shown that (L, R) equals (L,, Ry) for some yp € |[L||M(G), 
as we wished to do. oO 


Note that the fact that the left centralizer L came from a pair (L, R) € 
D(L*(G)) was only invoked to justify the use of Theorem 1.2.4 to prove 
that L was continuous. Under the present circumstances, Proposition 5.2.6 
below can be used in place of Theorem 1.2.4 to prove the continuity of L. 
In fact, we have shown that any left centralizer is a bounded linear map of 
the iorm L, for some » € M(G). Wendel [1952] used the above result to 
prove: 


Corecllary A map: L(G) — L1(G) is an isometric left centralizer if and 
oly if it has the form 
Lif)=Cuf VfeLl'(G) 
for simeuéG andC eT. 
From this he concluded: 


The .xrem Let G and H_ be locally compact groups and let 
T:L'(G) > L}(H) be a contractive algebra isomorphism. Then there 
is a .1omeomorphic group isomorphism y: H — G and a continuous group 
hey. norphism x: H — T satisfying 


Tf(u)=cx(u)f(p(u)) WueH 


where c is the constant value of the ratio A\yy(E)/AG(E) for each mea- 
suratle set E with finite non-zero measure. In particular G and H are 
isom srphic as topological groups and T is actually an isometry. 
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The proof is based on the obvious fact that TLT~—' is a left centralizer 
of L'(H) when L is a left centralizer of L}(G). If L is isometric, then it 
can be shown that TLT—! is also. Thus, with a little work, the previous 
result gives a map y:G — H and a map x:H — T defined by 


Tlhewt = x(u)i'y VueH 


where Liu) and L’,, are defined by Louyf = (u)f and Lug = ug for all 
ué H, f € L'(G) and g € L'(H). For details, see the original reference. 
(Contractivity can be relaxed; see Nigel J. Kalton and Geoffrey V. Wood 
[1976] and Wood [1983], [1991]. Also see Roger P. Rigelhof {1969a], Adegoke 
Olubummo [1979].) 

The major consequence of this result is that the Banach algebra L(G) 
(with its norm), considered as an abstract Banach algebra, is a complete set 
of invariants for G. In [1966] Greenleaf described a procedure for recovering 
the topological group from the abstract Banach algebra A = L'(G). First 
construct the double centralizer algebra D(A). (We have just seen that 
D(A) is isometrically isomorphic to M(G).) Let G(A) be the subgroup of 
the multiplicative group of D(A) consisting of those pairs (L, R) in which 
both L and R are surjective isometries and let yy be some multiplicative 
linear functional on D(A). Under the identification of D(A) with M(G), 
we have seen that G(L'(G)) is the subgroup {Cé, : ¢ € T, u € G} and that 
there is always a multiplicative linear functional. Let G(.A) be the subgroup 


G(A) = {u € G(A) : r0(u) = lull} 


of D(A) and endow G(A) with the relativized strict topology (Definition 
5.1.5) of D(A) (induced by its ideal A). Greenleaf [1966] shows that 
G(L'(G)) is homeomorphically isomorphic to G under the map of G into 
M(G) given by 

ur» yo(bu) "bu. 


This construction is then used to characterize those Banach algebras iso- 
metrically isomorphic to L(G) for some compact group G. 

Jyunji Inoue [1971] introduces an interesting group algebra intermediate 
between L1(G) and M(G). It is the closure in M(G) of the sum of L'(G,) 
where 7 varies over all locally compact group topologies stronger than the 
given topology and L!(G,) is just the corresponding group algebra. This 
algebra plays an important role in Joseph L. Taylor’s [1973a] structure 
theory of Af(G) for G a locally compact abelian group. See 3.6.17 for 
related results. 


1.9.14 Representations of Topological Groups A representation V 
of a group G on a linear space ¥ is a group homomorphism of G into the 
group £(%’)g of invertibles in C(4). If 4 is normed and the representation 
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is into B(¥)g, it is called a normed representation. If G is a topological 
group, a normed representation V of G on a Banach space 7% is said to 
be ( norm / weakly / strongly ) continuous if the map V:G — B(2%) is 
cen*‘inuous with respect to the given topology of G and the ( norm / weak 
ope-ator / strong operator ) topology on B(2%’). Note that boundedness 
acd continuity of representations are completely independent, with neither 
izaplying the other. Obviously norm continuity implies strong continuity 
which implies weak continuity. It turns out that norm continuity is too 
strong a concept to be of much interest. (Except of course when 1 is finite 
dimensional so that the various topologies on B(4’) agree.) As we will show, 
weak continuity frequently implies strong continuity. 

Note that the reconstruction of G from L}(G) carried out above de- 
pended on the representation V:G — B(L'(G)) given by 


Valf) =6uxf=uf WueG; feLy(G). 


This representation is strongly continuous. (‘To prove this, note that Coo(G) 
is dense in L'(G) and that ut f, is continuous with respect to the supre- 
mum norm on Co9(G).) 

The following results will frequently be useful. Let G be a locally com- 
pact group and let V:G — B(%) be a representation of G on a Banach 
spece ¥ such that u ++ V,z is bounded and weakly measurable for any 
fixed z € V. (For formal definitions of these almost self explanatory terms, 
ses the appendix to this section where the Bochner integral and its basic 
2roverties are also defined and discussed.) For any f € L'(G), we may use 
the Bochner integral to define 


TY 2= f flw)Vaedu VzEXx 


as an element of X’. (The integrand is almost separably valued since supp( f) 
is o-compact.) Clearly the map Ty (t.e., zr Ty 2) is linear. We now show 
that it belongs to B(¥) and that the resulting map T’: L}(G) — B(%) is a 
weakly continuous representation of L}(G) on ¥. The uniform boundedness 
aricciple shows that {V, : u € G} is a bounded set of operators in B(1). 
Let 3 be a bound for V and let z € # and w € 4” be arbitrary. We get 


|w(TF 2)| | fo Val2)) du < fife) |w(Va(z))] du 
IFAs Mol Biz. 


Weax continuity follows by replacing f by f — g in the above expression. 
Fubini’s Theorem gives 


1A 
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w(Tyg(z)) = | / f(v)g(v-!u)dv w(V,(z))du 

J [ forge uw Valo)dude 

= ff f 1e)a(uioVoule))dudv 

/ i f (v)w(V,Vu(z))dv g(u)du 

| g(u)w(TY Vy (z))du 


7 / g(u)(TY )*(w)(Va(2))du 
(TY)*(w)(TY (2)) = w(TY TY (2). 


Mt 


II 


tl 


li 


For later use, we need to note also that if V is weakly continuous at 
e€G (2.., if V is a continuous function at e € G into B(¥) with its weak 
operator topology), then each z € 4 satisfies < € {T/z: f € L'(G)}-. 
If this were to fail, then the Hahn—Banach theorem would give an element 
w € X* satisfying w(z) # 0 but w(TYz) = 0 for all f € L'(G). However, 
this implies 


/ f(u)w(Vy(z))du=u(T¥2)=0 WE L4G) 


which in turn implies that w(V,,(z)) is zero almost everywhere and hence 
is zero at e€ since it is continuous there. This gives the contradiction 0 4 
w(z) = w(V.(z)) = 0, which establishes z € {T/z :f € D(G)}~. A weak 
consequence is that {T/'z: f € L'(G),z € 2} is dense in X. (Actually 
Theorem 5.2.2 and Example 5.1.9 below show that 


{Tfz: fe L(G);z€ Xx} 


equals ¥ and that each z € XY may be written as Tyy for some f € L(G) 
and y € {Tz : f € L'(G)}~. In fact in the latter expression y may be 
chosen as close to z as desired and f may be chosen with ||f||, < 1.) 

The definition of the Bochner integral makes it clear that a closed V- 
invariant subspace of ¥ is T’-invariant. In order to prove that a closed 
T-invariant subspace is V-invariant, it seems necessary to make some 
continuity assumption on V. In the terminology of Definition 4.2.1, these 
two results will show that V is topologically irreducible if and only if TY 
is. 


From now on, in addition to the other assumptions made above, we 
assume that V is continuous with respect to the weak operator topology 
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on 6(4). Then we may use the Bochner integral to define a continuous 
representation T’ of M(G) on X by 


mV 
Trem f Veedu(u) pu é€ M(G); VzEX. 


The ‘act that this defines a continuous representation of M(G) is proved 
by calculations similar to those above using results from the appendix as 


before. Note the identities TY = Tos (where \ is Haar measure and 
fA(B) = f, fda for each Borel set B) and V, = = 7; for all f e€ L(G) 


and‘: € G. The latter identity shows immediately that any T’ invariant 

subspace is V-invariant. Suppose ) is a closed TY invariant subspace. We 

showed above that any z € 4 can be written as lim rr z for a suitable 
n—-0o Ld 


sequence {fn}nen in L} es Hence for any p € M(G), we have 
T2=T ¥ him Ty. z= lim TY, z. 


Hence if z belongs to any T’-invariant subspace, then Ty 2 does also. We 
have shown: 


Meorem If V is a weakly continuous, bounded representation of a lo- 
cally compact group G on a Banach space X such that u++ Vyz is almost 
separably valued for each z € X then V is strongly continuous. Moreover, 
if T’ 11 (G) — B(X) and T’: M(G) — B(&) are defined by the Bochner 
integrals 


Thz= freee dx VfEL(G);zEXx 


Vv 
Tree fur dyi(u) VueM(G), zExr 


then the following are equivalent for a closed subspace Y of X: 

(¢) Y is V-invariant; 

(v) Y is TY -invariant; 

(c) ) is 7 -invariant. 

1t only remains to show that V is strongly continuous. It is enough to 
show continuity at e since V is a group homomorphism. Suppose z € ¥ 
and € > 0 are given. Choose f € L'(G) satisfying ||TY z— 2|| < ¢/(2+ 2B) 
(wheze, as before, B is a bound for {||V,|| : u € G}). By the continuity 
of the map ut yf (Hewitt and Ross [1963], Theorem 20.4), there is a 
neigi dorhood N of e such that u € N implies || f — uf|| < ¢/2B. Then, for 
any 7: € N, we have 


Wuz-2| < |M2z-VYUT fall + |WuTf 2 -T/ ell + ITP 2- zl 
< Biz-Tf2z) + WT .s-s2ll + ITP 2 - zl <e. 


nD SSS... S—~S—rttsts—t‘“O 
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Hence V is strongly continuous. Note that this conclusion is automatic if 
\V’ is a unitary representation on Hilbert space since the weak operator and 
strong operator topologies agree on the set of unitary elements as we will 
show in Volume II. 


Corollary Jn the last theorem, the hypothesis that urs Viz is almost 
separably valued is unnecessary tf V is assumed strongly continuous or if 
ts separable or reflerwve. 


Proof We only used the hypothesis to ensure that the Bochner integral 
was defined. Hence this hypothesis may be dropped if the Banach space 1 
is reflexive, for then the simpler integral defined in the appendix may be 
employed. Furthermore, if V is strongly continuous, then the map u+> V,z 
will be strongly measurable for each z « A with respect to measures in 
M(G). Thus in this case also the above argument is valid. Finally if ¥ is 
separable, the hypothesis mentioned is automatically satisfied. a 


1.9.15 Fourier Algebras, Beurling Algebras and Semigroup AI- 
gebras We wish to briefly introduce some variations on group algebras. 
Fourier algebras and Fourier Stieltjes algebras will be studied in Volume II. 
Here we merely mention that they are commutative algebras of complex- 
valued functions with dual spaces which are convolution algebras. The 
functions can be interpreted as belonging to certain representation spaces. 
Pierre Eymard [1964] gave a systematic theory in the noncommutative 
case. The whole theory can be extended to Kac algebras introduced by 
L. I. Vainerman and Grigorii Isaakovié Kac [1974], Michel Enock and Jean- 
Marie Schwartz [1979], John Ernest [1967] and Masamichi Takesaki [1972]. 
See Jean De Canniére [1979], De Canniére, Enock and Schwartz [1979], 
De Canniere and Ronny J. E. Rousseau [1984]. See also Martin E. Walter 
[1986], [1989]. 


Definition A weight function w on a locally compact group G is a lo- 
cally bounded, measurable, positive-valued function w:G — R‘, satisfying 
w(e) = 1 and w(uv) < w(u)w(v) for all u,v € G. If w is a weight function, 
then the Beurling algebra on G defined by w is the Banach space 


LNG,w) = (f:6 9 C= Mflle = LE LF (tu) Jw(u)du < oo}, 


provided with convolution multiplication. 


It is easy to check that L'(G,w) is the subalgebra of L'(G) consisting 
of functions f satisfying fw € L1(G). It is a Banach algebra in its own 
norm || - ||. If we replace w by w(u) = inf {sup{w(uv): ve N}: N € K} 
(where K is the family of compact neighborhoods of ¢ in G), then w is an 
upper semi-continuous weight function with L}(G,w) equal to L'(G,w) as 
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a subset of L}(G) and having an equivalent norm. Hence we may further 
restrict weight functions to be upper semi-continuous without essential loss 
of generality. 

Feurling algebras share many properties with L}-group algebras, but 
their weight functions can be chosen to introduce subtle differences. For 
instance, Beurling algebras are approximately unital (see Chapter 5) and 
unital if the group is discrete. If N is a normal subgroup, the quotient 
algebra induced by the homomorphism G — G/N is a Beurling algebra 
on G/N. Arne Beurling essentially introduced these algebras into classical 
harmonic analysis in [1938]. Yngve Domar [1956] obtained many results 
for general locally compact abelian groups. Beurling algebras have also 
beer studied on noncommutative locally compact groups. See also Bruce A. 
Barnes [1971b], Ian G. Craw and Nicholas J. Young [1974], John Liukkonen 
and Richard Mosak [1977], B. A. Rogozin and M. S. Sgibnev [1980], Niels 
Grdcbaek [1983], Wilfried Hauenschild, Eberhard Kaniuth and Ajay Kumar 
[2883], William G. Bade, Philip C. Curtis, Jr. and H. Garth Dales [1987]. 
Yor other group algebras and related notions, see Satoru Igari and Yuichi 
Kanjin [1979], John G. Romo [1980a], (1980b], Klaus Hartmann [1981], S. 
A. Antonyan [1983] and David Gurarie [1984]. 

If S is a semigroup, we can introduce convolution multiplication on 
£(S) by 


fegul)= D> f(v)g(w) Vs,ge (5). 


{u,weS : u=vw} 


This makes £1(.5) into a Banach algebra which we will call the semigroup 
alc3ora of S. This algebra can have quite different properties depending 
on the structure of S. If 9 is a unital semigroup (i.e., if it has an identity 
element e for its multiplication), then 6 is an identity element for '(S). 
Exairple 4.8.5 below deals with the semigroup algebra of a free semigroup. 
Hf w:.S — RS is a weight function satisfying the inequality of the last def- 
inition, then the Banach algebra €!(S,w) can be defined. The very special 
sermizroups which have an analogue of Haar measure have been studied, and 
for them analogues of L1(G) and L}(G,w) can be defined. For further infor- 
riesicn on semigroup algebras see Young [1973b], John F. Berglund, Hugo 
D. Junghenn and Paul Milnes [1978], [1989], Ghahramani [1980], [1982], 
[1983], {1989}, Lau [1983], Ghahramani and McChure [1990], Bade [1983] 
Grenbaek [1988], [1989a], Roderick G. McLean and Hans Kummer [1988] 
John “Valter Baker and Ali Rejali [1989] and John Duncan and Alan L. T. 
Paterson [1990]. 


2.3..6 Appendix: Integration of Banach Space Valued Functions 


": this appendix we will define and state the major results on: (1) a 
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relatively elementary Lebesgue integral for reflexive Banach space valued 
functions, (2) the Bochner integral, and (3) other closely related matters. 
Proofs will not be given. They can be found in Hille and Phillips [1957],.3.7— 
3.9, Yosida [1965], Chapter V, 4 and 5 or Diestel and Uhl [1977], Chapter 
Il. The first and third references contain much more material while the 
second gives the major results more concisely. Dunford and Schwartz [1958], 
Chapter 3, and other parts of Diestel and Uhl's book give closely related 
theories. 

Throughout this appendix, let (S,B, 4) be a measure space, where p is 
either a non-negative extended real-valued, or a complex-valued, countably 
additive set function with the a-field B of subsets of S as domain. Let ¥ 
be a Banach space and let f:S — 2X be a function. Then f is said to be 
weakly B-measurable if the numerical valued function wo f is measurable 
for each w € 4". 

Let f be a weakly B-measurable function, and assume moreover that 
wof belongs to L! (2) for each w € ¥*. We can always define an 4’**-valued 
integral of f with respect to y by the following procedure. Consider the 
map W: 4° — L}(y) defined by W(w) = wo f. This is clearly linear and 
closed. Hence it is bounded by the closed graph theorem. Now consider 
the map 


wre f w(F(s)) duls) = [wereodus) vor ae. 


This is also a linear map which must be bounded since W is. Therefore it 
is an element of 1** which could be denoted by f f(s)du(s). This integral 
(which was defined independently by Gelfand [1938] and Dunford [1938]) 
has most of the usual properties of an integral. Its great defect is that the 
integral of f belongs to a larger space than the range of f. To remedy 
this defect, we will only use this integral for reflexive spaces VY where we 
naturally interpret the integral of f as an element of 4 again. The easily 
obtained elementary properties of this integral are given, for instance, in 
Hille and Phillips [1957], 3.7. 

A function f:S — ¥ (where as before (S, B, 1) is a measure space and 
.v is a Banach space) is said to be y-simple if it has only a finite number 
of values and assumes each non-zero value on a B-measurable set of finite 
measure. A function f:S — # is said to be strongly u-measurable if in 
the norm of % it is the pointwise y-almost everywhere limit of u-simple 
functions. A function f:S — ¥ is said to be y-almost separably valued if 
there is a y-null set E in B such that f(S \ E) is a separable set in the 
relativized norm topology of ¥. 

Clearly strong p-measurability would be difficult to check directly. Hence 
the following theorem of Billy J. Pettis [1938] is important. It is proved in 
Yosida [1965], V.4. 
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Theorem A function f:S + % ts strongly u-measurable if and only if it 
is weakly B-measurable and p-almost separably valued. 


Next we turn to the Bochner integral which is defined in non-reflexive 
spaces, but is less general than our previous integral when that integral is 
defined. When both integrals are defined they agree. 

A function f:S -» & is said to be Bochner p-integrable if there exists 
a sequence {fn}nen of u-simple functions from S to V which converges in 
the norm of 4 pointwise p-almost everywhere to f in such a way that it 
satisfes 


sim, [ i4(s) ~ fo(9)I dlul(s) = 0 


The Bochner integral of a u-simple function f = S\p_, xe, 7% (where 
E,, £2,...,E, is a collection of disjoint sets in B with finite u-measure, 
Xm, 1} the characteristic function of E, and 21,22,...,2, belong to 4%) is 


| f4u= Yo ueedze. 
k=1 


The Bochner integral with respect to » of a Bochner p-integrable function 


f:$-4+ X is 
J tau= jim, f fad 


where { fn}nen is any sequence of y-simple functions satisfying the defining 
property of Bochner integrability. Of course one must check that this inte- 
gral is well defined since it apparently depends on the choice of a sequence. 
This is checked in both references given above. The usefulness of this in- 
tegra’ depends largely on the following criterion for Bochner integrability 
first cbtained by Salomon Bochner [1933]. 


Thecrem A function f:S — X is Bochner integrable if and only if it is 
stronily B-measurable and satisfies { || f(s)||d|u|(s) < 00. 
By combining the last two theorems we can obtain criteria for Bochner 
integrability which are easily checked in many situations. 


" e Bochner integral is easily seen to be a linear function of the inte- 
granc which satisfies 


\ J f(s) du(s)|| < / I F(s)|\d|u(8). 


Furthermore if Y is another Banach space, T:4 — ) is a bounded lin- 
ear function and f:S — 2% is Bochner integrable, then To f is Bochner- 
integrable and satisfies 


(| #18)du(s)) = f T1408) dus) 
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These results and a number of others are proved in our references. 

Finally we make a convention. When G is a locally compact group, 
we will use all of the above terms referring to the measure space (G, B, ), 
where B is the o-field of Borel sets and X is left Haar measure without 
specifying B and A». Thus we speak of weakly measurable functions or 
Bochner integrable functions rather than weakly B-measurable and Bochner 
A-integrable functions. 


1.10 Tensor Products 


A number of the previous examples have involved tensor products of one 
sort or another. Perhaps the most interesting example is the set Br(¥, ) 
of bounded finite-rank operators from a normed linear space ¥ to another 
normed linear space ¥ as presented in Definition 1.1.17. This can be iden- 
tified with the algebraic tensor product ¥ © Y* defined below. In §1.6.8 
we also noted that the matrix algebra Mm of nm x nm-complex matrices 
could be identified with M,, @ M,, even as an algebra. 

Here we shall give a more systematic, but still brief, development of 
this important topic. Other useful discussions can be found in Robert 
Schatten {1950}, [1960], Grothendieck [1954], [1955], Joseph Diestel and 
John Jerry Uhl, Jr. [1977] Johann Cigler, Viktor Losert and Peter Michor 
[1979] and Alexandr Yakovlevi¢ Helemskii [1989b], [1993]. The latter three 
references concentrate on tensor products of Banach modules, a subject 
which we postpone until we treat cohomology theory. Schatten [1943al, 
[1943b], [1946] and Schatten and John von Neumann [1946} and [1948] 
began the study of tensor products of Banach spaces but Grothendieck’s 
work, cited above, profoundly advanced the subject. A number of useful 
subsequent papers have presented in detail ideas and results which were 
implicit but far from explicit in his work. 

In this section we give basic facts about tensor products, with some em- 
phasis on tensor products of Banach algebras. We usually state our results 
for n-fold tensor products. Later in this work we will present additional 
results on tensor products of Banach algebras which involve concepts not 
yet introduced. See §§3.2.18, 4.2.25, 4.2.26, 5.1.4 and 7.1.19. 

Tensor products are a device for reducing multilinear phenomena to 
linear ones. We are most interested in those tensor products of Banach 
spaces which are again Banach spaces. The two most important products of 
this kind are the projective tensor product and the injective tensor product. 
All other complete tensor products are intermediate between these two. We 
consider the purely algebraic case first. This is an area in which an unusual 
number of errors have been published. This probably stems from the fact 
that many proofs are utterly trivial, but in the Banach space theory some 
results which seem “obvious” are actually false. 


1 


fo 
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1.22.1 Definition Let ¥',?,...,4" and ) be linear spaces. A map f 
of 221 x #2 x... x #” into } is called multilinear if it satisfies 


PEL ey Ler ATE + EZ, Ley 1,---) En) 

= NF (Bigs 5 Lena Eos Beats Sa) HS (Ory o2  PeR yey TR Ee) 
‘er el k € {1,2,....n}, AH © C, raf © X* and 2; € XI for j # k. 
Senote the set of all multilinear maps of ¥! x 4? x --- x 4X” into Y by 


LRM AS ee 


An algebraic tensor product of X}, X?,...,4" is a pair (Z,p) con- 
sisting of a linear space Z and a map p € L(4!,4#?,...,4"; Z) called 
the’ tensor map such that, if ) is any linear space and f is any map in 
L(e2),¥*,..., 4"), then there is a unique linear map h: Z — ) satisfy- 
ing f = hop. As usual, we will denote p(z1, 22,...,Tn) by 71 @22---@zry, 
end call such elements elementary tensors. 


_ The universal mapping property of this definition and the uniqueness 
preperty in the next theorem can be illustrated by commutative diagrams. 


eai% k h ‘ 
Zz —_+_——+ 2 2 
h 


XH) x M2 Ke x aM Xx M2 x. x AD 


1.10.2 Theorem Jf X},X?,...,4" are linear spaces, then an algebraic 
tensor product (Z,p) exists. Each t € Z can be written in the form 


m 
t= S021) 822; @- Btn; where 2,5 € X* (1) 
j=l 


for somem € N. Both Z and (Z,p) are unique in the sense that if (Z’, p’) ts 
another pair satisfying the definition, then Z and Z’ are linearly isomorphic 
under an inverse pair of unique linear maps 


h:Z — Z' and h’: Z' — Z satisfying p'’ =hopandp=h' op’. (2) 
Proof We construct a linear space Z and a map p of 4} x ¥? x +--+ x 4” 


into 2 such that the range of p generates Z (giving uniqueness) and such 
that any element of £(4!, ¥?,...,4";)) factors through p uniquely. Let 
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2’ be the huge linear space of formal linear combinations of the elements of 
the Cartesian product ¥! x X? x --- x 4". Let Z" be the linear subspace 
generated by the set of elements of the form 


{ (21, 29;.+.,%a-1; Fk +2, 2k41,---) Ln) = (@1,22,.-.,2n) : 
—(Zy,22,.-+,Lk-1, Ley Tk) - ‘ +)2n), (3) 
(x), 22,. ++ Lk-1, ALK, Teo, - base) — A(z1, Z2,..-,2n) : 


Vke {1,2,...,n}; ry, 2, €4*; XEC }. 


Let Z be the quotient 2'/2” and let p:¥! x X¥2x---x A" — Z be 
defined by p(z1,22,...,2n) = (%1,%2,.--,2n) + Z”. Denote this element 
by 2; @z2@---@z,,. Hence each element in Z can be written in the form (1) 
for suitable m € N and 2,,; € V*. It is easy to see that this construction 
does provide an algebraic tensor product: given f € £(4¥!,X?,...,4"; 9) 
as in the definition, we define h by h(x; @z2@+--@2Zn) = f(21,72,..-, En) 
which is well defined by multilinearity. 

In order to see that an algebraic tensor product is unique up to the 
natural notion of isomorphism, let (Z,p) and (Z',p’) both be algebraic 
tensor products of ¥!,X#?,...,4". Then by Definition 1.10.1 there are 
unique linear maps satisfying condition (2). The uniqueness of the identity 
maps 1: Z — Z and i’: Z’ — Z' showi = h'oh andi’ =hoh'. Thus Z 
and Z’ are isomorphic by a pair of inverse isomorphisms h and h’ which 
intertwine with the tensor maps in the sense that they satisfy (2). This 
is the proper definition of an isomorphism between the pairs (Z,p) and 


(2',p"). a 


From now on we wil! speak of “the algebraic tensor product” rather 
than “an algebraic tensor product” and denote Z by 11 @ 4? @---@A4™. 
Note that the definition of the algebraic tensor product establishes a linear 
isomorphism 


m: £(X), €?,..., 4", V) + L(X'@ HX? @---@A",Y) (4) 


where n(f) = h, in the notation above. Clearly, 7 is the inverse of the linear 
isomorphism g ++ gop of £L(X!1@X?@- --@A", Y) onto L(X), X?,..., 4"). 
If m < n, it is easy to construct a linear isomorphism 
X' 8X7 @-.-@a" (5) 
~ (41 @ #7 @---8xA™ Q(V™"! QA... QOH"). 


Hence any algebraic tensor product can be built up as a succession of alge- 
braic tensor products between pairs of linear spaces: 


X1@HX?@.--@A" = ((---((X! @ XH?) @ #3) @---)@X"!) @ HX". (6) 
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Because of this construction, it is usually enough to deal with the tensor 
product of two spaces. 

‘he definition of bilinear maps (i.e., multilinear maps defined on the 
proc ict of two spaces) gives obvious canonical linear isomorphisms 


L(¥?, 475 Y) » L(A, L(X?,Y)) = L(X?, £(X?,Y)). (7) 
If m <n, this generalizes to the dual expression of (5) 
LE DY (RE A i OLA sa POY)) 


but the special case (7) is more important. 
+e need the following simple results. 


1.103 Lemma Every non-zero element t in X} @ X? can be written as 


m 
t=) nj 22, (8) 
j=l 
where {@.1,0k,2,-++1Lk,m} 18 a linearly independent set for both k = 1 and 


k=t, 


Proo; We may assume the expression (1) (with n = 2) has been chosen with 
m minimal. In order to show that this expression satisfies the conditions 
given for (8), by symmetry, it is enough to show that z1,,, is not equal to a 
linear combination: Z1m = Soi AjT1,3- If this were true, we would have 


m-1l 
t= So 21,5 ® (22,3 + Ajt2,m) 
jal 
which contradicts the minimality of m. oO 


As we have noted in previous examples, there is a linear map of % @ )t 
into (Y, ¥) given by 


r@w(z)=u(z)ze VrEeX,;wepytzey. (9) 


{ts range is the set Cr(), ¥) of all (not necessarily bounded) finite-rank 
linea. maps. The lemma implies that this map is injective as we will show 
in the proof of Proposition 1.10.4. There is also a linear map of 4 @ yt 
into .2(¥, y)t given by 


r@w(T)=w(Tz) VrEeX;weyt; TEL(AX,Y). (10) 


We wish to highlight a special case of (9). 
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1.10.4 Proposition Let X be a linear space and let Y be a subspace of 
Xt. Then XY @ ) is an algebra under the multiplication 

(z®y)(z@w) = y(z)zr Ow Va,z,EX¥; y wey. 


Equation (9) above establishes an algebra isomorphism of X ®)Y onto a sub- 
algebra of the ideal Cr(X) of not necessarily bounded finite-rank operators 
on X. If Y= Xt, the isomorphism is onto Lr(X). 


Proof Injectivity of the map defined in (9) is the only property which may 
not be clear. We may suppose that any non-zero t = 3°", 2; @yy €E X@Y 


satisfies the lemma. Since y, is not in the linear span of y2, y3,..., yn, there 
is sume z € X satisfying y,(z) # 0 and y,(z) = 0 for k = 2,3,...,n. Thus 
t(z) = 2, £9. 

The proof of Proposition 1.1.18 above shows that Cr(4) is the range 
of the isomorphism when = 2. oO 


There is a linear map of 6:4! @ X72@:--@ 4" 5 L(X*,...,4™;C) 
given on elementary tensors by 


nm 
O(2) 6226: --GIyn)(Wi,we,...,Wn) = Il wp, (Lp) Wap © X*; wy € Xt, 
k=1 


(11) 
The existence of each of these three maps follows immediately from the 
definition of the algebraic tensor product. We will presently show that 
they are all injective. Hence they could be used to construct the algebraic 
tensor product. 
We can also write (11) in a dual fashion. If w, € Xt fork = 1,2,...,n, 
we can define w) 6 w2%--- Ow, © L(X!, X2,...,4";C) by 


m1 
wy @ We B+ Dwn(L1,22,--.,2n) = I we(te) Va € UE uy EM, 
k=1 
(12) 
This notation is consistent with a variant of equation (4) above. 


1.10.5 Proposition Let X!,X?,...,4" be linear spaces. For each k = 
1,2,...,n, let Y* be a linear subspace of X*t which agrees with Zt when 
restricted to any finite-dimensional subspace Z of X*. The map 


6:X1 @X*2@---@xX" = L(Y’, y?,...,Y";C) 


defined on elementary tensors by (11) is a canonical well defined injective 
linear map. Hence, for each non-zero tensor t € X} @X? @---@X", there 
are uw, € Y* fork = 1,2,...,n satesfying O(t)(w,,we,...,wn) #9. 
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Furthermore, if By, is a Hamel basis for X* for k = 1,2,...,n then 
{2, @ 22 @-++-@Iy : ce € Bey k = 1,2,...,n} is a Hamel basis for 
2 @X7@---@x". 


Prcof It is obvious from multilinearity that 6 is well defined and its injec- 
tivity will follow from the next argument. 

Since any algebraic tensor product may be built up from successive 
sigebraic tensor products of pairs, we may use the lemma for a proof by 
induction on n. The case n = 1 is obvious (taking the algebraic tensor 
product of one linear space to be the space itself). Suppose the result 
has been established for n — 1 and write ¥! @ X%2@---@A" as Y@X" 
where Y = ¥! @X?@---@ a4"), By the lemma, we may write t = 
Li , tj ®@2y,j where {t1,t2,...,tm} C Y and {an,1,2n,2)---,2njm} C ¥” 
are linearly independent. The induction hypothesis gives us wz € Y* for 
k =1,2,...,2—1 with 6(t1)(w1,we,...,Wp-1) non-zero. Choose wy to be 
non-zero at ry,, and zero at zy; for 7 = 2,3,...,m. 

% is obvious from our construction that the proposed Hamel basis for 
the algebraic tensor product is a spanning set. The injectivity of @ shows 
that it is linearly independent and hence a Hamel basis. Oo 


Because of the injectivity of the map @ we could have defined the 
algebraic tensor product 4} @ X? @ --- @ X" to be the linear span in 
L£(XN, ¥7t,...,¥"t:C) of all the maps defined by (11) for each elemen- 
tary tensor. We will see below that the analogous construction for Banach 
spaces leads to a different Banach space tensor product from that given 
by the universal property of Definition 1.10.1 applied in the category of 
Banach spaces. 

If T:¥* = Yk k= 1,2,...,n is a set of linear maps then the map 


Ty @T2@-:-@T:4' 827. BX" + VQyYQ@---@y" (13) 


defined on elementary tensors by 
i 


T, 2Ty 8+ @Ty(x1 @22@-+-@Ly) = Ty (x1) @T2(r2) @-+-@Ty(an) (14) 


is a well defined linear map. Hence the construction of the algebraic tensor 
product is a functorial concept. In fact this functor partially preserves 
exactness (cf. Nicolas Bourbaki [1974], II, 3.4). 


Asgebra Tensor Products 


WA, A’, _..,A™ are algebras, then we can make their algebraic 
tensor product A‘) @A(?) @.--@A\" into an algebra. The formal statement 
will ‘be as long as its proof. 


2.20.8 Theorem Let A‘), A@),...,A(™ be algebras. Their algebraic 
tensor product A") @ Al?) @--. @ Al becomes an algebra A when the 
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product of elementary tensors is defined by 


(a; @ a2 B+-- San)(b) @ bz @--- @ bz) = ayb) @aghe @-++@anb, (15) 


for all ax, by € A‘*). If each A‘*) is unital, then the map yy: A) > A 
defined by yx (a) = 181@---@1@a01®...@1 (witha € A® in 
the kth position) is an injective unital algebra homomorphism for each k = 
1,2,...,n. These homomorphisms satisfy 


Pe(a)pe(b) = y2(b)ypx(a) Vk,e=1,2,...,.n,a€ AM; be AM, (16) 


Finally, the (n + 1)-tuple (A, 1, 92,.--;Pn) 18 uniquely determined up 
to the natural notion of isomorphism by the following universal mapping 
property: 


For any (n+ 1)-tuple (B, 1, W2,--., Wn), consisting of a unital 
algebra B and n unital algebra homomorphisms y,: A®*) + B 
satisfying the analogue of (16), there is a unique unital algebra 
homomorphism 6: A — B which satisfies 60 py, = Y, for each 
k=1,2,...,n. 


For n = 2, the proposition is illustrated by the following commutative 
diagrams. The second one shows the isomorphism result. 


AW) AW) 
ae wi v1 Pi 
A ¢__ A : A 
a ges 3 2 
Al?) Al?) 


Proof The easiest way to see that the multiplication (15) is well defined is 
to note that in the explicit construction (in the proof of Theorem 1.10.2) of 
the algebraic tensor product as a quotient Z'/Z”, Z” is an ideal when 2’ 
is given the obvious multiplication which induces this product. Hence the 
algebraic tensor product is an algebra under this definition. (The universal 
mapping property of algebraic tensor products can also be used to give a 
simple proof that this product is well defined, cf. Kjeld B. Laursen [1969al, 
p. 470.) Since 18 1 @--- @1 is an identity element, A is unital. The maps 
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yx are obviously injective unital homomorphisms satisfying (16) so it only 
remains to establish that the map h:.A — B of Definition 1.10.1 is a unital 
als, -bra homomorphism @ in the present setting. By induction on n (using 
(6),, we may restrict attention to the case n = 2 where we find 


E((a@b)(e@d)) = h(ac@® bd) = yy (ac)po(bd) = 
= 1(a)vr(c)a2(b)p2(d) = Yr (a)2(b)¥1(c)H2(d) 
= 6(a@b)O(c@d) VaceA™; de A. a 


When the algebraic tensor product is considered as an algebra in this 
we. we will call it the algebra tensor product. (Distinguish this from al- 
gebraic tensor product and tensor algebra which have different meanings.) 
The universal mapping property above indicates that within the category 
of unital commutative algebras and unital algebra homomorphisms, the 
algebra tensor product. defines a coproduct. Note also that M, @ My, in- 
troduced in §1.6.8, is an algebra tensor product and the notation associated 
with it is consistent with the present notations. If A is an arbitrary algebra, 
then the algebra M,(A) of all n x n matrices with elements of A as entries 
can be identified with M,, ® A as defined above. If A is unital, the algebra 
homomorphisms y; and 2 are obvious. 

it is sometimes useful to replace the universal mapping property dis- 
played above by a purely internal algebraic property: 


A is the linear span of 
{1(a1)~2(a2)-+-Yn(Gn) : ak € A): = 1,2,...,n} 


and for any finite subsets {a%,1,4k,2,-+-,@k,m} € A) each of 
which is linearly independent except for k = @ then 


m 
D> P1lai,;)92(a2,3)-+*Pn(an,) = 0 
j=l 
implies Q¢1 = O¢2 = ...,dim = 0. 


‘“his condition is satisfied by the tensor product. since for each i with 
1 <i < mand each k # & we can find w, € A‘*)' satisfying w,(ax,;) = 0 
for i: #i and w,(a4,;) = 1. If we € A(t is arbitrary, this gives 


{m \ 
0 = w) @w2 @--- Quy | >. 41,5 @ 42, eee = we(ae,) 
j=l 


which implies ae; = 0 since we € Alt was arbitrary. Also, i was arbitrary. 
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The present condition implies the universal mapping property since it 
ensures that the obvious definition of 6 on products can be extended to 
sums of products. 


The Projective Tensor Product of Banach Spaces 


For finite-dimensional linear spaces and algebras, the above theory is 
quite complete and satisfying. However for infinite-dimensional spaces we 
naturally wish to introduce topological restrictions. To begin with these 
restrictions cause no problem, but if we wish to have the tensor product. of 
Banach spaces be a Banach space, more complications arise. 

We can form the algebraic tensor product of Banach spaces, and some- 
times this construction is useful. For instance, Br(4,)) was defined that 
way. These algebraic tensor products can be provided with natural norms in 
several ways, but they will essentially never be complete (unless one factor 
is finite-dimensional). We usually wish to have the tensor product of Ba- 
nach spaces be a Banach space. There are three main ways to accomplish 
this as we will show in more detail here. First we may apply Definition 
1.10.1 to the category of Banach spaces, producing the projective tensor 
product. We may apply the construction noted after Proposition 1.10.5 to 
get the injective tensor product. Finally we may consider various norms 
(satisfying mild and natural restrictions) on the algebraic tensor product 
and then complete it. It turns out that the projective tensor product and 
injective product are special cases of the third approach using the largest 
and smallest suitable norms, respectively. 


1.10.7 Definition Let V',1?,...,4",and ) be normed linear spaces. 
A multilinear function f: 4} x 4? x --- x ¥" — ) is said to be bounded if 
there is a number B satisfying 


f(riza..--s tall S Bilal ilrall---ltall Yee € a. 


The set of bounded multilinear maps of ¥! x ¥? x .-» x A™ into ) is 
denoted by B(X!,4%,...,4";). For each f € B(X!,X?,..., 4") ¥) let 
{Lf || be the infimum of the numbers 2 satisfying the above inequality. 

The projective tensor product of X)},¥?,...,4" is a pair (Z,p) where 
Z = OGX*y-- GX" is a Banach space and the tensor map p belongs to 
B(X),X*,..., 4"; Z), and satisfies the following universal property: 


If Y is any Banach space and f is any map in B(V!, ¥?,..., 4"; y), 
then there is a unique continuous linear map h: Z — ) satisfy- 
ing f = hopand |jAl| < |i/ll. 

It is easy to see that f ++ |/f|| isa norm on B(¥}, X?,..., 4"; ) which 
is complete if ¥ is complete. Note that the projective tensor product of 
(possibly incomplete) normed linear spaces is a Banach space. It is natu- 
rally equivalent to the projective tensor product of their completions. We 
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need an analogue of Theorem 1.10.2. The proof of uniqueness is no different, 
but to establish existence we will show how the projective tensor product 
cen be constructed as the completion of the algebraic tensor product rel- 
etive to a norm which we will call the projective tensor norm. The proof 
223 this is a norm rather than just a semi-norm is particularly interesting. 


1.10.8 Theorem [f X},X?,...,4" are normed linear spaces, then their 
crojective tensor product exists and is unique in the natural sense. The pro- 

jective tensor product X1}@X?@---@X" may be realized as the completion 
of the algebraic tensor product Z= *1Q47@.- -@X” with respect to the 
following expression which is a norm on Z 


m n m } 
= inf x II Zug || 0 = Es @ 72,5 @-+ Oty, } Vtez 
j=l k=l j=l f 
(17) 
where the infimum is extended over all of the representations for t with 


meéN and z,5 € Xe. : 
For any t € X'1@47@--.@X" and any « > 0, we can find sequences 


Lk.m}men C X* converging to zero for each k = 1,2,...,n and satisfyin 
oo 9 
t= yn, 21,5 @ 22,5 @--- On, and 
fe @] n 
Well, S » IIze5l < Well, +. (18) 


Proof As noted above, the uniqueness of the projective tensor product is 
defined and proved in a way analogous to that given in Theorem 1.10.2. 
The expression (17) is easily seen to be a semi-norm on Z. Let 


6:2 = X41 @X72@---@X" 5 B(X™, X™*,...,¥™;C) 


be the canonical linear map given by the analogue of equation (11). Propo- 
sition 1.10.5 applies to the present situation directly so 6 is injective. 
eny t € Z, the inequality ||6(t)|| < |||, is obvious and shows that Wel, i 

# norm not_merely a semi-norm. Hence we may define Z to be the com- 
pletion of Z in this norm, leaving the tensor map p unchanged. Clearly 
pe B(x), X?,...,#": Z) is bounded with norm 1 when Z is defined 
this way. Furthermore, if Y and f satisfy the conditions in the defini- 
gion, then the definition of the algebraic tensor product gives a map h of 
/!* @X7@--.@A™ into ) satisfying f = hop. Any elementary tensor satis- 
Hes |[h(x1 ®22@---@2n)|] = |f(z1,22,---,2n)l] < MFI] zal [eal --- eal 
Rance h satisfies {|hl| < ||f|| relative to the projective tensor norm. Thus 
222 be extended by continuity to be a linear map with the same norm 
<s®ned on all of the projective tensor product and having the desired prop- 

sciies. Hence (Z, p) satisfies the universal mapping property. 
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In order to prove (18), choose a sequence {tm}men in the algebraic 
tensor product satisfying ||t —tml|p < ¢/2"+! for each m. Then |[ti ||, < 
ltl|p + €/4 and |ltma1 — tmilp < 3e/2™*?. Setting to = 0, we can write t = 
exo (tm+i — tm). Each term in this series can be written as a finite sum 
of elementary tensors with the sum of the products of their norms smaller 
than the estimates just derived. The infinite series obtained by combining 
these finite sums satisfies (18). However, since the size of [J;_, ||zx,j | 
tells us nothing about the size of the individual factors, the individual 
sequences {24.m}men need not converge to zero. Note that for any qg € N, 
Z1,j 822; @--@anj = V1, 7 ' 21; @q7 12,5 @--- qu ay,; (all terms 
equal). This trick allows us to write each term in the original infinite series 
as a sum of terms for which {Z%,m}men does converge to zero for each k. O 


The similarity of Definitions 1.10.1 and 1.10.7 yield a number of par- 
allel results. Equations (5) and (6) above remain obvious when each @ is 
replaced by a ® and hence n-fold projective tensor products can be built 
up from tensor products of pairs. Similarly, equations (4), (7) and (9)~(12) 
can each be extended to projective tensor products, but we will treat them 
more formally. We begin with (4) and (7) (for the case ) = C). 


1.10.9 Proposition For any normed linear spaces X},¥?,...,4¥%, the 
Banach space dual of X'@X?Q---@X" is naturally isometrically isomor- 
phic to B(X!,X?,...,4:C). 

In particular, for any normed linear spaces X and J, (X@))* is natu- 
rally isometrically linearly isomorphic to B(4, ¥*). 


Proof The definition gives a contractive map (f +» h) of the second space 
into the first which has the contractive map h+ ho p as inverse. 

For (w € (X@Y)* / T € B(X,Y"*) ) define ( Ty € B(X,Y*) / 
wr € (X@Y)* ) by 


( Ti(z)(y) =w(z @y) /wr(e@y)=T(z)ly)) Vrer yey. 


These yield inverse contractive linear isomorphisms. a 


The above construction of a natural predual Banach space for any Ba- 
nach space of bounded linear operators into a dual space is fundamental. It 
is the precursor of Shoichiro Sakai’s characterization [1956] of von Neumann 
algebras as C*-algebras which have preduals. See Volume II. 

We can now explain the use of the name “projective”. 


1.10.10 Proposition Let ¥* and Y* be Banach spaces and let T, € 
B(X*, y*) be a bounded linear map for k = 1,2,...,n. Then there is a well 
defined continuous linear map 


T, @ Tz ® +++ @ Ty: K1QX72H--- OX" + W'OY*®-.-BY"™ (19) 
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defined on elementary tensors by 
71 @T2®: ++ @Ty(r1 @22®+--@rq) = T,(21) @To(x2) ®---@Tn(Tn) (20) 


wih norm ||T, @ Tz @-+-®Tallp = Tees IlTell- 

For k = 1,2,...,n, let T, be the natural projection of X* onto X*/Z* 
wkere Z* is a closed linear subspace of X*. Then T; ® Tz @:-- @Ty 
is a projection of X18X2Q---@X" onto the quotient Banach space 
X1QH2@.--@H"/ ker(T, @Ty @ «++ @® Tn). 


Proof In (13) we have already remarked that T; ® Tz ®--: @T, is a well 
defined linear map between the algebraic tensor products. Hence Theorem 
1.30.8 and the following calculation, where t = 09° | 11,3 ®22,;@+:-®In,j, 
show that it is well defined with the asserted norm as a continuous linear 


mep (with the asserted norm) between the projective tensor products: 


n 


m n m n 
|Ti @ Tz ® +++ @Ta(t)llp < d— TY Texel < TT Tell 55 TT ize nsil- 
j=l k=1 j=l k=1 


k=1 


We simplify notation in the proof of the second claim by setting n = 2. 
it ‘s enough to consider the case in which only the first subspace is non- 
zero, because the product of quotient maps is a quotient map. We write 
xX! = X¥ and Z! = Z and X? = y. Let € > 0 be arbitrary. Apply 
(2£) and the definition of the quotient norm to t € (4/Z) @ ) to find 
{t}men © ¥ and {Ym}men © Y satisfying t = doje (2s + Z) @®y; and 


fe.2] 
ltl, S X Uzslitysll < lit, +€. This shows that T, @ T2 is a projection 
: Pi 
onto a quotient space with its quotient norm. a 


The following is an important case of the projective tensor product for 
ou purposes. For a suitable product measure theory see Hewitt and Ross 
[1833], pp. 150-157. 


1.19.11 Proposition Fork = 1,2,...,n let (M*,u,) be a pair consisting 
of a locally compact topological space M* provided with a positive regular 
Borel measure p;,. Then 


fi ® fo ®--+ ® fn(mi,ma,...,™Mn) 
= filmi) fo(m2)---fn(mn) Vf € L*(ue); me € M* 
dej nes an isometric linear isomorphism of L}(j11)®L(u2)®---@L1 (pn) 
onto L(g X pe X +++ X Un): 
Let ¥ be a Banach space. Then 


fexm)=f(mx VEL (m); rer 
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defines an tsometric linear tsomorphism of L'(1)@X onto the space 
L' (41, ¥) of Bochner j-integrable X-valued functions on M?. 


Proof Consider the second case first and replace (M!', 4) by (M, yw). The 
map (f,2) + fx (where fr(m) = f(m)zx for all m © M) is a bilinear map 
of L}(u) x 4 into L'(y, 4), so there is a contractive linear map 7 from 
the projective tensor product to L}(, 4’). It is not hard to show that the 
space of continuous functions of compact support from M to 4 is dense in 
L}(:, 4) and hence the image of r is dense. The proof will be complete 
when we prove that the map 7 is an isometry. We are reduced to showing 
that each t = S| f) @ x; € L'(u) @ & satisfies ||7(t)|| = ||t\|,. Theorem 
1.10.9 shows that we may identify (L1(u) @ V)* with B(L'(y), 4*). Since 
the f, are supported on a o-finite portion of (M, ys) and the =, are included 
in a finite-dimensional subspace of 4, we may apply the Dunford—Pettis 
theorem (Dunford and Schwartz [1958],V1.8.6) to show that any element 
w & (L'(y)~ 2X)" has the form w(f @2) = f f(m)xr*(m)(z)dy(m) for some 
function 2”: M — 4* satisfying ess supp{||x*||} = |lwl. Since this can be 
rewritten as 


Oe / x*(m)(r(t)(m))du(m), 


we find 
IItllp < sup{|w(t)| : w € (L'(u) ® Xj} < |I7(0) 


as we wished to show. 
Now the first result with n = 2 follows by setting ¥ = L}(y2). As usual, 
the general case follows by taking successive tensor products as in (6). O 


We will briefly introduce the trace on certain projective tensor prod- 
ucts. Consider the projective tensor product Y¥@A*. Any element can be 
™~ OK) 


expressed as a series t = )°~ , tn @ Wry Satisfying )77, {lrnll lwnll < 00. 
It is easy to see that the expression 


a 


Tr(t)= S% wa(zn) (21) 


n=l 
(which we will call the trace) is well defined and satisfies 


ITr(t)| < llell,- (22) 


When + is finite-dimensional, the matrix construction in §1.7.7 shows that 
this trace agrees with the familiar trace on square matrices. In §1.7.11 above 
and §1.10.25 below, we will note that it also agrees with other notions of 
traces of certain operators on infinite-dimensional Banach spaces. 
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Projective Tensor Products of Banach Algebras 


We will now extend the results of Theorem 1.10.6 to Banach algebras. 
These ideas were first explored by Bernard R. Gelbaum [1959] and Jun 
Tomiyama [1960]. The projective tensor product is the only one of the Ba- 
nech space tensor products which always preserves Banach algebra struc- 
sure, but we will discuss some other special cases below. Other results on 
tensor products of general Banach algebras are contained in T. Keith Carne 
[2281]; Gelbaum [1959], [1961], [1962],[1965], [1970]; Jests Gil de Lamadrid 
[1353], [1965aj, [1965b], [1967]; Kjeld B. Laursen [1969b], [1970]; Arnold 
Lebow [1968]; Richard J. Loy [1970b]; Anna Maria Mantero and Andrew 
Tonge [1979] and [1980]; R. D. Mehta and Mahavirendra Vasavada [1985]; 
sen Oknitiski [1982]; U. B. Tewari, M. Dutta, and Shobha Madan [1982]; 
Tomiyama [1960], [1972]; Ali Ulger (1988a]. This list omits all of the many 
papers relating to tensor products of C*-algebras and W*-algebras. 


1.19.12 Proposition Let A@), A®,...,A'™ be Banach algebras. Then 
the projective tensor product AY) @AM®--.@A™ is a Banach algebra un- 
der the natural product and the projective tensor norm. 


Proof The obvious calculation shows that the projective tensor norm is 
submultiplicative with respect to the multiplication on the algebraic tensor 
product. Hence the multiplication introduced in Theorem 1.10.6 can be 
extended to the projective tensor product by continuity. o 


When the projective tensor product of Banach algebras is regarded as 
a Banach algebra under this multiplication, we will call it the projective 
Banach algebra tensor product. We will note below that the other Banach 
tensor products we introduce later do not necessarily satisfy the above 
proposition. Combining Theorems 1.10.6 and 1.10.8 and previous argu- 
ments, we get the following result. 


1.10.13 Corollary Let A), A®@),...,A‘™ be unital Banach algebras with 
identity elements of norm 1 and let A be their projective Banach algebra 
tensor product. For k = 1,2,...,n, let pr: A® — A be the natural con- 
tractive injective unital algebra homomorphisms defined in Theorem 1.10.6. 
Thea the ordered (n + 1)-tuple (A, pi, y2,---,Yn) 18 determined up to the 
naix-ral notion of isometric isomorphism as the unique ordered (n+1)-tuple 
consisting of a unital Banach algebra and n contractive unital algebra ho- 
momorphisms p,: A*) — A with mutually commuting ranges, such that if 
(B,21,2,...,%n) is any other such (n + 1)-tuple, then there is a unique 
ceniractive unital algebra homomorphism 6: A — B satisfying Wy, = 00 yp 
for & =1,2,...,n. In particular the algebra projective tensor product de- 
fines a coproduct in the category of unital commutative Banach algebras 
anh identity elements of norm 1 and contractive unital algebra homomor- 
phisms. 
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The following important result is a corollary of Proposition 1.10.11 and 
Corollary 1.10.13. 


1.10.14 Corollary Let G',G?,...,G" be locally compact groups. Then 
L'(G!)@L1(G?)@---@L'(G") 1s 1sometrically algebra isomorphic to 
L1(G! x G? x --- x G") under the map described in Proposition 1.10.11. 


Proof It only remains to check that the products agree. We may reduce to 
the case of two locally compact groups G and H. Then f, g € L}(G) and 
h, k € L'(H) satisty 


(f ®h)*(g @k)(u,v) = fee: @ h(w,z)g @k(w7!u,2z7!v)dw dz 
7 J swyatw™ wpaw [ beyeletw)de = fg eo hak (u,2), 


Hence the product in the algebra tensor product agrees with convolution 
in L'(G x H). oO 


Somewhat similar results are given by Jestis Gil de Lamadrid [1965b] 
for the projective tensor product of the Banach space M(Q) of finite reg- 
ular Borel measures on a locally compact space 2 with another Banach 
space Y. Then M(Q)®4 is given as the space of certain 1-valued mea- 
sures on §) at least when 2) satisfies a fairly general condition. In partic- 
ular, M(G!)@M(G?)®@ ---@M(G") is isometrically algebra isomorphic to 
M(G! x G? x ---x G"). Tewari, Dutta and Madan [1982] prove interesting 
partial converses to these results. They show that if A®B is isometrically 
isomorphic to L!(G) or M(G) for some locally compact abelian group G, 
then both A and B have the same form. The proof depends on Marc Ri- 
effel's characterization [1965] of these group algebras for locally compac 
abelian groups. ; 

We remark on another consequence of our definition of projective tensor 
products. Note that a Banach algebra consists of a Banach space A together 
with a multiplication map M:.Ax.A— A defined by M(a, b) = ab. Clearly 
M belongs to B(.A, A;.A) and has norm at most one. Hence we may regard 
it as a contraction in B(A® A, A). The associativity of multiplication is then 
expressed by the equation Mo(M@/) = Mo(I@M), where I: A — A is the 
identity map. Clearly any contractive linear map M: A®A — A satisfying 
this condition determines a Banach algebra structure on A. Hence all of 
Banach algebra theory can be stated in these terms. We will seldom be 
tempted to do this. However when confronted with a Banach algebra A and 
a Banach algebra structure on A”, the above procedure may be used to give 
A’ the structure of a Hopf algebra. See Theorem 4.2.26 for an interesting 
related result concerning iyective algebras in which multiplication is well 
defined and continuous froin the injective tensor product. 
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Tie Varopoulos Algebra 


The projective tensor product of C(Q,) and C(M2) may be embedded 
in C(O, x Q2) but it is not the whole algebra unless 2; or {2 is finite. 
We will prove this only in the following interesting case first considered by 
Nicholas Th. Varopoulos (1965], [1967]. The elegant presentation is due in 
part to the review of {1965} by Carl S. Herz. See also Jean-Pierre Kahane 
[1970]. These introductory comments will be generalized in Section 3.6. 

Let G be a compact abelian group with normalized Haar measure (7.e., 
\(G) = 1) and let G be the set of all continuous group homomorphisms 
fron G into T. We will regard G as a discrete group under pointwise 
mu 'tiplication. The Fourier algebra A(G) on G is the subalgebra of C(G) 
cousisting of all those functions which can be expressed in the form 


f(u) = SF g(h)h(u) WueG forsome gé f'(G). (23) 
heG 


in Jection 3.6 we will give the easy proof that if f € A(G) satisfies (23), 
thea g is uniquely determined and satisfies g(h) = f(h) = fy f(u)h(u)*du 
for cach h € G. Thus we may give A(G) the norm |/f\|4 = {fl}. This 
ma.es A(G) into a Banach algebra since any two functions f,g € A(G) 
satisty fg = fxg where f + 9(h) = Dyce f(k)g(k™R) and hence {Ifglla < 


IIfllallglla- 

wet V(G x G) be the projective tensor product C(G)@C(G) considered 
as ¢, subalgebra of C(G x G) by setting (f ® g)(u,v) = f(u)g(v) for any 
u,v € Gas usual. Any F € A(G x G) belongs to V(G x G), since it 
can ve written in the form F(u,v) = Saree F(h ® k)h(u)k(v) where we 


hav: simply noted that each element of Gx G has the form (h® k)(u, v) = 
h(ulk(v) for some h,k € G. Hence we have continuous inclusions 


A(G x G) + V(G x G) + C(G x G). 


1.10.15 Varopoulos’ Theorem Let G be a compact abelian group with 
no~ alized Haar measure. Define 


M:C(G) +C(Gx G) and P:C(GxG)—-C(G) by 
Mf(u,v) = f(uv) VfEC(G), uvEG and 
PF(u) = i F(v,v udu = WFEC(GxG); ueG. 
G 


The. Po M is the identity map on C(G) and the restriction of ( M / P) 
deft; es an isometric linear tsomorphism of ( the Fourier algebra A(G) / the 
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The reader can find many similar results. For instance there is a nat- 
ural isometric linear embedding of %@® Y onto a closed linear subspace of 
B(X*, ). Next we note the functorial property of this tensor product and 
explain its name. 


1.10.19 Proposition Let X* and Y* be Banach spaces and let Ty € 
B(X*, Y*) be a bounded linear map for k = 1,2,...,n. Then there is a well 
defined continuous linear map 


T, ® To @--- ® Tp: 1 OX?Q--- QA" — VOYV'S--- BY" 
defined on elementary tensors by 
T, @ Tz ® --» @Ty(x @ F2 @+++ @ In) = T,(z1) ® To(z2) @ ++» @ Ta(In) 


with norm ||T; ® Tz ®@--- @ Tallw = Meer |iZell- 

For each k = 1,2,...,n, let Ty be the natural enjection of a closed linear 

subspace X* into Y*. Then T, @ Tz ®---@T, ts an tsometric injection of 
X19X7®---@X" into V'@YV?@--- Oy". 
Proof We have already noted (twice) that T,; @T2@---@T,, is a well defined 
linear map between the algebraic tensor products. Hence Definition 1.10.17 
and the following calculation, where ¢ = ae 1 21,5 @ 22,3 @-- + @Ip,j, Show 
that it is well defined as a continuous linear map (with the given norm) 
between the projective tensor products: 


IT @ 7, @--- @Ta(t)llw = supt| > [] we(Te(745))] 02 € OYE} 
j=lk=1 


= sup{| 211 1 (we )(re,7)] 1 We € (V*)F} 


y=) k=1 


WTatlourt! So [Pvelenad son € (i) = TE Tal ele 


k=1 


—: 


k 


Y 


= 


In order to see the injectivity result, consider the obvious map 6 of the al- 
gebraic tensor product Z = 41 @X?Q.--@A4" into B(Y!*, y*,..., ¥"*; C). 
Because of the Hahn-Banach theorem, the norm on the image of Z is no 
different from the norm on @(Z) in B(X'*, X¥2*,...,4"*;C). But the for- 
mer norm is that of Z considered as a subspace of Y'®)?2@---@yY" and 
the latter is its norm as < subspace of X'@X?@---@4X". Since these are 
the respective injective tensor norms, 7; ® T2 ®--- @ Ty is injective and 
isometric. i) 


There are Banach spaces for which the projective tensor product does 
not satisfy the second paragraph of Proposition 1.10.19 and others for which 
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che injective tensor product does not satisfy the last paragraph of Propo- 
sit'on 1.10.10. It is seldom true that the injective and projective tensor 
oxc ducts of two Banach spaces agree, but Gilles Pisier [1981], [1983] con- 
tre licted a conjecture of Grothendieck by giving an example of a Banach 
spece X satisfying YX = XOX. 

We will briefly discuss the dual space of the injective tensor product, 
vy we refer the reader to Chapter 8 of Diestel and Uh! [1977] for a more 
coi plete discussion. We restrict attention to two Banach spaces ¥ and ). 
in che weak* topology, 2 = A} x YI is compact (by Alaoglu’s theorem), 
ar it is easy to see that an element of the algebraic tensor product ¥ @ Y 
defines a continuous function on 2: 


So 2; @yj(¥,7) = > w(a;)r(ys) V (uw, 7) € 2. 
j=l 


j=l 
Detnition 1.10.17 shows that this injection into C(Q) is an isometry. 


1.10.20 Theorem Let 4 and Y be Banach spaces, and let 0 = Af x Y{ be 
the compact set defined by the weak* topology. Then M(Q) is isometrically 
isomorphic to the dual space (1 ®Y)* of the injective tensor product under 
the map w+ ji defined by 


iS 2; @yj) = eA w(x;)r(yjjdu(w,7) Wwe M(Q);2; € Vy; € Y. 
j=l 


gol 


Proof It is immediate that ji is a continuous linear functional with norm 
bounded above by |{yI|. 

Suppose, on the other hand, that a continuous linear functional on XY 
is g'ven. The Hahn-Banach theorem shows that it can be extended from 
the isometric image of Y@Y in C(Q) to all of C(Q) without increasing its 
norin. Then the Riesz representation theorem shows that it has the form ji 
fo vome yw € M(Q) with ||u|| no bigger than the norm of the original linear 
functional. 0 


Injective Tensor Products of Algebras 


We will give two related examples of injective tensor products of alge- 
bras. Let 2), 2,...,Q, be sets and, for each k, let A(9,) be a linear space 
of complex valued functions on Q,. For each k, let fy € A(Qx) be given 
and define 


fi: ® fo @--+@ fn(wi,wa,...,Wn) = fi (wi) fo(we) +++ fr(wn)- (25) 


Then f; @ f2®---@ fn is a function on N; x Nz x +--+ x Oy. Since the map 
Gis fareea tn) P fi @f2®---@f, is clearly multilinear, this defines a linear 
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map of A(2Q)) @ A(N2g) B---GA(Q,) into the set F = F(Q) x Ne x +--+ x Nn) 
of all complex functions on 2) x Q2 x --- x Qn. If each A(Q,) is an algebra 
under pointwise operations, then this map is a homoiorphism when F 
is also considered as an algebra under pointwise operations. We state the 
most interesting case formally. Let 2 be a locally compact Hausdorff space. 
Recall the Banach algebra Cy(Q) defined in §1.5.1. 


1.10.21 Proposition Jf 04),Q2,...,Q, are locally compact Hausdorff 
spaces, then the map indicated above establishes an isometric algebra iso- 
morphism of Co(,)@Co(N2)8---OCo(Qn) onto Co(Q, x Ng x --- x Ny). 


Proof It is enough to consider the case n = 2 and we do so in order 
to simplify notation. The map indicated is obviously an algebra homomor- 
phism of Co(21)@Co(Q2) onto a subalgebra of Co(Q, x N2) which separates 
points, does not vanish identically at any point and is closed under complex 
conjugation. Furthermore, any element f = 377", f1,; ® f2,j satisfies 


sup{| _ 71 (fi )72(fa,9)| : Te € Co(M)t} 


j=i 

= sup{|| >_ 71(fi3)falleo 71 € Co(M1)t} 
j=l 

= sup{| ¥-71(fi,3) fa.5(wa)] m1 € C(1)f; 02 € M2} 
j=l 

= sup{|| >> fo,5(wa)fislloo : w2 € M2} 
j=l 

= sup{| > fo,;(wi) fa,j(w2)| : we € Me} = IN flleo- 
j=1 


Hence the map is an isometry. Thus it can be extended to an isometry of 
Co(21)SCoa(NQz) onto a closed subspace of Co(1 x N2). Since multiplication 
and complex conjugation are continuous, the image of this map is a subal- 
gebra which is closed under complex conjugation and in the norm. It also 
parates points and docs not vanish identically at any point. The Stone 
Weierstrass theorem asserts that such a subalgebra is alt of Co(Qy) x Qe). 
oO 


If 2 is a locally compact Hausdorff space and A is a Banach algebra, 
then the set Co(Q..A) of continuous functions from 2 to A which vanish at 
infinity is a Banach algebra under pointwise operations and the supremum 
norm. The elements of Co({)®A can be interpreted as elements of Co(12, A) 
through the definition 
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(f@a\w)=fw)a VfFEC(N); aeA wen. 


1.16.22 Proposition Let 9 be a locally compact space and let A be a 
Banach algebra. Then the map described above induces an isometric algebra 
isomorphism of Co(Q)®A onto Co(M, A). 


Proof The proof is similar to that of the last proposition except for showing 
that the image of the tensor product is dense. Clearly the set Coo(2, A) 
of continuous functions from 2 to A which have compact support is dense. 
Hence we may assume that 22 is compact. Let f € C({2,A) and € > 0 be 
given. Choose f(w1), f(w2),--.,f(wm) in f(Q) so that for each f(w) with 
w €4 there is some j satisfying ||f(w) — f(w,)|] < €. For each j, define 
V; GQ by Vj = {w € 2: ||f(w) — f(&;)|| < e} so that Vi, V2,...,Vm is an 
opert cover for 21. There is a partition of unity e€),e€2,...,€m Subordinate 
to this cover. By this we mean that each e; is a continuous function of 2 
into [0,1] satisfying e;(w) = 0 for w ¢ V; and a e;(w) = 1 for allw E22. 
(For the existence of such a partition of unity, see Bourbaki [1966], [X.4.3.) 
Thus we have 


If) — Soe @ fs) = ISU) - fe)e)ll 
j=l j=l 
< SS eW)ilfw)-fw)l<e Vwen. 
{j:wEV;} 


This proves that the image of the tensor product is dense as desired. 
Other Complete Tensor Products 


There are many similarities between projective and injective tensor 
products. Their most remarkable property is that each is defined inde- 
pendent of the particular Banach spaces occurring in the tensor product. 
Both Schatten [1950] and Grothendieck [1954], [1955] investigated this phe- 
nomenon and the latter found 14 equivalence classes of such norms. Their 
stucy is based on constructing norms on the tensor products of finite- 
dimensional subspaces, but we will give no further details. 

Both the projective and injective tensor products are the completion of 
the algebraic tensor product with respect to a suitable norm. Both norms 
satisfy the following definition. The term “reasonable” and the next theo- 
rem are due to Grothendieck, while the term “uniform” was used already 
be Schatten. We will not use his term “cross norm”. 

We are giving the next definition in the geometric category of Banach 
spaces, as is Most common and often suitable. However the reader should 
be aware that modifications suitable for the topological category of Banach 
aigecras have been studied. Gil de Lamadrid [1967] called a norm on the 
algebraic tensor product admissible if it dominates the injective tensor norm 
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and is dominated by the projective tensor norm (cf. Theorem 1.10.24(d) 
below). This terminology has been adopted by others, but we are not aware 
that his name “modular” for a uniform norm up to topological equivalence 
has seen recent use. In the cited paper he offers a more general setting in 
which modular norms can be defined. 


1.10.23 Definition Let ¥!,%?,..., 4%" be normed linear spaces. Let 
\{- [lq be a norm on the algebraic tensor product Z = ¥!1@X7@--.@A™. 
The norm induced on Z = 4!* @ YX?" @--- @ A by its embedding into 
the dual space of (Z, ||- ||) defined on elementary tensors by 


n 
Wy Bw. @+-:Q@wy(T1,22,--.,2n) = [[ «(ze) VarRe€ Xe. Wp E (v*)* 
k-=1 


is called the dual norm and denoted by || - |la:. 
A norm on Z is called a reasonable norm if it satisfies 


It. @ £2 B+" @an|la < |fer|ilizell---llenl] VrxeX* and (26) 
Wun Guz @-- Gwallar <  ffwrl| |fwell---llwnll Vw © (a*)* (27) 
The completion of Z with respect to a reasonable norm || - ||, on Z is 


denoted by VOVS BV, 

A reasonable norm on Z is called uniform if all choices of T, € B(**) 
satisfy 

|T1 ® T2 @-+- @ Tall = |ITi II |IZa}} «++ Tall 

where the norm on the left is the operator norm in B(Z). A reasonable norm 
\|- lia on Z is called nuclear if the natural projection of Y19429 vee Our 
onto X'GX2@-.. BX" is injective. 

Explicitly, the dual norm is ||u||a- = sup{|u(t)| : £ € 2;||tlle < 1} 
where u = } Brae Wj QW2 58: BunjEZ,t= VP, 214 822418- Oly; 
and hence u(t) = 307", OP, pai kj (7e,3)- 


1.10.24 Theorem Let X},4?,...,4" be normed linear spaces and denote 
X'@X2@Q--- BX” and X™ Q@X** @-.-QX"™ by Z and Z, respectively. 

(a) For reasonable norms, the inequalities (26) and (27) are actually 
equalities. 

(b) The dual of a reasonable norm is a reasonable norm. 

(c) Both the projective tensor norm and the injective tensor norm on Z 
are uniform reasonable norms. When either is applied to Z it is the dual 
of the other on Z. 

(d) A norm ||-||_ on Z ts reasonable if and only if it satisfies 


Hele < Wella < {lellp Vte Zz. (28) 
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Thus the injective and projective tensor norms are, respectively, the smallest 
and largest reasonable norms. 


Prooj (a): Given any z, € ¥*, choose w, € (4*)j satisfying w,(z%) = ||z«l| 
for esch k. Then (27) shows ||w, @ w2 @-+-@Wnllas < 1 which implies 
lz. & 22 @-+-@Inlla > [They ||Zel|, a8 we wished to show. 

“ae proof for (27) is the dual of the one just given except that this 
time ve must consider sequences {xn }nen C ¥* satisfying ||zin|| = 1 and 
lirn wy: (kn) = {|wel|- 

(b): Let || - {la be a reasonable norm. Since (26) for {| + |la+ is just 
(27) for || - |]a, we need only establish (27) for || - ||a-. By induction, it is 
enough to consider the product of two normed linear spaces 4 and ). Let 
(Fex* {Gey ) be arbitrary. Goldstine’s theorem (Dunford and 
Schwertz [1958], V.4.5) allows us to choose a sequence ( {1} yer / {yy}yer ) 
satistying (ty —> F / yy + G) and { |lyl| < ||FIl / llsll < IG). An 
arbitrary tensor u = Dye! w; @7; in X%* @ Y* satisfies 


™ mm 


S_ F(w;)G(15)| = lim | $7 w;(x)75(ya) 


j=l j=1 
lim sup ||x,l| |[¥all [[ulla- < IIF II HG lular, 


estab ishing ||F @ Glla-+ < ||F| ||Gl]. 

(c , (d): The first paragraph of Proposition ( 1.10.10 / 1.10.19 ) shows 
that the ( projective / injective ) tensor norm is uniform. 

Fi-st we will prove inequality (28) for any reasonable norm || - ||a. Any 
w, € (A’*)* and any t € Z satisfy 


I(F ® G)(u)| 


HT 


IA 


tlla < Iltlla- 


Since the weak tensor norm of t is defined to be the supremum over all the 
expressions on the left hand side, we conclude ||t||w < ||tlla- 
Any t = 05-1 71,j @ 22,5 + @ In, € Z satisfies 


™m ™ n 
(Itlla < So llz1; @ 22,5 @-+ @tnglla = S- TT lees 


j=l j=l ket 


lw @wW2 @--- Qun(t)| < |lur @we @--- @wnllas 


Since ||t||p is defined to be the infimum over all the expressions on the right 
hand side, we get ||t\|a < ||t\|p, completing the proof of (28). 

' xt we show that || - ||. and || -||p are reasonable. Equation (26) is 
clear or both norms. The definition of the weak tensor norm shows 


lary @ v2 @-+ @un(t)| < |fwrl| [lool] ---[lenl| |lellw Vg € (4*)*; CE Z 
which implies (27) for || - ||... These results imply 


llullo < Help» < |lullue < \lullp VueZ 
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which gives (27) for ||; ||» when u is an elementary tensor. 
Let us calculate the dual of the projective tensor norm for any u € Z: 


lull) = supf{lu(t)|:¢€ 2; |lellp < 1} 
m 
= sup{ Yo u(zi,, © £27 @-*-@rLn,y)|: 
j=1 


an €X*: D> TT llzesl] <1} 


j=lk=1 


IA 


sup{ } |u(xij ® 225 @ ++ @en5)} 


jy=1 
m n 
rey €X*, Se TT Mee sll < 1 
j=l k=1 


n 
= sup{lu(z; @r2 @-:- @ay)|: oe E HF; II Han] < 1} 
k=1 


uljw < []ullp-- 

Finally we calculate the dual of the injective tensor norm for any u = 
ya #1 @ we; @--*QWny € Z: 

Jullwe = supf{lu(t)|:t€ Z; |\t\lw < 1} 


m 


sup{}— |ur,; @w2,j7 ++ @ways(t) st € Z; |Itlhw < 1} 
j=l 


IA 


m 
>> sup{ lui; @ w2,5 B+ @wn,j(t)| st € Z; [lew <1} 


= So] [lerlh 


The projective tensor norm of u is just the infimum over all the expressions 
occurring on the last line, giving the desired inequality and equality. 

Finally suppose ||- ||, is a norm on Z satisfying (28). When t is an ele- 
mentary tensor, (28) becomes (26) with an equality sign. By the definition 
of the dual norm, (28) implies 


lA 


we =|lullp VueZ. 


pS [Itllar < ||| 


[rele = |e 
When u is an elementary tensor, this gives (27) with an equality sign. O 


Because of inequality (28), it is obvious that there are contractive linear 
maps between the completions of 11 @ ¥? @---@ 4" in the corresponding 


| ; 
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norms: 
V1OX2Q-.- BH" GHG... GY VGHA27H--- BK. 


Caution: Even though these maps are extensions by continuity of the iden- 
tity map on the algebraic tensor product, they may have nontrivial kernels. 
in particular, a formula which makes sense on the space Ba(4, ¥) ~ Yoax* 
of approximable operators is not well defined on the projective tensor prod- 
uct. 


1.10.25 General Tensor Products of Banach Algebras It is natu- 
ral to ask when a reasonable norm || - ||, on the algebraic tensor product 
(considered as an algebra) A = A@) @ A@) @--.@ A of Banach algebras 
A) A)... Al) defines a Banach algebra structure on the completed 
tensor product A” = AN GADS. BA”, The obvious answer, that this 
happens exactly when the norm || - {|a is submultiplicative, is useful, since 
submultiplicativity may be as easy to check directly as some of the prop- 
erties we mention below. This question was first considered by Gelbaum 
{1962] and Gil de Lamadrid [1963], [1965a]. Subsequently, T. Keith Carne 
[1978] provided another type of answer, although he seems to have been un- 
aware of the previous work. We will summarize some of this work without 
giving full details. 

If ||- {la is a uniform norm, then B = B(A™) @ B(A?) @--- @ B(A™) 
clearly acts on (A, || - ||a) in a bounded way: 


3 


lu(t)lla SD IMT5 @T2,5@---@ TMs (Hlle 


~ 


SL [LNTslliitla VuEB ted 
k=1 


&. 


IA 


®. 
~ 


where u = 0°", Ti,j ® T2,j ®--- ®Tn,j Hence we may define the operator 
norm || - ||opa on B relative to (A, || - ||) and this is bounded above by the 
projective tensor norm. The dual action of u* = S07", Ty ; ®T3 ;@---@T;,; 
on A* also satisfies ||u*||apa < ||u*||p, showing that || - ||opa is reasonable. 
This operator norm is obviously submultiplicative. Gil de Lamadrid’s main 
result, essentially follows from the above remarks. 


Proposition Let A= A") @ A@) @---@ A) be Banach algebras such 
that the left regular representation L of each is an isometry. Let ||-||_ be a 
uniform reasonable norm on A = A“) @ A®) @---@A™. For eacht € A, 


define ||t||g to be |[Li|lopa where || - |lopa 1s defined as indicated above on 
B = B(A)) @ B(A?)) @--- @B(A™). Then ||- || is an algebra norm on 
A, and ||- || 18 submultiplicative if and only if || - |la = || - ||a- 


184 1: Normed Algebras and Examples 1.10.26 


Ift = 0%, a1, ,@a2,2-- Ban, € A, note that Ly is simply }07", La, ,® 
L., ,8-- ‘@La, , © B. Now it is easy to see that if ||-||. is submultiplicative, 
then the two norms aiz equal. The converse is immediate. Note, however 
that the very ease of this proof shows that proving || - ||a = || - {Ia is likely 
to involve checking submultiplicativity directly. As Gil de Lamadrid noted, 
the main force of this theorem is to prove the existence of a reasonable 
number of algebra norms on tensor product algebras such as A. 

Carne (1978] considers the natural tensor norms in Grothendieck’s sense 
mentioned above. He gives several necessary and sufficient conditions for 
such a norm to be submultiplicative. These conditions depend on a sort 
of mixed associativity of the metric tensor products. Using these criteria, 
he is able to show that representatives of three of the fourteen equivalence 
classes of natural tensor norms which Grothendieck defined and studied are 
submultiplicative. 

It is obvious that the tensor product algebra of two unital algebras A() 
and A‘*) is unital, even when the algebraic tensor product A(!) @ A is 
completed under some norm. Richard J. Loy [1970b] proves a very general 


converse for Banach algebras: if A = AM) 8A) is the completion of A) ® 
A“) under some reasonable (or even just admissible) algebra norm, the A 
is unital if and only if A“) and A®) are. Gelbaum {1962} contains a similar 
but more restricted result. For an extension of these results to approximate 
identities see Proposition 5.1.4. 

A number of the papers cited before Theorem 1.10.12 above deal with 
the ideal theory of algebra tensor products. In particular, Gelbaum [1959], 
[1961], [1962], [1970], Tomiyama [1962], Lebow [1968] and Laursen [1970] 
fall in this category with the two 1970 papers correcting errors in the first 
pair. See also Carne [1981]. Some will be discussed in subsequent chapters. 


1.10.26 Reasonable Hilbert Space Norms and C*-Norms §1.7.17 
introduced Hilbert spaces and C*-norms on *-algebras. They will be studied 
much more intensively in Volume II. However, they present an important 
natural situation in which reasonable norms arise which differ from the 
projective and injective tensor norms. 

If H!,H?,...,H” are Hilbert spaces, it is natural that we should wish to 
complete their algebraic tensor product to be a Hilbert space again. Since 
the norm on a Hilbert space is most often defined in terms of the inner 
product, we give Z = H! @ H? ®---@H" an inner product and then use 
that to define a norm. For elementary tensors we define 


n 
(21 @22@---@2y,y1 @ yz @- 8am) = [](ee me) V rk, ye € H*. 


Clearly this expression can be extended by bilinearity to H! @H? @---@H" 
and satisfies the properties of an inner product. The only question which 
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migiit arise is whether the inner product is definite, i.e., whether t € Z and 
(t,u) = 0 for all u € Z implies t = 0. However, the semi-norm given by 
this inner product is certainly a reasonable norm, so it is larger than the 
injective tensor norm and really is a norm rather than just a semi-norm. 
Explicitly the norm is 


z|| = > Oe [] (e5,2%.) Vt= >> 21,5 822,58: --@Inj € Z. 


j=li=1k=1 j=l 


i ‘ow let A), A), ..., A(™ be C*-algebras and denote their algebraic 
Lex .of product (considered as an algebra) by A. We may introduce an 
inv’ ution in A by setting a* equal to 0%", aj; @ a3; @---@ay, when 
4" 01,3 @ A2,; @ + @an,;. It is easy to see that this is well defined 
anc satisfies the four properties of an involution given in §1.7.17. Thus we 
hav. made A into a *-algebra. In Volume II we will consider a number of 

tee 23 of *-algebras in which there is a largest C*-norm, called the Gelfand— 
Naiiiark norm, for each algebra. It turns out that A has this property and 
that the Gelfand-Naimark norm ||-|| is a reasonable norm on it. We denote 


the <ompletion of A with respect to |] - || by A’ = AN SADE vs SAM), 

The unitization of any C*-algebra has an algebra norm satisfying the 
C*-condition. Thus it is again a C*-algebra. Example 5.1.11 below shows 
tha. C*-algebras are approximately unital. This can be used to show that 
any ©*-norm on A can be extended to the tensor product of the unitiza- 
tions of the A‘). Hence we may suppose all these algebras were already 
unital. In the category of unital C*-algebras (in which morphisms are *- 
homomorphisms which are necessarily contractive), A’ satisfies exactly the 
same universal mapping property as the projective tensor product of unital 
Banach algebras does in the category of unital Banach algebras. 

¥ Then we introduced C*-algebras, we noted that they were characterized 
ly £ 2 property that each one has at least one isometric isomorphism into 
BCH (for a suitable Hilbert space H) which sends the involution in the 
C*-z:gebra onto the Hilbert space adjoint map in B(H). Suppose that for 
eesh & = 1,2,...,n, pe: A™® — B(HF*) is such a map. Then for each 
elementary tensor a; @ a2 @+*: @ Gn € A, equation (15) shows how to 
inter oret ~1(a)) ® Y2(a2) @ +++ ®@ Yy(Gn) as an element of B(H) where H 
is th - Hilbert space tensor product of the #1*. This extends to an injective 
homomorphism y: A > B(H). It turns out, though it is far from obvious, 
tha he operator norm on ¢(a) is independent of the choice of the y,. This 
norn is obviously a C*-norm and turns out to be a reasonable norm on A. 
in fact it is easy to see that it is the smallest C*-norm on A. Since both 
the largest and the smallest C*-norm on A are reasonable, all C*-norms on 
A are reasonable. 
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The largest and smallest C*-norms do not always agree on the tensor 
product of C*-algebras. A C*-algebra B is called nuclear if they do agree on 
any tensor product of B with any other C*-algebra. It is also known that the 
smallest C*-norm on the tensor product of two C*-algebras is strictly larger 
than the injective tensor norm unless at least one of the factors is commu- 
tative. Since Co(Q)) is the typical example of a commutative C*-algebra, 
this shows that Propositions 1.10.21 and 1.10.22 cannot be extended. Sce 
Kadison and Ringrose [1986] for further details. 


2 


The Spectrum 


Introduction 


The spectrum is undoubtedly the most important concept in the theory 
of algebras. In fact, it is primarily the spectrum which differentiates the 
theory of algebras from the general theory of rings. For an element a in 
an algebra A, the spectrum is a collection of complex numbers, denoted 
by Sp(a), which is a sort of shadow of the element. (This is the origin of 
the name.) In finite-dimensional algebras, it is always nonempty and finite 
(cf. Section 2.7). However, in perfectly general algebras it may be empty 
or unbounded and thus too intractable to be useful. 

™% this introduction to the chapter we will only define the spectrum of 
an element a in a unital algebra A. In this case 


Sp(a) = {A € C : Al — a has no inverse in A}. 


Thus the spectrum of a matrix in the algebra M,, of all n x n-matrices 
is the set of eigenvalues, and the spectrum of a function f in the algebra 
of all continuous functions on the unit interval [0,1] is the range of the 
function: {f(t) : ¢ € [0,1]}. In general, the spectrum offers a way to 
study the phenomenon of invertibility. Note that it is an isomorphism 
and automorphism invariant; under an isomorphism between algebras the 
spectrum of an element and its image are the same. 

After this introduction, we will begin the detailed portion of the chap- 
ter by extending this definition to nonunital algebras. This will involve the 
concepts of quasi-multiplication and the quasi-inverse. In perfectly general 
algebras the spectrum has several useful properties including the spectral 
mapping theorem (Theorem 2.1.10). We also explore its possible patholo- 
gies with examples and a few simple results. Zero plays a special role in 
she spectrum and must be treated separately in the statement of many 
theorems. The problem is that the spectrum does not behave well with 
respect to homomorphisms or subalgebras unless they are unital. It be- 
haves much better in the category of unital algebras where all algebras and 
homomorphisms are unital. 

The spectral radius p(a) of an element a € A is defined by 


p(a) = sup{|Aj : A € Sp(a)}. 
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We prove (Theorem 2.2.2) that any element in an algebra A with a non- 
trivial algebra semi-norm o satisfies the inequality: 


lim o(a")!/" < p(a) VaceA. 


This shows, in particular, that the spectrum of such an element is not empty 
(since the spectral radius would be —oo in that case). The Gelfand—Mazur 
theorem (Corollary 2.2.3), which asserts that the complex field is the only 
normed division algebra, is an immediate consequence of this result. 

Next we introduce the concept of spectral semi-norms. Many properties 
characterize these semi-norms. In particular they are the algebra semi- 
norms o for which there is some constant C’ (in fact we may always choose 
C= 1) satisfying 

p(a) < Co(a) VaeA. 


Alternatively, they are the algebra semi-norms satisfying Gelfand’s spectral 
radius formula: 
pla) = tim a(a")/" Va EA. 


This is the limit denoted by 0 in Theorem 1.1.10. Israel Moiseevic Gelfand 
{1941a] proved this formula for complete algebra norms, which are there- 
fore the best known examples of spectral semi-norms. Furthermore, spec- 
tral semi-norms are exactly those algebra semi-norms relative to which the 
multiplicative group of invertible elements is open. Additional character- 
izations are contained in Theorems 2.2.5, 2.2.14, and 2.5.7, Propositions 
2.2.7 and 2.5.15 and Corollary 2.4.8. Many other properties of spectral 
semi-norms are developed. The following list (with specific references to 
results in this work) shows that they arise frequently in analysis. They will 
play a prominent role in the rest of the work. 


Ezamples of Spectral Semi-norms 


(a) Any complete algebra norm (Gelfand [1941a]; Corollary 2.2.8). 

(b) Any algebra norm (not necessarily complete) on a completely regular 
semisimple commutative Banach algebra (Rickart [1953]; Theorem 3.2.10). 

(c) Any algebra norm (not necessarily complete) on a C*-algebra (Rickart 
{1953], cf. Cleveland [1963]; Theorem 6.1.16). 

(d) Any algebra norm (not necessarily complete) on any two-sided ideal 
of B(4’) or on any closed subalgebra of B(%’) which includes all finite-rank 
operators, where B(1’) is the algebra of all bounded linear operators on a 
Banach space 4 (Yood, {1958]; Theorem 2.5.17). 

(e) Any algebra norm (not necessarily complete) on a modular annihi- 
lator algebra (Yood [1958] cf. Bonsall [1954a]; Theorem 7.4.12). 

(f) The operator norm on a full Hilbert algebra (Kieffel [1969b]; Volume 
11). 
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{-\ The Gelfand~Naimark semi-norm on a hermitian Banach *-algebra 
(Pe... sr [1972], Ratkov [1946] and Pték [1970], [1972]; Theorem 10.4.11). 

(*} Any algebra semi-norm on a Jacobson-radical algebra (Corollary 
2.3.4", 


The . acobson Radical and Fundamental Theorem 


N2wburgh’s theorem (Theorem 2.2.15) shows that the spectrum and 
spect ‘al radius are upper semi-continuous functions with respect to any 
spect<al semi-norm on an algebra. 

In order to formulate one of the most fundamental results on spectral 
semi-10rms, we introduce in a preliminary fashion the Jacobson radical, 
whick will be fully discussed in Chapter 4. It has a special role in connec- 
tion with the spectrum and spectral semi-norms. The Jacobson radical can 
be described as the largest ideal on which the spectral radius is identically 0 
or, al‘ernatively, as the largest ideal such that the spectrum of any element 
in the algebra agrees with the spectrum of the image of this element modulo 
the ideal. However in order to prove that any algebra has such a largest 
ideal, and for other reasons, we introduce algebraically irreducible represen- 
tatioy.s and define the Jacobson radical of an algebra as the intersection of 
the kernels of all such representations. 

After a brief introduction of these concepts, we are able to prove the 
fundamental theorem of spectral semi-norms (Theorem 2.3.6) which states 
that the limits of any sequence with respect to different spectral semi- 
norm: differ by an element in the Jacobson radical. The proof uses a recent 
lemm=s due to Thomas J. Ransford [1989]. This is a rather spectacular 
result, since spectral semi-norms are not at all unique. It has a number of 
sercl ries, among which Barry E. Johnson’s {1967a] uniqueness of norm 
theorem (Corollary 2.3.10) is the best known. This theorem asserts that 
any two complete norms on a semisimple algebra must be equivalent. 


Comrxutativity and Modular Ideals 


Theorem 1.1.10 and the Gelfand spectral radius formula show that, on 
a commutative algebra with a spectral semi-norm, the spectral radius is 
both subadditive and submultiplicative. It turns out that it is enough 
to assume that the algebra is commutative modulo the Jacobson radical. 
Comruutative algebras exist where the spectral radius is always finite-valued 
but is neither subadditive nor submultiplicative (Example 2.1.7). We will 
show Theorem 2.4.11) that if the spectral radius has either property, then 
it has both, and that then the algebra must be commutative modulo its 
daco’: ion radical. (This is a full converse of the first statement above, since 
the ¢: ectral radius is a spectral semi-norm under these hypotheses.) 

‘’ briefly introduce modular ideals. They will be further discussed in 
Cha ar 4. Here they are used to characterize spectral semi-norms as those 
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algebra semi-norma in which all maximal modular ideals are closed (Corol- 
lary 2.4.8) and to describe the kernels of multiplicative linear functionals 
on an algebra, t.e., algebra homomorphisms into the complex number field 
(Theorem 2.4.12). 


Spectral Algebras and Spectral Subalgebras 


A spectral algebra is an algebra on which some spectral semi-norm can 
be defined. We emphasize that it is not an algebra with a particular choice 
of spectral semi-norm, but merely an algebra on which it is possible to 
define at least one spectral semi-norm. Most spectral algebras have many 
spectral semi-norms, and no particular one of them is preferred above the 
others. Proposition 2.4.2 gives a purely algebraic description of spectral 
algebras. These algebras play a fundamental role throughout this work. 
Note that any Banach algebra is a spectral algebra, and Theorem 2.5.18 
characterizes spectral algebras in terms of the existence of homomorphisms 
into Banach algebras. 

The Gleason-Kahane-Zelazko theorem (Theorem 2.4.13) shows that a 
linear functional y: A — C on a spectral algebra is a homomorphism if and 
only if it satisfies 

y(a) € Sp(a) VaEA, 


In the next chapter we will show that a commutative algebra satisfies the 
Gelfand theory if and only if it is a spectral algebra. Chapter 4 con- 
tains the proof that any irreducible representation of a spectral algebra is 
strictly dense, generalizing results of Nathan Jacobson {1945b] and Charles 
E. Rickart [1950]. 

The chapter concludes with a thorough discussion of spectral subalgebras. 
These are the subalgebras such that an element of the subalgebra has the 
same non-zero spectrum whether calculated in the subalgebra or in the 
larger algebra. N. Bourbaki [1967] calls unital subalgebras full (pleine) 
if they are spectral subalgebras, but many interesting cases of spectral 
subalgebras are not unital subalgebras, as the following list of spectral 
subalgebras shows. (If not otherwise indicated, the statements have easy 
proofs which are gathered in Proposition 2.5.3.) 


Examples of Spectral Subalgebras 


(a) Any one- or two-sided ideal. 

(b) The coinmutant of any subset. Hence the center of an algebra and 
any maximal commutative subalgebra. 

(c) The “corner” subalgebra eAe, for any idempotent e € A. 

(d) Any finite-dimensional subalgebra or any subalgebra in which every 
element satisfies some polynomial equation. 

(¢) Any modular annihilator subalgebra of a normed algebra (Corollary 
2.5.9) 
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(f} Any closed subalgebra of a Banach algebra in which each element 
co: S22 subalgebra has nowhere dense spectrum relative to the subalgebra 
(Corcilary 2.5.11). 

(g) Any closed *-subalgebra of a hermitian Banach *-algebra (Theorem 
10.4,79). 

(bh) The range of the left or right regular or extended regular represen- 
tation. 

(i) The image «(A) of A in A** with either Arens product. 

(j) Any intersection of spectral subalgebras or any spectral subalgebra 
of a spectral subalgebra. 


As one would expect, a spectral subalgebra of a spectral algebra is again 
a spectral algebra in its own right. (However, a spectral subalgebra of a 
nonspectral algebra need not be a spectral algebra. Despite this, we believe 
the name “spectral subalgebra”, is appropriate, since spectral subalgebras 
are the appropriate kind of subobject in the category of spectral algebras. 
The morphisms in this category are just algebra homomorphisms.) This 
gives a long list of spectral algebras. For instance, any (not necessarily 
cios:<) ideal in a Banach algebra is a spectral algebra. 

The theory of topological divisors of zero extends to spectral semi-norms, 
and nence its consequences are available for spectral algebras, even though 
they Co not carry a particular spectral semi-norm. Many results on spectral 
subaigebras arise in this way. Two propositions (Propositions 2.5.12 and 
2.5.13) give conditions under which an algebra without topological quasi- 
divisors of zero is isomorphic to the complex field. 

The last result (Theorem 2.5.18) characterizes spectral algebras as those 
algebras A for which A/A, can be embedded in a Banach algebra. This 
characterization remains valid even if the subalgebra is required to be dense 
and the Banach algebra is required to be semisimple. It gives insight into 
the reason for the similarity between the spectral theory of spectral algebras 
and Banach algebras. 


Historical Notes 


We conclude this introduction with a few historical remarks on the ori- 
gin of the concept of spectrum. David Hilbert can be credited with the 
introduction of the words “spectrum”, and “spectral theory”, and with the 
beginning of the subject (1904, 1906; cf. 1912]. It arose out of his work on 
integral equations. These were first used by Niels Henrik Abel, but their 
systematic study was begun by Eric Ivar Fredholm [1900!. Fredholm’s work 
inspired Hilbert to spend most of the first decade of the twentieth century 
working on integral equations, and this work was the origin of many of 
the fundamental ideas of functional analysis. In particular, Hilbert ex- 
ploited a numerical parameter in the integral equations he wished to solve 
tou uncerstand the behavior in terms of the various values of this parame- 
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ter. Although his formulation does not agree with the modern placement 
of the parameter, his spectrum is closely related to our modern concept. 
Hilbert even gave a fairly sophisticated spectral theorem which expresses 
the integral operator as a generalized integral over its spectrum. From our 
modern viewpoint, Hilbert, and later his student Erhard Schmidt, dealt 
mainly with the case of compact operators, where the spectrum resembles 
the spectrum of a matrix much more closely. Indeed, Fredholm, Hilbert and 
Schmidt used limits of matrix approximations as one of their main tools. 
However, Hilbert did begin with a more general spectral theorem involving 
a treatment of continuous spectrum. 

It is a great irony of history that the word “spectrum”, was first used in 
twentieth century science to describe the discrete lines in the light emitted 
by heated gases when that light was bent through a prism. Hilbert was 
well aware of this use of the word. These lines represent the energy of 
jumps between quantized states of the atoms involved. After considerable 
development of quantum mechanics, in which Hilbert played a role, it finally 
became clear that the physical spectrum of an atom could best be described 
mathematically in terms of the spectrum of an operator on Hilbert space. 
Hilbert is on record as saying that he had no hint of this connection when 
he introduced the concept of the spectrum in analysis. The connection 
received an early definitive treatment in John von Neumann’s influential 
book [1927]. For more historical remarks see Lynn A. Steen [1973] and 
Constance Reid [1970]. 

We will not discuss continued fractions in Banach algebras. The reader 
will find a bibliography in Hans Denk and Max Riederle [1982]. 


2.1 Definition of the Spectrum 


Quasi-multiplication and Quasi-inverses 


We now begin the detailed portion of this chapter by extending the 
concept of spectrum to nonunital algebras. Recall that for any element a 
in a unital algebra .A we define its spectrum and spectral radius by: 

Sp(a) = {A EC: Al —-a has no inverse in A}, and 
p(a) = sup{|A]: A € Sp(a)}, (1) 


respectively. If the spectrum is empty or unbounded, then the spectral 
radius will have the value —oo or oo, respectively. When no element has 
empty or unbounded spectrum, the spectral radius is a non-negative real- 
valued function on the algebra—a beginning for analysis and geometry. 
We can extend this definition to a not necessarily unital algebra A by 
saying that the spectrum of an element in A is the spectrum (as just defined) 
of its image in the unitization A! of A. According to this definition, 0 will 
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belcag to the spectrum of an element a unless A is already unital and a is 
inve -tible in A. This is the accepted definition and should always be kept 
in riind. However, for both technical and theoretical reasons it is desirable 
to give a logically equivalent definition of spectrum entirely in terms of A 
rather than its unitization A!. In order to do this we must introduce a 
concept to take the place of invertibility in nonunital algebras. Of course 
suck algebras have no invertible elements, but by recalling that we really 
wish to describe the conditions under which an element in A has an inverse 
in 4), we are led to the correct concept. It was first used by Sam Perlis 
[194 2} (cf., Jacobson [1945a] and Irving Kaplansky [1947a]). The particular 
form of the quasi-product which is now standard was introduced in Einar 
Hilie’s influential book [1948]. 


2.1.1 Definition The quasi-product of any two elements a and 6 in an 
algebra is denoted by ao b and defined by 


aob=a+b—ab, (2) 


We shall also call this binary operation quasi-multiplication. (Note that 0 
acts as an identity element under quasi-multiplication.) If ao 6 = 0 holds, 
ther a is said to be a left quasi-inverse for 6, and 6 is said to be a right 
quc: '-inverse for a. An element which is both a left and a right quasi-inverse 
for c is called a quasi-inverse for a, and is denoted by a%. The terms right 
quasi-invertible, left quasi-invertible, and quasi-invertible are used in the 
usu: way. An element which does not have a (two-sided) quasi-inverse is 
said to be quasi-singular. 

“he set. of quasi-invertible elements in an algebra .A is called the quasi- 
gre > of A and is denoted by Ajg. Similarly, in a unital algebra the set of 
iave:tible elements is called the group of A and is denoted by Ag. 


The first result in the next proposition explains the quasi-product. In 
part‘cular, it implies that a quasi-inverse is unique if it exists, that an 
element which is both left and right quasi-invertible is quasi-invertible and 
that the quasi-inverse of a is in the double commutant of a: a? € {a}”. 

¥° A is unital, it shows that the simple map 


atl-a Vaead (3) 


(which is its own inverse) is a semigroup isomorphism of the ( multiplicative 
semigroup of A / quasi-multiplicative semigroup of A ) onto the ( quasi- 
multiplicative semigroup of A / multiplicative semigroup of A ). Hence it 
is also a group isomorphism of the ( group Ag / quasi-group Agg ) onto the 
( quesi-group Agg / group Ag ). If A is nonunital, the situation is more 
complicated: the above map establishes group isomorphisms between the 
ner: 31 subgroup Agu) = {A+a€ At: A =1) of the group Aj, of A’ and 
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the quasi-group Agg of A. The group Al, is homeomorphically isomorphic 
to the direct product of the multiplicative group C® of non-zero complex 
numbers and Agg under the isomorphism 


A—ar (A, AWA). 


Obviously, the inverse of this group isomorphism sends the second factor 
onto the normal subgroup of A}, just described. 

Warning. Although quasi-multiplication is associative (and commuta- 
tive if and only if A is commutative), it does not behave well with respect 
to the linear structure. Instead of the distributive law we get: 


(a+b)oc=aoc+boc—c and co(a+b)=coa+cob—c (4) 
and scalar multiplication gives: 
Aaob= Aaob)+(1—-A)b and aorb=Xaob)+(1-A)a (5) 
as short calculations will show. 


2.1.2 Proposition Let A be an algebra. 
(a) The following are equivalent for any a, b,c € A: 
aob=c and (l-—a)(1l—b)=1-—c (6) 
(b) Quasi-multiplication is associative and the quasi-group is a group 
under quasi-multiplication, with 0 as tts identity element. 
(c) If A ts embedded as a one- or two-sided ideal in some larger unital 


algebra B (with identity element 1), then the following are equivalent for 
any non-zeroX EC andaec A: 


A aE Age and (Al —a) € Bg. 


(d) If A is not unital, then the quasi-invertible elements in A’ are given 


(A))ag = {1-A+Aa: AEC\ {Of ae Ayg} 


and the quasi-inverse for such an element of A is given by: 
(1-A+ Aa)? =1—A 14d Tad, 


Proof The first two claims are immediate. If A~'a has b as a quasi-inverse, 
then (A7!1 — A7~1b) is an inverse for (Al — a) in B. Conversely, if c is an 
inverse for (Al — a) in B, then ~ac = —ca is a quasi-inverse for \~'a in A. 
The last claim is also routine. Oo 


The next proposition shows that the quasi-product and quasi-inverse 
have utility beyond just defining the spectrum in not necessarily unital al- 
gebras. No result similar to the following holds for the group of invertible 
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elements in a unital algebra or for inverses, since a homomorphism between 
algebras does not necessarily respect inverses or invertibility. Only unital 
homomorphisms do so. However, perfectly arbitrary algebra homomor- 
phisms respect quasi-inverses and quasi-invertibility. 


2.1.3 Proposition Let A and B be algebras and let p:A — B be a 
homomorphism. Then they satisfy 


i p(Aga) © Beg and ya) =yla)? Vae Age. 


Thus if B is a subalgebra of A, Bag is included in Aga. 
v A, B and p are unital, they also satisfy 


y(Ac) & Be and pla')=y(a)"' Vae Ag. 
If B is a unital subalgebra of the unital algebra A, Bg is included in Ag. 


Proof An easy calculation gives the first statement which immediately 
implies the second. The unital case is also straightforward. Oo 


tt is clear that quasi-multiplication is at least separately continuous in 
a Semi-topological algebra. In a semi-normed algebra, the quasi-group is a 
topological group by the following result of Kaplansky [1947a]. 


2.1.4 Proposition In a semi-normed algebra A, quasi-multiplication is 
jointly continuous and the map which sends an element to its quasi-inverse 
1s a homeomorphism. 


Proof The first statement is obvious. In order to establish the second, let 
a and b be two quasi-invertible elements and denote their difference by h. 
Then we get 


boat =a+h+at—(a+ hja’ = hA(1 — a?) 
which implies 


(1 — b8)A(1 — @%) 


h(1 — a4) — bYA(1 — 0%) 
= bl oh(1— a?) ~ bo = b% obo a? — b% = a? — BY, 
Denote the difference a? — b? by k, so we have 
k = k(—h(1 — a9)) + (1+ a7)A(1 — a4). 
Hencc if o is an algebra semi-norm and o(h) is sufficiently small, we get 
o(k) < [1 + o(a?)]?[1 — o(h)(1 + o(a*))] “1 o(h). 


Tais proves that the quasi-inverse is a continuous and hence homeomorphic 
map on the quasi-group. Oo 


L 
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Definition and Basic Properties of the Spectrum 


With these preliminaries out of the way, we are in a position to define the 
spectrum in a not necessarily unital algebra in terms of the quasi-inverse 
without reference to the unitization. Proposition 2.1.2(c) applied to the 
embedding of an algebra into its unitization shows how to do this. The 
present definition agrees completely with the informal definition offered at 
the very beginning of this section. 


2.1.5 Definition Let a be an element in an algebra A. Consider the set 
of complex numbers 


{AEC:AF#Oand A7'a ¢ Age}. 


The spectrum Sp(a) of a equals this set if A is unital and a is invertible. 
Otherwise Sp(a) is the union of this set and {0}. The spectral radius p(a) 
is defined by 

p(a) = sup{|Aj : X € Sp(a)}. (7) 


If the algebra A intended might not be clear, we write Sp,4(a) and p,(a). 
The complement in C of the spectrum of a is called the resolvent set of a. 


In perfectly general algebras the spectrum of an element may be empty 
or unbounded, as we will now see by example. In these two cases the 
spectral radius is —oo or 00, respectively. However, in the types of algebras 
which are of most interest in this work the spectrum will be nonempty, 
closed and bounded and hence compact. 


2.1.6 Example Let C(z) be the function field in one variable, consisting 
of all rational functions in z. Then any non-constant function has empty 
spectrum. Theorem 2.2.2 below shows that no element in a normed algebra 
can have empty spectrum. (Hence no submultiplicative norm can be defined 
on C(z).) 

Many normed (even commutative) algebras contain elements with un- 
bounded spectrum. For instance, consider the unital, commutative, normed 
algebra C[z] of all polynomials with the norm |p|] = sup{|p(A}{ : A € 
C, |A| < 1}. In this algebra, every element has closed spectrum since 


{ C if pis not constant 


SpP)=) fy} ifp=r€C. 


There also exist unital, normed (even commutative) algebras in which some 
elements have unbounded and nonclosed spectrum. Consider R = {rational 
functions with poles outside the open unit disc, {A € C : |A| < 1}}. We 
may give this the norm ||f|| = sup{|f(A)|: |A| < 4}. The spectrum of each 
rational function f € R is just {f(A) : |A| < 1}. 
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Proposition 2.1.11 imparts some order to the situation illustrated by 
these examples. 

If every element in an algebra has nonempty, bounded spectrum, then 
the spectral radius is a non-negative real-valued function on the algebra. 
We will show later that in a commutative spectral algebra the spectral 
radius is also subadditive and submultiplicative and hence is an algebra 
norm. Commutativity is not enough by itself to give this result, as the 
next example shows. Theorem 2.4.11 will show that if the spectral radius 
is subadditive or submultiplicative, then it enjoys both properties and is 
ths an algebra semi-norm. 


".” 7% Example There are unital, commutative algebras in which the 
sp27trum of every element is nonempty and bounded (hence compact), so 
tne the spectral radius is a non-negative real-valued function, but on which 
ths spectral radius is neither subadditive nor submultiplicative. In C@C(z) 
(2 spectrum of an arbitrary element is given by: 


{A} if f not constant 
Spl. f) = { yu} iffey. 


So ‘ve have 
p(0,1) =1>04+0= p(0,z) + p(0,1— z) 
p(0,1) = 1>0-0 = p(0, z)p(0, 271). 


This algebra even has a nontrivial algebra semi-norm: o(A, f) = |A|. 


‘These examples begin to show how badly behaved the spectrum is in 
per’sctly general algebras. Nevertheless, there are some results which hold 
in aay algebra. In Corollary 2.1.15 we will improve on inclusion (10) in the 
case of Banach algebras. 


2.1.8 Proposition (a) Any algebra A satisfies 
Sp(ab) U {0} = Sp(ba) U {0} Vabe A. (8) 
D) Any algebras A and B and any homomorphism y: A — B satisfies 


Spa(v(a))< () Spa(at+s)U{o} VvVacA (9) 
beker(y) 


If £,B and ¢ are all unital or if A is not unital, this can be simplified to 
Spa(y(a))C Spa(a) aed. (10) 
ic) If B is a subalgebra of A, then 


Sp.a(b) C Spp(b)U{0}  VbEB. (11) 


¥ 


} 
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If B is a unital subalgebra of A or if B is not a unital algebra, then we have 


Spa(b)  Spg(b) VE B. (12) 


Proof (a): If ¢ is a quasi-inverse for A~!ab, then A~'6(c — 1)a is a quasi- 
inverse for A~1ba. 

(b): This is an immediate consequence of Proposition 2.1.3. 

(c): Apply (b) to the embedding map of B into A. 0 


2.1.9 Example In the above proposition it is really essential that 0 
be treated differently from non-zero numbers in the spectrum. To see this 
for statement (a), consider the shift S and backward shift S* on the space 
xX = {f:N — C} of all bounded complex sequences. These operators are 
defined by 


f(n-1) if n>1 
S(f)(n) = ;  S*(f)\(n)=f(n+1) VWneN. 
0 if n=1 


Thus S°S is the identity operator, so its spectrum is {1}, but SS* annihi- 
lates any sequence which has its only non-zero value in the first position and 
thus has spectrum {0,1}. This example is intrinsically infinite-dimensional 
and it is easy to see that in a finite-dimensional algebra the symbols “U{0}”, 
may be removed from the statement of (a) in the above proposition. 

To see the special role of 0 in parts (b) and (c) of the proposition, 
consider C embedded as the upper left entry in the 2 x 2 matrix ring Mp2. 
Then 1 € C has spectrum {1} in C but spectrum {0,1} in Mo. 

Elements with only one-sided inverses have special properties: Bernard 
H. Aupetit and L. Terrell Gardner [1981], James W. Rowell [1984], Scott 
H. Hochwald and Bernard Morrel [1987]. 


The Spectral Mapping Theorem 


The next important result is called the spectral mapping theorem. This 
theorem includes the following kinds of results: Sp(a?) = Sp(a)?; 
Sp(a~*) = {A~! : A € Sp(a)} for invertible a; and Sp(a?) = {A/(A — 1): 
d € Sp(a)} for quasi-invertible a € A. A rational function is, of course, 
simply a ratio of polynomials (which may be chown relatively prime). 

Let p be the polynomial p(A) = }°y_9 ax A*. (We denote the coordinate 
function on C by z: 

2(A)=A vVAEC, 


so this polynomial may be written as p = S7_,)a%2*.) Then for an element 
a in any algebra A we write pia) = bam neak This agrees with the 
notation of elementary algebra. (Here a° denotes the identity in A!, so 
that in a nonunital algebra, if the polynomial does not vanish at 0, is in A? 
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rather than A.) Clearly, the function p + p(a) is an algebra homomorphism 
of the algebra of polynomials into A!. If q is another polynomial, we also 
heve (¢o p)(a) = q(p(a)). This action of polynomials on elements of the 
algebra is called the polynomtal functional calculus. 

If f is a rational function with no poles in Sp(a), then we may write 
f = p/q where p and gq are relatively prime polynomials and g has no zeroes 
in:Sp(a). As we show in more detail in the proof, g(a) is then invertible, so 
we may define f(a) to be p(a)q(a)~!. This interpretation is so basic that 
we give no formal definition. Since this rational functional calculus is well 
defined in any algebra, the following theorem appears to be the natural 
form of the universal spectral mapping theorem. Surprisingly, the theorem 
is usually restricted to the polynomial functional calculus. 


2.1.10 Theorem [If a is any element in any algebra A and f is any 
rational function with no poles in Sp(a), then f(a) is defined in A’. The 
function f + f(a) is an algebra homomorphism. Unless Sp(a) is empty 
and f is a constant, f(a) satisfies: 


Sp(f(a)) = f(Sp(a)) 


where the last symbol is defined by {f(A) : A € Sp(a)}. If g is a rational 
function and either side of the equation 


(9° f)(a) = 9(f(a)) 
se defined by the above remarks, then both sides are defined and they are 


equal. 

Furthermore, for each a € A the map f +> y(f) = f(a) is the only 
aigebra homomorphism yp from the algebra of rational functions with no 
poies in Sp(a) into A! which satisfies p(1) = 1 and y(z) =a. 


Proof If Sp(a) is nonempty and f is a constant Ao, then they satisfy 
(a) = do and Sp(f(a)) = {Ao} = f(Sp(a)). 

Henceforth we assume that f is not a constant and work in A!. Let 
p and q be relatively prime polynomials satisfying f = p/g. In order to 
determine the invertibility of Ay — f(a) in A!, we factor q and Aoq — p: 


q(A) = @(Ar — A)(Az — A) +++ (An — A) 


dog(A) — p(A) = Bla — A)(M2 — A)+ +: (Mm — A) 


where a and ( are not 0 (the latter since f = p/g is not a constant). Since 
q has no zeroes in Sp(a), 


g(a) = a(Ar — a)(Az — @) +++ (An ~ @) 
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is invertible, so f(a) = p(a)g(a)~' is defined. No 4; appears among the 
x's since p and q are relatively prime. So 


do ~ f(a) = Bin — @)(2 ~— @)- ++ (Mm — @)[a(Ai — @)(Ag —@) +++ (An — @)|7? 


is invertible unless some jy; is in the spectrum of a; but the j4;’s are just 
the roots of Aoq(u) — p(4) = 0. Another way to say the same thing is that 
Xo is in the spectrum of f(a) if and only if an element of the spectrum of a 
is a zero of Agq(ys) — p(y). But this is what we wished to show. The other 
remarks are now obvious. Oo 


We will see other functional calculi with corresponding versions of the 
spectral mapping theorem later in this work. There are a number of inter- 
esting situations where a class of functions f acts on a class of elements a 
to give elements f(a). If f + f(a) is an algebra homomorphism, composi- 
tion of functions acts appropriately and a version of the spectral mapping 
theorem (Sp(f(a)) = {f(A) : A € Sp(a)}) holds, then the action is called 
a functional calculus. There is an intimate association between the spec- 
tral mapping theorem and the action of composite functions in all cases. 
In the next chapter we will define the most important functional calculus 
for arbitrary elements in arbitrary Banach algebras: the holomorphic func- 
tional calculus Theorem 3.3.7. (In that case we must consider an algebra 
of germs of functions rather than functions themselves in order to preserve 
the desired algebraic properties.) All our functional calculi are consistent 
with each other and unique under appropriate conditions. 

The present spectral mapping theorem produces some order among the 
examples of poorly behaved spectra given in Example 2.1.6. 


2.1.11 Proposition If every element in an algebra has bounded spectrum, 
then every element has closed (hence, compact) spectrum. 


Proof Suppose the algebra A satisfies this hypothesis but a € A has non- 
closed spectrum. Choose 4 in the closure of Sp(a) but not in Sp(a). Then 
Sp((A — a)~!) = {(A — 4)! : w € Sp(a)} is unbounded. a) 


The Exponential Function and Exponential Spectrum 


We now introduce a vaviant of the spectrum which was first considered 
by Robin Harte [1976]. We begin by deriving the basic properties of the 
exponential function in a inital Banach algebra. We define this function 
in terms of its power series. (The next chapter will contain a systematic 
exposition of a much more general notion of functions of elements in a 
Banach algebra.) 

In a tupological group, the connected component which contains the 
identity is called the principal component. It is always a closed normal 
subgroup (cf. Hewitt and Ross [1963], 7.1). We will show that the set of 
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iinise products of exponentials is an open and closed normal subgroup of 
_*- which equals its connected component. Recall that a group is called 
ior ton-free if it has no elements of finite order. 

‘n the following theorem the second statement under (d) is a result of 
Mi+'o Nagumo [1936], and the last statement under (f) is due to Edgar R. 
"c.-h [1943]. In a recent article, Alessandro Di Bucchianico [1991], like 
Nzz,umo, emphasizes that the principal component is arc connected and 
the. the easiest way to show that an element is in this component is to find 
an wc connecting it to the identity. Theorem 2.1.12 below, follows Lorch 
in ¢ owing that the kernel of the exponential map (considered as a group 
homomorphism from a commutative Banach algebra) is just the additive 
gro ip generated by {27ie : e is an idempotent in A}. In contrast to (f), 
Ver 11. Paulsen [1982] shows that every finitely generated group arises as 
Ag/Ace for some (possibly noncommutative) Banach algebra A. 


2.1.12 Theorem Let A be a unital Banach algebra. Define the exponential 
function exp: A — A by exp(a) = e*, where 


es) 
e? = y 
n=0 


a) Any commuting elements a, b € A satisfy: 


he 


n 
! 


VaEA. (13) 


a 


ce = er, 


(b) For any a € A, e° is invertible and satisfies 
(e*)-1 =e. 


{c) For any a € A, the map t ++ e* is a continuous group homomor- 
piism of the additive group of real numbers into Ag. 

‘d) The set exp(A) = {e* : a € A} includes the open unit ball around 
the identity element 1. Furthermore, c € Ag belongs to exp(.A) if and only 
if c belongs to some connected abelian subgroup of Ag. 

(e) The principal component of Ag is the subgroup 


Ace = {e%e% ---e9" :n € N;a),@2,...€n € A} 


of Ag generated by exp(.A). It is open in A. Thus Age is an open and 
cioa°2 connected normal subgroup of Ag. 

(:) Let A be commutative. Then exp(.A) is the principal component of 
Ac, and the quotient group Ag/exp(A) is torsion-free. Hence Ag has 
infi: ttely many components unless it is connected. 


Procf (a): Since the expansion (13) converges unconditionally, the series 
fer -xp(a) and exp(b) can be rearranged (or equivalently, multiplied by 
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ordinary Cauchy multiplication) when a and b commute: 


5" 


(Pee = eotd 


(b): This follows from (a). 
(c): Statement (a) shows that t +> e'* is a group homomorphism. For 
any s,t © R, the estimate 


ee" Hle**]| ]1 — ef] 


It - sal” 
exp ||sal| Se 


exp ||sal| in = me — | llall)| 


lle 


IA IA 


IA 


proves the continuity. 
(d): If c satisfies jc — 1]} < 1, then the series 


% Sa 


converges unconditionally in norm. Thus the double series 


Pe 


can be rearranged. Since the series for a is just the Taylor series expansion 
of the logarithm, rearrangement leads to the equation e* = c. Result (c) 
shows that any exponential belongs to a connected abelian subgroup. We 
defer proof of the converse until we have established the first results of (f). 

(e): Let € be the displayed set, which is obviously the subgroup gener- 
ated by exp(.A), and let Ag, be the principal component of Ag. Then & 
is connected since t +> ee? ... e'*" for t € [0,1] is an arc connecting an 
arbitrary element e%e%? ---e" to 1. Hence € is a subset of Age. 

Next we show that € is open in A and hence closed in Ag. If bE € 
and a € A satisfy ||b — a|| < |}b7!{|-1, then they also satisfy || — b~1al) < 
|b-2 || |b — al] < 1. Hence (d) shows b™'a = exp(c) for some c € A. 
Thus a = bexp(c) belongs to €, so € is open in A and hence in Ag. 
However an open subgroup is always closed since its complement is a union 
of (necessarily open) cosets. 
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By connectedness this implies Ag, = €. It only remains to show that 
€ is a normal subgroup. For any a € A and b€ Ag, we have 


be? bo} = 5 (nl) "ba" = 5 (n!)-(bab-1)" = exp(bab™'). 


n=0 n=0 


Hence exp(.A) is invariant under all inner automorphisms. Thus Ag, is also 
invariant so it is a normal subgroup. 

<f): When A is commutative, (a) and (b) show that exp(A) is a group. 
Hence (e) implies that exp(A) is the principal component of Ag. 

We now complete the proof of (d). Suppose c € A belongs to a connected 
abelian subgroup H of Ag. Let B be the (necessarily commutative) closed 
subalgebra of .A generated by H. Then c is in the principal component of 
Bg and hence is an exponential by what we just proved. 

Next we show that Ag/exp(A) is torsion-free. Suppose a € Ag and 
n € N satisfy a” € exp(.A). If b satisfies a* = exp(b), then c = a exp(—n~'b) 
satisfies c’ = 1. Hence the spectral mapping theorem (Theorem 2.1.10) 
shows that Sp(c) is included in the set of nth roots of 1. The set {A EC: 
1—.A+4 Ac € Ac} is connected since its complement is finite. However this 
set contains 0 (where 1 — A+ Ac is 1) and 1 (where 1 — A + Ac is c) 50 that 
c belongs to the principal component of Ag. Thus c belongs to exp(A) by 
what we have just shown. Hence a = exp(n~!b)c belongs to exp(.A). Thus 
Ag/exp(A) is torsion free. Since exp(.A) is open, Ag has infinitely many 
components if it is not connected. Oo 


The following concept introduced by Harte [1976] is chiefly useful be- 
cause of the improvement of inclusion (9) of Proposition 2.1.8 which we 
give in Theorem 2.1.14. We forego giving a definition in the nonunital case 
and note that the name is only appropriate in the case of Banach algebras. 
See Murphy and West [1992] for further results. 


2.2.13 Definition Let A be a unital algebra. The exponential spectrum 
eSp,(a) = eSp(a) of an element a € A is the set of complex numbers 


eSp(a) = {AEC:A~—a¢ Ace}. 


The next theorem gives the fundamental properties of the exponential 
spectrum in a Banach algebra before we have derived the corresponding 
results for the spectrum itself. For the proof of non-emptiness, we depend 
on Theorem 2.2.2 (or Corollary 2.2.8) in the next section. Recall that we use 
O to denote the boundary of a set in a topological space. The polynomially 
conver hull of a compact subset K of C is just the complement of the 
unbounded component of the complement of K. Thus it is obtained by 
“filling in all the holes” of K. We denote it by pc(K). 
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2.1.14 Theorem (a) Let A be a unital Banach algebra. For eacha € A, 
eSp(a) is a nonempty compact subset of C satisfying 


deSp(a) C Sp(a) C eSp(a) C pe(Sp(a)). (14) 


(b) Let B be a closed unital subalgebra of a unital Banach algebra A. 
Then 


deSpp(b) © Spalb); eSpp(b) © pe(Spa(b)) WbeB. 


(c) Let A and B be unital Banach algebras and let y: A —- B be a 
continuous unital surjective homomorphism. Then they satisfy 


~(Ace) = Bees 
eSpg(y(a)) = () eSp(a +b) VacA. 
beker(~) 


Proof (a): From the definition it is obvious that eSp(a) includes Sp(a), 
and we will show the latter is nonempty in Corollary 2.2.8. Since Ag, is 
open, eSp(a) is closed. It is bounded since |Aj > |jal| implies that \ —- a = 
A(1 — A7!a) belongs to exp(.A) by Theorem 2.1.12(d). 

We have just noted the middle inclusion of (14). The last inclusion will 
follow from the first, since it is obvious that if the boundary of a compact 
set A in C is in L, then K is in pc(L). 

Let \ belong to the boundary of eSp(a). Then we can find a sequence 
{An}nen of elements in the complement of eSp(a) converging to 4. We 
conclude |A, ~ Al {|(An — @)7?|| > 1, since otherwise 


(A —a)(An — @)7? = 1—-(Cn - A)OAn - a)! 
would be in Age, implying 4 ~ a € Age, contrary to fact. This gives 
[IA = @)(An ~ a) 7] S 1+ [An — Al n — 2) 7H S 2[An — Al (An — 2) 7": 


If \ — a had a bounded inverse, this would imply the contradiction 1 < 
2)An — Af {|(A — a)7} |]. Hence 4 is in Sp(a). 

(b): In the last paragraph, if \— a had a bounded inverse in any largér 
algebra, the argument would not change. Apply this to 6 € B. 

(c): Continuity implies y(e*) = e?() and hence y(Age) C Bee. Con- 
versely, any 6 € Bae satisfies b = ee -.-e% = v(e%e%..-e%) where 
p(a,) =c, for j = 1,2,...,n, giving the opposite inclusion. 

In the second displayed equation in (c), it is obvious that the left-hand 
side is included in the right-hand side. Conversely if  ¢ eSpg(p(a)), then 
4 — v(a) equals y(c) for some c € Age. Hence 6 = > — a ~¢ is in ker(y) 
and A ¢ eSpa(a + 6). a) 
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%. .15 Corollary Let A and B be unital Banach algebras. If p: A — Bisa 
zc’ tinuous unital homomorphism with closed range, the spectrum satisfies: 


Spa(y(a)) © [(]} Spa(a+b) © pe(Spa(y(a))) WaeA. (15) 
beker(y) 


Proof The first inclusion was already obtained in Proposition 2.1.8(b). Let 
C be the closed, hence complete, range of y. The theorem shows 


“) Spalatb)c () eSpa(a+b) = eSpe(y(a)) C pe(Spa(y(a))) 
be <er(y) be ker(yp) 


w'1 ch concludes the proof. Oo 


2ansford [1984a] derives most of spectral theory from very simple ax- 
iors without any multiplicative structure. He starts with a normed linear 
sp: 7e A, a fixed non-zero element 1 € A and an open subset 2 in A con- 
ta’. ing 1, excluding 0 and closed under multiplication by non-zero complex 
my :bers. If A is a unital spectral normed algebra, we may take 2. to be 
eis ot Ag or Age. Ransford’s “spectrum” is defined to be Spa(a) = {X € 
C:a-—A¢Q}. Other geometrical conditions can be imposed on 2. See 
the reference above, CAt&lin Badea [1991] and Ignacio Zalduendo [1989]. 


Relatively Regular Elements and Algebras 


We conclude this section with a brief introduction to some generalized 
inverses. John von Neumann [{1936b] first introduced regular algebras in 
conection with his studies of orthomodular lattices and continuous geome- 
ts: Kaplansky (1948d] studied weakly regular algebras. We have inserted 
“re'atively” into both names in order to avoid confusion with other uses of 
the ubiquitous term “regular”. In particular, we use “relatively regular 
element” in place of “regular element”, since the latter term is used as a 
synonym for “invertible”. We use weakly regular for another concept below. 


2.1.16 Definition An element a in an algebra A is said to be { relatively 
regular / weakly relatively regular ) if there is a non-zero element b € A 
sas’ fying (aba = a / bab = 6). In this case, b is called a ( relative inverse / 
weas relative inverse ) for a. An algebra or ideal is called ( relatively 
regu iar / weakly relatively regular ) if all its non-zero elements are ( relatively 
regy ar / weakly relatively regular ). 


‘telative inverses are also called generalized inverses (particularly in op- 
erator theory) and pseudo-inverses. The next proposition sums up their 
mes elementary properties. 


2.1.37 Proposition Let a and b be elements in an algebra A. Define p 
ane gq by p = ab and q = ba. 
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(a) If b is a ( relative inverse / weak relative inverse ) for a, then p and 
q are idempotents satisfying ( pa = a = aq / pa = pag =agq). 

(b) Any relatively regular element is weakly relatively regular. 

(c) Any relatively regular element a with relative inverse b satisfies aA = 
pA and Aa = Aq. 

(d) If the algebra .A satisfies (Ar4 =0 / Ang =0), then anyaec A 
is relatively regular if and only if ( aA / Aa ) is generated as a principal 
( right / left ) ideal by some idempotent. 

(e) Any one-sided ideal which contains some weakly relatively regular 
element contains a non-zero idempotent. 

(f) An algebra is weakly relatively regular if and only if every non-zero 
{ right / left } ideal contains a non-zero idempotent. 


Proof (a): Multiplying ( aba = a / bab = b ) first on one-side and then on 
the other by ( b / a ) gives these results. 

(b): Consider (bab)a(bab) = bab. 

(c): Immediate from (a). 

(d): Consider the case in which aA has the form p.A for some idempotent 
p. Since p = p? is in pA, we can write p = ab for some 6 € A. For any 
c € A, ac € aA can be written as ac = puc = abac, so a — uba = 0 under 
our hypothesis. The other case is similar. 

(e): Suppose a belongs to a ( right ideal R / left ideal £ ) and satisfies 
bab = b. Then ( p= ab / q = ba) belongs to ( R / L). 

(f): Result (e) shows that any non-zero one-sided ideal contains a non- 
zero idempotent. Suppose the ( right ideal aA / left ideal Aa ) contains 
the non-zero idempotent ( p = ab / q = ba ). Then a is weakly relatively 
regular by the equation given in the proof of (b) above. a} 


Note that the conditions on the algebra A in (d) are satisfied if A 
is unital, semiprime (Definition 4.4.1) or approximately unital (Definition 
5.1.1). Von Neumann’s interest in (d) stemmed from the elementary fact 
that a one-sided ideal Z in a unital algebra A is complemented (in the 
sense that there exists another one-sided ideal 7 of the same type satisfying 
INJ = {0} and I+ 7 = A) if and only if Z is the principal one-sided ideal 
generated by an idempotent. (In particular if J = pA, then J = (1 —p)A, 
and the idempotent p is uniquely determined by Z and 7.) 

We conclude this brief discussion by quoting Kaplansky’s [1948d] main 
result without proof. For a proof and an accessible survey of related results 
see Selwyn R. Caradus [1978]. See also Harro G. Heuser [1982]. 


2.1.18 Theorem A relatively regular Banach algebra is finite-dimensional. 


Other notions of generalized inverses are included in S. T. M. Ackermans 
and A. M. H. Gerards [1982], Harte [1987], Ackermans [1982], Pietro Aiena 
[1983], Vladimir Rakotevié [1988] and Danrun Huang [1992]. 
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Weak Invertibility and the Strong Spectrum 


The following ideas have recently been introduced by Michael J. Meyer 
[1992d]. The definition is motivated by the observation that an element a 
in a unital algebra A is invertible exactly when .A is both the smallest left 
ideal and the smallest right ideal containing a. 


2.1.19 Definition Let A be a unital algebra. An element a € A is 
called weakly invertible if A is the smallest ideal including a. We denote 
the set of weakly invertible a in A by Aug. The strong spectrum 
of a € A is the subset Sp§(a) = Sp5(a) of C consisting of all \ such that 
A — a is not weakly on The strong spectral radius is defined by 
pi (a) = p8(a) = sup{|A| : d € Sp5(a)}. If A is not necessarily unital, for 
a € A we define Spa(a) : and p4,(a) to be the strong spectrum Spi (a) and 
strong spectral radius p5 “4: (a) of a in the unitization. 


Clearly a € A is weakly invertible if and only if there exist finite subsets 
{b1,52,...,6n} and {c1,c2,...,¢n} of A satisfying 1 = dae , bjac;. A weak 
analogue a quasi-invertibility will be introduced in Sectinn: 4.5. 


2.1.20 Proposition Let A be a unital algebra and let [4 be the set of 
ali maximal proper ideals of A. 

{a) The set Awg of weakly invertible elements includes all one- or two- 
sided invertible elements so all a € A satisfy Sp*(a) C Sp(a). It is the 
complement of \J Imes, “1. Hence each element a € A satisfies 


Sp*(a) = {AE C:A—aEM for some M € Ey} C Sp(a). 


(b) The center Az of A satiofies AuaNAzg =AgNAz so anyaé Az 
satisfies Sp*(a) = Sp(a) and p*(a) = p(a). 

(c) For any a,b © A if ab is weakly invertible, so are both a and b. If 
(a/b) hasa( left / right ) inverse and ( b / a) is weakly invertible, then 
ab is weakly invertible. 

(d) If B is a unital algebra and y:.A -> B is a unital homomorphism, 
then Y(Awa) © Bug implies Sp*(p(a)) C Sp*(a) for alla € A. 

(e) If f:C > C is a rational function with poles off Sp(a), then f(Sp*(a)) 
is a subset of Sp5(f(a)). They are not always equal. 


Proof (a): If a € A has a left inverse, then Aa = A so AaA = A, a 
fortiori. The other cases are similar. An element a € A is weakly invertible 
if and only if it belongs to no proper ideal. Theorem 2.4.6(d) contains the 
simple Zorn’s lemma argument that each proper ideal in a unital algebra 
is included in a maximal proper ideal. The last sentence is an immediate 
consequence. 

(d): Ifa € Az satisfies 1 = pede bj;ac;, then yen b;c; is an inverse. 
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(c): The equations 1 = 5°", b;(ab)c; = S77_, bja(be;)1 = O"_, (bya) be; 
prove the first statement. Considering the first case in the second sentence 
with c as a left inverse for a, we get 1 = S7"_, bybe; = S7°_ (bye)(ab)c;. 

(d): Any a € Ayg satisfies 1 = }°7_, bjacy and hence g(a) satisfies 
l= Yj=1 9(b;)p(a)p(c;). 

(e): Given a, f and A € Sp*(a), (a) guarantees a maximal proper 
ideal M containing \— a. Let y: A — A/M be the natural map. Then 
F(A) = f(p(a)) = y(f(a)) is clear and establishes the positive result. Meyer 
{1992d] contains a simple counterexample to equality. QO 


If ga: A — A/M is the natural map, the equation in (a) can be written 
Sp°(a) = {ym(a) € C: M € Ey}. In Section 3.3 we will establish a 
meaning for f(a) for larger classes of functions f when a belongs to certain 
special types of algebras. The proof of (e) above remains valid in this wider 
setting. 

If {0} is the only proper ideal of A, then Aw is just A\ {0}. Similarly, if 
A (like B(H)) has a unique largest ideal Z then A,,g is A\ TZ. In both cases 
many elements will have empty strong spectrum. On the other extreme, if 
A is commutative, (b) shows A..g = Ag. For the algebra A = C(9, B) of 
continuous functions from a compact set 2) into an algebra B, Ag is the 
collection of functions f satisfying f(w) € Bug for all w € 9. For additional 
results see 2.2.17 and 4.5.7. 


2.2 Spectral Semi-norms 


In this section we introduce the most. important type of algebra semi- 
norms, namely spectral semi-norms. They are characterized by a large 
number of interesting equivalent properties which show their intimate con- 
nection with the algebraic structure. In the following section we will show 
that in certain well-behaved algebras all examples of spectral semi-norms 
are related. 


Properties of the Spectral Radius 
We need the following results on the spectral radius repeatedly. 


2.2.1 Proposition Let A be an algebra. 
(a) Anya € A and any X&C satisfy 


P(ra) = |Ale(a); pa") = p(a)";— pp) = 1 (1) 


where we are assuming that A is unital in the third case. 
(b) Any a,b € A satisfy: 


p(ab) = p(ba) (2) 
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unless one product has spectrum {0} and the other has empty spectrum. 
(c} Let A and B be algebras and let y: A — B be a homomorphism. 
The.. any element a € A with nonempty spectrum satisfies 


pa(y(a)) < inf{pa(a + 6): b € ker(y)} < pala). (3) 


(4) If B is a subalgebra of A, then any b € B with nonempty spectrum 
in B satisfies 
pa(b) < psa(d). 
i.) If A is not unital, then any \+a€ A! satisfies 


(A +a) <A] + pla) < 3p(A +a). 


Proof (a): These results all follow from the spectral mapping theorem or 
even more elementary considerations. 

(bk): Proposition 2.1.8(a) shows this. 

(c) and (d): The corresponding results in Proposition 2.1.8 give these. 

(ce): From the spectral mapping theorem (or the definition), we see 
Sp(\ + a) = 4+ Sp(a) in A!. (Hence if either spectrum is unbounded, 
they both are and the inequality holds in a trivial way.) Since A is not 
unita., 0 belongs to Sp(a). (Hence Sp(a) is not empty, and Sp(A + a) is 
not empty either since the unitization of a nonunital algebra cannot be a 
division algebra.) Thus we see |A| < p(A + a) < {A| + p(a). For any € > 0, 
we ce1 find a 4 € Sp(a) with absolute value larger than p(a) — €. Hence 
we get p(a) —e < [ul < |A+u] + JA] < p(A+ a) 4+ ]A]. The result follows by 
comb‘ning the inequalities and letting « approach 0. QO 


‘tne reader might compare this result with Theorem 1.1.10. In spec- 
tral algebras, introduced below, the spectral radius has all the properties 
described in that theorem. 

It appears reasonable that any two elements in an arbitrary algebra 
satisfy equation (2), but we have neither been able to rule out the possible 
restriction mentioned in the statement, nor have we been able to construct 
an algebra in which this actually occurs. Hence we do not know whether 
this equation is true in complete generality. All elements in algebras with a 
nontrivial semi-norm satisfy equation (2), as the Gelfand-Mazur theorem 
(Coroilary 2.2.3) will show. 

Let us restate inequality (3) above in a slightly different form involving 
an ideal Z of A: 


pajr(a + T) < inf{pa(a + b) : be T} Vaca. (4) 


In this form one may study the class of Banach algebras for which this 
inequ: lity becomes an equality for all closed ideals Z and all elements a € A. 
This i-as been examined by M. R. F. Smyth and Trevor T. West [1975], 
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Gert K. Pedersen [1976] and Gerald J. Murphy and West [1979]. Algebras 
with this property are called SR-algebras. The last paper shows that C*- 
algebras (cf. Volume II), commutative algebras A for which the algebra 
A of Gelfand transforms is dense in Co(I'4) (cf. Section 3.1) and Riesz 
algebras (cf. Chapter 7) are SR-algebras, but that the disc algebra (§1.5.2) 
is not. It seems likely that this property is fairly common. 


The Spectral Radius and Algebra Norms 


The following extremely important result was proved for the algebra of 
absolutely convergent Fourier series by A. Beurling [1938] and for normed 
algebras by Gelfand [1941a]. The elementary proof which we give is duc 
to Rickart [1958]. Theorem 2.2.5 below shows a case with equality rather 
than the inequality obtained here. Recall that an algebra semi-norm o on 
an algebra A is nontrivial unless A is unital and o is identically 0. Recall 
also that if o is an algebra semi-norm, then o@ is defined by o®(a) = 

lim o(a”)'/", 
m—oo 


2.2.2 Theorem Leto be a nontrivial algebra semi-norm on an algebra A. 
Then any element a in A has nonempty spectrum and the spectral radius 
satisfies 

a™(a) < p(a) VaceA. 
Proof First we show that if o°(a) is 0, then 0 belongs to Sp(a), so there 
is nothing to prove. Suppose 0 does not belong to Sp(a). Then A is unital 
and a is invertible. Thus Theorem 1.1.10(f) and (g) show 


1=0%(1) < o®(a)o™(a~*) 


so 0™(a) is non-zero. 

Hence we may assume that ¢™(a) is positive. The absolute homogeneity 
of © and p (Theorem 1.1.10(c) and Proposition 2.2.1(a)) allows us to 
assume 0~(a) = 1. Suppose the theorem is false, so that Aa is quasi- 
invertible for all in the closed unit disc C,. Proposition 2.1.4 shows that 
f(A) = (Aa)? is a uniformly continuous function on the compact set C). 
(In fact, Proposition 2.2.9 below shows that this function is analytic when 
interpreted in the normed algebra A/A,. A simple, but non-elementary, 
proof based on this fact and a little analytic function theory is given there. 
We now continue with the elementary proof due to Rickart.) Let n be a 
positive integer and let ¢),¢2,-..,¢, be the nth roots of unity. For any 
4 €C;, define A; by ¢;A for 7 = 1,2,...,n. Then 


1 ~ (Az)” = (1 — Ayz)(1 — Azz) -+- (1 — Anz) 


implies (cf. Proposition 2.1.2(a)) 


(Aa)" = (Ara) 0 (Aza) 0-0 (Ana). 
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Thus (Aa)” is quasi-invertible. Define b; € A by bj = —[A,a + (Aja)? + 

+ (Aja)"~1], so that for all j it satisfies (\a)" = (A;a) 0 b;. By noting 
el ¢; = 0 and rearranging the double sum we also note b; + bg +--+ + 
b, = 0. Since (Aa)" and A;a are quasi-invertible, we can write f(A;) = 
b; o ((Aa)")%. Thus equation (4) before Proposition 2.1.2 gives 


no} S F(A;) 
j=l 


(eae ((Aa)")2 + (n —1)((A0)")") 
((Aa)")?. 


By uniform continuity, for any positive « we can find a number ¢ close to 1 
in the open interval ]0, 1[ for which o(f(t;) — f(¢;)) < € holds for alln EN 
and all j = 1,2,...,n. Substituting ¢ and 1 for \ in the last displayed 
equation gives 


i] 


o(((ta)")? — (a")*) <e€ 


independent of n. However o((ta)") = t"o(a") approaches 0 as n increases, 
since o®(a) = 1. Thus Proposition 2.1.4 shows that the sequence ((ta)")? 
also converges to 0. This shows that for large n we will have o((a")*) < 2e. 
Since € > 0 was arbitrary, the sequence o((a")?) and hence the sequence 
o(a*} both converge to 0 with n. However this contradicts o(a) = 

which implies g(a") > 1 for all n. Thus the theorem is established by 
contradiction. oO 


The next amazingly simple and powerful result is basic to much of the 
Gelfand theory, which will be presented in the next chapter. This result was 
announced without proof by Stanislaw Mazur [1938] and a proof was sup- 
plied by Gelfand (1941a]. (Angus E. Taylor had used essentially the same 
proof for another theorem in [1938].) It is now generally called the Gelfand- 
Mazur theorem. This result generalizes the theorem of George Frobenius 
[1878, p. 63] which asserts that the complex numbers are the only finite- 
dimensional (complex) division algebra. The unpublished original proof of 
Mazur can be found in the book of Wiestaw Zelazko {1973b]. For variant 
statements and proofs see Georgi Evgenyevié Silov [1940a}, Richard Arens 
[1947], S. Kametani [1952], L. Tornheim [1952], Marshall Harvey Stone 
{1953}, Rickart [1958], V. K. Srinivasan [1979], Seth Warner [1979], Nolio 
Okada [1983], A. Cedilnik [1983], Nicola Rodind [1983] and Propositions 
2.5.12 and 2.5.13 below. 

Recall that a division algebra is a unital algebra (not necessarily com- 
mutative) in which every non-zero element has an inverse. 


2.2.3 Gelfand—Mazur Theorem Any division algebra on which a non- 
trivial algebra semi-norm can be defined is isomorphic to the compler num- 
bers. (In fact, it is enough to assume that every non-zero element of the 
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algebra has a { left / right )inverse.) The isomorphism its implemented by 
at++ A where A is the unique complex number in Sp(a). 


Proof Suppose every non-zero element of a unital algebra A has a left 
inverse. Let 6 be the left inverse of a. By assumption, b has a left inverse 
which must be a. Thus b and a are invertible and A is a division algebra. 
The theorem shows that any element a in an algebra with a nontrivial 
algebra semi-norm has nonempty spectrum. If A € Sp(a), then Al — a is 
0 since it is not invertible. Thus the map a = Al +> A is a well-defined 
isomorphism. Oo 


Spectral semt-norms 


We now come to one of the most basic concepts of this work: spectral 
semi-norms. The next theorem will show numerous conditions which are 
equivalent for an algebra semi-norm. Logically it does not matter which of 
these is chosen as the definition of a spectral semi-norm. We will select one 
which is easy to remember and to check. We postpone historical remarks 
until after the theorem. 


2.2.4 Definition A spectral semi-norm on an algebra A is an algebra 
semi-norm o which is larger than or equal to the spectral radius, i.e., 


p{a) < o(a) VaeA. 


If a spectral semi-norm is actually a norm, then we call it a spectral norm. 
An algebra together with a particular spectral semi-norm or spectral norm 
is called a spectral semi-normed algebra or a spectral normed algebra. 


2.2.5 Theorem The following are equivalent for an algebra semi-norm a 
on an algebra A. 

(a) o ts a spectral semi-norm. 

(b) Fora € A, o(a) < 1 implies that a is quasi-invertible in A. 

(c) The set of quasi-invertible elements of A has nonempty interior with 
respect too. 

(d) The set of quast-invertible elements of A is open with respect to o. 

(e) There is a finite constant C satisfying 


p(a) < Co(a) VaceA. 
(f) o satisfies 
p(a) = lim o(a")!/" VaeéA. 
n—-o 


If A is unital, the quasi-group may be replaced by the group in conditions 
(c) and (d). 
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Prceo,; (a) => (b): Immediate since p(a) < 1 implies 1 ¢ Sp(a). 

ib) => (c): Zero is in the interior of Aga. 

(c) = (d): Let c € Agg be arbitrary, and let d € Agg be an interior 
point of Agg. It is enough to show that c is an interior point. Define a map 
L:A— A by L(a) = doctoa. Clearly L is continuous and maps both c 
onto d and Agg onto Ajg. Hence Agg = L~1(Aqq) is a neighborhood of c. 

(d) => (e): Since 0 is quasi-invertible, there is some ¢ > 0 such that 
o(a) < € implies a € Agg. Hence o(a) < € implies A~'a € Aga for all 
4 € C with |A| > 1, which in turn implies p(a) < 1. Hence we may choose 
C tolbe e7?. 

(c) => (f): Proposition 2.2.1(a) established p(a™) = p(a)” for allae A 
and r,€ N. Thus (e) implies 


p(a) = p(a*)¥"< CMa)" VaE A. 


Comvining this with Theorem 2.2.2 gives the desired result. 
(f\ => (a): Immediate since limo(a")!/" < o(a). 
Te final remark is obvious. a) 


“ince 1 is never quasi-invertible, every spectral semi-norm is a nontriv- 
ial algebra semi-norm. Algebra norms with property (d) were first studied 
by Kaplansky [1947a], who called algebras provided with such a norm, 
Q-algebras. (He actually considered rings which were not necessarily alge- 
bras.) Ernest A. Michael [1952] and Bertram Yood [1958] first noted the 
equivalence of several of these properties. 

O:her characterizations of spectral semi-norms (or norms) will be given 
below in Theorems 2.2.14 and 2.5.7, Propositions 2.2.7 and 2.5.15 and 
Coro'lary 2.4:8. Many examples of spectral semi-norms are known and 
wili te discussed in this work. Most were listed in the introduction to this 
chapter. 

In a spectral semi-normed algebra (A, 7), an element @ has spectrum 
{0} if and only it satisfies jim no(an)i/" = 0. We have already called such 


elements topologically nilpotent. We now introduce the symbol A, for the 
class of such elements in any spectral algebra A. 


2.2.¢ A Non-spectral Algebra Norm Let A be the disc algebra: the 
algeb:a under pointwise operations of functions continuous on the closed 
unit disc in C and holomorphic on its interior D. Let S be any subset of D 
with a limit point in D. Then || - ||; defined by {j ||, = sup{|f(A)| : A € S} 
ig anorm on A. It is not spectral unless the closure of S includes the bound- 
ary of the disc. Note that in this example the algebra is a commutative, 
semisimple (Definition 2.3.2) Banach algebra and thus non-spectral norms 
can “:cur on quite well-behaved algebras. Nevertheless, Proposition 2.5.16 
and «xamples (b), (c), (d), (e) and (h) in the introduction show a number 
of ca..es in which every norm on an algebra is spectral. 
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Geometric Series and Spectral Semi-norms 


When dealing with algebra norms rather than semi-norms, Fuster and 
Marquina [1984] noted the following equivalence, which can be stated infor- 
mally as: An algebra norm is spectral if and only if all the geometric series 
which should converge have limits. We remark that this result shows a 
connection between spectral semi-normed algebras and the more restrictive 
notion of functional algebras which we will introduce in the next chapter 
after the holomorphic functional calculus is discussed. 


2.2.7 Proposition The following conditions are equivalent for an algebra 
norm o on an algebra A. 

(a) o ts a spectral norm. 

(b) If the sequence o(a") converges to 0, then the geometric series 
Sw a” has a sum in (A, 0). 

(c) If oP. o(a") is finite, then the geometric series S>~ , a” has a 
sum in (A, 2). 

(d) If o(a) < 1 holds, the geometric series >, a" has a sum in (A, 0). 


Proof (a) => (b): For a spectral norm o, the equation lim a(a") = 0 implies 
that ao(— )7™_, a") = (~ D™_, a") oa = at! is quasi-invertible in A for 
large enough N. Hence a is quasi-invertible in A. We will show that —a4 
is the sum of the series }>~°_, a". This follows from the estimate: 


N 
o(at + ¥ a”) 


n=l 


N 
o((1 — a%)(1 — a)(a¥ +) a")) 
n=] 
(1 + o(a?))o(a? — aa? +a — aNt) 
= (1+ a(a’))a(aNt"), 


(b) => (c) => (d): Immediate. 
(d) => (a): If the series converges, then 


IA 


ao(~)_ a") = (- So a")oa= a- yea" + Lae =0, 
n=) n=1 n=1 n=1 
so a is quasi-invertible, verifying (b) of the previous theorem. a) 


Note that the proof of the implication (a) => (b) remains valid when o 
is merely a spectral semi-norm rather than a norm. However, the proof of 
the opposite implication establishes only 


a(ao(— >” a”)) =0. 
n=1 


Since the set of elements on which any spectral semi-norm vanishes is 
included in the Jacobson radical (Corollary 2.3.4), this implies that ao 
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(- 3°, a") is quasi-invertible when o is a spectral semi-norm. Hence the 
second condition of Proposition 2.2.7 could be included in Theorem 2.2.5 
by restating it as: For a € A, o(a) = 0 implies a € Ajg (or alternatively, 
a € A;) and o(a) < 1 implies that there is a sum in A for 7°”, a". This 
was omitted because of its inelegance. 

We use the last result to establish the oldest and still the most important 
example of a spectral semi-norm. The result is due to Gelfand [1941a]. If 
an algebra or linear space is complete with respect to a norm we will say 
that the norm is complete. 


2.2.8 Corollary Any complete algebra norm is a spectral norm. Thus the 
norm of a Banach algebra is a spectral norm. In particular, the spectrum 
of any element in a Banach algebra ts nonempty closed and bounded, hence 
compact and the spectral radius satisfies Theorem 2.2.5(f). 


Any norm on a finite-dimensional algebra is complete and hence is spec- 
tral if it is an algebra norm. For a strong converse see Peter D. Johnson, 
Jr. [1978] and Robert Grone and Johnson [1982]. 

Proposition 2.2.7 shows that geometric series play a special role with 
respect to spectral semi-norms. For future reference, it is useful to list the 
various geometric series which are commonly used. We do this in the next 
proposition. 


2.2.9 Proposition Let (A,o) be a spectral semi-normed algebra. 
(a) For anya € Ag andb€ A, either 


o(b— a) < {1+ o0(a%)|"? or o°(atob) <1 
implies b € Agg and 
bY =a? — > (a! 0b)"(1 — a’). 
huss Sidhe 4 
o(b? ~ a4) < [1 — oa 0b)|~'[1 +. o(a%)]20(b — a). 
(b) If A is unital, for anya € Ag and be A, either 
a(b-a)<o(a')"! or o@(1—a7'b) <1 


implies b € Ag and 
oo 
b= pat —a'b)"a". 
n=0 
Also, o(1 — a~1b) <1 implies 


o(b-* ~a-*) < [1 —o(1 —a-"b)]"'0(a7")?o(b — a). 
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(c) For anyaeé A, pe C\(Sp(a)U{0}) and A € C\ {0}, the inequality 
A = ul < |Allo((u-4a)®)|-? implies 0 ¢ Sp(a), 


(A7ta)® = p(A— pw) SOTA = w)(u74a)2)”—and 


o((A~*a)* ~ (wo ta)*) < JA ~ pl JA sft + Jal [Als — JA — pl Jal7*s)~") 


where s is a({~1a)4). 
(d) If A is unital, then for anya € A, p € C \ Sp(a), and dr € C, the 
inequality |A — | < o((u—a)~')~! implies \ ¢ Sp(a) 


(A~a)7! = soi —d)"(u — a) Or), and 


o((A—a)~! ~(“—a)~") < (1—|u—Alo((u—a)~"))“'o((u—a)™1)? |p — Al. 
(e) For anya € A and any 1 €C, |A| > o™(a) implies A ¢ Sp(a) and 


oo 


(A7ha)t = — Sota)". 


n=l 


Also, || > o(a) implies 
a((A~"a)*) < o(a)(A] — o(a))~. 
(f) If A is unital, then for anya € A and X€ C, |A| > o®(a) implies 


A ¢ Sp(a), and 
-a) = > OBE a 


n=0 


Also, |X| > o(a) implies 


o((A—a)~*) < JAM] — JA te(a))?. 


Proof The idea of the proof is already given in the proof of (a) => (b) 
in Proposition 2.2.7. Note that (c) and (d) are special cases of (a) and 


(b), respectively. For (a), prove the simple identities (1 — aja? = —a, 
(1 ~ a)(a? 0b) = b— a and a4 ob = (1 — a4%)(b — a). The identity (u~!a)40 
\71@a = (A — p)A~! (71a)? is useful in deriving (c) from (a). Oo 


Analyticity of the Resolvent Function 


The last proposition shows that even though a spectral normed algebra 
need not be complete, it does have a rich supply of convergent geometric 
series. We wish to use this to prove one of the basic properties of the 
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resoivent function A+ (A—a)~! &€ A! defined on the resolvent set C\ Sp(a) 
for any element a in a spectral normed algebra. 


2.2.19 Definition Let (4,|{- {{) be a normed linear space and let U 
be ar open (not necessarily connected) subset of C. A function f:U + X 
is said to be ( weakly analytic / analytic ) on U if ( for each w € X* the 
funct'on wo f:U — C is analytic on U / for each Ag € U there is a sequence 
{tn}..cno C 4 and a positive € satisfying 


f(A) = Sa —o)"zn WA such that |A—Ao| <e). 
n=0 


If the complement of U is bounded, a function f:U — 2 is said to be ana- 
lytic at infinity if there is a positive constant R and a sequence {Zn}nen CX 
satisfying 


oo 
f(A)= 24°", VA such that [A] > R. 
n=1 


We insert the obvious result called for by this definition, even though it 
is no; needed for Corollary 2.2.12 which depends on Proposition 2.2.9. 


2.2.71 Theorem Let X be a Banach space and let U be an open (not 
necessarily connected) subset of C. A function f:U > & is analytic on U 
if ar.' only if it is weakly analytic on U. 


Proo, Analyticity clearly implies weak analyticity, so let us assume that f 
is we -kly analytic on U and Ao € U. Choose e > 0 so that the closed disc 
of +. itus € around Ag is included in U. Let T’ be the positively oriented 
boundary of this disc and let D be the open disc of radius ¢/2 centered at 
Ag. Consider the formula 


1 { £01) = Fo) _ f2) - f(o) \ 
AM A2 \ Ai — Ao A2 — Ao / 
yA f(A) da 
~ Qni Sp (A= Ao)(A— ALA — Ag 


(5) 
). 


If we knew that f was continuous so that the right side existed as a Riemann 
integ-al, then this equation would follow from weak analyticity and the 
Hahr. Banach theorem for any 4,,A2 € D. Since the norm of the right side 
is bounded above by € sup{||f(A)|| : A € '}/(2/e)°, the left side is bounded 
prov” ig the existence of 


in the Banach space *¥. 
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In order to avoid assuming the continuity of f or the existence and 
boundedness of the right side of (5), we replace f by wo f for an arbitrary 
w € X* throughout (5). Both sides exist and are equal, and the right 
side is bounded by the same expression as before with sup{||f(A)|| : A ¢ T} 
replaced by sup{||wo f(A)|| : 4 € ['}. By the uniform boundedness principle, 
the original right side is bounded in absolute value by some constant. Hence 
f is not only continuous but actually differentiable. 

The definition of weak analyticity makes it clear that f’ is also weakly 
analytic. Hence the argument can be repeated. For higher derivatives, the 
usual Cauchy formula and the Hahn—Banach theorem imply 


Pr) 2 f —fQ)__ 
100) = 355 fay 


The obvious estimate then shows that f(A) = }7%9(A — Ao)" /™(Ag)/n! 
converges for |A — Ao| < r. o 


2.2.12 Corollary Let A be a spectral normed algebra. For any a € A, 
the resolvent function 


Aw (A-a) te Al VAEC\ Spa) 
is analytic on the resolvent set C \ Sp(a) and at infinity. 


Proof Results (d) and (f) in Proposition 2.2.9 give this. Oo 


This result will be exploited in the next chapter, where we will show how 
to use contour integrals in the resolvent set of elements in a Banach algebra 
to define a functional calculus involving analytic functions. For more details 
on vector valued analytic functions, see Hille-Phillips [1957] pp. 92-116. 
We do not need anything beyond Corollary 2.2.12 for the following result 
which Bonsall and Duncan [1973b] call the abstract Runge theorem. In the 
next chapter we will use it to prove the classical approximation theorem of 


Runge. 


2.2.13 Theorem Let A be a unital Banach algebra. Let a be an element 
of A, and let B be a closed unital subalgebra of A which contains a. Then 
the set Spp(a)\ Spa(a) ts a (possibly empty) union of bounded components 
of the A-resolvent set of a. 

If S contains at least one point from each bounded component of the 
A-resolvent set of a and B is the closed unital subalgebra generated by a 
and {(A—a)~': \ € S}, then the resolvent sets of A with respect to A and 
B are equal. 


Proof Let S be the resolvent set of a relative to B, which can also be 
described as the set {A € C\ Spa(a) : (A-a) ' € B}. Proposition 2.2.9(d) 
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shows that S is open. Let w be an arbitrary element of A* which vanishes 
on {(A-—a)71: A € S}. If A € C \ Spa(a) can be approximated by 
elements of S, the expansion of Proposition 2.2.9(d) shows that w must 
also vanish on (A — a)~'. Since w € A* was arbitrary, the Hahn-Banach 
theorem shows that S is also a relatively closed subset of the A-resolvent set 
C \ Sp.4(a) and hence must be a union of components. Proposition 2.2.9(f) 
shows that S includes every complex number with absolute value greater 
than the spectral radius of a, so it contains the unbounded component of 
the resolvent set of a in A. Hence the two resolvent sets can only differ 
by some collection of bounded components of C \ Sp,4(a). The second 
statement is now immediate. a) 


The above result shows that when the spectrum of an element is changed 
by calculating it in smaller closed unital subalgebras, it increases only by 
adding a whole bounded component of the resolvent set all at once. In the 
other direction, if the spectrum of an element is changed by calculating it 
in a larger algebra in which the original algebra is embedded unitally and 
isometrically, the theorem shows that the boundary of the spectrum can 
only decrease by losing the whole boundary of a bounded component all at 
once. Thus for 1,a € B C A we have 


OSpp(a) C Spa(a) C Spa(a) C Spg(a). 


We will extend this observation in Corollary 2.5.8, which is based on an 
entirely different argument, 


Stability of Spectral Semi-norms 


Next we mention the stability properties of spectral semi-norms. We 
have collected these results together for convenience of reference even though 
they involve two definitions which will not be given formally until later in 
this chapter. Spectral subalgebras and the Jacobson radical are defined in 
the introduction and more formally in Definitions 2.5.1 and 2.3.3, respec- 
tively. The introduction and Proposition 2.5.3 give long lists of spectral 
sube‘gebras. Properties (d) and (e) are due to Kaplansky [1948b] and (h) 
is due to Richard G. Swan [1977]. 

As we have noted, there are many ways to extend an algebra norm from 
A to A! if A is not unital, but all the reasonable ones satisfy condition (g) 
in the following theorem. The situation is similar for matrix algebras: the 
condition in (h) is satisfied by all reasonable extensions of an algebra norm. 


2.2.14 Theorem The following are equivalent for an algebra semi-norm 
o on an algebra A. 

(a) o is spectral. 

(d) The restriction of o to each spectral subalgebra is spectral. 
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(c) The restriction of o to each maximal cormmutative subalgebra is spec- 
tral. 

(d) The quotient semi-norm induced by o on A/T is spectral for each 
ideal T of A. 

(e) There is some ideal T for which both o and its quotient semi-norm 
are spectral on I and A/T, respectively. (When this condition holds for 
some ideal it holds for all ideals, of course.) 

(f) The quotient norm induced by o on A/Ay is spectral, where Ay is 
the Jacobson radical. 

(g) Any extension o' of o to be an algebra semi-norm on A! in which 
A is closed in A! is a spectral semi-norm. 

(h) Any extension of the semi-norm to be an algebra semi-norm on the 
n x n-matriz algebra over A is spectral tf the topology of this extension is 
that defined by the linear space semi-norm max{o(a,;):1< i,j <n}. 

(i) o is equivalent to a spectral semi-norm. 


Proof (a) > (b): Since the non-zero spectrum of an element in a spectral 
subalgebra is the same whether calculated in the subalgebra or in the full 
algebra, this is immediate from the definition. 

(b) > (c): Maximal conunutative subalgebras are spectral subalgebras 
by Proposition 2.5.3(b). 

(c) = (a): Each element in the algebra belongs to some maxiinal com- 
mutative subalgebra, so this also follows from the definition of a spectral 
semi-norm. 

(a) => (d): The inequality p4jz(a + Z) < pa(a) for alla € A from 
Proposition 2.2.1(c) and “he definition give this. 

(d) = (f) = (e): Immediate since A, is always spectral. 

(e) = (a): It is enough to show o(a) < 1/3 implies that a@ is quasi- 
invertible in A, This inequality implies o(a + Z) < 1/3 and hence that the 
quasi-inverse b + Z of a + T satisfies o(b + ZT) < (1/3)/(1 — 1/3) = 1/2. 
Hence the coset representative b can be chosen in A to satisfy o(b) < 1/2, 
so a(a0ob) < o(a) +.0(b) + o(ab) < 1. Thus ao b is quasi-invertible in Z 
(where o is spectral) so ao b and a are quasi-invertible in A. 

(a) > (g): The condition shows that the quotient semi-norm of a’ on 
C = A'/A is spectral. If the quotient norm of a non-zero 4 is less than |A|, 
then there is a b € A satisfying o!(1 — b) < 1, which implies that 1 is the 
limit of 1 — (1 — b)" € A. Hence (a) = (g) follows from condition (e). 

(g) = (a): Condition (g) implies that the extension o!(A+a) = |A|+o(a) 
satisfies the condition. Hence the original semi-norm is spectral on A by 
(b), since A is an ideal in A! and hence a spectral subalgebra by Proposition 
2.5.3(a). 

(a) => (h): If o is spectral, we will show that the set of quasi-invertible 
elements is a neighborhood of 0. Choose a neighborhood U of 0 in M,(A) so 
small that o(a,,) < 2~” holds for all matrices (a,;) in U and all i and j. Let 
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a = (c,;) be a matrix in &¢. Then, in particular, by Theorem 2.2.5(b) all its 
clements are quasi-invertible and the elements satisfy o(a;1(1—a11)~ aij) < 
2~-". Aultiply the matrix J — a on the right by all the elementary matrices 
which differ from the identity matrix by the insertion of (1 — @.,)~1a1; 
in the 1j position for 7 > 1. Multiply on the left by all the elementary 
matrices which differ from the identity matrix by the insertion of a,)(1 - 
@,,)~} in the i1 position for i > 1. The result will be that there are only 
zeroes in the first row and column except in the 11 position and that the 
rema‘ 1ing non-zero elements are perturbed by addition of elements of the 
form .41(1 ~ @11)~'a); and thus satisfy 7(bj;) < 2-"+!. Hence the process 
can b2 continued inductively until J — a has been shown to be similar to 
2 mat-ix of the form J — b where b is diagonal with each diagonal entry 
auasi-‘nvertible. 

(h‘ => (a): We can extend o to the matrix algebra as the Hilbert- 
Schmidt semi-norm o/((aij)i<ijen) = [Cf joi 7(a4g)?]'/?.. It is: submul- 
tiplicetive by the Cauchy--Schwarz inequality. Hence this implication fol- 
lows from (b), because A is embedded in the matrix algebra in the upper 
left-hend entry as a corner subalgebra which is a spectral subalgebra by 
Propc sition 2.5.3(c) below. 

(i) < (a): This follows immediately from Theorem 2.2.5(f). QO 


It is worth noting that conclusion (i) can be combined with Theorem 
1.1.10(i) to show that for any element a in a spectral normed algebra (A, o) 
and any € > 0 we can always find an equivalent spectral norm o’ satisfying 


p(a) > o'(a) —€. 


Here is an alternative proof for (h) which may have independent interest. 
Let A be a unital topological algebra in which the set of invertible elements 
is ope’ and inversion is continuous. Let (a;;) be a 2 x 2 matrix over A 
which is close to the identity matrix in the sense that the differences of 
all corresponding entries is in the same small neighborhood of 0. Then its 
invers > (b;;) is given by 


w igs SME, pa 
bij = O( ii — Gik@yy Ges) i545; 


where k always has the other value from i in {0,1} and 6 is positive if 
i= 7 ‘nd negative otherwise. All the inverses written exist if the matrix is 
close enough to the identity. Thus M2(A) also has an open set of invertible 
elements and inversion is continuous. The method works for arbitrary size 
matr‘es, but we stop after giving the result for 3 x 3 matrices. Use the 
same ‘10tation except this time we assume that {i,m,n} is the set {1, 2,3} 
in sorie order and that m differs from both i and j if they are distinct. 
Ther 
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by, = 6[ax + (G@in@nn nm is Qim)(Gmm = G@mn@ea Gam) aint 
+(@ima,,),4m, - yy) (@nn = GnmGe Amn) anil o 


(Gim@m',4mj — 41;)(@an — @nmOn',@mn)?- 


Continuity of the Spectrum 


The next result, which is due to John D. Newburgh [1951], shows that for 
a spectral semi-normed algebra A, Sp(a) C C is an upper semi-continuous 
function of a € A when we use the Hausdorff metric on the subsets of 
C. Example 2.2.16 shows that there exists a sequence of nilpotent (hence 
topologically nilpotent) elements in a Banach algebra which converges to 
an element with spectrum larger than {0}. However, Corollary 3.1.6 shows 
that Sp(a) C C is a continuous function of a € A when A is also commuta- 
tive. For further results see Newburgh [1951], Aupetit [1975] and [{1979al, 
Gerard J. Murphy [1981] and Laura Burlando [1986], [1990] and [1991]. The 
last paper gives a criterion for the spectrum to be continuous at an element 
a in a Banach algebra. The condition is much weaker than Newburgh’s 
sufficient condition that Sp(a) be totally disconnected. (The notation eC; 
used in the theorem denotes the closed disk of radius € in accordance with 
our convention on closed balls in normed linear spaces.) 


2.2.15 Theorem Let (A,o) be a spectral semi-normed algebra. For any 
aé A and anye > 0, there is a 6 > 0 so that for allb € A, o(a—b) < 6 
implies 
Sp(b) C Sp(a) + eC, and p(b) < p(a) +e. 

Hence the spectrum and spectral radius are upper semi-continuous func- 
tions. 
Proof Suppose the inclusion fails for a given a € A and € > 0. We can 
find a sequence {an}nen C A converging to a and a sequence {An}nen GC C 
satisfying A, € Sp(a,) \ (Sp(a) + eC,). Since {a, : n € N} is bounded, 
{An : n € N} is bounded. Hence (by taking a subsequence if necessary) 
we may assume {An}nen converges to some A ¢ Sp(a). If X is 0, then 
A is unital and a is invertible. Since 4,, — an converges to —a, An — Qn is 
eventually invertible, contradicting the choice of Ay. If \ is not 0, then A~'a 
is quasi-invertible. Eventually \, is non-zero and since AZ !a, converges to 
A~'a, Azan is eventually quasi-invertible, contradicting the choice of A, 
again. Hence the inclusion is proved by contradiction. The inequality 
follows immediately. a 


2.2.16 Example This example is due to Kaplansky but was first pub- 
lished by Rickart [1960]. It shows that the results of Newburgh’s theorem 
are restricted to semicontinuity and cannot be extended to give continuity. 
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We produce a sequence {T,}nen of nilpotent operators which converges to 
an operator having spectrum different from {0}. 

Let H be ?(N) with {zn}nen denoting the natural orthonormal basis. 
The operators which we consider are all weighted shift operators defined by 


S(z2m) = 8mzm41 MEN 


for some bounded sequence {8m}men Of weights. The norm of such an 
operator is easily seen to be 


|| Sl] = sup{|sm| : m € N}. 


For each m, n € N, define tm, and tmy to be e~* and (1 — 5,4%)e—*, respec- 
tively, where k is defined by m = 2*(27 + 1). Define T and T;,, by 


T(2m) = tmZm+41 and Ty(Zm) = tmnZm+i meN. 


Since T,, — T satisfies (T,, — T)(2m) = 5nke *2m+41 for all n, m € N and for 
k as defined previously, we see that the sequence {T,}nen does converge to 
T. It is easy to see that each T,, satisfies T2"*’ = 0, since 2"*' shifts of the 
index will send any basis vector 2, past an index of the form by 2"(27 + 1) 
where tmn is 0. Hence each T,, is nilpotent and satisfies Sp(T,) = {0} and 
p(Ta) = 0. 

Finally, we show that T satisfies p(T) > e~' and hence has non-zero 
spectrum. The norm of JT” is given by 


k+n-1 
7" || =sup{ TI tm: k © N}. 
m=k 
For n = 2? — 1, the definition of the weights gives 
j~1 . 
tm = iu exp(—k2)—*-!) 
=1 


and hence 


j-l 
k 
Wreqi'/" > exp(— 0 sez): 
k=1 
Since the right-hand side converges to e~! with increasing j (or n), Corol- 
lary 2.2.8 gives the desired result. 


2.2..7 Weakly Spectral Norms The strong spectrum Sp%(a) and 
strong spectral radius p°(a) of an element a in an algebra A were introduced 
in Definition 2.1.19. Meyer {1992d] defined an algebra norm ||-|| on A to be 
weakly spectral if the set Ag of weakly invertible elements is open relative 
to it. We note some of the parallels with spectral norms. 
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Proposition Let ||- || 5e an algebra norm on a unital algebra A. 
(a) If ||-{] ts spectral, st is weakly spectral. 
The following conditions are equivalent: 
(b) The norm || -|| is weakly spectral. 
(c) Alla € A satisfy ps(a) < |\a|| so Sp5(a) is compact. 
(ad) The identity element 1 is tn the interior of Aug. 
(e) Every mazimal ideal of A is closed. 
(f) For anyaeé A, ||1—a|| <1 impliesa€ Aug. 


We omit the proofs which are similar to the spectral case. In a nonunital 
algebra A, the definition and proposition can be modified using the set 
Auwgc of weakly quasi-invertible elements in place of Aug. (This set is 
defined in Section 4.5.) In the nonunital case, (e) refers to all maximal 
modular ideals and 0 replaces 1 in (d) and (f). 


2.3. The Jacobson Radical and the Fundamental 
Theorem 


We begin by showing that spectral semi-norms are not unique even 
on the best behaved algebras. Our next major goal is to prove that if a 
sequence converges to two possibly different limits in two different spec- 
tral semi-norms, these limits differ by an element of the Jacobson radical. 
Hence we introduce a preliminary treatment of the Jacobson radical. A few 
remarks about representations are needed in order to define this concept. 
Representations and the Jacobson radical will be discussed much more fully 
in Chapter 4, where all of the current arguments will be elaborated and the 
reader will find historical remarks. 


2.3.1 Spectral Semi-norms are not Unique This is true even in uni- 
tal, semisimple commutative Banach algebras, Consider é'(Z) with convo- 
lution multiplication. Both p and || - ||, are spectral norms. Another easy 
noncommutative example is the finite-rank operators on a Banach space. 
In Section 1.7 we described several norms on this set, in addition to the op- 
erator norm. Theorem 2.2.14(b) shows that all of these norms are spectral 
since the finite-rank operators form an ideal in the various completions. 


Despite these examples, Theorem 2.3.6 below shows that if a sequence 
converges in two different spectral norms, then the two limits differ by an 
element of the Jacobson radical (cf. Definition 2.3.2 and Theorem 2.3.3). 
Hence in semisimple alge>ras such limits are unique. 


Introduction to the Jacobzon Radical 


2.3.2 Definition A re>resentation of an algebra A on a linear space ¥ 
is an algebra homomorphism T from A into the algebra £(1) of all linear 
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maps (also called operators) of ¥ into itself. For a € A, we write T, for the 
operator associated with a. A subspace ) of 4% is said to be invariant (or 
T-ir. variant in cases where the representation might not be clear) if every 
rep* senting operator T, maps } into itself. A representation is called 
irreducible if it has some non-zero representing operators, and 1 is its only 
non-zero invariant subspace. The Jacobson radical A, of an algebra A is 
the atersection of the kernels of all the irreducible representations of A. 
An elgebra is called semisimple if A, is {0} and Jacobson-radical if A, is 
the - shole algebra (i.e., if there are no irreducible representations at all). 


™ order to prove the next theorem we need to know that if T is an 
irrecucible representation of A on ¥ and z is a non-zero vector in 7’, then 
any vector z in 4 can be written in the form Tyz for a suitable a € A. To 
see this, note that T4z = {T,z : a € A} is clearly an invariant subspace. 
{f it were the zero subspace, then the set of all w for which T4w equals 0 
would be a non-zero invariant subspace and hence equal to 7. Since this 
wor'd contradict the existence of a non-zero representing operator, T4z 
mus: be all of A for each non-zero z, which gives the desired result. 


2.3.3 Theorem In any algebra A the following sets are equal. 

(a) The Jacobson radical Ay of A. 

(b) {b € A: p(ab) = 0 for all a € A}. 

{c) The largest ideal T satisfying any (hence all) of the following equiv- 
alen: properties: 


Spajz(a+T) © Spa(a) C Spajz(a+Z)U{O} VaeEd; 


Age = {a€ A: a4+T € (A/TZ)qc}; 
Sp(a+b)=Sp(a) WaeA; beT; 
Spl) = {0} vbeT; 
p(a+b)=p(a) VaeA; beT; 
p(b)=0 vVobeT. 


Proc Let us call the conditions in (c), (ci), (cz), (c3), (ca), (cs) and (cg), 
resp-.ctively. Note (c4)<>(cg). All ideals satisfy the first inclusion in (c1). 
The definition of the non-zero elements in the spectrum shows (c;)¢>(co). 
The following implications are also easy: (c3)=>(c4), (c3)=>(cs), (ca)=>(Ce) 
and (cs)=>(cg). Furthermore (c;) almost implies (c3). Since we may choose 
an arbitrary representative of the coset a +T in (c,), it is obvious that the 
spectra of a and a + b differ by at most zero in (c3). We will temporarily 
denote the set in (b) by B. 

S.ppose .7 is an ideal (not necessarily the largest) with the property 
described in (c,) and let Z be the largest ideal satisfying (cg). Then, in 
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particular, each element of b € J satisfies Sp,(b) = {0}. Hence 7 is 
included in Z which is included in B (since Z is an ideal). 

We will show that any element b in B is in the kernel of every irreducible 
representation, which implies 7 C J C BC A,;. Suppose b € B is not in 
the kernel of some irreducible representation T:.A —» £(%). Then we can 
choose z € 4 so that T,z # 0. By irreducibility we may choose a € A 
satisfying TaT,z = z. Since p(ab) is 0, we may find a quasi-inverse c for ab. 
But this gives the contradiction: 


2=247,2 —Tpz = Tqpz + Tez — TeTopz = Toz = 0. 


We will complete the proof by showing that the Jacobson radical has the 
property of 7 described in (cz) and satisfies (c3) even at zero. In order to do 
the former it is enough to show that any element which is quasi-invertible 
modulo the Jacobson radical is quasi-invertible. We will begin by showing 
that such an element e has a left quasi-inverse. Suppose not. Then e does 
not belong to the left ideal {ae — a: a € A} denoted by A(e — 1). Hence 
we may use Zorn’s lemma to find a left ideal M which is maximal (under 
the inclusion order) and includes A(e— 1) but does not contain e. Consider 
the natural action of A on A/M defined by 


To(b+M) =ab+M VbeMm. 


The maximality of M shows that this is an irreducible representation. (Any 
left ideal properly including M would have to contain {e} and thus be the 
whole algebra A.) Hence the Jacobson radical is included in the kernel of T. 
Furthermore any element b of this kernel belongs to M since T,(e+M) = M 
implies b = be — (be —b) € M. Since we assumed that e was quasi-invertible 
modulo the Jacobson radical, there is an element c € A with e+c-—ce in 
the Jacobson radical and hence in M. But this implies that e is in M 
contrary to the construction of M. 

We have now shown that each element e € A which becomes quasi- 
invertible in A/A, has a left quasi-inverse c in A. Then c+ A) must be 
the quasi-inverse of e + Ay. Thus c+ Ay is quasi-invertible so c has a left 
quasi-inverse which must be e. Thus e is quasi-invertible, as we wished to 
show. 

Finally, we show that A, satisfies (c3) even for 0 in the spectra. If @ is 
invertible and b belongs to the Jacobson radical, then —a~'b has a quasi- 

~! is an inverse for a + b. Since (c,) implies (c3) for 
non-zero values, the Jacobson radical satisfies (c3). oO 


2.3.4 Corollary The set on which any spectral semi-norm vanishes 1s 
included 1n the Jacobson radical. Hence, any spectral semt-norm on @ semt- 
simple algebra is a norm, and the Jacobson radical is closed in any spectral 
semi-norm. Any algebra norm on a Jacobson-radical algebra is spectral. 
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Proof If a spectral semi-norm o vanishes on b € A, then it vanishes on ab for 
all a € A, so p(ab) is 0. Hence the set on which o vanishes is included in the 
Jacobson radical by condition (b) of the theorem. The second statement is 
an immediate consequence, and the third follows by considering the quotient 
semi-norm on A/Aj,, which is spectral by Theorem 2.2.14(d). Since the 
quotient semi-norm is a norm, A, is closed. The last sentence follows from 
the definition of spectral semi-norms, since the spectral radius is identically 
0 on the Jacobson radical. a] 


We will eventually see several other proofs that the Jacobson radical is 
closed in spectral semi-norms. 


The Fundamental Theorem of Spectral Semi-norms 


Theorem 2.3.6 below is derived from Proposition 1.3 of Angel Rodriguez- 
Palacio (1985]. It was first stated explicitly in the present form as Proposi- 
tion 3.6 in Palmer [1992] (submitted in 1985). The present proof (Palmer 
[1989]) is a simple transformation of Ransford’s beautiful proof [1989] (based 
on Aupetit [1982a]) of Johnson’s uniqueness of norm theorem. The next 
lemma, which we call Ransford’s three circles theorem, is a slight extension 
of his proof [1989] based on Jacques Hadamard. A spectral algebra (Def- 
inition 2.4.1) is simply an algebra on which some spectral semi-norm can 
be defined. We prefer to give this lemma here where it is needed, with its 
natural hypothesis, rather than waiting until after the formal definition. 


2.3.5 Lemma Let p be a polynomial of a complex variable with coefficients 
from a spectral algebra A. Then any R > 0 satisfies: 


sup{p(p(<))? : |¢| = 1} < sup{o(p(a)) : |A| = R} sup{o(p(d)) : |A| = RO}. 


Proof Choose a spectral semi-norm o on A, and let A, be the ideal on 
which o vanishes. Then the formula ||a + A,|| = o(a) defines a spectral 
norm on the quotient algebra A/A, (Theorem 2.2.14(d)). Let B be the 
completion of A/A, in this norm. By Theorem 2.2.5(f) and Corollary 
2.2.8, the spectral radii on A and B satisfy: 


pa(a) = limo(a")'/" = lim |ja® + Ag||'/" = pplat Ag) VaeA. 


Let n be an arbitrary positive integer and ¢ be an arbitrary complex number 
of modulus 1. Choose a norm-one continuous linear functional w on B 
satis-ying w(p(C)" + Ag) = ||p(¢)" + Aall = o(p(¢)"). Denote w(p(A)" +Az) 
by ¢(A) = Bats qxA* where d is the degree of p and each gy is a complex 
number. Then the Cauchy~Schwarz—Bunyakowski inequality gives: 
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o(p(6)")?_ < eS lael) < (nd +1)(S0 nel?) 


< (nd t1(O nba)” *(S laet2R-**) 

< (nd+1) (= f ‘| (Rett) dt — go e) Pat : 
< ale ae = | ig a te%) Pat) 

< (nd+1)s on (p(a)") : [A] = R}sup{o(p(A)") : |Al = Ro}. 


We get the desired result by taking nth roots and letting n approach infinity 
through powers of two. This makes the convergence monotone decreasing, 
so that a slight variant of Dini’s theorem (e. g., Stromberg {1981]) shows 
that the supremum and limit may be interchanged. Oo 


2.3.6 Fundamental Theorem Leto, and o2 be two spectral semi-norms 
on an algebra A. If a sequence has limits with respect to both semi-norms, 
then these limits differ by an element of the Jacobson radical. 


Proof Let {a,} be such a sequence. Without loss of generality we may 
assume the o-limit is 0, and we will denote the other by a. Let 6 in A 
be arbitrary. Denote the supremum of {2(ban)} by B. We shall apply 
Ransford’s three circles theorem with ¢ = 1 to the first degree polynomials: 


Pa(A) = Aba, + ba — bay. 
This gives 
p(ba)? sup{p(pr(A)) : {Al = R} sup{p(pn(A)) : [Al = ey 
sup{oi(pn(A)) : |A| = R} sup{o2(pn(A)) : he ia 
[(R + 1)0; (ban) + 0; (ba)][R7!02(ban) + o2(ba — ae 


IAN IA IA 


Letting n approach infinity, we get the upper bound o,(ba)R~’B. Now 
let R approach infinity, in order to conclude p(ba) = 0. Thus by Theorem 
2.3.3, a is in the Jacobson radical, as we wished to show. oO 


In order to express the next corollary elegantly, we introduce a concept 
due to Bohdan J. Tomiuk and Bertram Yood {1989] and Michael J. Meyer 
{1992a]. 


2.3.7 Definition Two (not necessarily complete) norms || - || and ||| - ||| 
on a normed linear space A are said to be consistent if the identity map 
between them has a closed graph. More explicitly, this means that if a 
sequence {Qn}ncn © A converges to a in ||- || and to b in |j|-j[|, then a = b. 


Note that if two norms dominate a common norm, or if the closed unit 
ball in one is closed in the other, then they are consistent. In particular if 
one norm dominates another, they are consistent. For two complete norms, 
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the closed graph theorem shows that consistency is the same as equivalence. 
Corollary 2.3.4 shows that the next obvious corollary captures the full force 
o: the fundamental theorem on semisimple algebras. 


2.3.8 Corollary Any two spectral norms on a semisimple algebra are 
ce sistent. 


2.3.9 Corollary Every surjective homomorphism from a Banach algebra 
er.to a semisimple Banach algebra is continuous. In fact, every surjec- 
tive homomorphism from a spectral semi-normed algebra onto a semisimple 
spectral normed algebra is closed. 


Proof We explain the second result first. If y: A — B satisfies these hy- 
potheses with o as the spectral semi-norm on A, apply the theorem to B 
wish o, as the given norm on B and 02 as the spectral quotient semi-norm 
trensported from A/ker(), i.e., o2(b) = inf{o(a) : a € y—'(b)} for all 
b ¢. B. Thus if a sequence converges in ¢ and its image under y converges 
in 71, then its image under y surely converges in both o2 and 9), so the 
limits are the same by the theorem. For the first result, apply the closed 
ari ph theorem. oO 


2...10 Corollary (Johnson’s uniqueness of norm theorem) Any 
tw complete norms on a semisimple Banach algebra are equivalent. Thus 
a semisimple Banach algebra has a unique complete norm topology. Fur- 
thermore, if an algebra A is complete unith respect to two submulliplicative 
novms, then they induce equivalent quotient norms on A/Aj. 


Proof Apply the last corollary with the identity map on the algebra bearing 
its two different norms. oO 


The final corollary above is one of the most important results in the 
whole theory of Banach algebras. Johnson’s original proof [1967a] was 
based in part on work of Rickart {1950]. The original difficult proof, which 
uses the principle of accumulation of singularities, will be given to establish 
Theorem 4,2.15. The present proof is derived from ideas of Aupetit [1982a], 
Rodriguez-Palacio {1985] and Ransford [1989]. A more complete discussion, 
both historical and mathematical, is postponed until Chapter 6. 


Sutharmonic Functions 


Edoardo Vesentini [1968] (1970] showed that the spectral radius and 
its ‘ogarithm were both subharmonic functions (Definition 2.3.11). He 
use +: these results to establish some maximum modulus results involving 
the spectrum (cf. Hille-Phillips [1957] Theorem 3.13.1, Vasile I. Istrétescu 
[1949] and Bernd Schmidt [1970]). In a long series of papers beginning with 
[19"4], Bernard H. Aupetit enormously extended the range and power of 
these methods. Aupetit summarized the first five years of his research in 
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{1979a] and gave a simplified account in [1991]. In many respects the culmi- 
nation of this technique was his influential proof [1982a] [1983] of Johnson’s 
uniqueness of norm theorem (Corollary 2.3.8). A previous version of the 
present chapter used subharmonic functions extensively, deriving the fun- 
damental theorem by Aupetit’s proof. Ransford’s ingenious proof [1989] 
has allowed us to return to more standard parts of complex variable theory. 
We wish to briefly summarize this powerful theory, but the reader should 
consult Aupetit’s books and papers for more detail. 


2.3.11 Definition Let U be an open subset of C. We call a function 
f:U — RU {-00} subharmonic if it is upper semi-continuous and for any 
closed disc D(A, r) included in U it satisfies 


2" 
100) < 5 [Qo +re) 48 (1) 


The appendix to Aupetit [1991] is a good short list of basic results on 
subharmonic functions; Hayman and Kennedy [1976] contains full proofs. 
Obviously if both f and —f are subharmonic, then f is harmonic (Note , 
f is continuous and equality holds in (1)). It is classical that if f:U — C 
is analytic, then A + log|f(A)| is subharmonic. In order to extend this 
result to Banach algebra valued functions, one uses a technical property of 
subharmonic functions to show that A+ log || f(A)|| is subharmonic for any 
vector valued analytic function f (Definition 2.2.10). Then Gelfand’s spec- 
tral radius formula (Corollary 2.2.8) and obvious properties of subharmonic 
functions give Vesentini’s result: 


2.3.12 Theorem Let A be a Banach algebra and let U C C be open. If a 
function f:U — A is analytic, then X +> p(f(A)) and A + log p(f(A)) are 
both subharmonic. 


The following generalizations of the maximum modulus principle and 
Liouville’s Theorem are almost immediate consequences of basic properties 
of subharmonic functions. Recall that pc(S) is the polynomially convex 
hull of S. 


2.3.13 Theorem Let A be a Banach algebra, let U C C be open and 
connected and let f:U — A be analytic. If 49 € U satisfies Sp(f(A)) C 
Sp(f(Ao)) for all X € U, then OSp(f(ro)) C OSp(f(A)) and peSp(f(A)) = 
peSp(f(rAo)) hold for all Xe U. If, in addition, Sp(f(Ao)) has empty inte- 
rior or C \ Sp(f(A)) has no bounded component, then Sp(f(A)) is constant 
for EU. 


2.3.14 Theorem /f A 1 a Banach algebra, f:C — A is analytic and 
Unec Sp(f(A)) 18 bounded, then pceSp(f(A)) ts constant. 
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In [1991], Aupetit uses these and similar results to derive numerous 
results describing or characterizing the center, the Jacobson radical, com- 
rutativity, elements with finite spectrum, etc. See also Aupetit (1982b], 
Vesentini [1984a] [1984b], Gong Ning Chen [1987] and O. H. Cheikh and 
Mohamed Oudadess (1988). 


Capacity in Banach Algebras 


Paul R. Halmos [1971] mtroduced this idea which has close links to 
subharmonic functions. He was motivated by the desire to find a class of 
elements related to algebraic elements (t.e., those satisfying a one-variable 
polynomial) the way topologically nilpotent elements are related to nilpo- 
tent elements. This motivates the definition. 


2.3.15 Definition Let A be a Banach algebra. For any element a € A, 
define cap, (a) = inf{||p(a)|| : p is a monic polynomial of degree <n} and 
cap(a) = limy_.o. cap,,(a)!/”. 


It turns out that the capacity of an element depends only on the spec- 
trum of the element and can be calculated by the following attractive (but 
not easy) alternative formula: cap(a) = limp_..o dn(Sp(a)) where 6, is the 
nth spectral diameter defined on a compact set K by 


2/(n(n+1)) 
6,(K) = max ( I] nai Ag Ansar Ae eX 


O<j<k<n 


zigments with capacity zero do behave like generalizations of algebraic 
elements. It is obvious that elements with finite spectrum have capacity 
zero, and it is true (but not obvious) that elements with countable spectrum 
aiso have capacity zero. See also Aupetit and Wermer [1978]. For algebraic 
elements of Banach algebras see Nathan Jacobson [1945d], Zemanek [1978] 
Bernard R. Gelbaum [1980], Sottysiak [1978], [1982], [1984], Young [1980], 
Ccrach [1982], Aupetit and Zemének [1983b], Ratil Rodriguez Macias [1983] 
and Barnes [1985]. 


:The Approzimate B* -condition 


There is a very simple concept which forces semisimplicity and has other 
consequences for spectral norms, The approximate B*-condition was intro- 
duced by Smiley [1955] generalizing a definition of Frank F. Bonsall [1954a]. 
It captures a portion of the power of the C*-condition which was introduced 
in §1.7.17. 


2.3.16 Definition An algebra norm |}-|| on an algebra A is said to satisfy 
the approzimate B*-condition if, for each a € A and each € > 0, there is a 
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(non unique) non-zero element a* € A satisfying 
oo 
\la* al > [a*|| lal|(1 —€). 


This metric condition is often satisfied by algebras of operators. Some 
examples are covered by the following proposition. 


2.3.17 Proposition Let X be any normed linear space and let A be a 
non-zero ideal of B(X’) or any subalgebra of B(AX) including Br(¥). The 
operator norm on A satisfies the approzimate B* -condition. 

If H ts a Hilbert space, the operator norm on any subalgebra of B(H) 
which is closed under the Hilbert space adjoint satisfies the approximate 
B* -condition. 


Proof Proposition 1.1.18 shows that any non-zero ideal includes the finite- 
rank operators. If T € B and « > 0 are given, we can find a non-zero z € X 
satisfying ||Tz|| > {TI \lz||(1—e) and a non-zero w € X* satisfying w(Tz) = 
wit Tz]. Define T# to be z @w so that we have |/T*}! = |Jz|| ||w||; and 
T#T(z) = w(Tz)z = |\w|| \|T'z||z. The last equation shows that ||w|| ||7z|| 
is a characteristic value of T*T so that we have ||T#7||" = pa(x)(T#T) > 
loll Tall > Nol] ATW el — €) = ITI] THA — e). 

The closure of a subalgebra of B(71) satisfying this condition is a C*- 
algebra. is) 


The next proposition, which is essentially due to Bonsall [1954a], shows 
the power of this apparently weak condition. 


2.3.18 Proposition A normed algebra (A, || - ||) which satisfies the ap- 
prozimate B* -condition is semisimple. Furthermore, if o is a spectral norm 
on A which satisfies: o(a) < |lal| for alla € A, then in fact a(a) equals 
\jal| for alla € A. Hence a spectral norm which satisfies the approzimate 
B* -condition is minimal among all spectral norms on the algebra. 


Proof For any a € Aj, Theorems 2.2.2 and 2.3.3 show 0 = la#al™ > 
\|jal|2~! for a suitable element a* of norm one. Hence a is zero, proving 
that A is semisimple. To prove the last assertion, let ¢ > 0 anda e A 
be arbitrary. Choose a* satisfying the approximate B*-condition and note 
that Theorem 2.2.2 gives (1--€)||a*|| lal] < |la*all~ < p(a#a) < o(a*a) < 
a(a*)o(a) < {ja*|{ Ia]. Since ¢ > 0 was arbitrary, the desired conclusion 

F oO 


For other results on approximate B*-norms, see Bonsall and Duncan 
[1967], [1973b], Smiley [1955] as well as Proposition 8.7.4 below. Bonsall 
[1954a] and Antonio Fernandez Lépez and Angel Rodriguez-Palacios [1985] 
together show that a Banach space % is reflexive if and only if Ba(*) 
satisfies the B*-condition. 


w 
h 
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2.4 Spectral Algebras 


in this section we introduce a type of abstract algebra (i.e., one without 
air’ definite norm or topology) which provides a natural setting for many 
results originally proved for Banach algebras. These algebras, which we 
ca spectral algebras, will be used extensively in the rest of this work. 
The section also contains the proof of a remarkable theorem which asserts 
thet the spectral radius is subadditive if and only if it is submultiplicative, 
an¢ that both conditions hold exactly when the algebra is a spectral algebra 
which is commutative modulo its Jacobson radical. In the next chapter, this 
res lt will be further strengthened by the addition of Gelfand theory which 
applies to precisely the class of spectral algebras which are commutative 
racdulo their Jacobson radicals. 

After introducing modular ideals, the section concludes with a few in- 
teresting results using this new machinery. 


Spectral Algebras 


The concept introduced here is a key one in this work. It is a purely al- 
gel--aic concept which nevertheless implies many basic results in the theory 
of 3anach algebras. 


2.4 1 Definition An algebra is called spectral if some spectral semi-norm 
car be defined on it. 


We wish to emphasize that a spectral algebra is not an algebra together 
wit.i some particular spectral semi-norm, but is rather an abstract algebra 
on which some spectral semi-norm can be defined. Most spectral algebras 
have a vast diversity of spectral semi-norms, and no one spectral semi-norm 
iz v -eferred over another. 

Jbviously, Banach algebras are spectral algebras (since the complete 
norm is a spectral norm), but we will see many other examples of spectral 
algebras. However, the spectrum in spectral algebras behaves the way it 
does in Banach algebras. In fact, the main difference between the theory of 
Banach algebras and that of spectral algebras is simply the absence of the 
holomorphic functional caiculus in the latter case. (This functional calculus 
for Banach algebras will be described in Chapter 3.) Before exploring these 
ideas, we express the definition in a more geometric way. 


2.4.2 Proposition An algebra is spectral if and only if there is some 
balanced, conver, absorbing semigroup included in the set of quasi-invertible 
elex: ents. 


Pref The open unit ball of a spectral semi-norm would be such a set, and 
‘3° 2sely given such a set, its Minkowski functional would be a spectral 
sery:-norm. a) 
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Theorem 1.1.10 above shows that for any algebra semi-norm ¢ 
lim o(a")'/" has many desirable properties. Theorem 2.2.5(f) shows that 
the spectral radius in any spectral algebra has all these properties. (This 
is a nontrivial observation since we have already shown by example that 
subadditivity and submultiplicativity are not properties of the spectral ra- 
dius (even when it is finite-valued) in arbitrary commutative algebras.) We 
record this and another similar observation about spectral algebras in the 
next theorem. 


2.4.3 Theorem Let A be a spectral algebra. 

(a) The spectrum of every element of A is closed and bounded, hence 
compact. 

(b) The spectral radius in A satisfies all the properties listed in Theorem 
1.1.10. 


Proof Both results follow from Theorem 2.2.5 applied to any spectral semi- 
norm on the algebra. a 


We will need some simple technica) results. 


2.4.4 Proposition An algebra is spectral if and only if its ( unitization / 
quotient modulo tts Jacobson radical ) is spectral. The quotient of any 
spectral algebra by any ideal is a spectral algebra. 


Proof If A is nonunital and o is a spectral semi-norm on A, the semi-norm 
o!: Al —» Ry defined by o!(A + a) = |A| + a(a) on A! is also spectral since 
p(A + a) < |A| + p(a) is obvious. If o is a spectral semi-norm on A?, then 
its restriction to A is spectral since the non-zero spectrum of an element in 
A is the same whether computed in A or A! (Proposition 2.1.8). 

The other statements follow directly from Theorem 2.2.13. Oo 


Some Questions 


Theorem 2.2.13(c) asserts that an algebra semi-norm is spectral if its 
restriction to each maximal commutative subalgebra is spectral. We do not 
know whether an algebra is spectral if each of its maximal commutative 
subalgebras is spectral. There is some evidence (and several plausible but 
fallacious “proofs” based on the isomorphism between (Z; + Z2)/Z; and 
Df (Zi Nz) and Theorem 2.2.13(d)) that in any algebra, or at least in any 
commutative algebra, the sum of two ideals is a spectral algebra if each of 
the ideals is a spectral algebra in its own right. A variant of this possible 
resuit relates to a semi-normed algebra (A,o) and asks whether a is spectral 
on the sum of two ideals when it is spectral on each ideal separately. This 
last result would imply that each semi-normed algebra has a largest ideal 
on which the algebra semi-norm is spectral. The result for commutative 
algebras implies the existence of a largest spectral ideal in any commutative 
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algebra. One may also inquire whether an algebra is spectral if there is an 
ideal ZT in it which is spectral and for which A/T is also spectral. We do 
not know whether any of these results is true. 


Modular Ideals 


Modular ideals play an important role in the project of extending re- 
sults from unital to nonunital algebras. Maximal modular left ideals are 
also closely related to the Jacobson radical and irreducible representations. 
Modular ideals were first used (with the name “regular ideal”) by Irv- 
ing E. Segal ([1947a]. The term “modular ideal” was introduced by Ja- 
cobson [1956]. Even in nonunital algebras we use the common notations 
A(1 —e) and (1—e)A to denote, respectively, the sets {a — ae : a € A} and 
{a—ea:a€ A}. 


2.4.5 Definition Let A bean algebra and let £, R, and T be, respectively, 
a left ideal, a right ideal and an ideal of A. An element e € A is called a 
{ right / left / two-sided ) relative identity for (£ / R/T ) if it satisfies 
(AN -e) CL/(l-eACR/ Al—e)U(l—-e)A CT). A one 
or two-sided ideal is called modular if it has a relative identity of the type 
described above. A one or two-sided ideal of A is called proper if it is a 
proper subset of A and is called mazimal if it is maximal under inclusion 
among all proper ideals of its type. 


Obviously if A is unital, every one- or two-sided ideal is modular, with 
the identity element as a relative identity. As a partial converse, a proper 
(two-sided) ideal ZT is modular if and only if A/Z is unital. If Z is an 
ideai of A and e and f are a right and a left relative identity for Z, then 
A/T has both a right and a left identity so that these must agree and be an 
identity. Hence Z is a modular ideal with both e and f as two-sided relative 
identities. It is also easy to see directly that eo f is a two-sided relative 
identity for J. For any algebra, the whole algebra is always a modular ideal 
of itself, but we will be interested in proper modular ideals. 

It is not obvious a priori that a maximal modular ideal is a maximal 
ideai, but the easy proof is included with the following results due to Segal 
(1947a]. 


2.4.8 Theorem Let A be an algebra. 

(a) A one- or two-sided ideal which includes a modular ideal of the same 
type ts also modular. 

(b) No proper one- or two-sided modular ideal contatns its relative iden- 
tity. Ife is the ( right / left) relative identity for a modular ( left / right ) 
ideal (£/ R), then {e-b: bE (L/ R)} is disjoint from Aga. 

(c) A mazimal modular one- or two-sided ideal ts a maximal ideal of the 
same type. In fact, tfa € A does not belong to a mazimal modular { left / 
right ideal ( L / R), then( Aa+L /aA+R ) equals A. 
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(d) Any proper modular one- or two-sided ideal is included in a maximal 
modular ideal of the same type. 

(e) An element e € A is a({ right / left ) relative identity for some 
mammal modular ( left / right ) ideal if and only if e has no ( left / right ) 
quast-inverse. 


Proof We consider only left ideals, since the other cases are similar. 

(a): The relative identity for the included ideal obviously serves the 
same role for the larger ideal. 

(b): If the right relative identity e of the modular left ideal £ belongs to 
£, then any a & A satisfies a = ae — (ae-—a) EL. Forbe L,ife—bhada 
quasi-inverse c, then the following calculation would show e € £, contrary 
to what we have just proved: 


e=c(e—b)—c+b=(ce—c)—cb+bEL. 


(c): The first statement follows immediately from (a). In order to prove 
the second, let e be a right relative identity for the maximal modular left 
ideal £. Consider the set {b € A: Ab C L£}. It is easy to see that this is a 
left ideal which includes £ but does not contain e. Hence by the maximality 
of £, it equals £. Thus Aa + £ properly contains £. By maximality again 
it equals A. 

(d): The following standard application of Zorn’s lemma proves this. 
Consider the family of all left ideals which include a given modular left 
ideal £ but do not contain its right relative identity e. When ordered by 
inclusion, the union of any linearly ordered subfamily is an upper bound 
for the subfamily. Hence the partially ordered set has a maximal element, 
which is a maximal modular left ideal including £. 

(e): First we show the necessity of the condition. If e is a right relative 
identity for £ and satisfies boe = 0, then e = be—b € £ holds, contradicting 
(b) above. Conversely if e has no left quasi-inverse, then e does not belong 
to the modular left ideal A(1 — e). Thus by (d), e is the right relative 
identity for a maximal modular left ideal including A(1 — e). a 


2.4.7 Theorem Let oa be a spectral semi-norm on an algebra A. The 
closure with respect too of every proper modular one- or two-sided tdeal of 
A is proper. Hence, every mazimal modular one-or two-sided ideal of A is 
closed with respect to a. 


Proof Since all cases are similar, we consider only left ideals. Let ¢ be a right 
relative identity for the proper modular left ideal £. We will show that the 
a-distance from e to any element 0 of £ is at least 1. If not, a(e — 6) < 1 
implies that e — b has a quasi-inverse c. But this contradicts Theorem 
2.4.6(b). Hence e is not in the closure of £ with respect to o, and thus this 
closure is proper. The secc ad sentence is an immediate consequence of the 
first. Q 
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2.4.8 Corollary An algebra semi-norm is spectral if and only if all maz- 
imal modular one-sided ideals are closed with respect to it. 


Proof If o is a spectral semi-norm on A, the theorem shows that all max- 
imal modular one-sided ideals are o-closed. Conversely, suppose that o is 
an algebra semi-norm on A which is not a spectral semi-norm. Theorem 
2.2..5(b) shows that we can find a quasi-singular element e € A satisfying 
c>\ <1. By symmetry we may suppose that e has no left quasi-inverse 
so that, by Theorem 2.4.6, A(1 — e) is a modular left ideal included in 
so 1e maximal modular left ideal AM which does not contain e. However, 
2- et = (er e*)(1—e) € M together with o(e) < 1 show that e belongs 
to the o-closure of M. Oo 


2.9 Arens’ Algebra L” The last two results show that for spectral 
ai, 2bras (and a fortiori for Banach algebras) all maximal modular ideals 
are closed. In [1946] Arens introduced a unital complete metric algebra 
w...ch has no closed ideals, in contrast to the above results. The algebra 
which is denoted by L” is the intersection of all the LZ’ spaces 1 < p < oo 
on ‘he unit interval I = [0,1]. The multiplication is pointwise, so that L“ is 
corimutative and semisimple as well as unital. Thus it has many maximal 
(necessarily modular) ideals. For each p € N, let 


1/p 


1 
Wi, = | f\saPaz vfeL 
0 
be the usual L?-norm. Define a complete metric 
d(f,9) = >> 2°? min{1, If -gllp} Vv fg € LY 
p=1 


on ©” in the usual way so that convergence in this metric is simultaneous 
convergence in all LZ” norms 1 < p < oo. Hence L” has a complete invariant 
rue ‘ric (#.e., d(f,g)} = d(0, f — g) for all f,g) and is thus a Fréchet space. 
Kaplansky (1948c] showed that L” has no closed maximal ideals. This 
con:rasts with the situation in unital semisimple spectral algebras, in which 
eve-y maximal ideal is closed and there are enough such ideals to have 
intersection {0}. In [1964] Yood proved the stronger statement that LY 
con:ains no closed ideal which is maximal among closed ideals. 

“n the terminology introduced in Chapter 7, this is a topological anni- 
hilacor algebra which is not a modular annihilator algebra and which has 
sccie zero. This shows that topological annihilator algebras need not re- 
semble normed annihilator algebras, which are automatically spectral. See 
also Mohamed Oudadess [1985]. 
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Commutativity and the Spectral Radius as an Algebra Semi-norm 


The next theorem shows that if the spectral radius is either subaddi- 
tive or submultiplicative, then it is both and thus is a spectral semi-norm. 
This happens if and only if the algebra is commutative modulo the Jacob- 
son radical. In this generality, the result is due to Palmer [1992] based on 
arguments of Jaroslav Zemanek [1977a], [1977b] and Vlastimil Ptak and 
Zemanek [1977a] [1977b]. For the proof we need the following interesting 
result of Claude Le Page [1967]. The elegant proof is derived from appar- 
ently independent proofs of similar results due to Isadore M. Singer and 
John Wermer [1955], Ivan Vidav (1955], F. V. Sirokov [1956] and Marvin 
Rosenblum [1958]. See also Victor A. Belfi, and Robert S. Doran [1980], 
Paula Vrbové [1981], Oudadess [1983b], [1987], Gerd Niestegge [1984], M. 
I. Karakhanyan, M. I. [1984], Yiannis Tsertos [1986], Zalduendo [1989], 
Bertram Yood [1990] and Badea [1991]. 


2.4.10 Lemma A unital normed algebra A is commutative if and only if 
there ts a constant C satisfying 
llabl| < Cilbai| va bEeA 


Proof If A is commutative, we may choose C = 1. To prove the converse, 
first note that we may replace A by its completion and thus assume that 
A is complete. Define e** by e** = 7% 9(Aa)"/n!, so that by the usual 
elementary calculation e*® has inverse e~**. (See the end of Section 2.1 
for a discussion of the exponential function.) Let a, 6 € A be arbitrary but 
fixed for the rest of this argument. For any fixed w € A* (where A® is the 
Banach space dual of A), define f:C — C by 


f(A) = w(e*be 4). 


Clearly, for a suitable choice of c, € A, we can write f(A) = S775 w(cn)A” 
as an entire function satisfying 


IF(A)] S [Jw] HeX* (be?) I] < Cus] bem 2%" I] = Cw [IBIl- 


Hence, by Liouville’ s theorem, f is a constant function. Thus the derivative 
f' of f is identically 0. However 


f'(A) = w(aer*be~22 + €4°b(-a)e7*) 


implies f'(0) = w(ab—ba). Since w € A* was arbitrary, we conclude ab = ba 
by the Hahn-Banach theorem. oO 


2.4.11 Theorem The following are equivalent for any algebra A in which 
the spectral radius is finite-valued: 
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(a) There ts a constant C satisfying 
p(at+b)< C(p(a) + p(b)) Va, bEA 
(b) There is a constant C satisfying 
p(ab) < Cp(a)p(b) Va,beEA. 


(c) A 1s a spectral algebra and is commutative modulo its Jacobson rad- 
ical. 

(d) The spectral radius is an algebra semi-norm and hence the unique 
smedlest spectral semi-norm. 


Proof Note that the constants C necessarily satisfy C > 1 unless A is a 
radical algebra. Since that case needs no further consideration, we assume 
this inequality. 

(a) = (b): For a, b € A, let Ao € C satisfy |Ao| > 9C?p(a)p(b). Then 
we may write Ag = uv with |u| > 3Cp(a) and |v| > 3C p(b). Hence we get 


p((u—a)~ta) = sup{|A/(u— d)|: € Sp(a)} 
< sup{|/(u- a)|: [Al < p(a)} < (20)? 


and similarly p((v — 6)—'b) < (2C)—}. Thus 
No — ab = (u—a)(1 + (4 —a)2a + (v — )-")(v — b) 

is invertible by the spectral mapping theorem, and the following inequality 

p((u— a)~'a + (v ~ b)~*b) < Clp((H — a)~'a) + p((v — b)7*b)} <1 
implies that the middle factor is invertible. We conclude p(ab) < 9C?p(a)p(b). 

(b) = (a): For a, b € A, let Ao € C satisfy |Ao| > p(a) + Cp(b). We 
must consider the unital and nonunital cases separately. If A is unital, 

No ~ (a + b) = (Ag — @)(1 — (Ao — a)~*B) 
is invertible, since 
p((Ao — a)~"b) < Cp((Ao — a)~*)p(b) < C(Cp(b))~*p(b) = 1 


shows 1 ¢ Sp((Ao — a)~1b). If A is nonunital, (Ag — a)~! has the decompo- 
sition Ap! +c with c € Al. Hence 


do — (a + b) (Ao — @)(1 — (Ap — a)~*8) 
(Ag — a)(1 — Ag"b — cb) 
(Ao — a)(1 — cb(1 — Ag*b)~")(1 — Ap") 
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is invertible in A’, since 

p(cb(1 — Ag'b)~!) < Cp(c)p(b(1 — Ag1b)~!) < 1/0 <1 
follows from 


p((Ao — 2) — Ag*) = p(adg '(Ao - @)~*) 
Ig 1o(a)/(IAo] ~ o(@)) < JAg*|p(a)(Cp(b)) 


p(c) 


IA 


and 


|Ao|p(b(Ao ~ 6)~*) 
|Ag ‘1e(b)/(|A0| — p(b)) < |Ao|p(b)p(a)—'. 


p(b(1 — Ag 'b)~") 


IA Ht 


We conclude: 
p(a + b) < p(a) + Cp(b) < C(p(a) + p(d)). 


(b) => (c): By the last argument we may assume p(a+) < p(a)+Cp(b) 
for all a, b € A. Define 


p(a) = C? sup{p(a +b) — p(b):bE A} VaEA. 


Then p satisfies 


p(a+c) = C?sup{(p(a +c + 6) — p(c + b)) + (p(c + 6) — p(b)) :b € A} 
< pla) + p(c) Va,cé A; 
Cpa) < pla)<C%p(a) Vae A; 
p(ab) < C%p(ab) < C*p(a)p(b) < p(a)p(b) Va,beA 


and thus p is a spectral semi-norm which also satisfies 
p(a)? < C%p(a)? = C®p(a?) < C*p(a?) Vac A. 


Hence the ideal on which p vanishes is the largest ideal on which the spectral 
radius vanishes, so that by Corollary 2.3.4 it is the Jacobson radical. Thus 
p induces a norm ||- || on A/A, defined by ||a + Ay|| = p(a) for all a € A. 
However, this implies 


(a + Ay)(b + Ay)Il lab + As = p(ab) < C p(ab) 
C3 p(ba) < Cp(ba) = Cllba + Ay|| 


Cl\(b+ Ay)(a + Ay)Il, 


q 


so that A/Ay is commutative by the last lemma. 
(c) => (d): Theorem 2.2.5(f) and Theorem 1.1.10(g) applied to the spec- 
tral norm induced on A/A,y show that p is an algebra semi-norm there. 
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However, Theorem 2.3.3 shows that the spectral radius of a coset a + Ay 
in A/Ay equals that of a in A, so that the spectral radius is also an al- 
gebra semi-norm there. Hence, it is clearly the unique smallest spectral 
semi-norm. (We may, therefore, take C as 1, so the definition of p shows 
that it is just p.) 

(d) = (a) and (b): Since p is an algebra semi-norm, we may choose 
C=1. a 


In the next chapter, Theorem 3.1.5 will add additional information to 
this theorem. It will show that the conditions of Theorem 2.4.5 are also 
equivalent to the existence of a complete Gelfand theory. In Chapter 4, 
The rem 4.2.18 will show that these conditions are also equivalent to uni- 
form continuity of the spectral radius. 

Yu. V. Turovskii [1985] shows that certain closed subalgebras are com- 
mutative modulo their Jacobson radical. In any associative algebra A we 
may introduce the Lie product [a,b] = ab — ba for all a,b € A. A linear 
subspace closed under this product is called a Lie subalgebra and a Lie sub- 
algebra B is said to be Lie nilpotent if there is a positive integer n such that 
any .ist bo, by,..., by in B satisfies [bn, [bn—1,-+-, [b1, bo] ---]] = 0. The cited 
paper shows that the norm closure of the associative subalgebra generated 
by any Lie nilpotent Lie subalgebra is commutative modulo its Jacobson 
radical. 

Numerous properties and subsets of Banach algebras have been char- 
acterized in terms of spectral radius criteria. We list the following papers 
whic deal with commutativity, the center, the Jacobson radical, finite di- 
mensionality, etc. Since the spectral radius is unchanged by dividing by the 
Jacobson radical, these properties and subsets are actually determined mod- 
ulo the Jacobson radical. Aupetit [1979a], [1991]; Aupetit and Zemdnek 
[1978], [1981], {1983a], [1983b] and Zemének [1977a], [1977b], [1980] and 
[1982]. 


Homomorphisms onto the Complez Field 


The following result, which describes the kernels of homomorphisms 
onto the complex numbers, plays a crucial role in the next chapter which 
establishes the Gelfand theory for commutative spectral algebras. 


2.4.12 Theorem The following are equivalent for a modular ideal I in a 
spectral algebra A. 

(e.) A/T is isomorphic to the complez field. 

(tb) Z is mazimal as a left ideal. 

(c! Z ts maximal as a right ideal. 
Hence a modular ideal in a commutative algebra is the kernel of a homo- 
morz ism into the complez field if and only if it ts mazimal. 


Prooj Clearly (a) implies the other two properties since in this case ZI 


242 2: The Spectrum 2.4.13 


has codimension 1, Suppose (b) holds. Choose a spectral semi-norm o on 
A. Theorem 2.4.7 shows that I is closed, so A/T is a (spectral) normed 
algebra. We wish to show that every non-zero element of A/T has a left 
inverse so that A/Z is isomorphic to the complex field by the Gelfand- 
Mazur theorem (Corollary 2.2.3). Let e be a relative identity for Z, so that 
e+T is an identity element for A/Z. Let a be an arbitrary element not in Z, 
so that a+ TZ is an arbitrary non-zero element of A/Z. The left ideal 4a+Z 


contains a = ea — (ea — a) which does not belong to Z, so Aa +TZ = A. 
Thus a+Z fase a left inverse, as we wished to show. The case of right ideals 
is similar. a 


This last proposition identifies all the kernels of homomorphisms of a 
spectral algebra onto the complex number field. The next result character- 
izes the homomorphisms themselves. For commutative Banach algebras this 
theorem was proved by Andrew M. Gleason [1967] and by Jean-Pierre Ka- 
hane and Zelazko [1968], independently. Zelazko [1968] extended the orig- 
inal result to noncommutative algebras, and Moshe Roitman and Yitzak 
Sternfield [1981] gave essentially the present statement and proof. Rele- 
vant counterexamples are contained in the last cited article and in Zelazko 
[1973a], [1973b]. For other variations see Alberto Arosio and Artur V. 
Ferreira (1978a] [1978b], Aupetit [1979b], Sergiusz Kowalski and Zbigniew 
Stodkowski [1980], Chang Pao Chen [1983], S. H. Kulkarni [1984], Regina 
Wille [1985], Arens [1987], Badea (1991] and Krzysztof Jarosz (1991]. A 
linear map satisfying condition (b) is called a Jordan homomorphism, and 
such maps are studied systematically in Section 6.3 below. 


2.4.13 Theorem Let A be a unital algebra and let yp: A + C be linear 
and unital (i.e., o(1) = 1). The first four conditions below are equivalent 
and imply the last two equivalent conditions. If A is a spectral algebra, then 
all six conditions are equivalent. 

(a) p(a) = 0 implies p(a*) = 0 forae A. 

(b) p(a?) = pla)? fora c A. 

(c) p(a) = 0 implies yp(ba) = 0 for a, bE A (i.e., ker(p) ts a left ideal). 

(d) y is an algebra homomorphism (i.e., p(ab) = p(a)y(b) fora, b € A). 

(e) ker(p) contains no invertible element. 

(f) For each a € A, p(a) € Sp(a). 


Proof (a) => (b): Since y(a — y(a)) is 0, we conclude 


0 = y((a — p(a))?) > y(a?) = y(a)?. 
(b) = (c): First note: 


(be + cb) = p((b + c)”) — yb?) — ple?) = 2(b) y(c). 
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Hence we see yp(ab + ba) = 0. By (b) we conclude y((ab + ba)?) = 0. Now 
the identity (bc — cb)? = 2((bcb)c + c(bcb)) — (be + cb)”, together with our 
previous results gives 


(p(ba — ab)? = y((ba ~ ab)? 
= 2p((bab)a + a(bab)) = 4p(bab)y(a) = 0. 


By adding the resulting equations we get: 
2y(ba) = yp(ab + ba) + (ba — ab) = 0. 
(c) = (d): Since y(a — (a) is 0, (c) gives 
0 = y(b(a — y(a))) = y(ba) — pld)p(a) Va, bE A. 


(d) => (a): Trivial. 

(a) => (e): If a is invertible and y(a) is 0, we get the contradiction 
0 = y(a-!a) = (1) = 1. 

(e) = (f): This follows from y(y(a) — a) = 0. 

(f) => (e): If a is invertible, 0 is not in its spectrum. 

(f) => (a) (For a spectral algebra A.): For any fixed n € N, consider 
the polynomial p(A) = y((A — a)") and its roots A; for 1 < j <n. The 
equation y((A; — a)") = 0 implies that (A; — 2)” is not invertible. Hence 
A; —@ is also not invertible. This is equivalent to A; € Sp(a) forl<j<n. 
By expanding 

n(n 


—1 
p(A) = TFL, (A — Ay) = A" — nyp(aya™™! + Mn HN) y(a?)ar-2 ate 


and comparing coefficients, we get: 
n 

S_ Aj = nya) =0 and DAA = MEV o(a?). 

j=l aj<k 
However, 

n n 
0=(S>Aj)? = So AF + 2D AA 
j=1 j=1 j<k 

gives 


n(n ~ 1)|p(a)| = 2) S7 AAR = 10951 S DIAZ S nla)? 
j<k j=l j=l 


Since n € N was arbitrary and p(a) is finite in a spectral algebra, this gives 
p(a*) = 0. oO 
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In the above theorem, weaken condition (f) to p(a) € coSp(a). It is 
easy to see that this is equivalent to |y(a}| < p(a) for all a € A (where we 
are still assuming linearity and y(t) = 1). Bonsall and Duncan [1971] call 
such linear functionals spectral states. Obviously the set 2 of spectral states 
forms a weak* compact convex subset of A*. Each spectral state obviously 
vanishes on Aj; C A; and on all commutators by the argument in the 
proof of Lemma 2.4.10. Every algebra homomorphism y:.A — C belongs 
to 2 and Niestegge (1983] shows that if A is a unital commutative Banach 
algebra, then the extreme points of 9 are algebra homomorphisms. From 
this he proves a stronger form of the following theorem of Nagasawa {1959]: 
If A and B are unttal commutative Banach algebras with B semisimple and 
p: A — B is a unital linear map satisfying pp(yp(a)) = pa(a) for alla € A, 
then p ts an algebra isomorphism. See also George Maltese [1979], Dénos 
Petz [1983], Przemystaw Kajetanowicz [1984] and Krzysztof Jarosz [1985b]. 


Norms on Algebras of Continuous Functions 


The following results are due to Kaplansky [1949a]. Theorem 3.5.17 
below is a considerable generalization of Theorem 2.4.15, but its proof is 
far more difficult. relying on the Silov idempotent theorem. The algebras 
Co(Q) were defined in §1.5.1. 


2.4.14 Lemma Let A be a commutative normed algebra and let A be 
tts completion. [f a € A is quast-invertible modulo every mazimal modular 
closed ideal of A, then it is quasi-invertible in A. 


Proof Theorem 2.4.6(e) shows that if a is not quasi-invertible in A, then a 
will be the relative identity for a maximal modular ideal M of A. Theorem 
2.4.7 shows that M is closed so that At 1A is a closed maximal modular 
ideal of A. Clearly a is not quasi-invertible modulo this ideal. ao 


2.4.15 Theorem Let (A, ||: ||) be a commutative Banach algebra iso- 
metrically isomorphic to Co({2) for some locally compact space D. (It ts 
equivalent to describe (A, || - ||) as any commutative Banach algebra satis- 
fying Theorem 3.2.12.) Then any (not necessarily complete) algebra norm 
{|| - ||| on A satzsfies 

llall < Illa] VaEed. 


Proof For the proof, we may assume that A actually is Co({). Let Ne be 
the set of points w € 2 such that the ideal Z(w) = {f € A: f(w) = 0} is 
closed in the norm ||| - |||. We will show that Qc is dense in 2 and this will 
ey the theorem since |||f||| > sup{|f(w)| : w € Nc}. (Otherwise, we get 

lima olf — fw)) oto f/f(w))" = —f for some f ¢ Z(w). 

In order to give a proof by contradiction, suppose that Qc is not dense. 
Let U be a nonempty open subset of 2 disjoint from Qc. The discussion 
in §1.5.1 shows that there is a function f:2 — [0,1] in A which assumes 
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the value 1 on some nonempty open subset V of U and vanishes off U. By 
the last lemma, f is quasi-invertible in the completion of A under ||| - |||. 
How-ver, this is impossible since there is a non-zero function g:Q — [0, 1} 
in A with g(wo) = 1 for some wo € V and vanishing outside V satisfying 
go f =f and hence g=90(fof%) = (go flo ft= foft=0. o 


2.5 Spectral Subalgebras and Topological Divisors of 
Zero 


In the introduction we listed a number of sufficient conditions for a sub- 
algebra to be a spectral subalgebra. The easy conditions will be collected 
in Proposition 2.5.3. The more difficult ones all depend on the theory of 
topo.ogical quasi-divisors of zero, introduced by Kaplansky [1949a] follow- 
ing Silov [1940b]. Topological quasi-divisors of zero cannot be defined in 
a spectral algebra, since the algebra has no particular spectral semi-norm. 
However the most useful consequences of this concept are independent of 
the particular choice of norm, so that they are available in the theory of 
spectral algebras. We begin with a formal definition of spectral subalgebras, 
which were informally defined in the introduction to this chapter. 


Fundamental Properties of Spectral Subalgebras 


2.5.2 Definition A subalgebra B of an algebra JA is said to be a spectral 
subaizebra if it satisfies 


Byg = BN Aga. (1) 

In the next proposition we characterize spectral subalgebras in terms of 

conditions on the spectrum of elements in the subalgebra. Zero plays an 

exceptional role here as it does whenever nonunital subalgebras are under 

consideration. Thus we include two additional conditions on the spectra 

of elements of the subalgebra, each of which is more stringent than the 
conditions shown to be equivalent to the subalgebra being spectral. 


2.5.2 Proposition Let B be a subalgebra of an algebra A. 
{¢} Bach of the following two displayed conditions ts equivalent to B 
being a spectral subalgebra of A: 


Spp() U {0} = Spa(b)U {0} VvoeB; (2) 
Spu(b) C Spa(b)U {0} VbEB. (3) 

Thus any element b in a spectral subalgebra B of A satisfies 
pB(b) = pa(d) (4) 


(unless b has spectrum {0} in one algebra and empty spectrum in the other). 
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In particular, a spectral subalgebra of a spectral algebra is a spectral 
algebra. 
(b) The condition 


Spp(b) = Spa(b) VbEB (5) 


holds tf and only tf B is a spectral subalgebra of A which also satisfies one 
of the following two mutually exclusive conditions: 
(b}) B ts a unital subalgebra of A, or 
(bz) B 18 a nonunital algebra and none of its elements 13 invertible 
mA. 
(c) If B is a spectral subalgebra of A, then the inclusion 


Spa(b) © Spa(b) VbeEB (6) 


follows from any of the following circumstances: 

(co) Every element of B invertible in A is also invertible in B. 

(c,) A ts not unital. 

(co) B ts a unital algebra. 

(c3) A and B satisfy condition (a), (b), (c), (d), (e) or (f) of Propo- 
sition 2.5.3. 


Proof (a): The equivalence of equations (1) and (2) follows from the defini- 
tion of the spectrum. Conditions (2) and (3) are equivalent by Proposition 
2.1.8(c). The equality for the spectral radii is an immediate consequence 
of (2), and it implies the last sentence. (We do not know any example in 
which an element b € B has spectrum {0} in B and empty spectrum in 
A although the other possibility is easy to achieve, e. g., in the algebra of 
Example 2.1.7.) 

(b): Assume equation (5). This implies equation (2) and thus that 
B is a spectral subalgebra. Furthermore, if B is a unital algebra with 
identity element e, then e must be the identity of A (rather than a nontrivial 
idempotent) since otherwise it would have spectrum {1} in B and {1,0} in 
A. Therefore either B is a unital subalgebra or it is a nonunital algebra. In 
the latter case, none of its elements could be invertible in A, since they all 
have 0 in their spectra relative to B and we are assuming (5). 

Conversely if B is a spectral subalgebra satisfying either (b,) or (ba), 
then (2) implies (5). 

(c): Condition (co) is just a restatement of the condition necessary 
to derive inclusion (6) from inclusion (3) and thus is both necessary and 
sufficient. Condition (c;) implies that 0 is in the spectrum in A of any 
element and thus that (3) implies (6). 

Suppose next that B is a unital algebra (although not necessarily a 
unital subalgebra) with identity element e. Then 6 € B is invertible in 
B if and only if e — } is quasi-invertible in B and thus if and only if it is 


2.5.3 Spectral Subalgebras and Topological Divisors of Zero 247 


quasi-invertible in A. However if b has an inverse b~! in A, then e ~ eb~'e 
is a quasi-inverse for e — b. Thus inclusion (6) holds. 

In the proof of Proposition 2.5.3 we will actually establish (6) rather 
than just (1), (2) or (3) and thereby establish (c3). QO 


The following example, suggested by Larry B. Schweitzer (1993], shows 
that not every spectral subalgebra satisfies conditions (4) and (6) above. 
Let F be the algebra of formal power series defined in §2.9.7 below. Every 
f € * with non-zerv constant term fo has an inverse in F with constant 
term 1/fo. Let A be the algebra of all formal power series which start at 
some (possibly negative) index. Thus every non-zero element f € A can 
be written uniquely as f = °°. faz™ = az™ 0°, Bnz” with m € Z 
and 9 = 1 (so a = fm, Bn = fn+m/fm). Hence A is a field and can be 
identified with the field of quotients of F. Let B be the subalgebra of A 
consisting of all power series beginning at a positive index. Note that B! 
can be naturally identified with F C A. It is easy to see that every non-zero 
element g € B satisfies Spg(g) = {0} and Sp,(g) = 0. Hence g satisfies 
neither (4) nor (6). 


2.5.3 Proposition Let A be an algebra. The subsets indicated in (a), (b), 
(c), (d) and (g) below are spectral subalgebras of A satisfying inclusion (6) 
above. The sets indicated in (e) and (f) are spectral subalgebras satisfying 
eguation (5) (which implies inclusion (6)) above relative to the indicated 
larger algebras. 

(a) Any one- or two-sided ideal of A, any hereditary subalgebra or indeed 
any subalgebra B for which there is some n € N satisfying B" AB” C B; 

(b) The commutant of any subset; hence also the center of an algebra 
and any mazimal commutative subalgebra; 

(c) For any idempotent e € A the “corner” subalgebra eAe; 

(d) Any finite-dimenstonal subalgebra or any subalgebra in which each 
element satisfies a polynomial identity; 

(2) The range of the left or right regular or extended regular represen- 
taticn in L(A); 

(f) The image (A) of A in A** unth either Arens product; 

(g) Any intersection of spectral subalgebras or any spectral subalgebra of 
a spectral subalgebra of A. 


Proof (a), (c): We prove the last portion of (a) first since that establishes 
all of (a) and (c). If 6 € B has a quasi-inverse a € A, then they satisfy 
b"ab"—1} = b"(ab — b)b"—' € B. At the nth step in a reduction process we 
get ba = b"(ab — b) € B. But we may continue 6"~'a = b"~'(ba — b) € B 
until we conclude a = (ba — b) € B. If 6 € B is invertible in A, then 
b"b-2"b" = 1 shows that B is a unital subalgebra so (6) holds. 

(>): The inverse or quasi-inverse of any element in the commutant of a 
set is obviously in the commutant also. 
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(d): Suppose B is finite-dimensional. Then each of its elements satisfies 
a polynomial equation of degree less than or equal to its dimension. Suppose 
b € B satisfies some polynomial equation. Since A or B or both may be 
nonunital, we will choose p(A) = )~;_, a%A* to be the monic polynomial, 
having constant term 0 and lowest degree, which satisfies p(b) = 0. If b has 
a quasi-inverse c € A, then the equation (1-c)b™ = —(¢+ 72)" b*) for all 
m € N allows us to rewrite the equation (1 — c)p(b) = 0 as (Sop_, axe = 
—q(b), where g is a monic polynomial having constant term 0 and degree 
at most m — 1. Hence both sides of the equation are non-zero, so c is in B. 
Thus B is a spectral subalgebra. 

If b € B has an inverse b~! € A, then multiplication of p(b) by a suitable 
non-negative power of b—? allows us to write 1 € A as a linear combination 
of positive powers of 6, so 1 is in B. Hence B is a unital subalgebra and its 
elements must satisfy (6). 

(e): We will consider the case of the left regular representation, since 
the right regular representation is similar and the extended regular rep- 
resentations are easier. Suppose that J —- T € L(A) is a quasi-inverse 
for L, so that T is an inverse for I ~ L,. Then 6 = T(—a) satisfies 
b-— ab = (I -—L,)b = (I — La)T(—a) = —a. Hence J, is a right quasi- 
inverse for La, but in fact it is a quasi-inverse, since L, is quasi-invertible. 
Thus Ly is a spectral subalgebra of L(A). 

Suppose next that for some a € A the operator J, has an inverse S in 
L(A). Note that L, must be injective since it has an inverse. Now define 
e = S(a) and c = S(e). Any 6 € A satisfies 


La(eb ~— b) = LaS(a)b — La(b) = ab — ab = 0, 
hence ¢b = b in 0 and finally 
La(L,-(b) — S(b)) = LaS(e)b — LaS(b) = eb — b= 0. 


We conclude J = Le and S = L,. Thus equation (5) (with £(A) and 
L, as the algebra and subalgebra) holds in this case, since L, is a unital 
subalgebra if it is a unital algebra. 

(f): This proof is similar to the last one. Suppose x(a) has f € A** 
as a quasi-inverse. (This does not depend on the choice of an Arens prod- 
uct.) The equation f — «(a)f = —x(a) shows that any g € A** satisfies 
(1 — La)**(g — fg) = 9. Thus (J — La)** maps A** onto itself, and hence 
(I — L,) must map A onto itself. We conclude that there is some b € A 
satisfying b — ab = —a. But this just shows that b is a left quasi-inversc 
for a. Hence x(b) equals f since f was a two-sided quasi-inverse for x(a). 
Therefore a is quasi-invertible in A. 

Finally, we deal with the case in which «(a) is invertible in A**. Since 
multiplication on the left by s(a) in either Arens product is just (La)**, 
this implies that L, is a bijection on A. Let e be the element which L, 
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maps onto a. Then we have L,(eb — b) = ab — ab = 0 for all 6 € A. Hence 
Le = I so (L,)** = I and «(e) equals the identity in A**. Thus, if any 
e.ement of «(A) is invertible, then this algebra is a unital subalgebra of 
/.**, which implies equation (5), as we wished to show. 

(g): This is obvious. oO 


We caution the reader that in (e) above we have shown that an element 
in the range of the left regular representation has precisely the same spec- 
trum whether calculated in this range or in the bigger algebra L(A). We do 
not claim, and it is not true, that an element a € A has the same spectrum 
in A as L, has in £(A). The problem is that the left regular representation 
has a nontrivial kernel unless the left annihilator Az of A is {0}. The 
two-dimensional algebra with basis a, satisfying a? = ab = 0, ba = a and 
b? = b shows that the two spectra just mentioned may differ without some 
h:pothesis on the algebra A. We have established the following facts. Any 
a gebra A satisfies 


Sp(a) = Sp(Lt) VaeA (7) 
nad 
Sp(La) © Sp(a) C Sp(La) U{0} VaeEA. (8) 
\t the left annihilator Az, of A is {0}, then we also have 
Sp(La) = Sp(a) Vae A. (9) 


2.5.4 A Non-spectral Subalgebra Proposition 2.5.3 shows that many 
kinds of subalgebras are spectral subalgebras. The introduction to this 
chapter listed additional examples. (See also Barnes [1983].) We now give 
av example of a non-spectral, closed, unital subalgebra which is a generic 
ix some sense. 

Let A be a unital algebra and let B be a subalgebra containing the 
identity element 1 of A. If B is not spectral, there is some element b € B 
with an inverse b~' in A but not in B. Thus, the subalgebra generated by 
and 1 is also a non-spectral subalgebra of A and this shows that every unital 
non-spectral subalgebra includes one of this type. If A is normed and B is 
closed, then an element } of the type just described can be characterized 
by the fact that 5—' exists in A but is not the limit of any sequence of 
7 slynomials in 6 (i.e., expressions of the form }7p_, ax*). 

Here is an explicit example. Let H be a separable Hilbert space and 
choose an orthonormal basis {y, : n € Z} parameterized by the set of all 
it-tegers. Consider the operator U € B(H) defined by 


oo oo 
U 23 A393 | = os Aj Pi+1 


j=-—00 j=-0O 
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which is called the bilateral shift. Clearly U has an inverse defined by 


oo oo 
es by Ai) | = - Ap Py-1- 
J=-00 pas 


We claim that U~! cannot be approximated by polynomials in U. Perhaps 
the easiest way to see this is to consider the subalgebra B of B(H) defined 
by 

B={TeB(H):TH,CH, ne Z} 


where 
Hy = closed span {y, :7 > nj. 


Obviously, B is a closed subalgebra which contains U but not U~!. 
Topological Divisors of Zero 


The next concepts come in versions related to both invertibility and 
quasi-invertibility. We will give the two definitions in parallel. As usual, we 
will find the second version more useful, but the first version may be easier 
to grasp on first reading. We will routinely give proofs for the second version 
only, leaving it to the reader to reformulate them for the first version. 


2.5.5 Definition An element a in any algebra A with an algebra semi- 
norm a is called a left topological { divisor / quasi-divisor ) of zero if there 
exists a sequence {b, }nen C A satisfying both: 


a(bn) =1 neéN and ( o(ab,) + 0 / o(b, — abn) + 0). 


A right topological { divisor / quasi-divisor )of zero are defined similarly. 
An element which is either a right or a left topological { divisor / quasi- 
divisor ) of zero is called a topological { divisor / quasi-divisor )of zero 
and an element which belongs to both sets is called a joint topological 
( disor / quasi-divisor )of zero if the same sequence {bn }nen can be used 
on both sides. These sets are denoted by (Anz / Atgz ), (Arz / Argz ); 
(Az / Agz ) and ( Ayz / Ajsgz ), respectively. 


It may help the reader to know that an element a in a semi-normed 
algebra (A, ) is called a left quasi-divisor of zero if there is some 6 € A 
satisfying o(b) = 1 and b — ab = (1 — a)b = 0. Hence if the sequence in 
the above definition of a left topological quasi-divisor of zero had a limit a, 
then a would be a left quasi-divisor of zero. The utility of these concepts 
arises from two facts. First, even a (one-sided) topological quasi-divisor of 
zero cannot have a quasi-inverse in any larger semi-normed algebra, so that 
it is what has been called a permanently quasi-singular element. Second, in 
spectral semi-normed algebras the boundary of the set of quasi-invertible 
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elements consists of joint topological quasi-divisors of zero, so that such 
elements are fairly common. These two results will be recorded in the first 
portion of the next proposition and the following theorem, respectively. 
The rest of the proposition contains other easy results needed later. Arens 
[1958], [1960] shows (among other results) that, for any element which is 
Not a topological divisor of zero in 8 commutative Banach algebra, there 
is a larger algebra in which the element is invertible. Bonsall and Duncan 
[1973b] give an example due to Peter G. Dixon showing that an element 
may be both a right and a left divisor of zero without being a joint divisor 
of zero. See also Example 3.4.17 below and Zofia Balsam [1980]. 


2.5.6 Proposition Let (A,a) be a semi-normed algebra. 

(a) Ifa € A is a topological { divisor / quasi-divisor ) of zero, then it is 
not ( invertible / quasi-invertible )in any larger algebra to which the algebra 
semi-norm can be extended. 

(b) The following set inclusions hold: 


Ao Argz © Atgz Argz° AG Argz- 
(c) Ifa, cE A satisfy aoc € (Argz / Argz ), then either a or c belongs 
to ( Algz | Argz ) 


Proof (a): If the sequence {; }nen C A satisfies the definition for a € Azgz 
and a has a quasi-inverse in B, then we get the contradiction: 


i = a(b,) = a(a4 0a0d,) < a(bp — aby) + o(a%)o(b, — ab,) — 0. 


The other cases are similar or easier. 
(b): We consider only the first inclusion. Again let {bn }nen C A satisfy 
the definition for a € Azgz and let c belong to A. Then we get 


a((1 — (coa)b,) = o((1—c)(1—@))b,) < (1 + o(c))o((1 — a)b,) > 0. 


fc): If the sequence {bn }nen C A satisfies the definition for aoc € Azgz, 
then we get 


a((1 ~— (a0oc))b,) = o((1 — a)(1 — c)b,) — 0. 


If o((1 — c)bn) — 0, then c is a left topological quasi-divisor of zero. If 
not, there is some subsequence of {b,} for which this expression is bounded 
away from zero. We will denote the subsequence by {b,} again. Define a 
new sequence {b/,} by 


bi, = a((1—c)bn) "(1 — c)bn. 


This new sequence shows that a is a left topological quasi-divisor of zero, 
as we wished. o 
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Richard Arens [1958] showed that in any unital commutative Banach 
algebra an element was permanently singular if and only if it was a topo- 
logical divisor of zero. In fact for any finite set of nontopological divisors of 
zero he constructed a unital super-algebra in which they all become invert- 
ible. Recently Antonio Fernandez Lépez, Miguel Florencio, Pedro J. Paul 
and Vladimir Miller [1990] extended this result to commutative topologi- 
cal algebras. (in this book, multiplication in a topological algebra is only 
required to be singly continuous. The result is false for the class of topo- 
logical algebras with jointly continuous multiplication, since it is harder to 
produce super-algebras in this situation.) See also Wieslaw Zelazko [1984], 
[1986], [1987]. 

The next theorem has many important corollaries. In it the (less useful) 
sufficiency of the condition was first noted by Vania D. Mascioni in [1987], 
but the necessity of the condition really goes back to Silov {1950]. 


2.5.7 Theorem Let A be an algebra and let o be an algebra semi-norm 
on A. Then o 13 a spectral semi-norm uf and only if every element in the 
boundary of the quasi-group Ajg 1s a joint topological quasi-divisor of zero. 
Similarly, in a unital algebra an algebra semi-norm is spectral if and only if 
every element in the boundary of the group Ag 1s a joint topological divisor 
of zero. 


Proof To establish the necessity, suppose o is a spectral semi-norm and 
{an}ncn © Agg converges to a € A. Then a% oa = (1—a$)(a—a,) implies 


o(a% oa) < (1+ 0(a%))o(a — an). 


Thus if {a%},en has a bounded subsequence, ag oa will belong to Agg 
for some n, since 0 is in the o-interior of Agg. In this case a has a left 
quasi-inverse. Similarly it has a right quasi- inverse and thus belongs to 
Aqc. Therefore if a belongs to the boundary of the open set Agg and 
{an}nen © Aga converges to a, then o(a%) approaches infinity. Thus bp, = 
o(at) 'a® satisfies the requirements of Definition 2.5.5 on both sides, since, 
for instance, we get 


It 


a(aZ)~'o((a — an)ag + anay — ah) 
o(an)'[o(a ~ an)o(a4) + o(an)] — 0. 


o(ao(a8)~"af, — o(a8)~*a) 


IA 


Thus if a is in the boundary of Aj,g, then a is a joint topological quasi- 
divisor of zero. 

If a is in the boundary of the set of invertible elements, then A is unital 
and 1 — a is in the boundary of the set of quasi-invertible elements. Hence 
by what we have already proved, 1 — a is a joint topological quasi-divisor 
of zero. Therefore, a is a joint topological divisor of zero. 

For the sufficiency, simply note that if 0 is not a spectral semi-norm, 
then Ajg is not g-open, so some element a of the boundary of A,g belongs 
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to A,g. Since we are assuming that a is a joint topological divisor of zero, 
this « o»ntradicts Proposition 2.5.6 without even extending the algebra. © 


The Boundary of the Spectrum and the Permanent Spectrum 


We remark that the proof of Theorem 2.1.14(a) above shows that if A 
is on the boundary of the exponential spectrum of an element a in a unital 
Banach algebra .A, then 4 — a is a joint topological divisor of zero. Let us 
specialize to a unital Banach algebra A and call the permanent spectrum of 
an element a € A the set 


perSpa(a) = (\{Sps(a) : B is a Banach algebra including A} = (10) 


where inclusion means isometric inclusion, i.e., the norm of A is just the 
restriction of the norm of B. Thus we have just shown deSp(a) C per Sp(a) 
and 


OSp(a) C perSp(a) Vae A. (11) 


The question of when inclusion (11) is proper has been explored by Silov 
(1947.2], Murphy and West {1980a] and others. The latter paper simplifies 
an example from the former which shows that proper inclusion can occur. 
However, it seems to be much more common for the two sets to agree. 
Results and references are contained in the latter paper. 

In the next result, note that we do not need to require that the semi- 
norm be spectral on the larger algebra nor that the subalgebra be a spectral 
subal zebra. Any complete subalgebra of a normed algebra and in particular 
any ciosed subalgebra of a Banach algebra (cf. Corollary 2.5.10) satisfies 
the ccrollary. (Recall that pcS is the polynomially convex hull of S.) 


2.5.8 Corollary Leto be an algebra semi-norm on an algebra A. If B is 
a subalgebra on which o is a spectral semi-norm, then it satisfies: 


8Spg(b) < Spa(b) S Spp(b)U{0} VbEB 
8Spg(b) C OSpa(b) WbEB 


and ence 
Spa(b) © Spg(b) C peSpa(b) VbEB. 


Proof Proposition 2.1.8(c) asserts the second inclusion in the first line 
for aly subalgebra. The first inclusion in the same line follows from the 
theor -m and Proposition 2.5.6(a). We are using the fact that if ( 0 is / 4 
is a ron-zero element ) in the boundary of the spectrum of b in B, then 
(6/..7'b) is in the boundary of the set of ( invertible / quasi-invertible ) 
eleme its. For the inclusion in the second line, note that if \ is any number 
in the boundary of the spectrum of S'pg(a), it is the limit of a sequence 
{\njrenw Not in Spg(a) and hence surely not in Sp,4(a). Hence the first 
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inclusion shows 4 is in the boundary of Sp,(a). The fina! display is an 
immediate consequence. is) 


The corollary above can be used to show that certain types of subal- 
gebras are always spectral subalgebras. A number of similar results could 
be formulated, and we offer this one as an example. Modular annihilator 
algebras are discussed in Chapter 7. 


2.5.9 Corollary Any subalgebra of a normed algebra which is a modular 
annthuator algebra is a spectral subalgebra. 


Proof The restriction of the norm to the subalgebra is spectral by Theorem 
7.4.12. Furthermore, by Theorem 7.5.5 the spectrum of each element of the 
subalgebra is nowhere dense and hence equal to its own boundary. The 
result now follows from the previous corollary. O 


The next result is particularly important for its application to Banach 
algebras. Note that while the subalgebra B is a spectral algebra, it need 
not be a spectral subalgebra of A. We call it a feebly spectral subalgebra. 


2.5.10 Corollary Let A be a spectral algebra. Then the following are 
equivalent for any subalgebra B. 

(a) p.a(b) = ps(b) =VbEB. 

(b) B is a spectral algebra satisfying 


OSpp(b) C OSpa(b) C Spa(b) C Spe(b)U {0} Vb EB. 


(c) The restriction to B of some spectral semi-norm on A is a spectral 
semi-rorm on B. 

(d) The restriction to B of every spectral semi-norm on A is a spectral 
semi-norm on B. 

A closed subalgebra of a Banach algebra satisfies these conditions. 


Proof (a) = (d): Immediate from the definition of a spectral semi-norm. 
(d) > (c): Obvious, since .A is a spectral algebra. 
(c) = (b): This follows from Corollary 2.5.8 and the fact that the 
spectrum is closed in a spectral algebra. 
(b) > (a): Obvious. 
The final remark is obvious by considering conditions (a) or (c). a 


Recall the discussion following Theorem 2.2.12. It dealt only with the 
case of closed unital subalgebras of Banach algebras. However, by applying 
Proposition 2.5.15 below to the completion of A/Ay in some spectral norm 
and to the closure of the image of B in this completion we can extend the 
results given there to the setting of Corollary 2.5.10. Hence, the only dif- 
ference between the spectrum of an element b € B when calculated relative 
to A and B is that certain whole bounded components of the resolvent set 
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in the former case may belong to the spectrum in the latter case, or zero 
may appear if b is invertible in A but B does not contain the inverse of 
b. Adding a bounded component of the resolvent set to the spectrum will 
remove its boundary from the boundary of the spectruin. 

The next result is similar to Corollary 2.5.9. 


2.5.41 Corollary A closed subalgebra of a Banach algebra is a spectral 
subalgebra if every element in the subalgebra has nowhere dense spectrum 
in the subalgebra. 


Proof Apply the final remark of the last corollary. If Spg(b) (which is 
closed) is nowhere dense, then it is equal to its own boundary; consequently 
condition (b) of the last corollary shows that B is a spectral subalgebra when 
every element of B has this property. Oo 


Algebras without Divisors of Zero 


Tae following two results show two circumstances under which an al- 
gebra without topological divisors or quasi-divisors of zero must be the 
complex field. In this respect they are related to the Gelfand—Mazur the- 
orem (Corollary 2.2.3). The first is due to Zelazko [1967] improving on 
Kaplansky (1949a]. 


2.5.12 Proposition A non-zero normed algebra A is isomorphic to C if 
and only if it contains no non-zero joint topological divisors of zero. 


Proof Clearly an algebra isomorphic to C contains no non-zero topological 
divisors of zero. 

Suppose every commuting subalgebra of A is isomorphic to C. Then 
there is certainly no commuting pair a,b € A \ {0} satisfying ab = 0. 
However, if these elements do not commute, then they satisfy ba # 0 and 
(ba)? = 0, which is also impossible. Any two idempotents e, f € A satisfy 
e(ef — feje = f(ef — fe) f = 0, so they commute. By hypothesis any max- 
ima! commutative subalgebra C of A has the form Ce for some idempotent 
e. Similarly, any element a of A has the form Af for some idempotent f, 
but since e and f commute, a belongs to C and hence actually has the form 
Ae. Hence e is an identity element for A = Ce which is isomorphic to C. 
Therefore, in the rest of this proof we may assume that A is commutative, 
so that any topological divisor of zero is a joint topological divisor of zero. 

Case (1): Suppose that A is unital without non-zero topological divisors 
of zero. If a € A is @ topological divisor of zero in the completion B of A, 
then it is easy to see (by approximating the sequence {bn}nen C B by 
a sequence in A) that a is a topological divisor of zero in A. Theorem 
2.2.2 shows that the boundary of the spectrum in 8 of each element a € A 
contains some A € C. Theorem 2.5.7 shows that A ~ a is a topological 
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divisor of zero. Hence by assumption — a is 0. Since a € A was arbitrary, 
we have A =C. 

Case (2): Next suppose A is nonunital. Give A! the norm || + a@|| = 
[Aj + |la|| for all A+a€ A!. Then A! is not isomorphic to C since A is not 
zero. Thus A! has a topological divisor of zero 4 +a. Let {An + ba}nen 
satisfy || An +bn|| = 1 for all n € Nand (A+a)(An tba) — 0. Since {An }nen 
is a bounded sequence we may choose a convergent subsequence and hence 
assume A, — Ay. If both A and Ag are 0, then A has a topological divisor 
of zero and there is nothing more to prove. 

Case (2a): Next suppose A = 0 but Ag # 0. If some subsequence of 
{bn}nen Converges to some b € A, then b satisfies a(Ao + b) = 0. Since 
—A>'b is not an identity element in A, there is some c € A satisfying 
(Ao + ble # 0. Hence a(Ao + b)c = O shows that a is a divisor of zero 
and a fortrori a topological divisor of zero. If no subsequence of {bn }nen 
converges, we can (by selecting a subsequence) assume that ||bn41 — Dnll is 
bounded away from zero. Hence the sequence {||bn41—5nl|~!(bn41—bn) }nen 
shows that a is topological divisor of zero. 

Case (2b): Finally suppose A # 0 but Ap = 0. As before, the fact 
that —A~!a is not an identity element in A gives some c € A satisfying 
c(\ +a) # 0. Hence c(A + a)b, — 0 shows that c is a topological divisor of 
Zero. a 


We now restate the result above for topological quasi-divisors of zero. 


2.5.13 Proposition A spectral semi-normed algebra A which contains no 
topological quasi-divisors of zero (except possibly 1) is either a Jacobson- 
radical algebra or isomorphic to the compler field, C. The latter case occurs 
tf and only tf some element of A has non-zero spectrum or if and only if A 
7s unttal. 


Proof Suppose some element a € A has spectrum not equal to {0}. Then 
OSp(a) must contain a non-zero complex number A, since the spectrum is 
bounded and nonempty (by Theorem 2.4.3). Theorem 2.5.7 shows that 
A~'a is a topological quasi-divisor of zero and hence equals 1. Now let 
b € A be arbitrary and choose t > o(b), so that Sp(t — 5) contains a non- 
zero element p in its boundary. The argument just given for \~!a implies 
uo'(t — b) = 1. Hence the map 6 = (t — y)1 +> t — p is an isomorphism of 
A onto C. 

If every element of A has spectrum {0}, then A is a Jacobson-radical 
algebra by Theorem 2.3.3 (b) and thus has no identity element. Oo 


The following result is due to Rickart {1950]. Unlike most of the other 
results in this chapter, there does not seem to be an interesting formulation 
in terms of spectral algebras. 
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2.5.14 Theorem Let A be a Banach algebra. Let a be an element of A 
having zero in the boundary of its spectrum. Then either there ts a non-zero 
prover idempotent e (i.e., 0 #4 e #1) such that a is invertible in eAe ora 
1s a joint topological divisor of zero. 


Proof As an element of A!, a belongs to the boundary of (A')g. Hence by 
Theorem 2.5.7, a is a joint topological divisor of zero in A! (with the norm 
|A + b|] = A] + [JO] if A! 4 A). Thus if A = Al!, the proof is complete. 
(We have only used the fact that the norm is a spectral norm.) 

Now suppose A is nonunital and a is not a joint topological divisor of 
zero. By symmetry we may assume that a is not a left topological divisor 
of zero. We will prove that there is a left identity e for A such that a is 
invertible in eAe. 

3y what we have just proved, there is a sequence {An + Cn}nen © A! 
witi: |An| + |len|| = 1 such that a(An + cn) converges to 0. Since {An}nen 
is a bounded sequence, it has a convergent subsequence. By a change of 
notztion we assume {An}nen converges. It does not converge to 0, since in 
that case b, = (1—|An|)~!en (omitting any n with |\,,| = 1) would put a in 
Az;. Thus A, converges to some A # 0. Then a(—A~!c,,) converges to a. 
The sequence {—A~!cn}nen must be a Cauchy sequence, since otherwise 
by == [|A7* (cp, — Can )I77A7" (Cp, — Cg.) for suitable subsequences {cp, } 
and {cg,,} puts a into Azz. Thus —A~'c, converges to a non-zero element 
e € A which satisfies ae = a. Then any b € A satisfies 0 = a(eb — b). If 
there were any b with eb — 6 non-zero, a would be a left divisor of zero. 
Henze e is a left identity for A and a fortiori an idempotent. In particular 
ea = a = ae implies that a belongs to eAe. In this spectral subalgebra 
(Prcposition 2.5.3(c)), 0 is still in the boundary of the spectrum unless a is 
inve tible in e Ae. Since eAe is unital, the first step of this proof shows that 
a would be a joint topological divisor of zero in eAe (and hence a fortiori 
in A, contrary to assumption) if it were not invertible in eAe. Since a is 
non-zero, e is a proper idempotent. D0 


The Spectral Radius in Subalgebras 


‘The following criterion is sometimes useful and in particular it will be 
usec in the next two results. 


2.5.15 Proposition Let || - || be an algebra norm on an algebra A and 
let .1 be the completion of A with respect to || - ||. Then the following are 
equivalent: 

(a) || - || #8 a spectral norm on A. 


(2) pala) = pala) aE AQ 

(c) A is a spectral subalgebra of A. 
Pro f (a) = (c): Suppose a € A has a quasi-inverse b € A. Choose a 
say. ance {bn}nen in A converging to b. This sequence satisfies aob, — 
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aob=0 and b,0a — boa = 0. Hence aob, and b, oa are eventually 
quasi-invertible in A. This implies that a is quasi-invertible in A. 
(c) => (b): => (a): Inumediate. n 


In the list of spectral semi-norms given in the introduction, (b), (c), (d), 
(e) and (h} assert that all algebra norms on certain algebras are spectral. 
Yood {1958} called algebras with this property permanent Q-algebras and 
noted some of the following equivalent conditions. We call a spectral algebra 
permanently spectral if all algebra norms on it are spectral. See Michael J. 
Meyer [1991], [1992b] and Theorem 6.1.5(g) below. 


2.5.16 Proposition The following are equivalent for an algebra A: 
(a) A ww permanently spectral. 
(b) Jf B 1s a Banach algebra and y: A — B is an injective homomor- 
phism, then 
pa(y(a))=pa(a) VaEA. 
(c) If B 1s a Banach algebra and yp: A — B is an injective homomorphism 
with dense range, then (A) is a spectral subalgebra of B. 


Proof (a) => (c): Proposition 2.5.15 applies since we can think of B as the 
completion of (A) in the norm induced from B. 

(c) = (b): Let || - || be the complete norm on B and denote the closure 
of y(A) in B by C. Then any a € A satisfies 
a a 


pa(a) = pc(y(a)) = lim ||y(a = pa(y(a)). 


(b) = (a): Given an algebra norm || - || on A, let B be the completion of 
A in this norm, and let y:.A — B be the natural embedding. Each a € A 
satisfies p4(a) = pp(a) < |lall, so || - || is a spectral norm. Oo 


The following result, due to Bertram Yood [1958], provides the simplest 
examples of infinite-dimensional algebras satisfying the above proposition. 


2.5.17 Theorem Let X be a Banach space and let A be a subalgebra of 
B(X) which includes Br(X). If A is either closed or a spectral subalgebra 
of B(X), then any algebra norm on A is a spectral norm. 


Proof The last result in §1.7.15 shows that any algebra norm on A domi- 
nates the operator norm. Either hypothesis implies that the spectral radius 
on A is less than or equal to the operator norm. Hence Theorem 2.2.5(e) 
shows that any algebra norm is a spectral norm on A. QO 


We have noted that the spectrum in a spectral algebra enjoys the prop- 
erties of the spectrum in a Banach algebra. The next theorem and example 
show that an algebra is spectral if and only if its semisimple quotient can 
be embedded as a spectral subalgebra of a Banach algebra, but that the 
spectral algebra itself may not have an embedding into a Banach algebra. 
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2.5.18 Theorem The following are equivalent for an algebra A: 

(2) A ts spectral. 

(2) There is some Banach algebra B and some homomorphism ip: A — B 
with the Jacobson radical as kernel satisfying 


ps(y(a))= pala) VaeA. 


(c) A modulo its Jacobson radical can be embedded as a dense spectral 
subaigebra of a semisimple Banach algebra. 


Procf (a) = (c): Let o’ be an arbitrary spectral semi-norm on A. Corollary 
2.3.4 and Theorem 2.2.13(d) show that o’ induces a spectral norm ||| - ||| on 
A/Ay. Let (A, |}| + |[]) be the completion of A/Ay in this norm. Note that 
A/Aj, is @ spectral subalgebra of A by Proposition 2.5.15. The Jacobson 
radical Ay of A has intersection {0} with A/A, C <A, since the intersection 
is an ideal of the semisimple algebra A/A, and in it each element has 
spectral radius zero. Note that the quotient spectral norm || - || on A/Ay 
when restricted to the isomorphic image of A/Ay induces a semi-norm ¢o 
on A/Aj, which is spectral, since we have: 


pasa, (a+ Aj) pa(at+ Ay) = pqjq,((a+ Ay) + Ay) 


(a + Ay) + Ay)|| = o(a + Ay) 


1A 


where we have used Theorem 2.3.3 and Proposition 2.5.15. Therefore A/A, 
can be identified with the completion of (A/Ay, ||-|}) and A/AjJ is a dense 
su>a'gebra. Hence Proposition 2.5.15 shows that A/A, is a spectral sub- 
algebra of A/A). 
"(c) => (b): Immediate. 
(b) = (a): Corollary 2.5.10 shows that A/Ay is spectral and then 
Proposition 2.4.4 shows that A itself is spectral. a 


2.5.19 Not Every Spectral Algebra is a Subalgebra of a Banach 
Aigebra Siuce any Jacobson-radical algebra is spectral by Corollary 
2.3.4, the example of H. Garth Dales [1981b] provides the desired example. 
See also J. Jacobus Grobler and Heinrich Raubenheimer [1991] and Lenore 
Groenewald and Raubenheimer [1988]. 


2.5.20 A Simple Unital Banach Algebra with a Non-spectral 
Norm’ We give a Banach algebra A (due to Schweitzer [1993]) which 
is simple (i.e., it has no non-zero proper ideals), unital and a dense non- 
spectral subalgebra of a C*algebra B called the irrational rotation algebra. 
Thus the C*-norm on J is a non-spectral norm. 

For any function F : Z x T — C and any n € Z, define F, : T > C by 
F,(¢: = F(n,¢) for all ¢ € T. Consider the Banach space A of all functions 


4 
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F:ZxT—C such that F, € C(T) for each n € Z and 


IFIl= Soe" Fullo<00  VFEA. 
n€Z 


This is a Banach algebra under the following twisted convolution product 
where a is an irrational multiple of 7 


F*G(n,¢)= S> F(m,0)G (n — m,e'*™¢) VF,GE A, néeZ; CET. 
mez 


A Banach algebra defined in this way is called the crossed product of Z 
with C(T) induced by the automorphism 0(f)(¢) = f(e**C) of C(T) . Then 
E(n,¢) = 6,0 (Kronecker delta) is an identity element for A. Consider 
C(T) as the subalgebra of all functions F € A with F, = 0 for n ¥ 0. 
Furthermore, A is a Banach *-algebra under the involution 


F*(n,¢) = F(—n, e'9"¢)* FeA;neéZ; CET. 


Theorem 10.2.8 shows that any Banach *-algebra has a largest C*-semi- 
norm. It is a norm in this case. Let B be the completion of A in this 
norm. 

Let P : A-— C(T) C A be the contractive linear projection defined by 
P(F) = Fo. If Z were a proper ideal in A, its intersection with C(T) would 
Pa to be {0}. Schweitzer shows that this implies P(Z) = {0} and then 

= {0}, so A is simple. 

Consider the following homomorphism T of A into B(C(T)): 


Tr(g)(¢) = >. F(n,dje"g(e'"6) VF EA; 9 EC(T); CET. 


nez 


Theorem 4.2.10 below and the theory of *-representations of crossed prod- 
uct C*-algebras show that A is not a spectra) subalgebra of B since this 
irreducible representation is not the restriction of a *-representation of B. 


2.6 Numerical Range in Banach Algebras 


In this section we will call a normed algebra norm-unital if it contains 
an identity element which has norm one. We will deal almost exclusively 
with norm-unital Banach algebras although some of the results also hold 
for incomplete norm-uni‘al normed algebras. The numerical range of an 
element in such an algebra is a nonempty, compact, convex subset of the 
complex plane which contains the spectrum of the element. The numerical 
range is chiefly useful because it is better behaved than the spectrum under 
addition and limits. The elements of the algebra which have numericai 
range included in the real line also have important special properties. 
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The numerical range of an element depends on the precise value of the 
nor on the two-dimensional space spanned by the element and the identity 
ele: ient. Therefore, it is not preserved under homeomorphic isomorphism 
of the algebra, but only under isometric isomorphism. On the other hand, 
the numerical range is preserved under unital isometric linear maps which 
are not homomorphisms. The geometric character of the numerical range 
has advantages and disadvantages. The properties of Banach algebras in 
whi:h we are usually most interested are either purely algebraic (preserved 
uncer isomorphism) or topologically algebraic (preserved under homeomor- 
phic isomorphism). The numerical range cannot reflect these two types of 
properties precisely. On the other hand, one might sometimes be able to 
cho»se a norm from among several equivalent ones, in order to apply nu- 
merical range considerations to best effect. 

‘The excellent expository treatment by Frank F. Bonsall and John Dun- 
can {1971] and [1973a] allows us to limit this section to those topics actu- 
ally used in subsequent chapters. Thus we omit entirely a discussion of the 
nuirerical range of operators on normed linear spaces and of elements in 
normed algebras which are not norm-unital, despite the historical impor- 
tance of these topics. See also Vasile I. Istritescu [1981] and its review. 

A numerical range was first defined by Otto Toeplitz in [1918] for op- 
erators on Hilbert space. We define this concept and derive some useful 
resi'ts about it in Section 9.1 of Volume II. The definition we treat in 
this section was first given explicitly in full generality by Bonsall {1969a]. 
However, many of the results and methods trace back to a paper by Gunter 
Lurrer [1961], which was in turn based on work by Ivan Vidav [1956] and H. 
Freceric Bohnenblust and Samuel Karlin [1955]. Other early developments 
relaied to numerical range were given by Friedrich L. Bauer [1962] and 
Palrier [1965], [1968a], [1968b] and [1970]. (The letter W in our notation 
is from the German name Wertbereich for the numerical range.) 


Definitions and Basic Properties 
2.4.1 Definition Let A be a norm-unital normed algebra. The set 
{w € A* : w(1) = ||w|| = 1} is denoted by Aj,. For any element a € A the 
numerical range W(a) of a is the following set: 
W(a) = {w(a) :w € Aiy}. (1) 

The number 

llall y = sup{|A] : 4 € W(a)} (2) 
is ca'led the numerical radius of a. 


‘The Hahn—Banach theorem shows that Aj, is never empty. Clearly it 
is convex and compact in the A-topology (i.e., the weak* topology) on A*. 
If A is the completion of A, then Aw and Aj, can be naturally identified. 
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Hence for any a € A the numerical range is the same whether calculated in 
A or in A. Thus Banach algebra techniques can be used to obtain results 
on the numerical range of elements in a uorm-unital normed algebra. 

In the next proposition we formally record some more observations 
which are basic to all that follows. The last result is essentially due to 
James P. Williams [1967]. 


2.6.2 Proposition Let A be a norm-unital normed algebra, 
(a) The numerical range of any element of A is a nonempty, compact, 
conver subset of C. 


(b) Wi(a +b) C W(a) + W(b) V¥a,beA. 
(c) W(1) = {1}. 
(d) W(Aa) = AW(a) VAEC AEA. 


(e) If {an}nen © A converges toa € A, then 


W'(a) C {lim An: An € W(an)} © NEL, UZ, Wan). 


k=n 


(f) If A is complete (2.e., a Banach algebra), then 
Sp(a) C W(a) C Jjal|Cy. 


Proof The map w +» w(a) is continuous and affine from the nonempty, 
compact, convex set Aj with the A-topology. Since W(a) is the range of 
this map, W(a) is a nonempty, compact, convex subset of C. Conditions 
(b), (c), (ad), and (e) are obvious from the definition of the numerical range. 
In condition (e) we can even take convergence to mean weak convergence. 

(f) By Corollary 2.2.8, the norm of A is spectral. Suppose A belongs 
to Sp(a). Then » — a lacks either a left or a right inverse, so that either 
A(A - a) or (A ~ a)A (or both) is a proper one-sided ideal of A. Let S 
denote one of these which is a proper one-sided ideal. Each element of S 
is singular. Hence Proposition 2.2.9(b) (with a = 1) shows ||1 — bj] > 1 for 
all 6b € S. Thus the Hahn-Banach theorem shows that we may choose an 
w € A®* such that w(1) = 1 = |lw]] (i.e., w € Aj) but w(b) = 0 for all be S. 
Therefore w(A — a) = A ~ w(a) = 0 implies A belongs to W(a). The last 
inclusion follows from |w(a)| < ||w]| |lal] = |lell for all w € Aj. Oo 


The next lemma is essentially due to Bohnenblust and Karlin [1955]. 
Note that the first three expressions in equation (3) are equal even if A 
is just a normed algebra. ‘This follows from our previous remark on the 
numerical range in the completion of A. The last two expressions in equa- 
tion (3) are not defined in general unless A is complete. The exponential 
function in a Banach algebra was introduced in Theorem 2.1.12 


2.6.3 Lemma Any element a of a norm-unital Banach algebra A satisfies 
the following equations. 


wo 
th 
[es] 
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sup{Im(A): A ¢€ W(a)} = inf{t7({|1 — ital] — 1): t > 0} 
lim t7}(|]1 — ita|| — 1) (3) 
tot 


ic || 


li 1) 

jim, t™ log lle 
= sup{t—! log |le~***|| : t > 0}; 

llally = sup{|A|~? log |je**]] : A € C, A # O}. (4) 


Proof If a is 0 there is nothing to prove so we assume a is not 0. Let 
s be sup{Im(A) : A € W(a)}. The last proposition shows that this is 
finite and satisfies |s| < |la||. For any ¢ > 0 and any w € Aj, we have 
~'w(a) = t~)}(w(1 — ita) — 1). Hence we see Im(w(a)) = Re(—iw(a)) < 
t” *{||1 — ital] — 1) so 


s < inf{t~!(||1 — ital] — 1) : t > O}. (5) 
For any t € R with 0 < ¢t < |lalj~', the Hahn-Banach theorem gives an 


w € A* satisfying w(1—ita) = ||w]| ||1—ztal| = 1. The map b +> w(b(1—ita)) 
from A into C clearly belongs to Aj. Using this map we get 


1+ fall? > ||) + ¢2a?|| = |I(1 +éta)(1 — ita)|| 
1 — ita||Re(w((1 + ita)(1 — ita))) 


||1 — ita||(1 — ts) > (1 — tJall)? > 0. 


IV IV_ IV 


Res-ranging the inequality 1 + ¢2||al]” > ||1 — ital|(1 — ts) we get 


|[1 — étal| 1. 3+ tllal|” 
t ~ L-ts 


for all 0 <t < |ja||~’. Hence, using (5), we conclude 
e < inf{t~'(||1 — ital] — 1) : t > 0} < limsup t~1(||1 — ital] — 1) < s. 
t—0+ 


Thie confirms the first two equalities of (3). 
It is easy to see that there is a constant B satisfying 


|Nle~**24] — ]1 — étal]] < Be? for all |t| < |Jaj7’. 
Since the second limit is already known to exist, this gives 
lim t7!(\je~*?|| — 1) = lim t7!(||1 — tal] — 1). 
jim, ¢¥(je“**|] — 1) = im, 711 — tal] ~ 1) 
Similarly, we can easily find a constant C satisfying |||e~***|| — 1] < Ct 
jor ell |t| < |lal|~’. Expanding the logarithm function around 1 gives 


lim t7? log |le~**|| = lim t7!(fe7*#4I| — 1). 
lim, g \le“ || jim, (\le~"*|] -— 1) 
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These two equations confirm the third equality of (3). 

To obtain the last equality of (3), we note that the function f(t) = 
lug ||e~'*°|| is subadditive for t > 0. Hence for t > 0 and n € N, we 
have f(t) < nf(t/n). This implies t~' f(t) < (t/n)~1f(t/n). Thus, given 
any value of t~' f(t), there are arbitrarily small values of s > 0 such that 
s~'f(s) > t~' f(t). Since the limit is known to be finite and not greater 
than the supremum, we conclude lim,—o+ t71 f(t) = sup{t7! f(t) : t > O}. 

Equation (4) can be derived as follows: 


sup{|A| : \ € W(a)} = sup{Im(A) : A € W(¢a);¢ € T} 
sup{t~! log |le~'S**||:t > 0,C € T}. OG 


llally 


\ 


This lemma can be used to justify the remark, in the introduction to 
this section, that W(a) depends only on the norm on the two-dimensional 
subspace generated by 1 and a. For any A € C and ¢ € T, Proposition 2.6.2 
shows W(\ + Ca) = A+¢W(a). Thus, we can freely translate and rotate 
W(a) in the complex plane. Therefore, the second or third expression for 
sup{Im(A) : \ € W(a)} gives a complete description of the support lines of 
W(a), and thus a complete description of the closed convex set W(a). 

The next theorem is also essentially due to Bohnenblust and Karlin [1955]. 


2.6.4 Theorem Let A 2 a norm-unttal Banach algebra. The numerical 
radius is a (linear space) norm on A which is equivalent to the original 
norm of A and satisfies 


p(a) < llally < llall < ellatly. (6) 


Proof Proposition 2.6.2(f) shows that the numerical radius is a semi-norm 
satisfying p(a) < llallw < lll 

In order to obtain the final inequality, we let ¢, be a primitive n“ root 
of unity (e.g., Gn = exp(2mi/n)). Then S~~_, (4? = 0 for any integer j 
which is not divisible by n. Let r be a positive number. Then we have 


1 % r 5 (Sa)? 
== r. 7 
E sL k=1 Cn 2= i 


However, by choosing n sufficiently large we can make the right side as close 
as we please to n~' (CR /r)HelGn irda (e. g., to make the difference 
less than € > 0, choose n so that 0%, ,(j!)~"(lall/r)” < €/r). Using 
equations (7) and (4), we conclude |jal| < re” ‘lw for all r > 0. Hence 
\lal|y: = 0 implies |la|| = 0. If |lal|y is non-zero, we choose r = |lal|y, to 
obtain the desired inequality. o 


We are now in a position to give an easy proof to the final statement 
of Proposition 1.1.13 which we left unproved before. The reader is referred 
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to the original statement for notation. We use the numerical range and 
numerical radius for (.A!, ||- ||). Since 0 is in the closure of the numerical 
rang2 of any a € A, we get the elementary estimate ||A+allz > ||A+allw > 
max jAl, |lallw/2} which gives 


A + alls |A| + ellallw i 
————— §$ —~ — ——__ <1+ 2 VA+aEA. 
|A+al]a ~ max{|Al, |lal|w/2} 


This completes the proof of Proposition 1.1.13. 


Sym: x.etric Elements 


We turn now to the theory of those elements in a norm-unital Banach 
aigecra which have real numerical range. Here the terminology is not quite 
settled. Vidav [1956] called these elements self adjoint. Lumer [1961] and 
Earl 3erkson [1963] called them hermitian. Palmer called them symmetric 
(ana with another definition, self-conjugate) [1965; 1968b]. The term “her- 
mitian” was adopted in the exposition by Bonsall and Duncan [1971], and 
therefore this term should probably be considered standard. However, in 
this work we use the word “hermitian”, in a different sense. Therefore, we 
have retained the term “symmetric” in the next definition. 


2.6.5 Definition An element h in a norm-unital Banach algebra is called 
symmetric if its numerical range is included in the real axis. The set of 
symrretric elements in a norm-unital Banach algebra A is denoted by Ag. 


N te that Ag is a real linear space which is closed in the weak topology 
and tence in the norm topology of A. 

in order to keep the proof of Theorem 2.6.7 elementary we include a 
temm with an elementary proof. The result could also be derived from 
a (non-elementary) application of the functional calculus (Theorem 3.3.7). 
This iemma is based on one first given by Bonsall and Michael J. Crabb 
[1970". 

In the following lemma we need to know that the power series for 
arcsir‘a) converges unconditionally when a belongs to a norm-unital Ba- 
nach algebra A and sup{||a2"*1|| : n € N} is finite. The easiest way to show 
this here is by comparison to the binomial series for (1 + z)!/?, which we 
show .o converge absolutely for |z| < 1 in the discussion preceding Theorem 
3.4.5. We have 
—  (2n)ix2n*! 


arcsin(r) = — 22"(n!)?(2n + 1) 


n 


Denoting the n‘* coefficient by r,, we see rn = F242 (2) I. Thus the 
power series )>°° rn?! converges absolutely and uniformly for |z| < 1 


so that its sum is continuous, which implies 07, = arcsin(1) = %. 
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Hence if a € A satisfies ||a2"*+'|| < B for all n € N, then the series satisfies 


— n+ 2) (1/2 2 1/9 
Ye raat se S28 alee 


where the last equality depends on equation (4) before Theorem 3.4.5. 
We use an elementary portion of Gelfand theory in the following provi, 
even though that theory is not formally introduced until the next chapter. 


= 2B, 


2.6.6 Lemma Let A be a compler unital Banach algebra. Let h be an 
element of A unth spectrum contamed in the open interval] ~ 3. 5[ of the real 
ars. Then we get h = arcsin(sin(h)), where the arcsine and sine functions 
are defined by their (convergent) power series expansions. 


Proof We may assume that A is commutative by replacing it with a max- 
imal commutative subalgebra if necessary (cf. Proposition 2.5.3(a)). Let P 
be the Gelfand space of A. Let s and ¢ be real numbers with |s|p(h) < §. 
Thus we have 


p(sin((s + 2t)A)) sup | 7(ain(( s+ it)h))|} 


yer 
= sup{|sin((s + it)y(h))|} 
ver 


= sup{|sin(s7(A)) cosh(t7(h)) 
er 


+ icos(s7(h)) sinh(ty(h))|} 
< __|sin(sp(h))| cosh(tp(h)) + | sinh(te(h))}. 


Therefore there is an open set U containing [—1, i] consisting of \ = s + it 
in the complex plane for which p(sin(Ah)) < 1. As we have seen, the power 
series )>° gy rnh?"*! for arcsin(h) converges unconditionally for any h € A 
with {\2"+"]] : n © N} bounded, and hence for any h € A with p(h) < 1. 
Thus f(A) = arcsin(sin(Ah)) is defined by a convergent double series for 


A € U, so f(A) is the composition of two analytic functions and hence is 


analytic for A € U. However, if {\| is sufficiently small, )77".9 oe is 


less than 1 so the double series for f(A) converges unconditionally and can 
be rearranged to give f(A) = Ah. Thus by the uniqueness of power series 
expansions, f(A) = Ah for all A € U. Since 1 € U, the lemma is proved. 0 


The equivalence of (a), (b) and (c) in the next theorem is essentially due 
to Bohnenblust and Karlin [1955] but was first explicitly given recognition 
by Lumer [1961]. Results (f), (g) and (bh) were discovered by Vidav [1956]. 

Condition (e) has a more complicated history. The first equality was 
proved by Vidav [1956]. At the same time he derived the full equation in 
a very special case. Allan M. Sinclair (1971) and Andrew Browder [1971] 
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each obtained the full result independently. The present proof is based on a 
Prost by Bonsall and Crabb [1970]. Condition (d) is merely a restatement 
of seme of the other results, 


2.6.7 Theorem Let A be a norm-unital Banach algebra. The following 
thvee conditions are equivalent for an element h € A: 
(a) hE Ag. 
C3) |le**|] =1  VteER. 
‘c) lima |e] "(| — ith|| - 1) = 0. 
Furthermore As and any h, . € Ag satisfy: 
(a) co(Sp(h)) = Wh) © 
(e) ple) = Wolly = [All 
(f) Ag fee = {0} and Ay +tAg is closed. 
(u) (hk — kh) € As. 
(h) [|A — ikl] < 2][h + iki]. 


Proof ‘The equivalence of (a), (b) and (c) is an immediate consequence of 
Lemma 2.6.3. For the rest of this proof let h and k be elements of Ag. 
Theorem 2.6.4 shows that (e) follows from the inequality {|A|| < p(h) which 
we will now establish. Let ¢ € Ry satisfy p(t~'h) < $, so Proposition 
2.6.2(f) implies Sp(t-'h) C (—2/2, 7/2). Since t7"h is symmetric, we also 
get || sin(t~4h)|| = 27 "et “* - e-# "Al < 1. Lemma 2.6.6 then shows 
t~?|[h|| = || arcsin(sin(t~'h))|| < SOM o rall sin(t-'h)|| < $, where {rp} is 
the sequence of coefficients which was defined before Lemma 2.6.6. We have 
shorn that p(h) < t§ implies ||h|| < t}. Hence we conclude |h|| < p(h), 
so tnat (e) is proved. 

(d): Since W(h) is a nonempty compact convex subset of R, it has the 
“orm [s,t] for suitable s,¢ € R. Thus (e) shows p(h — 8) = [|A~ silly = 
i~s = ||h— tly = p(h —¢t). This shows that both s and t belong to the 
spectrum. Since Sp(h) C W(h) was already proved in Proposition 2.6.2, 
we conclude co(Sp(h)) = W(h) CR. 

(7): The first result follows from (d) and (e). We must show that As + 
iAsg is closed. Suppose {hy +ikn}nen converges toa € Awith hy, kn € Ag. 
For any n, m € N, Theorem 2.6.4 and (e) show 


kn —Amil S< |lhn - hanllw = sup{|w(hn — hm)| wu € Aw} 
< sup{|w((hn + tkn) — (Rm + ikm))| sw € Aiy } 
= \\(hn + tkn) — (Am + thm lw 
<  |I(An tikn) — (Am + tkm)||: 


Hence {hy }nen is a Cauchy sequence in the real Banach space Ag. Let its 
limit be h € Ag. Similarly {kn}nen has a limit k € Ag. Thus a= h+ ik 
belongs to Ag + 1As, which is therefore closed. 
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(g): Condition (b) implies |le**e'**e~***e—*#"|| = 1 for all s € R. By 
expanding the exponentials, we see that there is a constant B satisfying 
[lll + s2(hk — kA)|| -1] < Bs? V8; OX 8 <1. 


Letting t be 5? we see 


slim t(j} ~ s8(i(hk — kh))|) ~ 1) = 0. 


Lemma 2.6.3 shows that no number in the numerical range of i(hk — kh) 

has positive imaginary part. By interchanging h and k we also exclude 

numbers with negative imaginary part. Hence i(hk — kh) belongs to Ag. 
(h): We have 


All = Ally = sup{{w(A)|:w € Aw} 
sup{(w(h)? + w(k)?)!/?: w € At} 
sup{|w(A + 2k)| :w € Ay} 

Jb + iklly < Wh + tel. 


lA 


Similarly we get ||ki| < [|4 + tk|], which implies |]4 — k|| < |JAll + llAll < 
2||h + ik||. 5 


Symmetric Elements in Algebras 


The following two propositions will be used in Theorem 9.5.8 of Volume 
II to characterize C*-algebras (cf. §1.7.17). The equivalence of (a) and (b) is 
proved by an argument in Palmer {1968a], but was first explicitly stated by 
Ellen Torrance [1970]. The involution in part (c) was first studied by Vidav 
[1956]. When Ay is an algebra, it is a C*-algebra under the involution 
* Ay — Ay. 


2.6.8 Theorem Let A be a norm-unital Banach algebra. Denote the set 
Ag tiAg by Av. Then the following are equivalent: 

(a) Ay is an algebra. 

(b) h € As smplies h? € Ay. 

(c) Ay ts a closed subalgebra in which each element has a unique expres- 
sion of the form h +k for h,k € As. Furthermore the map +: Ay ~ Ay 
defined by (h + ik)* = h —ik for all h, k € Ag is a real-linear homeomor- 
phism unth norm at most 2 (and an isometry with respect to the numerical 
radius) which satisfies: (a + b)* = a* + 6", (Aa)* = A*a*, (ab)* = b*a* and 
(a°)* =a for alla, be Ay andXEC. 


Proof (c) = (a) = (b): Obvious. 
(b) = (c): Theorem 2.6.7(f) shows that Ay is a closed linear subspace. 
Let h? equal k+ij where h, k and j belong to As. The identity A(k +77) = 
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(k+i7)h implies hk~kh = i(jh—hj). Theorem 2.6.7(g) shows that hk—kh 
be’ongs to both As andiAg. Theorem 2.6.7(f) shows hk —kh = 0. Thus h 
co imutes with k and hence with 7. Proposition 3.1.6 and Theorems 2.1.10 
ar: 2.6.7(d) give iSp(j) C Sp(h?) ~ Sp(k) © Sp(h)? — Sp(k) C R and 
Sp’j) C R, so j is 0 by Theorem 2.6.7(f). Therefore h? belongs to As for 
au. € Ag. 

Let A and k be arbitrary elements of As; then h + k and therefore 
hk +kh = (h + k)? — h? — k? belong to Ag. This, in addition to Theorem 
2.6.7(g), gives 2hk = hk + kh + i[i(kh — Ak)] € Ag +iAg = Ay. Since Ay 
is the linear span of As, it is an algebra. 

Theorem 2.6.4 shows As MiAg = {0} so that the expression h + ik 
with h, k € Ag is unique. Thus, as a real-linear space Ay has a direct sum 
decomposition Ay = As@1Ag. Hence the map +: Ay — Ay is well-defined. 
it :; obviously real-linear and it is a homeomorphism (with norm at most 
2) oy Theorem 2.6.7(h) and an isometry in the numerical radius by the 
definition. Clearly it satisfies the first, second, and third equations asserted 
in this theorem. To see that it satisfies the fourth equation, it is enough to 
consider h, k € Ag because of the conjugate linearity of *. However, the 
resi.lts we have already obtained show 2(hk)* = hk + kh —i[i(hk — kh)]* = 
hk + kh + i[i(hk — kh)] = 2kh = 2k*h* so this fourth equation is also 
satisfied. Oo 


[he next proposition is an adaptation to the present setting of argu- 
me: ts used by Kaplansky (cf. Joseph A. Schatz [1953]). We will draw the 
natural conclusion from this proposition in Theorem 9.5.8 of Volume II, 
after introducing several additional concepts. 


2.6.9 Proposition Let A be a norm-unital Banach algebra satisfying the 
equ: valent conditions of Theorem 2.6.8. Define Ay and *: Ay ~ Ay as tn 
thai theorem and let Ag denote {h € A: W(h) C Ry}. 

8) For each h € Ag there are unique elements p,q € AgN{h}" satis- 
fying h = p— q and pq = qp = 0. Hence we have 


As = Ag-Ag and Agn(—Ag) = {0}. 
(b) For each a € Ay,a*a belongs to Ag and satisfies ||a*a|| > |a||?,. 


Proof (a): It is enough to consider A € Ag satisfying ||h]] < 1. Let h be 
suci an element and let C denote {h}”. Then Sp,4(h?) = Spc(h?) C [0, 1] 
and Theorem 2.6.7(e) show W(h?) C [0,1] and {/h? — 1|| < 1, since h? is 
sym netric. Hencek = 1+ 0%, (1/7) (h? ~1)" belongs to Ag NC and sat- 
isfies W(k) C [0,1] and k? = h?, since the series converges unconditionally 
(cf. the discussion before Theorem 3.4.5). Define p and q by p = 27!(k +h) 
anc g = 27!(k—h). (Again we use a simple argument based on the Gelfand 
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theory introduced in Section 3.1.) Each 7 € ['¢ satisfies 


aug (1?) cca? — ay") + 108) 


271 ((y(h?))1/? + y(h)) = 27*(I(A)| + (A). 


Theorems 3.1.5 and 2.6.7(d) imply W(p) = co(Spa(p)) = co(Spe(p)) C Ry. 
Similarly W(q) C Ry, implies that p and q belong to Ag. We conclude 
4pq = (k + A)(kK —h) = k? —h? = 0 = (k—A)(K +h) = 4qp. Theorem 
2.6.7(d) shows the uniqueness of p and q. 

(b): The identities W(h) = co(Sp(h)) and |[Al] = [Ally = e(4) for a 
symmetric element h in A from Theorem 2.6.7, which are used repeatedly 
in the rest of this proof, will not be cited again explicitly. 

Suppose b € Ay satisfies b = h+1k with h, k € As and —bb* € Ag. 
Theorem 2.1.8(a) shows 


W(—b*b) C co(Sp(—bb*) U {0}) = co(Sp(—b*b) U {0}) C Ry. 


1(p) 


The identity 6°b + bb* = 2(h? + k?), Theorem 2.1.10 and Proposition 2.6.2 
show 


W(bb) © 2W(h?) + 2W(k?) + W(—bb") 
2co(Sp(h))? + 2co(Sp(k))? + W(—bb*") C Ry. 


Hence W(b"b) C (—R,)i:K,, so b°b is 0. Similarly bb* and, in turn, h? +k? 
are 0. For any w € Afy, w(h?) € co(Sp(h))? and w(k?) € co(Sp(k))? imply 
0 < w(h?) < w(h? + k?) = 0. Therefore p(h) = p(h?)'/? = 0 implies that h 
is 0. Similarly k, and therefore 5, are 0. 

For any 6 € Ay, conclusion (a) shows b*b = p — q with p, gq € Ag and 
pq = qp = 0. Hence —(bq)*bg = —q(p — q)q =  € Ag. We have just 
shown that this implies bg = 0. Hence we get q* = —b*bq = 0. As before, 
this implies g = 0. Thus b°b = p belongs to Ag. 

For h € Asn Ay, t € R and w € Aj, the result just proved implies 
t? + 2tw(h) + w(h?) = w((t + h)?) > 0. Thus the discriminant of this 
quadratic is nonpositive which implies w(h)? < w(h?). We will use this 
result with an arbitrary a € Ay which can be written as h+ ik for h,k € 
AgsM Ay. Thus we find 


p(aa) = (p(a*a) + p(aa*))/2 = (fa"al| + ||aa*||)/2 
lla*a + aa ||/2 = ||? + k?|| > sup{w(h? +k): w © Ay} 
sup{w(h)? + w(k)? : w € Aiy} = llalliy. o 


\a"al| 


IV 


See also James P. Williams {1967}, Crabb and Duncan {1979], Husain 
and Anitha Srinivasan {1979}, Subhash J. Bhatt {1983}, Bonsall and Duncan 
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[1980], Roger R. Smith [1979], [1981], J. Martinez-Moreno, A. Mojtar-Kaidi 
and Angel Rodriguez-Palacios [1981], Martinez-Moreno and Rodriguez- 
Fe'ecios {1985], Thanassis Chryssakis {1986], Crabb and McGregor [1988] 
and A. K. Gaur and Taqdir Husain [1989]. 


Power Bounded Elements 


We wish to use Crabb’s Lemma 2.6.6 to give some results on power 
bounded elements. ‘heorem 2.6.12(a) is contained in Gelfand {1941c] but 
the very simple proof using Crabb’s lemma is due to Allan and Ransford 
[2989]. Part (b) was first proved by Katznelson and Tzafriri [1986], but 
its proof is based on the above paper and Allan [1989]. For extensions of 
these. results and other proofs, see the above papers Allan, O’Farrell and 
Ransford [1987], Esterle, Strouse and Zouakia [1990] and Vi Quéc Phong 
[1992]. 


2.6.10 Definition Let A be a normed algebra. An element (a € A / 
a € Ag ) is said to be ( power bounded / doubly power bounded ) if there is 
some finite constant B satisfying ||a||" < B for all (ne N/neZ). 


Gelfand’s spectral radius formula shows that the spectrum of a ( power 
bounded / doubly power bounded ) element a in a Banach algebra is in- 
cluded in ( D / T ). In either case, Proposition 1.1.9 shows that there is an 
ecuivalent norm with B = 1. 


2.8.12 Lemma Let A be a unital commutative Banach algebra and let 
a € A be power bounded and satisfy p(a) = 1. Then there is a Banach 


algebra (B, |||- |||) and a unital algebra homomorphism yp: A — B satisfying: 
(a) |||y(6)||| = limsup,,_,,, ||a"6|| for all b € A. 
(b) p(a) is invertible in B and satisfies |||p(a)||| = [||~(@)—"]|| = 1. 
(¢) Spp(p(a)) © Spa(a) OT. 

Proo; Proposition 1.1.9 shows that we may assume that |{a”|{ = 1 for all 


n € N° without loss of generality. Define an algebra semi-norm o on A 
by o(b) = limsup,_,,.. |ja"6|| for all 6 € A. Note o(1) = 1 and a(ab) = 
o(b) for all b € A. Let A be the normed algebra A/A, (where, as usual, 
Ac = {6 € A: o(b) = 0}) with norm |{{b + A,||| = o(b) for all b € A. 
Denote b+ A, € A by b for all b € A. Let B be the algebra of pairs 
{(b,n) : b € A,n € N°} with (b,n) interpreted as ba-” so that A(b,n) = 

{\b, 7), (bn) + (é,m) = (ab + a%G,n + m), (b,n)(é,m) = (bé,n + m) 
cor all b,c € A, A € C and n,m € N®. It is easy to see that this is a 
well defined algebra and that ||{(b, n)]|||, defined by |(|6|| for all b € A and 
n € N, is an algebra norm on it. Let B be the completion of B in this 
-92", nd for each b € A define y(b) to be (6,0) € B. Conditions (a) and 
{b) and Spg(y(a)) © Spa(a) NT are obvious. For any \ with |\| < 1, the 


cesvecgent series 779(A", n + 1) in B is an inverse for \ — a. Oo 
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2.6.12 Theorem Let A be a unital Banach algebra. 

(a) Ifa € Ag 18 doubly power bounded, then Sp(a) = {1} is equivalent 
toa=1. 

(b) Ifa € A is power bounded, then Sp(a) NT C {1} 28 equivalent to 
lim, a"(1 — a) = 0. 


Proof Proposition 1.1.9 allows us to assume ||a”|| < 1 for (n€ Z/ne N°) 
in case ( (a) / (b) ). We may also assume that A is commutative by replacing 
the original algebra by one of its maximal commutative (necessarily unital) 
subalgebras including a. 

(a): Obviously, a = 1 implies Sp(a) = {1}. Conversely, Sp(a) = {1} 
implies Sp(1— a) = {0} and 1—a € Ay. Define h to be i 72, (1—@)*/k € 
A, suu =e". For any integer m,sin{mh) € Az implies Sp(sin(mh)) = {0}. 
Lemma 2.6.6 shows h = arcsin(sin(h)) and the bound on ||a”|| gives 


m -m\k 
a-é~-a@a 
( 2 ) 


Before Lemma 2.6.6 we noted that the coefficients r;, in the Taylor expan- 
sion of the arcsine satisfy }7,° , |r| = 1/2. Hence we get 


||(sin(mh))*|| = at 


||mAl| = || arcsin(sin(mA))|| < > [ral [[(sin(mmh))*|| < =. 
k=) 
Since m € N is arbitrary, this implies h = 0 and a = }. 

(b): For any \ € Sp(a)NT, A"(1 ~— A) € Sp(a"(1 — a)) implies [1 — A] < 
\Ja"(1—a)||. Hence lim, 9 a"(1—a) = O certainly implies Sp(a)NT C {1}. 
Suppose, conversely, that this inclusion holds. If the intersection is empty, 
lim, 2" = 0 so we are reduced to considering the case Sp(a) VT = {1}. 
Apply the last lemma. Then (a) satisfies part (a), so it equals 1 € B. 
Equivalently, (1 — a) = 0 which implies lim,_..,. a"(1 — a) = 0, as we 
wished to show. Go 


2.7 The Spectrum in Finite-Dimensional Algebras 


In this section we will study the spectral theory of finite-dimensional 
algebras. Actually the whole section will be devoted to the spectral theory 
of linear operators on firite-dimensional linear spaces. This accomplishes 
the goal stated in the first sentence since any finite-dimensional algebra A 
may be isomorphically embedded as a subalgebra of an algebra £(A) of all 
linear operators on a fin'te-dimensional linear space Y in such a way that 
the spectrum of an element a € A is the same as the spectrum of its image 


in L(A). 
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Let A be an arbitrary algebra. Then the extended Jeft regular repre- 
sent. ion L! is always an isomorphism and the left regular representation 
L is cn isomorphism if and only if the annihilator ideal Az is {0}. After 
Propcsition 2.5.3, we noted that any element a in any algebra A satisfies 


Spa(a) = Specar)(L}) (1) 
and‘ Ara is {0}, then it also satisfies 
Spa(a) = Spey ay(La). (2) 


Thus all spectral questions about an algebra A may be translated into 
similaz questions about the algebra £(V) where Y is a vector space. When 
A is fnite-dimensional, ¥ may be chosen finite-dimensional, since it can be 
chosen as either A or A!. 

We will give an extended discussion of spectral questions about £(V) 
where Y is a finite-dimensional linear space. In particular we will show that 
all oprators in £(V) are spectral in the sense of Nelson Dunford [1954] and 
that the proof of this fact is the major step in the construction of the Jordan 
canonical form. 


2.7.1 Convention For the rest of this section Y will be a finite-dimensional 
linear space with dimension n. The word “operator” will always denote an 
elemer:t of L(V). 


In Section 1.7 we reviewed the well-known isomorphism between L(V) 
and tke algebra M,, of all n x n matrices, and we will refer to this isomor- 
phism when convenient. 


2.7.2 The Characteristic Polynomial In Section 1.7 we noted that 
the de erminant defines a multiplicative map 


Det: L(V) — C 


which takes the value 0 at an operator T € £(V) if and only if T is not 
invertidle. Hence we conclude 


Sp(T) = {A € C: Det(A — T) = O}. 


Any o the usual procedures for calculating determinants in terms of a 
matrix representation shows that for a fixed operator T, Det(\ — T) is a 
monic polynomial of degree n. We define the characteristic polynomial of 
T, densted by chr, by 


chr(A) = Det( — 7). (3) 


Since the complex field is algebraically closed, the characteristic polynomial 
always has at least one and at most n roots. Hence Sp(T) is a nonempty 
set of » or fewer complex numbers. 
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2.7.3 Rank and Nullity Any operator T € L(V) satisfies 


rank(T’) + null(7) =n (4) 


where rank(T) is the dimension of the subspace T(V) and null(T) is the 
dimension of ker(T). (This is easily proved by extending a basis for ker(7) 
to a basis for Y and then considering the image of this basis under T.) In 
particular an operator is non-invertible if and only if it has a nontrivial 
kernel. Thus a complex number 4 belongs to the spectrum of T if and only 
if there is at least one non-zero vector z satisfying 


(A -—T)z = 0. 
This motivates the following terminology. 


2.7.4 Characteristic Values and Characteristic Vectors A char- 
acteristic vector for a linear operator T € £(V) is a non-zero vector zr € V 
for which there is a complex number 4 satisfying 


Te= Xe. 


A complex number 4 satisfying this relationship with a characteristic vec- 
tor x of T is called a characternstic value of T, and and z are said to 
correspond to cach other, 

The terms “eigenvector”, and “proper vector” are synonyms for “char- 
acteristic vector” and the terms “eigenvalue”, and “proper value” are syn- 
onyms for “characteristic value”. 

In terms of this definition the spectrum of any operator T can be de- 
scribed as the set of characteristic values of T and these are the roots of 
the characteristic polynomial of T. 

Since the complex field is algebraically closed, the characteristic poly- 
nomial factors into linear factors 


m 
chr(s) = [](A-Ax)™ (5) 
k=1 
where \1,A9,.--,Am is a list of distinct characteristic values of T. The 


exponent n, corresponding to the characteristic value 4, is called the alge- 
brave multiplicity of Ax. The geometric mult¢plicity of a characteristic value 
A, is defined to be the dimension of ker(A, — T). Later in our discussion 
it will be obvious that the geometric multiplicity is less than or equal to 
the algebraic multiplicity, and they are equal only for the diagonalizable 
operators we are about to discuss. 


2.7.5 Diagonalizable Operators The simplest class of matrices to deal 
with (outside of complex multiples of the identity) is the class of diagonal 


_——E—E————— 
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matr:ces (i.e., those matrices which have all their non-zero entries on the 
main diagonal). The product of two diagonal matrices is their pointwise 
y79¢z 2% and hence any two diagonal matrices commute. An operator S on 
, 2nite-dimensional space V is called diagonalizable if it is represented by 
2, diagonal matrix relative to some ordered basis. 

Note than an operator S has a diagonal matrix relative to an ordered 
basis if and only if each basis vector is a characteristic vector of S. Hence 
S is Giagonalizable if and only if V has a basis of characteristic vectors for 
S. When S is represented by a diagonal matrix, the characteristic values of 
S, repeated according to their algebraic multiplicity, are just the diagonal 
entries of the matrix. 

*" $ is diagonalizable, the choice of an ordered basis of characteristic 
veces is highly nonunique. The order of the basis vectors is clearly in- 
detertninate. Of course, any basis vector can be replaced by any of its 
non-zero multiples. If any characteristic value \ has algebraic multiplicity 
greater than 1, then ker(\ — S) may be more than 1-dimensional, and the 
choice of basis vectors within it is completely arbitrary. Most of this inde- 
terminacy is removed by substituting a list of suitable canonical projection 
operators onto the linear subspaces of characteristic vectors of S for the 
cheice of an ordered basis of characteristic vectors. In order to study this 
approxch, we need to introduce the concept of the minimal polynomial of 
a linear operator T on a finite-dimensional linear space V. 


2.7.6 Minimal Polynomials We could begin this discussion by proving 
the Cayley-Hainilton theorem which asserts 


chp(T) = 0 (6) 


for all T € L(V). (What is wrong with the simple argument : “chy(\) = 
Det(\ - T) so chr(T) = Det(t — t) = 0”?) However it is logically simpler 
to note that £(V) has dimension n? (since it is isomorphic to the algebra 
M,). Hence the powers I, T, Yio Tt of T are linearly dependent so that 
there is some monic polynomial p satisfying p(T) = 0. The well-ordering of 
the integers allows us to choose a monic polynomial mir of smallest degree 
satisfying 

‘ . mir (T) = 0. (7) 
This is called the minimal polynomial of T. It is denoted simply by mi 
wher T is understood. If p is any polynomial satisfying p(T) = 0, then mir 
Civica 9, (To see this, note that polynomial division gives polynomials 
auc 7 satisfying p = (mi)q +r, with the degree of r strictly less than the 
degre2 of mi. Hence by the minimality of the degree of mi we have r = 0.) 
This shows that mip is well-defined. 


2.7.7 Proposition Jf {Ay,A2,-..,Am} ts the set of distinct character- 
isiic values of an operator T, then the minimal polynomial of T has the 
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factorization 


mir(A) = [] (A - 3)” (8) 
j=l 
where each a, 1s positive. 


Proof In order to prove this, we will assume the truth of (8) with each 
a; positive and then prove that {\1,A2,..-, Am} is the set of characteristic 
values. First we have 0 = mi7(T) = (T — »;)q;(T) for each j and a 
suitable polynomial q,. Since q,(T) is not 0 (by the minimality of the 
degree of mir), we see that there is a non-zero vector z = q;(T)y satisfying 
(A, ~T)z = 0. Hence X, is a characteristic value of T. Conversely, if Ao is a 
characteristic valuc of 7 with corresponding characteristic vector 7, and if 
p is any polynomial, then p(T)z = p(Ay)z. Since this equals 0 if and only if 
(A— Ag) divides p(\), we see that ’— Apo divides mir, for each characteristic 
value Ao of T. oO 


2.7.8 Ascent of an Operator In (8) the exponent a; corresponding to 
the characteristic value 4; is called the ascent of X;. (The term comes from 
the fact that the sequence of subspaces ker(\; ~ T) C ker((A; — T)?) C 
--+ © ker((A; — T)*) is strictly ascending until k = a; and is stationary 
thereafter. This can be proved by arguments similar to those just given.) 
If T is diagonalizable, it is obvious that each characteristic value has ascent 
one. The converse is easily established after some remarks on projection 
operators. : 


2.7.9 Projection Operators Recall that an operator FE € L(V) is called 
a projection operator if it is idempotent (i.e., if it satisfies E? = E). In this 
case [ — E is also a projection operator and £ is said to project Y onto the 
linear subspace 


EV = {re V:Exr= 2} =ker(I — E) 
along the linear subspace 
ker(E) = {rz €V: Ex =0} = (1 - E)V. 
Clearly these linear subspaces satisfy 
EV ker(E) = {0}; EV +ker(E)=V 


so that E determines, and is determined by, the direct sum decomposition 
Y = EV @ ker(£). Two projection operators EF and F are said to be 
orthogonal if they satisfy EF = FE = 0. This is equivalent to the condition 
EVO FV = {0}. 
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2.7.1G Invariant and Decomposing Subspaces If FE is idempotent, 
then tie subspace EY is invariant under an operator S if and only if E 
satisf: 3 

ESE = SE. 


Hence the direct sum decomposition EV @ ker(E) decomposes S (i.e., both 
EY and ker(E£) = (J — E)Y are invariant under S) if and only if E and S 
commute. This is shown by the calculation: 


ES = ESE+ ES(I ~ E) = SE+ E(I — E)S(I — E) = SE. 


We are now ready to determine the detailed structure of the diago- 
nalizable operators. This is done here to prepare the reader for the more 
complicated structure theorem we will later present for arbitrary operators. 
Any of the implications in the next theorem is easy to establish directly, 
but we will use a fairly efficient circle of implications. 


2.7.11 Theorem The following conditions for S € L(V) are equivalent. 
(a} S is diagonalizable. 
(b) V has a basis consisting of characteristic vectors of S. 
(c} The minimal polynomial of S has no multiple roots. 
(d\} There exist distinct complex numbers 1, \2,...;A4m and mutually 
orthogcnal non-zero projection operators E,, E,...,Em satisfying 


T=)°E; and SE; =;E;. (9) 


j=1 


(e) Condition (d) holds and 1, X2,-..,Am are the distinct characteristic 
values of S. The minimal polynomial of S is given by: 


mis(A) = [[( - 3) (10) 
j=1 


and the projections E\, F2,...,Em are given by the following polynomials 
nS 
E;=4;(S), where 9j(4) = [] (A — A&)/(3 ~ Ae) (11) 
bes 
and satisfy 
S=J°\jE; and EV =ker(A, - S) (12) 
j=l 


m= 


in addi:ion to (9). 
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Proof (a)<(b): Each vector in the basis relative to which the operator 
has a diagonal matrix must be a characteristic vector, and conversely the 
matrix relative to a basis of characteristic vectors would be diagonal. 

(b)=>(c): As usual, we denote the distinct characteristic values of S by 
Ai, A2,---,Am. For each characteristic value 4; of S, 4; — S will annihilate 
each basis vector which is a characteristic vector with \; as its characteristic 
value. The other characteristic vectors will simply be multiplied by some 
non-zero complex number. Hence, applying the polynomial []j_,(A — ;) 
to S, gives 0. Since the minimal polynomial! must therefore divide this one 
(it is easy to see that they are actually equal but we do not need this here), 
the minimal polynomial has no repeated roots. 

(c)=(e): Let the minimal polynomial be given by (10) which determines 
the set Ay,A2,...,Am-. For each j consider the polynomial q, and the op- 
erator E; in equation (11). Since the degree of q; is m— 1, H; is not 0. 
However by factoring the minimal polynomial] we see that (A; — S)E; is 0. 
Hence each A, is a characteristic value of S. If X is a characteristic value 
of S, with characteristic vector z, then mig(S)z = migs(A)z, so A is one 
of the roots of the minimal polynomial and {\1, A2,..., Am} coincides with 
the spectrum of S. Similarly, the minimal polynomial shows that E; Ex is 
vif j and k are distinct. 

The polynomial 1 - Dosa 1 Y, is O since it has degree m—1 but has the m 
roots Ay, A2,---,Am- Hence we conclude J = $07", E; and SE; = A, £j. If 
ris acharacteristic vector of S, with characteristic value Ay, then q, (S)x is 0 
ifk#)jandisrifk = j. Hence E, = g,(5) is precisely the projection onto 
the subspace of V consisting of characteristic vectors with characteristic 
value A,. Thus all the statements of (e} are established. 

(ej=>(d): Obvious. 

idj-e(b): A basis for V consists of the union of the bases for the sub 
spaces E,V. 0) 


The unique representation S = Hi , A, of condition (e} above is 
called the spectral resolution of S. In order to partially extend this rep- 
resentation to non-diagonalizable operators, we need one more result on 
commuting diagonalizable operators. This result is true for an arbitrary 
family of commuting operators, but we prove it only for a pair. 


2.7.12 Proposition If S and S’ are commuting diagonalizable operators 
wn L(V), then there 1s an ordered basis for V relative to which both S and 
S’ are represented by diagonal matrices. a 


Proof A proof by induction on the dimension of V starting from the 
definition is not hard, but we prefer to use the spectral resolution. Let 


S = 30", A,B; and S' = S07 _, A, £, be the spectral resolutions. Since 


each E, is a polynomial in S, it commutes with S’ and hence with cach 
E,. Therefore E,E, = EE, is a projection operator for each j and k. 
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Choose a basis for each linear space E;E,V. (if E;E;, is 0, then the basis 
tor .2;E,V = {0} is the empty set.) It is easy to see that the union of all 
“hese bases is a basis for Y with the desired property. a 


“fe now generalize, as far as possible, the spectral decomposition to 
non-< iagonalizable operators. The following elementary result shows that 
any !inear operator on a finite-dimensional space is a spectral operator in 
Ss terminology of Dunford [1954], which we will introduce later. 


2.7..3 Theorem Let V be a finite-dimensional space and let T be a 
iinzar operator on Y. Then there exist positive integers m, a1,42,...,Qm, 
distinct complex numbers A, A2,..-,Am, operators S and N and non-zero 
operators FE), E2,...,Em satisfying: 

(ae) T=S+N. 

(0) SN= NS. 

(c) S is diagonalizable. 

(d) N is nilpotent. 

(e) E,, Eg,..., Bm are projection operators. 

() 1= 30", By. 

(g) S= rae A; Ej. 

(h) E;E, = 0 whenever j # k. 

(:} The minimal polynomial for T is TT)" (A — Ay), At, Aa,--.) Am i 
the ist of distinct characteristic values of T and a,,a2,...,Qrnq is the list of 
corresponding ascents. 

(j} For each j = 1,2,...,m the minimal polynomial for the restriction 
of £° to E;Vv is (A a Aj)”. 

(x) Hach j = 1,2,...,m satisfies Ej} V = ker((A; -T)*) and the restric- 
tion of (Ay —T) to I — Ej)V = (Aj — T)® V is invertible. 

Q) S,N, By, bea,..., Bm are all polynomials in T. 

_ furthermore, S and N are uniquely determined by conditions (a), (b), 
‘c), and (d). If S and N are defined by (g) and (a), then (b), (d), (f), 
and (11) determine 1, A2,...,Am (provided the numbers in this list are re- 
quired to be distinct) and E\, E2,...,Em uniquely up to a permutation of 
{1,2 ...,m}. Jf condition (j) is also assumed in the last sentence, then 


@1,22,...,Qm are also determined up to the permutation of indices. 
Preof Let 
* m 
mir(A) = [TQ - 2)” 
j=l 


be the minimal polynomial for T, so that 41, 2,...,Am is the list of dis- 
tinct characteristic values with associated ascents @),a9,...,@, according 
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to Proposition 2.7.7. Then the polynomials 


m 


p(A) = [[(A- Ax) 9 =1,2,...,m 


a=1 
h#) 


have no common divisor, so the Euclidean algorithm guarantees the exis- 
tence of polynomials A; satisfying 


m 
1= >> hyp;. (13) 
7=1 


Define q, by q; = h,p, and define EF, € C(V) by 
E,=4q,(T) j=1,2,...,m. 
Then (13) shows 
SE; =I. (14) 


J= 


- 


Since the minimal polynomial mir divides q;q, whenever 7 4 k, we have 
EE, =0 when j # k. 


Hence we get 


FE? = BE,” Ey = El = E; 
k=1 
for all j, so that each E, is a projection operator. Thus we have established 
(e), (f), (h), (i), and part of (1). Define S and N by (g) and (a); then (a), 
(g), (c), the rest of (I) and therefore (b) are also satisfied. 

For each j the definition E; = q;(T) makes it clear that if qo is a 
polynomial, then go(T)£; will be 0 if and only if (A — A;)°# divides qo. 
Hence, in particular, 

(A; _- T)?E, = ) 
is equivalent to p > a;, so that (j) is satisfied. Since (A — A;)* divides each 
qk for k # j, we conclude ker((A; — T)*) is included in ker(p,(T)) for each 
k # j. Hence (14) shows the first equality of (k). This in turn shows that 
A, — T is injective when restricted to (I — Ej)V. Since E; is a polynomial 
in T we have 


(A, -T)U - E,)V = (1-8), -T)VC UI - B,)v. 


Hence (A, — T) restricted to (J — E,)¥ is invertible, since it is an injective 
linear map of a finite-dimensional space into, and therefore onto, itself. 
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Agein using that (A — A,)* divides each q, for k # j, we get 


(A, -— T)#V 2 (>> Ex)¥ = (I - Ey)v. 


The opposite inclusion follows from 
(1 = By)(j ~ TV = (Aj - TY (I - BV = Ay - T)4Y. 


This completes the proof of (k). 
‘Jquation (g) shows that we may write 


N=T-S=T-)J_)jE, => (T-A,)E;. 
=! j=1 
Hence for any positive integer p, we can establish the equation 


N? =) (T - d;)?E; 


j=l 


by induction, using (h) and the commutativity of T and E; (which follows 
from: (a) and (b) or from (1)). If p satisfies p > max{a, : 7 = 1,2,...,m}, 
then NP equals 0 since N? is expressed as a polynomial in JT which is 
divisible by the minimal polynomial of T. This proves (d) and completes 
the proof of the twelve properties (a), (b), ..-.,(1). 

Suppose S’ and N’ are also operators satisfying (a), (b), (c), and (d). 
Then (a) implies S — S’ = N’ — N. Properties (a) and (b) for S’ and N’ 
imply TS’ = S'T and TN’ = N'T. Since S and N are polynomials in T, 
we conclude S’S = SS’ and N'N = NN’. Hence if p equals the sum of the 
indices of nilpotence for N and N’, we get 


Pp 
(N’~ NP => ({)avytne-* =0. 


k=0 


Thus S — S’ = N’ — N is nilpotent. On the other hand, by choosing an 
ordered basis relative to which both S and S’ are represented by diagonal 
matrices, we see that S — S’ can be represented by a diagonal matrix. 
Clearly no power of a diagonal operator is 0 unless each of the diagonal 
entries (and hence the operator) is 0. Hence S — S’ = N’ — N = 0, so that 
S and N are uniquely determined by (a), (b), (c), and (d). 

Suppose another family of distinct 4), 45,...,A¢ € C and non-zero op- 
erators Ei), i4,..., £, also satisfy (b), (d), (f), and (h). Define S and N by 
the analogues of (g) and (a) relative to this data. We have already given 
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the argument which shows that (f) and (h) imply (e). Hence S satisfies 
(c). Thus the argument of the last paragraph shows that S and N have 
their original meaning. Hence we have 0”, A;E; = S = Sopa1 MER: 
By Theorem 2.7.11 we see that \1,A2,-.., Am and 4,49,..., 47 are both 
the list of distinct characteristic values of S, and that E,, Fo,...,Em and 
EY, E,..., £4 are both the list of corresponding projections onto the sub- 
spaces of characteristic vectors. Hence \;,A2,..-,Am and E), E2,...,Em 
are unique up to simultaneous permutations of both lists. Clearly (j) de- 
termines G),42,...,@m. Oo 


We remark on one elementary but interesting consequence of this the- 
orem using terminology introduced in Section 2.3 above. Suppose A is a 
commutative subalgebra of C(V). Then the decomposition T = S + N is 
easily seen to define a direct sum decomposition of A. The second direct 
summand is an ideal consisting of nilpotent operators and hence, by The- 
orem 2.3.3, is included in the Jacobson radical. The first direct summand 
is a subalgebra which contains no non-zero nilpotent operator (since every 
operator in it is a linear combination of projections) and is thus semisimple. 
Hence this direct sum decomposition is just the direct sum decomposition 
of A into a semisimple subalgebra isomorphic to A/A,y and the ideal Ay 
guaranteed by the Feldman decomposition theorem(Theorem 7.1.3 below). 

In order to improve on Theorem 2.7.13 we need to ascertain the structure 
of the nilpotent operator N. The next proposition deals with this question. 
Actually this proposition will not be applied directly to N, but rather to the 
restriction of N to each of the invariant subspaces EV in the terminology 
of Theorem 2.7.13. 


2.7.14 Proposition Let V be a finite-dimensional linear space with 
dimension n. Let N € L(V) be nilpotent. Lit r and d be the index of 
nupotence of N and the nullity of N, respectively. Then there are positive 


f d 
integers n,,n2,...,N¢@ satisfying r =n, >--- > nq > 1 and pare mk =n, 
and vectors 1,,22....,£4 satisfymg N™*2, = 0 fork = 1,2,...,d, and 
such that 


Vo= {z,,Nz,,...,N™~'2,, £2, N22, 
we, NT" 20, ..yZa,Naq,..., N47 ag} 


13 a basis for V. 


Proof The proof is by induction on n. If n = 1 there is nothing to prove. 
Suppose n > 1 and that the result holds for all n’ <n. Since N°! is 
non-zero we can find z, € V satisfying N"'~'z, #4 0, where we have sct. 
n, equal to r. The space W spanned by W = {z,,Nazi,...,N™ 7121} is 
clearly invariant and W is a basis for it. (Linear independence follows from 
the fact that A” is the minimal polynomial for N.) The restriction Ny of 
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N to W and the operator N” induced by N on ¥/W (N™ is defined by 
NW(24+W) = Nx+W) both satisfy (Ny) = 0 and (N”)" = 0. Let # and 
& ~ 7 292 the index of nilpotence and nullity of N“. Clearly we have f < r. 
By our induction hypothesis we may find positive integers 72,73,...,Ng 
and vectors Z2,...,Zq satisfying r > 7 =n2 >n3 >--- > nj, ir nm = 
n—r, Ni, + W = W for k = 2,...,d and such that 


Vi = {f.+W,Ni.+W,...,N"7 ld. + W,23 + W, NZ3 + W, 
.,N~133 + W,...,25 + W,NEz+W,...,N"4-'23+ W} 


is & basis for V/W. 
Fo; any fixed k satisfying 2 < k < d, let \o,A1,-- -)An,-1 Satisfy 
Ns, = M5! ASNizy. Then NS, = M5! ASN" matin vanishes. 


Hence N™z, = 0 and the linear independence of a, Nz},.. aye, 
ixepiy Aj = 0 for 7 < ny. If we define 2, by z, = % — Pen, AyNI-"2y, 


then it theres satisfies N"*z, = 0 and Niz, +W = Nz, + W for 
j =0,1,...,n,—1 and for k = 2,3,...,d. By the linear independence of V 


‘and of W, there is no nontrivial felatton Sy pro Aye N? Ze = 0 of linear 


dependence. Thus d is d and the set V is a basis for V as claimed. a) 
Use the notation of the last proposition. For each k = 1,2,...,d the 
restriction of N to the subspace spanned by z;, Na,,...,N"*—!z, has 
matrix 
0 
1 


0 0 
1 


0 
1 


0 Se 0 
pe ly 1 0 
relative to this ordered basis. Clearly the vectors z,,...,2q of Proposition 
2.7.i4 are not uniquely defined in any sense at all. Nevertheless, it is easy to 
see thet the form of the matrix of N relative to any ordered basis satisfying 
the cenditions on V is completely unique. 

“je now adopt the notation of Theorem 2.7.13. Let \; be a characteristic 
vac of T and let E; be the corresponding projection. Apply Theorem 
2.7.18 to the restriction of N (in the notation of Theorem 2.7.13) to E,V. 
Then the matrix of the restriction of N to E;¥ is the direct sum of blocks 
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of the form 


0 eA 
1 4; 
Such a matrix is called a Jordan block. A matrix is said to be the direct 
sum of Jordan blocks when it has the form 


where each square along the main diagonal represents a Jordan block. 
Combining Theorem 2.7.13 and Proposition 2.7.14 gives the following 
Jordan canonical form for an operator. Note that the choice of ordered 


basis is generally far from unique, but the form of the matrix is completely 
determined by the description given. 


2.7.15 Theorem Let T be a linear operator on a finite-dimenstonal linear 
space Y with dimension n. Let X1,2,...,Am be a list of the distinct char- 
acteristic values of T. Then we can choose an ordered basis for T such that 
the matriz Jr of T relative to this basis is the direct sum of Jordan blocks. 
Furthermore we may assume that for 1 <k <j <m the Jordan blocks with 
diagonal entries d, all occur before any of the blocks with diagonal entries 
A,, and that the blocks with diagonal entries A, occur in order of decreas- 
ing size. These conditions completely determine Jy once the ordering of 
Ay. Aq,---,Am 18 chosen. 


Note that we can find all of the spectral properties of T from inspection 
of its Jordan matrix J = Jp. The set of characteristic values of T is the 
set of diagonal entries uf J, and the algebraic multiplicity of any charac- 
teristic value 4; of T is the number of times A, occurs on the diagonal of 
J. The geometric multiplicity of 4; is just the number of Jordan blocks 
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with diagonal entries 4; (since the last basis vector corresponding to any 
such block is a characteristic vector of T corresponding to \;). The as- 
cent of any characteristic value \, is the length of the longest Jordan block 
with diagonal entries \;. Finally, for any characteristic value 4, of T and 
any positive integer p, the dimension of ker((A; —T)?) is kop+ Yenko+1 Nk, 
where "21, m2,...,7q is the list of block lengths in descending order of blocks 
with d’agonal entries equal to \;, and n,, is the last block length which is 
not less than p. 

We have reviewed the details of spectral theory for linear operators on 
finite-cimensional spaces as a guide to what follows. However, the the- 
ory can be applied directly to certain situations. Let T be an operator 
on an infinite-dimensional Banach space V. Suppose that 4, A2,...,Am 
is a lis: of distinct characteristic values of T which are isolated points in 
Sp(T). Suppose that each A; has finite ascent (i.e., there exists an inte- 
ger p satisfying ker((A; — T)?) = ker((A; ~ T)?*'), so that the ascent a; 
of 4; c2n be defined as the smallest such integer) and that the dimension 
of ker((A; — T)*) is finite for each j and k. These conditions are satis- 
fied if A1,2,-.-,Am is a list of distinct non-zero characteristic values of 
a compact operator T. Let [ be a contour in the resolvent set of T sur- 
rounding {A,,2,---,Am} and no other points in Sp(T). For each 7 let 
['; be a contour in the resolvent set surrounding \; and no other point of 
Sp(T). Then (anticipating the detailed discussion in the next chapter) for 
j=1,2,...,m 

ey 1 


1 
pee ~T)\ = —-T)7! 15 
E; Oni ee T)‘dX and E oo i (A-T)"'dd (15) 


are commuting projection operators onto finite-dimensional subspaces sat- 
isfying 


S> By EjEx=0 for j#k 
j=l 
ker((A; — T)%4). 


E 


Ejx 


il 


Furthermore the restriction of \— T to (I — E)X = (TfL, (Aj — T))# is 
invertible for all 4 € C which are surrounded by I. All these remarks are 
easily verified when integrals such as those occurring in (15) are discussed 
in the sext chapter. Now Theorems 2.7.13 and 2.7.15 can be applied to 
the restriction of T to EX and give a complete description of this operator, 
hence also of the spectral behavior of T on the portion of the complex plane 
inside ¢ . 

It is, of course, not true that the spectral theory of finite-dimensional 
operators is a reliable guide to typical spectral problems for operators on 
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infinite-dimensional Banach or Hilbert spaces. As a matter of fact, it is 
reasonable to say that the class of compact operators on a Banach space 
is the most general class of operators which have spectral behavior which 
is an infinite-dimensional analogue of the spectral behavior of matrices. 
Even among compact operators there occur operators T (called transcen- 
dental topologically nupotent operators) which are not nilpotent but satisfy 
Sp{T) = {0}. 


2.8 Spectral Theory of Operators. 


In this section we will introduce some generalities on the spectral theory 
of bounded linear operators and then discuss the case of compact operators 
in more detail. Let VY be a Banach space. The elements of B(2’) (Definition 
1.1.16) will simply be called operators in this example. There are many 
sources of additional information, e.g., Dunford and Schwartz [1958], [1963], 
Henry R. Dowson [1978] and Robin Harte [1988] 

We begin by giving the classical terminology for the classification of the 
points of Sp(T) for T € B(*). 


2.8.1 Definition The ( point spectrum / continuous spectrum / residual 
spectrum / approzimate potnt spectrum ) of T € B(4) is the set: 


(pSp(T) = {AEC:.- T is not injective} / 


cSp(T) = {AE€C:A—T is injective and (A-T)4 
is dense in X but does not equal ¥} / 


rSp(T) = {A\E€C:X—T is injective but (A - T)¥ 
is not dense in 4} / 
apSpi\T) = {dA «EC: there is a sequence {tn}nen GV 


satisfying ||z,,|| = 1 for all n and 
lim(A ~ T)(2n) = 0} ) 


In the terminology introduced in the last section, the point spectrum is 
just the set of characteristic values. Thus the spectrum of an operator on 
a finite-dimensional space equals its point spectrum. Obviously each of the 
sets described in this definition is a subset of the spectrum and the first 
three are disjoint. A point \ is in the approximate point spectrum of T 
if and only if A — T is a left topological divisor of zero. (For sufficiency, 
consider the one-dimensional operators z, ® z* which are of norm 1 if 
z° € X* is. For necessity, choose a bounded sequence{yn}nen such that 
each r, = T,(y,) has nerm 1.) In addition to these subsets, we also wish 
to consider the boundary of the spectrum, denoted by 0Sp(-). 
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2.8.2 Proposition The spectrum of any operator T € B(X) satisfies: 


Sp(T) = pSp(T) UcSp(T) UrSp(T) (disjoint union). (1) 
The approzimate point spectrum is a closed subset satisfying: 
pSp(T) UcSp(T) U ASp(T) C apSp(T). (2) 


voc,’ The open mapping theorem (or its corollary the inverse boundedness 
ti:2772™) shows that a point not in pSp(T) U cSp(T) U rSp(T) belongs to 
tae resolvent set of T, proving (1). 

‘>. 3 point spectrum is included in the approximate point spectrum be- 
c@13e 7ye may choose Z, = Z for all n where Tz = 0 and ||z|| = 1. Since 
the e=Droximate point spectrum comes from topological divisors of zero, 
‘2eorem 2.5.7 shows that it includes the boundary of the spectrum. We 
may 2ssily prove: 

(a) the approximate point spectrum is the set: {1 € C: there is no M € 
R satisfying ||z|| < M||(A — T)z|| for all z € Y}. 

(2) (A ~ T)# is closed if and only if there is an M € R such that for 
esca > € (\ — T)(#X) there is some x € satisfying y = (A — T)z and 
Isl < Milyll. 

Hence the approximate point spectrum includes the continuous spec- 
trum. A standard diagonalization shows that apSp(T) is closed for any 
operator T. a) 


Note that conditions (a) and (b) stated in the proof have independent 
interest. Defining distance by dist(A, Sp(T)) = inf{|A — u| : uw € Sp(T)}, 
Proposition 2.2.9 shows 


(A — 1) "|| > dist(A, Sp(T))“! VA ¢ Sp(T). 


Dual maps were introduced following Definition 1.1.15. The dual T* € 
B(X*) of an operator T € B(%) is defined by 


T* (a2 )(c) — 2° (Tr) Ve" edt ere xX. (3) 
It is easy to see that 7'* does belong to B(X*) and satisfies: 
IT"|=ITI VTE BX) (4) 


so thst the map JT +> T* is an isometric anti-isomorphism of B(4) into 
B(x"). The natural isometric injection « of X into ¥** given by 


var k(x)(x*) = x*(z) VreXx, 2° eX" 
was also introduced following Definition 1.1.15. Usually we will regard X 
as a subset of 4°* under this embedding. When this is done, an operator 
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T may be regarded as a subset of (the graph of) T**. This is a valuable 
viewpoint as we will now show. , 


2.8.3 Proposition The dual of any operator satisfies 
Sp(T) = Sp(T*) T € B(4). (5) 


Proof For any \ € C and 7 - BX), if (A—T)7? exists in B(%’) then it 
is trivial to check that ((A — T)~')* is the inverse of (A ~ T)* = A-T". 
Suppose, conversely, that (A—-7*)~! exists in B(4’*), then by what we have 
just shown, (\ — 7**)~! exists in B(4’**). Hence \ — T is injective since 
it is a restriction of \ - T**. Also \ — T is a linear homeomorphism of 
x onto (A — T)4 which is therefore a closed subspace. If (A — T)4 were 
not all of 7, then the Hahn-Banach theorem would provide a non-zero 
z* € X°* satisfying 0 = 2°(\ — T)4 = {A — T*)(z*)(X). This contradicts 
the injectivity of (A — T)* and thus proves that \ — T is invertible. a) 


For any subsets Y of X and Z of X*, we denote the annihilator sets of 
y in X° and of Z in X& by: 


yra{ereEX*:2%(z)=0 VrEy} 
and 
4Z={rEeX:2*(z)=0 V2 € Z}. 


These are clearly closed lincar subspaces with the former even closed in the 
X- or weak*-topology. For any T € B(4) it is easy to show: 


ker(T") = (TH); THX7 = +(ker(T*)) (6) 
ker(T) = 1(T*4X*): T*X* C (ker(T))*. 


These results imply: 


pSp(T) C pSp(T)* UrSp(T*) (7) 
rSp(T) fC pSp(T*) C pSp(T) UrSp(T). 


It is a little harder to show that if T4 is closed then T** is closed 
and satisfies T*4’* = ker(T)', and it is still harder to show that if T*¥* is 
closed then T is closed and satisfies TY = + ker(T*). (Cf. Dunford and 
Schwartz [1958], pp. 487, 8.) See also Seymour Goldberg [1966], II.3.14 
and II.4.11 where more detailed results are obtained for not necessarily 
continuous linear operators defined on dense linear subspaces of a normed 
linear space X with va'ues in a normed linear space Y and the duals of 
these operators defined on a linear subspace of *. 

Any T € B(2%) and 7 € N obviously satisfy 


ker(T”) C ker(T"*'). 
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Moreover, ker(T7"°) = ker(T"°+!) implies ker(7") = ker(T°) for all n > 
no. This suggests defining the ascent a(T) of T € S(4’) to be the smallest 
n € N satisfying 
ker(T”) = ker(T"*'), 

if such an n exists, and co otherwise. Similarly it is obvious that we get 
T*X DT"*)X and that TX = T%+1y implies T"¥Y = T"°X for all n > 
no. “his in turn suggests defining the descent 6(T) of T to be the smallest 
n € \ satisfying T7X = T"+!2, if such an n exists, and oo otherwise. 
A. no ttrivial standard result, which we will prove below in Lemma 7.5.2, 
shows a(T) = 6(T) whenever both a{T) and 6(T) are finite. In this case, 
more over, there is a direct sum decomposition 


V=T"X Gker(T") n=al(T) = 6(T) < ow, (8) 


and T restricted to T’¥ is a bijection onto T" 7%. 

P-oposition 3.4.1 in the next chapter shows how to construct spectral 
idempotents with the following properties. Suppose T € B(4’) has a dis- 
connected spectrum with a C Sp(T) both open and closed in Sp(T). Then 
there is a projection operator (t.e., an idempotent in B(%)) E = E(oc) 
satisfying: 

(a) Be {T}". 

(b) Sp(T|EX) Ca and Sp(T|(I — E)X) C Sp(T) \o. 

This may be a good place to remark that any projection EF € B(*) 
satisfies: 

(1) £(4¥’) = {x € 4X: 2= Ex} =ker(/ — £); 

(2) | — Eis a projection, so (I ~ E)(¥) ={r eX: 2 = (1 -E)z}= 
ker(#); 

(2) ¥ = E(X) @ (I - E)4¥, where EX and (J — E)# are closed. Con- 
versely if a Banach space 2 is the direct sum of two closed subspaces 
¥ and Z, then there is a projection EF € B() satisfying EY = Y and 
(I - 2) = Z. 


The Spectral Theory of Compact Operators. 


Compact operators were defined and a few of their basic properties were 
proved in §1.7.7. We start our discussion by quoting a basic result due to 
Juliugz Schauder [1930]. 


2.8.4 Proposition Let ¥ be a Banach space. Then T € B(X) is compact 
if anc only if its Banach space dual T* € B(A*) is compact. 

For a proof, see Dunford and Schwartz [1958], V1.5.2. If 4 is a Hilbert 
space 7, the usual conjugate linear identification of H* with H shows 
that this is equivalent to saying that Bx (+) is invariant under the Hilbert 
space adjoint. This result is also an immediate consequence of the iden- 
tity Ex (7H) = Br(H)~. Still another proof comes from noting that T € 
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B(H) is compact if and only if it transforms sequences converging weakly 
to zero into sequences converging to zero in norm. Hence if K is com- 
pact and {2,}new converges weakly to zero, then we have ||K*zp||? = 
(KK°2a,2n) < \|K(K*z,)|| |lznll — 0 since {K"*za}nen also converges 
weakly and {{{<nll}nen is bounded by the uniform boundedness principle. 
Thus K* is compact. 


2.8.5 Proposition Let K be a compact operator on a Banach space *. 
Let be a non-zero compler number and let n be a positive integer. Then 
ker((A — K’)") is finite-dimensional and (A — K)"2 is closed. 


Proof Note that (A — K)" may be written as A" — KP, where P is a 
polynomial in K. Hence KP is compact and it suffices to prove both 
statements for the case n = L. 

In order to show that ker(A — K) is finite-dimensional, it is enough 
to show that every bounded sequence {zn}nen in ker(A — K) contains a 
convergent subsequence. Since we may write fn = A-1(K + (A— K))tn = 
K(A7'z,), this follows immediately from the compactness of K. 

Suppose {A — K)# is not closed. Then we may find a sequence 
{zn}nen © ¥ such that {(A—K) rn }nen Converges toy ¢ (A—K)¥. Replac- 
ing {Tn }nen by a subsequence, we may assume that no 2, lies in ker(A—K). 
Define d, by d, = dist(z,, ker(A—K)) and choose y, € ker(A—K) to satisfy 
lyn — Zall < 2dp. 

Suppose ||yn — nll is a bounded sequence. Then we may replace it by 
a subsequence so that {K(y¥n — Zn)}nen converges. In this case 


Av!(A — K) + K](¥n — Zn) 
~A71(A~ K)ta + Aq" K (yn — tn) 


Yn — In 


converges to some z which satisfies y = lim(A — K)(yn — 2) = (A — K)z. 
Since this contradicts our choice of y, we may assume that |lyn — tall is 
an unbounded sequence. Replacing it by a subsequence, we may assume 
\l¥a — fn|f — c%. Define z,, by 


Zn = |l¥n — Znll' (yn — Zn) 
so that we have ||z,|| = 1, 
(A - KA )2n al ln — Zyl (A = A )(zn) ae Oy = 0 


and 

tn = ATN((A- W) tn + Wz). 
Since A’ is compact, these facts show that we may replace {z,}nen by a 
subsequence which has a limit z. Clearly (A - A)z = lim(A — K)z, = 0 
implies that 2 belongs to ker(A — AY). Define wy by wa = yn + Ilya — 


2.8.6 Spectral Theory of Operators. 291 


Zyl}z € ker(A — K). Thus we find ||rzn — wall > dist(zn, ker(A — K)) = dy. 
However, fn — Wn = In — Yn — [lYn — Lallz = lyn — Zall(2n — Z) shows that 
lz. — Wall < 2dy||2n — z|]. However this contradicts z = lim z,. Thus we 
conclude that (A — K)# is closed. o 


2.8.5 Proposition Let K be a compact operator on the Banach space 
&. If {An}nen is a sequence of distinct characteristic values of K, then the 
sequence {An}nen converges to zero. 


Proc, Assume the sequence does not converge to zero. Then we may replace 
it by a subsequence which satisfies |\,,| > € for all n where € is some fixed 
positive number. 

‘or each n, choose z, € 4 satisfying ||z,|| = 1 and Ka, = Antn. We 
clains that {z, : n © N} is a linearly independent set. If not, let n be the 
smallest integer for which 2),22,...,2, is not linearly independent so that 
we can write 

Tn = AyZ, + A2Tq +--+ + An-1Fn-1 


tora; € C. Applying K — 4, gives 
0 =an(A1 — An)o1 + O2(A2 — An)Z2 + +++ + An—1(An—1 — An)Zn-1- 


The linear independence of 21,22,...,2%p—1 and the non-zero character of 
Aj ~ An for j = 1,2,...,n — 1 imply 0 = a1 = ag =--- = Qy_1 which is 
inconsistent with ||r,|| = 1. Hence {z, : n € N} is linearly independent. 

Define Y, to be the closed subspace span {21,29,...,2n} and apply 
She Riesz Lemma (see §1.7.7) to Vn-1 Z Yn to obtain y, € Y, satisfying 
lyni| = 1 and dist(yn, Y¥n—1) > 1/2. For n > m we have 


IK (AR yn) Pa K(\n' ym) Il 
= [lyn - On? An ~ K)yn + Ag Kym){l > 1/2 


since (A, —K)y, and Ky,, both belong to Yn — 1. However this contradicts 
the fect that {A (A, '¥n)}nen must have a convergent subsequence since K 
is compact and {A7'¥n}nen is a bounded sequence. Thus our assumption 
that “An}nen did not converge to zero is untenable. Oo 


2.8.7 Theorem Let K be a compact operator on a Banach space X which 
is not finite-dimensional. Then Sp(K) contains zero and Sp(K) \ {0} is 
etther finite or a countable set which converges to zero whenever ordered as 
a sequence. Any Ay € Sp(K) \ {0} satisfies: 

(a) Ao is an isolated point in Sp(K). 

(c) There is a projection Ey, € {K}" such that the subspace Ey,% is 
finite-dimensional, Sp(K|E,,%) = {Aq} and Au ¢ Sp(K}(J — Ey,)4). 

(c} \g is a characteristic value of both K and K* € B(A") satisfying: 

1 
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0 < dim(ker(Ag — A’)") = dim(ker(Ay — A*)") < 00 VneéN; 


0 < a(\o — K) = a(Ao — K*) = (09 — K) = 6(\0 = K)*) < 009; 
Ey, (4%) = ker((Ao — K)*); Xo (*") = ker((Ap — K*)*); 
(I - Ey.)¥ = (Ao - K)°X; (I — EX, ) 4" = (Ao — KYA, 
where a = a(Ao — K) ts the ascent of (Ao — K). 


Proof Suppose Sp(A’) has Ao # 0 as a limit point. Choose a sequence 
{An}nen © Sp(K) \ {0} of distinct numbers converging to Ao. The last 
proposition shows that 4,, — K is injective except for a finite set of indices. If 
(A, — K)X = 4, the inverse boundedness theorem shows that any injective 
An — K is invertible, contradicting \, € Sp(K). Since (A, — K)4 is always 
closed, this shows that (A, — A) cannot be dense. However if (A, ~— K)¥ 
is not dense, then the Hahn-Banach theorem gives an x* € A’ satisfying 
E*((An—K)¥) = (An— K*)(2")X = 0 and hence belonging to ker(A, — A"). 
However, since K* is compact by Schauder’s theorem, the last proposition 
shows that 4, — K” is injective for all but finitely many indices. This 
contradiction shows that Sp(K) has no limit points except possibly zero. 
Hence Sp(K) \ {0} contains only isolated points and is either finite or a 
sequence converging to zero. 

Let Ao be an element of Sp(K) \ {0} and let [ be a circle centered at 
Ag and of such smal] radius that the intersection of Sp(K) and the closed 
disc bounded by [I is just Ag. Consider [ as a positively oriented contour 
(in the usual sense of complex analysis) and define an operator Ey, by 


\— K)~*dd 
Xo = in | 


as described in Definition 3.3.6. The theorem just mentioned shows that 
E), is a projection operator (i.e., an idempotent) satisfying E,, € {K}" 
and Ey, = KT), where 7), is defined by 


T,, = = pre ~ K)~"dn. 
r 


Hence E,, is a compact operator so that E,,(4) (on which E), acts as 
the identity element) is finite-dimensional. Furthermore, the spectrum of 
the restriction Ay, = Ale, x of K to Ey, 4% is exactly Ap. The spectral 
theory of Theorem 2.7.13 may now be applied to K,,. It shows Ey, = 
ker((Ao — Ay,,)°) where a is the index of nilpotence of Ag — K), which is 
the ascent of Ay — A. Note that Theorem 3.3.7 shows that the restriction of 
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 — K to (J — E),)4 is invertible which implies (J - Ey,)¥ C (Ao — K)*X. 
T 1is inclusion is an equation since any z € 4 satisfies E),(A9 — K)*a = 
(,y — K)°E),2 = 0. If n is strictly less than a, then (Ap — K)"X has 
nentrivial intersection with £,,% so that a@ is also the descent of Ay — K. 

Since the adjoint operation *: B(1’) — B(**) is a linear isometry, we 
fird , 

* *\-1 
Bi, = 55 [a-K )7*dA. 
r 

Since K* is also a compact operator, the results already established show 
that the common value a of ascent (Ap — K*) and descent (Ao — K*) satisfies 


EX, = ker((Ay ~ K*)*); (I — EX, )¥* = (ao — K*)92". 


If z* belongs (£),7)* and satisfies r°(Ag — K)E),% = {0}, then z* o 
F,, belongs to ker(Ao — AK*). If d), and n), represent the dimension of 
E;,,% and of ker({Ao — K,), respectively, then Theorem 2.7.13 shows that 
(Ay — Ky,)Ey,% has dimension ny, — dy, so that the linear space of z* € 
(Ey,%)* vanishing on (Ap ~ Ky,)E,,% has a basis rj, 23,...,23. Clearly 

= {rj o Ey,,23 0 Ey,,...,24 0 Ey,} is a linearly independent set in 
ker(Ao — K*). However we claim that this set spans ker(A 9 — K*) so that 


we have 
dim ker(\p — K) = dy, = dim ker(Ap — K*). 


Tc see this, suppose x* € ker(Ag—K*). Since Aj—K is invertible on I—E),, 
we have z* = z* 0 FE), +z"0l-— Ey, =x* 0 Fy, +2%0(4\9 —-K)0T, = 
x‘ 0 E), for a suitable T,,. Hence x* can be written as c* o FE), for some 
z* € (E),¥)* which must satisfy 2°(49 — K)E), = 0. This shows that B 
spans ker(Ag ~ K). The equation (Ag — K)" = Ag — K again shows that 


dim ker(A9 — K)") = dim ker((Ao — K*)") 


follows for all n € N from the case n = 1 which we have just proved. 
This of course shows dim(E,,4) = dim((Ao — A*)*) = dim(EX 4’) and 
a(Ag — K) = a(Ary — K*). Oo 


Hyperinvariant Subspaces 


The spectral results proved above are more than enough to settle a basic 
qu2stion about compact operators. When considering bounded linear op- 
er:.tors on Banach spaces, one naturally wonders whether such an operator 
ne -essarily has a nontrivial closed invariant subspace (i.e., for T € B(%), 
d. 3s there exist a closed subspace Y of the Banach space 1’ satisfying 
y + {0},¥ # av and TY C Y?). Of course one assumes that 1 is not one- 
dimensional. Results from the last section give an easy affirmative answer 
in the finite-dimnensional case. If T is an operator on a finite-dimensional 
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space and T is not a constant multiple of the identity (in which case every 
subspace is invariant), then Theorem 2.7.13 shows that we need only con- 
sider the case in which T has a single eigenvalue and a non-zero nilpotent 
summand N. Then ker N is a nontrivial subspace (closed with respect to 
any norm) invariant under not only T but any operator which commutes 
with T. 

Infinite-dimensional Banach spaces have been constructed with non-zero 
operators on them which have no closed invariant subspaces: Per Enflo 
[1976], [1987], Charles J. Read [1984], [1985], Bernard Beauzamy [1985]. 
Before these difficult constructions were discovered, Nachman Aronszajn 
and Kennan T. Smith [1954] showed that any compact operator on a Ba- 
nach space, not of dimension one, also has a nontrivial closed invariant 
subspace. The Aronszajn Smith result was extended somewhat but its 
proof remained very difficult for twenty years until a Russian mathemati- 
cian, Victor I. Lomonosov [1974], introduced a new and radically simpler 
method of proof. It was quickly realized that the new method of proof 
would give much stronger results. The following easy, elementary result is 
from some unpublished notes of Car] M. Pearcy and Alan L. Shields which 
incorporate an idea of Hugh M. Hilden. 


2.8.8 Definition An operator K on a Banach space 4 is said to have 
a hyperinvariant subspace if there is a closed subspace ) of Kk satisfying 
YF {0}, 4X, and TY C J forall Te {K}’. 


2.8.9 Theorem Any non-zero compact operator on an infinite-dimensional 
Banach space has a hyperinvariant subspace. 


Proof Let the compact operator A act on an infinite-dimensional Banach 
space ¥. If A has a non-zero complex number A in its spectrum, then A 
is a characteristic value and the finite-dimensional subspace ker(A — K’) is 
hyperinvariant. Hence we may assume that K is topologically nilpotent. 
We may also assume |[A|| = 1. Choose ry € 4 satisfying |{Kzo|| > 1. 
Define S CX andT CX by S= {re : ||z — aol] < 1} = 29 + 4) and 
T = KS~. Neither S nor 7 contain zero and T is compact. 

The proof is by contradiction. Suppose that K has no hyperinvariant 
subspace. Then for each non-zero r € 4, the non-zero {K}'-invariant 
closed subspace {K}’x~ must equal 7. Hence {K}'a is dense for each 
non-zero z € XY. For each T € {K}’, define an open set Nr by 


Nr = {ze X: ||Tx - xoll < 1}. 


Since {A }'z is dense for each non-zero z, we have 


LJ Nr = #\ {0}. 


Te{h}’ 
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U sr 


TEF 


‘:¢ udes the compact set T. We will now construct a sequence {Tp }nen 
inauctively where each J, is chosen from ¥. Since K2g belongs to T, we 
can find T, € F such that T,;K xo belongs to S. Hence KT, K zo belongs 
sc so that we can find Tj € F such that 7,KT,Kzo belongs to S. 
Continuing in this way, for any n we find 


<r, = T,KT,-\K Soars To KT, K20 
in S. Since each T; belongs to F C {K}', we can rewrite this as 
Zn = TaTn-1 saiee, ToT, Kz. 


Define d and M by d = dist(S,0) and M = max{|\T|i : T € F}. Then we 


have 


d< |lrall < (SO NTHINK"H loll < MPA" || loll. 
j=1 


Dividing by ||zo|| and taking nth roots, we get 


( : ys aeicn en 


llzoll 


This is a contradiction since K is topologically nilpotent so that the right 
side approaches 0. This contradiction shows that K has a hyperinvariant 
subspace. i) 


2.2.19 Essential spectrum We wish to mention this concept briefly 
acc give some references. Related results can be found in §1.7.16 and 
Chenter 8. Let 1 be a Banach space. The essential spectrum of an operator 
T € B(X) is the spectrum of its image T + Bx (4) in the generalized 
Caixin algebra Q(1) = B(¥)/Bx (4). It is closely related to the sometimes 
slightly larger Weyl spectrum which is the intersection of Sp(T + K) for all 
K € Bx(#). These smaller spectra overlook spectral points where the 
singularity is not “too bad”. A Riesz operator in B(4) is one with essential 
spectrum {0}. Thus they are the operators with topologically nilpotent 
image in the Calkin algebra. Trevor T. West has shown that on Hilbert 
space each Riesz operator can actually be written as the sum of a compact 
and a topologically nilpotent operator. These terms are sometimes used 
‘? a more generalized setting with another ideal playing the role of the 
compact operators or even another algebra playing the role of B(%’). See 
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the references in §1.7.16, Murphy and West [1980b] and Jaroslav Zemanek 
[1983]. 


Local Spectral Theory and Decomposable Operators 


Local spectral theory associates subsets of the spectrum of an operator 
T € B(X) on a Banach space ¥ with subspaces of 4. In [1954] Nelson 
Dunford introduced the theory of spectral operators in order to extend the 
theory of normal operators to somewhat more general operators on Hilbert 
space and to Banach spaces. We have already shown in Theorem 2.7.13 
that every finite dimensional operator is spectral, and it was originally 
hoped that many operators of analysis (both bounded and unbounded), 
which were known to have rich spectral theories, would turn out to be 
spectral operators. Despite the substantial success recorded in Dunford 
and Schwartz [1971], this important pioneering theory is too restrictive 
to encompass the most interesting examples. However, Dunford’s concept 
of the single valued extension property has been basic tw all more recent 
theories. The books by Ion Colojoar& and Ciprian Foiag [1968] and Florian 
Horia Vasilescu [1982] record other successful attempts at generalization. 
In [1963], Foiag defined decomposable operators. To date, this concept has 
achieved the best balance between strong enough hypotheses to give a rich 
theory and weak enough hypotheses to contain the most important and 
interesting examples. We treat only the case of bounded operators. 

The following definition is a simplification, due to Ernst Albrecht [1979], 
of the original definition of decomposable operators. Property (@) and an 
early version of (6) are due to Errett Bishop [1959]. 


2.8.11 Definition Let 4 be a Banach space and let T be an operator 
in B(4’). If U and V are open subsets of C with union C, then two closed 
T-invariant subspaces Y and Z of 4 are said to decompose T relative to U 
and V if they satisfy 


Sp(Tly) CU  Sp(Tlz) CV and Ss PH Z=AX. 


The operator T is said to be decomposable if it has decomposition relative 
to any open cover {U,V} of C. 

For any open subset U of C, let O(U, 4) be the linear space of all 
analytic functions f:U — & (cf. Definition 2.2.10). Give this linear space 
the topology of pointwise convergence which is uniform on all compact 
subsets of U, which makes it a Fréchet space. Each T € B(4’) defines a 
continuous linear map Ty : O(U, ¥) - O(U, X). If Ty is injective and has 
closed range for cach open set U, then T is said to have property ({3). 

For each closed set F in C, let Vp be the set of vectors x € 4 that are 
in the range of Tc, (in the sense that the constant function z on C\ Fis 
in this range). The operator T is said to have the decomposition property 


(6) provided that 4%; + 4p equals ¥ for each open cover {U,V} of C. 
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"T1e class of decomposable operators contains not only normal operators 
on a Hilbert space but also (on any Banach space) compact operators (in- 
deed, all operators with totally disconnected spectra), spectral operators, 
generalized scalar operators and surjective isometries. Many interesting 
partial differential operators are unbounded decomposable operators 


2.6.12 Theorem Let 4 be a Banach space and let T € B(¥) be an 
operator. 

(a) T has property ( (8) / (5) ) if and only if T* € B(X*) has property 
( (6) / (8) ). 

(b) T has property ( (8) / (6) ) if and only if T ts similar to the ( re- 
striction / quotient ) of a decomposable operator T ( to / by) a T-invariant 
subspace. 

(c) T is decomposable if and only if it has both properties (3) and (6). 


Fur proofs and further details see Albrecht and Jorge Eschmeier [1993], 
Albrecht, Eschmeier and Michael M. Neumann [1986], Kjeld B. Laursen 
and Neumann [1992], Neumann [1992] and Vivien G. Miller [1993]. 


2.9 Topological Algebras 


This work discusses abstract algebras (i.e., those without topology), 
normed algebras and Banach algebras in some detail. It has been a deliber- 
ate decision to exclude any general discussion of the many classes of topo- 
logice' algebras which have been studied, since otherwise the book would 
have zrown beyond any bound. Many results in the book extend routinely 
from normed algebras to some wider class or classes of topological algebras, 
bur va will seldom point this out. However, some important applications 
involve non-normed topological algebras, so we need to give an outline of 
certain parts of their theory. We shall concentrate on those portions which 
are cl ssest to Banach algebra theory. The discussion here will be brief and 
withc 1t proofs. It was postponed to this chapter because at several points 
it inve lves the hypothesis that the group of quasi-invertible elements should 
be on n. 


2.9.1 Definition A Fréchet algebra, sometimes abbreviated F-algebra, is 
a topological algebra in which the topology arises from & complete metric. 


A: hough we only require multiplication to be continuous in each vari- 
able separately in a topological algebra, Richard Arens [1947] proved that 
multi>lication is actually jointly continuous in a Fréchet algebra. Further- 
more stefan Banach [1948], with improvements by Wiestaw Zelazko [1960] 
and ty Andrew M. Gleason in his Mathematical Reviews review of that 
paper, showed that the quasi-inversion map (a ++ a® for all a € Agq) is 
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continuous if and only if the set of quasi-invertible elements is a Gs-set. We 
state these results as a formal theorem. 


2.9.2 Theorem Let A be a Fréchet algebra. Then multiplication is jointly 
continuous and the topology may be defined by a norm-like function 
Il - ||: A Ry, satisfying: 


\jal| = O of and only ifa =0 VaceA (1) 

la + || < fla} + |]6l VabeA (2) 
iAa}} = jal jlal) af A€ C and ja] = 1 VaceA (3) 
l|Anall — 0 af {An}nen CC and |A,| - 0 VaceA (4) 
Aan|| — 0 if {an}nen A and |la,||} +0 VAEC (5) 


A is complete in the metric: 5(a,b) = |la — 6|| VabeA. (6) 


The quast-inversion map (and therefore the inversion map in the unital 
case) 18 continuous if and only if the set Agg of quasi-invertible elements 
ts a Gs set. Finally, a metric algebra may be completed to be a Fréchet 
algebra if and only if multiplication is jointly continuous. 


Following the important and still useful early exposition by Ernest A. 
Michael [1952], many authors restrict the term Fréchet algebra to the case 
where the complete topology arises from a countable family of algebra semi- 
norms. We will introduce this class briefly below, but first we discuss 
another property. A good source for some of this material is Zelazko [1965]. 


2.9.3 Definition In a topological linear space, a set B is said to be 
bounded if for any neighborhood U of 0 there is some non-zero scalar 4 such 
that AB C UW. A topological linear space is said to be locally bounded if 
there exists some neighborhood of 0 which is bounded. 


In a normed or metrizable topological linear space, balls around the 
origin are obviously bounded neighborhoods, so such spaces are locally 
bounded. In the complete case the converse is true, and more surprisingly, 
the metric can always be chosen to be subadditive and to have a strong 
substitute for homogeneity. If ¥ is a locally bounded topological linear 
space and UW is a bounded neighborhood of 0, then 


1 
{-U : ne N} (7) 
n 
is a countable basis of neighborhoods of 0 so the linear space is metrizable. 


In fact, Stefan Rolewicz [1957] shows that the topology can be given by a 
p-homogeneous norm, which is a norm-like function ||-||: 7 — R+ satisfying: 
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lal| = O if and only ifa=0 VaEeXr 
la+ || <_ |lal| + [lol Vabex 
|Aal| = JAP llall VAEeCaEex 


for some particular 0 < p < 1. Obviously a p- homogeneous norm is a norm 
(in the usual sense) if and only if p is 1. Locally bounded linear spaces 
resemble normed linear spaces rather closely, and for complete ones the 
resemblance to Banach spaces is even closer. We will now characterize the 


sear Fréchet algebras. 


2.8.4 Theorem The following are equivalent for a Fréchet algebra A: 
(a) There is a metric 6 defining the topology and satisfying 


6(ab,0) < 6(a, 0)6(b, 0) Va,bEeA; (8) 


(b) A is locally bounded; 
{c’ For some 0 < p <1 there ts a submultiplicative p-homogeneous norm 
defining the topology. 


Algebras satisfying these hypotheses share most of the properties of 
Baneca algebras except that, since they are not necessarily locally convex, 
the space of linear functionals on the algebra may be too small to be of use. 
The topology of a topological linear space which is both locally bounded 
anc Secally convex arises from a norm. We now explore the locally convex 
topolegical algebras. 

Locally convex topological linear spaces were introduced briefly prior to 
Definition 1.1.8. Topological algebras in which the underlying topological 
linear space is locally convex do not have exactly the properties which we 
desire. Thus, we specialize the concept a bit further. 


2.9.5 Definition A locally multiplicatively convex algebra is a topological 
algebra in which the topology is given by some collection of (ordinary) 
algebra semi-norms. If P is a set of algebra semi-norms on an algebra A, 
then @ net {as}sea in A converges to a € A with respect to this set if 


a(ag —a) +0 VoeP. (9) 


~wo2ally multiplicatively convex algebras are often called Imc-alge- 
kece, Obviously, multiplication is jointly continuous and quasi-inversion 
ig cox.inuous in these algebras. There are many cases in which the col- 
tec’lo- of algebra semi-norms can be taken to be countable. As noted 
previously for linear spaces, if {o, : n € N} is a countable collection of 
algeb->2 semi-norms, then the same topology is given by the metric defined 
ky 


2-"a,(a 
6(a,b) = ieeen Va,beE A. (10) 
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The following important result was obtained by Michael in his seminal 
memoir [1952], where it was used to show that this class of algebras has 
some of the behavior usually associated with algebras having an open set 
of quasi-invertible elements. 


2.9.6 Theorem Every locally multiplicatively conver Fréchet algebra is 
the projective limit of a projective system of Banach algebras. An element 
in the algebra is quasi-invertible if and only if its representative from each 
of these Banach algebras 1s quasi-invertible. 


2.9.7 The Algebra ¥ = C({z]] of Formal Power Series An clement of 
F is a formal power series )~> , a2" without any question of convergence, 
so {Q@n}ncno © C is an arbitrary sequence. The algebraic operations are 
the usual ones for power series: 


co 


co co n 
Doane” Do Buz” = DD anBn—K2”. 
n=0 n=O 


n=0k=0 


We will give ¥ the topology of coordinatewise convergence. The following 
family of semi-norms shows that F is locally multiplicatively convex: 


ao m 
do anz"Ilm =o lanl vmeN?. 
n=0 n=0 


Theorem For eachme€N®, ||-||n #8 an algebra semi-norm on F. With 
the topology induced by this family of semi-norms, F is a locally multiplica- 
tively conver Fréchet algebra. Furthermore, this is the only Fréchet algebra 
topology on F 

The last sentence is due to Graham R. Allan [1972]. Of course this 
implies that F is not a Banach algebra under any norm. Nevertheless its 
group of invertible elements Fg = {)07~ 9 anz” : Qo 4 O}. is obviously 
open. The algebra F also has a decreasing sequence of closed ideals F,, 
with intersection {0}: 


Fm ={)- an2": an = 0 for all n < m} ¥meN?. 
n=0 


Note that the whole algebra is the disjoint union of Fg and Fo. In the 
terminology of Section 6.4 below, it is known that all derivations of F into 
itself are continuous. 


3 


Commutative Algebras and Functional 
Calculus 


Introduction 


In this work we are relatively little concerned with commutative al- 
ge ras. The involution in the *-algebras, which are the main subject of 
str.dy here, is a sort of weak substitute for commutativity. However, some 
conmutative theory is essential in dealing with the more complicated non- 
co:nmutative theory. In particular, commutativity is intimately associated 
wih the various functional calculi which we will introduce in this chapter 
ar. later. 

Section 3.1 presents the remarkably simple theory, created by Israel Moi- 
sec. vié Gelfand [1941a], which replaces any commutative Banach algebra by 
a | omomorphic image (modulo its Jacobson radical) which is an algebra 
of complex-valued continuous functions vanishing at infinity on a locally 
corapact topological space. This canonically constructed space is called the 
Ge'fand space. (In many applications the homomorphism is an isomor- 
ph’sm.) We show that all the, now classical, results in this theory hold for 
an algebra if and only if it is an almost commutative spectral algebra where 
acost commutative means commutative modulo its Jacobson radical. A 
number of other equivalent conditions are given in Theorem 3.1.5. They 
car be briefly summarized by saying that if the spectrum or spectral radius 
of an algebra has any similarity to the spectrum or spectral radius of an 
algebra of functions, then the algebra has a full Gelfand theory. Theorem 
3.15 and Proposition 3.1.7 give some results which imply that a Banach 
algebra is either commutative or almost commutative. We postpone others 
to “hapter 4, where we can use Sinclair’s density theorem to give an elegant 
orc of (Theorem 4.2.18) due to Jaroslav Zemanek [1982]. Theorem 3.1.11, 
due to Georgi Evgenyevié Silov [1947a], shows that any homomorphism 
fro 1 a Banach algebra into a semisimple commutative Banach algebra is 
av: matically continuous. The Gelfand theory for double centralizer alge- 
oras, double duals with Arens multiplication and singly generated unital 
Ss :ach algebras are all explored. 

Section 3.2 introduces the Silov boundary, hulls, kernels and the hull- 
ke: nel topology on the Gelfand space. Completely regular commutative 
Bevach algebras are shown to be those commutative algebras in which 
tp hull-kernel topology agrees with the original Gelfand topology of the 
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Gelfand space. Theorem 3.2.12 gives the Gelfand—Naimark characterization 
of algebras of bounded continuous functions on a topological space. This 
is used to construct the Stone-Cech compactification of a topological space 
and the Bohr compactification of a locally compact group. It is shown 
that the latter construction is injective if and only if the group has enough 
finite-dimensional representations to separate its points. 

Much of the remainder of the chapter is devoted to functional calculi. 
These will be discussed at greater length when introduced. We treat two 
cases in depth in Sections 3.3 and 3.5, respectively. Theorem 3.3.7 details 
the theory (due to Gelfand [1941a]) in which a meaning is assigned to f(a) 
when a is any element in any Banach algebra and f is a function which 
is analytic on some open set including the spectrum of a. The uniqueness 
of this construction is explored, and it is extended to semisimple spectral 
algebras in which the algebra of functions which act may be smaller. A 
spectral normed algebra with a full functional calculus is called a functional 
algebra. 

Section 3.4 contains examples and various applications of the theory de- 
veloped in the previous section to the construction of idempotents, square 
roots, exponentials and logarithms. Actually, we show how more elemen- 
tary methods can be applied in many of these situations. 

Section 3.5 treats the case in which (a;,a2,...,@,) is an ordered n-tuple 
of commuting elements in a unital Banach algebra A and f is a function of 
n variables which is analytic in a neighborhood of the “joint spectrum” of 
(a), @2,...,@,,) defined in some suitable sense. The proper definition in the 
most general case is not clear. In the easiest case, A is commutative and 
the proper meaning of joint spectrum (Definition 3.5.4) is obvious. Then 
f(a1,@2,...,@,,) also has a standard definition and very useful properties. 
These results are essentially due to Richard Arens and Alberto P. Calderon 
[1955] and Lucien Waelbroeck |1954] based on Silov’s proof [1953] for finitely 
generated commutative algebras. The construction of f(a1,42,...,@n) is 
still technically complicated enough that we do not prove the more recent 
results and present our proof in such a way that the result of an exterior 
algebra construction can be taken as an axiom, and its proof omitted by 
the reader who wishes to do so. (We do, however, give a complete proof 
which should be accessible without any previous knowledge of differential 
geometry.) Theorem 3.5.9 contains the main results. An implicit function 
theorem (Theorem 3.5.12, essentially due to Arens and Calderon [{1955}) 
and the Silov idempotent theorem (Corollary 3.5.13 and 3.5.15) are among 
a number of applications. Theorem 3.5.17 is an important result of Charles 
E. Rickart {1953] which shows that any (possibly incomplete) algebra norm 
on a semisimple completely regular Banach algebra is spectral. The Arens~ 
Royden theorem (Theorem 3.5.19, proved by Arens [1963] and Halsey L. 
Royden [1963], independently) completes our investigation of the exponen- 
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tial function begun in Theorem 2.1.12. The section ends with a brief in- 
troduction to Joseph L. Taylor’s construction [1970b], [1970c], [1972a] and 
[1972b] for commuting n-tuples of operators. 

Section 3.6 gives an overview of the duality theory for locally compact 
abelian groups. 


3.1 Gelfand Theory 


“Ye now turn to Gelfand theory. In Section 1.5 we briefly introduced 
alge>ras of complex-valued function under pointwise operations. This is the 
easiest sort of commutative algebra to understand. Gelfand theory allows 
us 4c study any commutative spectral algebra A in terms of such an algebra 
which is a homomorphic image of the original algebra with kernel equal to 
the Jacobson radical A, of A. 

“et A be a linear space of complex-valued functions on a set 2. Assume 
that A is closed under pointwise multiplication. In Section 1.5 we agreed 
so consider a space of functions such as A to be an algebra under pointwise 
operations, unless we specifically defined some other multiplication. We 
also noted there that, if each function in A is bounded, then 


IIfllo = sup{|f(w)| sw € O} 


is an algebra norm on A. Convergence relative to this norm is uniform 
convergence, so it is called the uniform norm. Note that the range f(Q) 
of f is included in Sp,(f) (since \ — f assumes the value zero at w € 2 
if \ = f(w)). Thus pa(f) > |!f||,, holds for all f € Aso that no spectral 
sov~-norm on A can be smaller than ||: [|,,. Thus, if || - ||.o is a spectral 
norm, then it equals the spectral radius. 

‘wo specific Banach algebras of bounded continuous functions with the 
2.i'srm norm as their complete norm were introduced in Section 1.5 and 
will be used again here. If Q is a locally compact space, ( C(2) / Co() ) 
is.L4c algebra of all continuous complex-valued functions on 2 which ( are 
20unded / vanish at infinity ). Obviously Co({2) is always an ideal of C(Q), 
and the two are equal if and only if 2 is compact. 


3.4.1 Definition Let A be an algebra. Define I’, to be the set: 

I, = {all non-zero algebra homomorphisms of A into C}. 

If "4 is nonempty, for each a € A, define 4:4 — C by evaluation: 
a(y)=7(a) VET. 


The map (*) is called the Gelfand homomorphism and, for any a € A, @ 
is cated the Gelfand transform of a. The Gelfand topology is the weakest 
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topology on [4 in which the maps a are continuous for all a € A. If it 
is nonempty, the set [4 together with this topology is called the Gelfand 
space of A. The subset Ar of A on which the Gelfand map vanishes (or 
equivalently on which all 7 € 4 vanish) is called the Gelfand radical of A. 
The Gelfand radical of an algebra 4 for which [4 is empty is A itself. We 
call A ( Gelfand-radical / Gelfand-semisimple ) if Ar equals { A / {0} ). 
Finally we call A almost commutative if it is commutative modulo its Ja- 
cobson radical (1.e., if A/A, is commutative). 


Note that an algebra homomorphism of an algebra A into C is either 
identically zero or surjective. The term Gelfand homomorphism is justified 
in Theorem 3.1.2. 

In the Gelfand topology on [',, a neighborhood base at an element Yo 
is defined by {Uz : ¥ is a finite subset of A} where 


Us = {7 ET: |y(@) — yo(a)| <1 for all a € F}. 


(There is no need to consider small positive e’s since the elements in ¥ can 
be chosen of arbitrarily Jarge norm.) A net {ya}aca C [4 will converge 
to y € Ty in the Gelfand topology if and only if y,.(a) = @(7ya) converges 
to (7) = y(a) for all a € A. If (A, || - ||) is a spectral normed algebra, we 
will see below that I. is a subset of the unit ball of the dual space A* of 
(A, |] -]]) and the Gelfand topology is just the relativized weak* topology 

The Gelfand space of A is called the structure space, the spectrum, and 
the character space by various authors. When A is a spectral algebra which 
is almost commutative, Proposition 3.1.3 below shows that the map which 
assigns to each homomorphism in I’, its kernel is a bijection onto the set 
of all maximal modular ideals of A. Thus, the structure space is also called 
the maximal ideal space. Many authors refer to the homomorphisms of A 
into C as multiplicative linear functionals on A. 

Section 3.6 shows that when A is the L! group algebra of a locally 
compact abelian group, then the Gelfand homomorphism corresponds to 
the Fourier transform. Hence, the Gelfand homomorphism is frequently 
called the Gelfand transform. We restrict this terminology to calling @ the 
Gelfand transform of a. The Gelfand homomorphism is also often called the 
Gelfand representation since it represents the algebra (modulo its Gelfand 
radical) as a more concrete algebra of continuous functions. 

We note in Theorem 3.1.5(b) that in an almost commutative spectral 
algebra the Gelfand radica] equals the Jacobson radical. In Chapter 4, 
where we introduce primitive ideals, Theorem 4.1.9 will show that in an 
almost commutative algebra primitive ideals coincide with maximal mod- 
ular ideals. In Section 4.5, where the Brown McCoy radical is introduced, 
Theorem 4.5.9 will show that this radical also coincides with the Gelfand 
radical in almost commutative spectral algebras. Hence, from now on we 
will speak of an almost commutative spectral algebra as semisimple if it is 
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Gelfand-semisimple. It is interesting to note that Nathan Jacobson [1945a] 
cites tne Gelfand radical as one of the (several) examples which show that 
his new concept (the Jacobson radical) is useful. 

In order to prove the following result, and for later use, we need a sym- 
bol fo: the collection of all (not necessarily non-zero) homomorphisms of 
an alz4bra A into C. We will denote this set by P. Note that P°, is never 
empty because it always contains the trivial, identically zero, homomor- 
phism which we will denote by 0. In fact, this augmented Gelfand space 
elwav: satisfies: 


re = T,u {0}. (1) 


When it is convenient, we extend a Gelfand transform @ to @° defined on 
the avgmented Gelfand space by: 


-o/., _) va) vera 
any = { 70) ET (2) 
The augmented Gelfand space has a Gelfand topology defined by requiring 
each é° to be continuous. It is easy to see that the Gelfand topology on 
Ty is just the relativized Gelfand topology of !%. We have little need for 
these concepts in the unital case where 1 shows that 0 is an isolated point 
in the augmented Gelfand space. 


3.1.2 Theorem Let A be an algebra in which the set 4 is not empty. 

(a! The Gelfand space is Hausdorff. If A is nonunital, restriction of each 
7 € “4 to A defines a homeomorphism of T'4: ontoT%. The Gelfand 
homoriorphism is an algebra homomorphism of A into the algebra of ali 
continuous complez-valued functions on Ty. If A is a unital algebra, then 
the Gelfand homomorphism is a unital homomorphism. 

(b} The range of the Gelfand transform @ of any element a € A is 
urcluded in the spectrum of a: 


a(T4)C Sp(a) Vaed. (3) 


(ec) The Gelfand radical includes the Jacobson radical and contains any 
commutator: 


A; OC Ap and ab — ba € Ap VabEeaA. 


Hence 4, U4, andl ,j4, are naturally homeomorphic where Ap ts the 
smallest ideal containing all commutators. 
(d) If o is a spectral semi-norm on A, then any y € T'4 satisfies: 


ly(a)| S pla) Sofa) VaEeA. (4) 


Furth: rmore, the Gelfand radical is closed with respect to 0 and includes 
ihe « Ag on which o vanishes. 
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(e) If A ss a spectral algebra, then T% is compact and [4 is locally 
compact in the Gelfand topology. The Gelfand transform @ of any element 
a € Aus a bounded continuous function vanishing at infinity: 


(*): A + Co(Ta). 


If Aor A/Ay ts also unital, thon 4 ts compact in the Gelfand topology so 
Co(P a4) equals C(T a). 


Proof (a): For any a,b € A, any A € C, and any y € I'4, we have: 


(Au)/ (7) > -YAa) = Ayla) — AA(Y); 
(a+b)*(y) = (a+b) = y(a) + ¥(b) = (@ + b)(Y); 
(ab)*(y) = (ab) = y(a)7(b) = (ab)(y). 


Hence the Gelfand homomorphism is indeed a homomorphism. The topol- 
ogy of the Gelfand space was chosen to make al] the Gelfand transforms 4 
continuous functions. If +, and +2 are distinct elements in 4, then there 
is some a € A with a(7,) # 4(y2). If we define € to be the positive distance 
between these two numbers, then {y € Ty : |a(y) — @(y)| < €/2} and 
{7 € [4 : ]a(y) — a(y2)| < €/2} are disjoint neighborhoods of y, and 2, 
respectively. Hence I\4 is Hausdorff. 

Suppose A is nonunital. Then yp : A! — C defined by yo(A + a) = A 
belongs to [.4: and its restriction to A is the zero homomorphism in P°4. If 
the restriction to A of any 7 € [‘,: is not zero, then the restriction belongs 
to 4. This restriction map is a homeomorphism since it is obviously a 
continuous bijection of the compact Hausdorff space 4: onto the compact 
Hausdorff space [%. This proves the second sentence. (Note that the 
inverse homeomorphism of rr onto T['y: is given by y + ¥ defined by 
¥(A +a) = A+ 7(a) since each y € ['y: is unital.) 

If A is unital, then i is the function constantly equal to 1 because the 
idempotent number 7(1) = 7(1)? must be 1 rather than 0 since ¥ is not 
identically zero. Hence the Gelfand homomorphism is unital. 

(b): If is an inverse for y(a) — a in A}, then 


1 = ¥(1) = 7(b(y(a) — a)) = 7(6)(y(@) — y(a)) = 0, 


where y has been extended (if necessary) to A’ by ¥(A + a) = A+ 4(a). 

(c): If an element belongs to the Jacobson radical then its spectrum 
is {0}, so by (b) the element is in the Gelfand radical. Any commutator 
ab — ba for a,b € A and any element of 7 € I, satisfy 


y(ab — ba) = +(a)-(b) — +(b)y(a) = 0. 


If yp is the natural map of A onto ( A/Ay / A/Ap ), then y+ yoo isa 
natural homeomorphism of [4 onto (f4;4, / Taya, )- 
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{a): The inequality (4) is an immediate consequence of (b). It shows 
that the kernel of any y € ['y is closed with respect to 0. The Gelfand rad- 
icai ‘cs just the intersection of these sets for all y ¢ 4. The last statement 
follows from the inequality. 

(e}: We begin by showing that T° is compact. Inequality (4) of (d) 
shows ‘hat for each a € A, p(a) is a finite bound for both [4(y)| and |a°(7)|. 
Consider (T'4 / T% ) as a subset of the product space K = [],., e(a)C.. 
The Gelfand topology on (I'4 / T*, ) is precisely the relativization of the 
product topology on K. In this topology, K is Hausdorff and compact by 
the Tychonoff theorem. Thus if (T4 / T% } is closed in K, it is compact. 
However, each of the equations which defines whether 7: A — C is an 
algebra homomorphism involves at most three elements of A. Therefore, 
I, is closed since membership in it is determined by these equations. (The 
set of elements satisfying any equation involving only a finite number of 
elements of A is closed by definition of the product topology. In the case 
of three elements, an (e/3)-argument will show this.) Furthermore, each 
@ belongs to Co(I'4), since each a° vanishes at 0 € ro It follows that 
I is just the one point compactification of I'4, so the latter is locally 
compact. In the unital case the additional restriction y(1) = 1 (where 1 
is ar identity element at least modulo the Jacobson radical) is enough to 
deter:nine membership in I'4, and thus the latter set is closed and therefore 
compact by our previous remark. Oo 


Note that if (A, || - ||) is a spectral normed algebra, result (d) shows 
that I’. is a subset of the unit ball of A*. In this case, the Gelfand topol- 
ogy is just the relativized weak* topology. This situation will be the most 
commen in the rest of this work. In particular this shows that any homo- 
morphism y:,A — C on a Banach algebra A is continuous. Whether this 
extends to arbitrary Fréchet algebras is a question of some interest often 
called ivlichael’s problem from his Memoir {1952] (cf. Jean Esterle [1984], 
Mohamed Oudadess [1983a], Taqdir Husain [1983], Angel Larotonda and 
Ignacio M. Zalduendo [1983}). 

Ss far we have provided no conditions to force the Gelfand space to 
be ronampty. Since the Gelfand transform of any commutator is zero, we 
cannot expect the Gelfand space to be large enough to be useful unless A 
is “alrrost” commutative. In this case, that turns out to mean that A is 
commutative modulo its Jacobson radical, and we have already introduced 
almost commutative as a name for this condition. Also, 4 would be empty 
if any element of A had empty spectrum. In fact, we only get a useful theory 
wnen there are enough elements in the Gelfand space so that inclusion (3) 
of ?-oxosition 3.1.2(b) can be reversed. (As usual, zero plays a special 
tule “1 vne spectrum here, so that zero must be omitted from the reversed 
inclusions.) If A is almost commutative, the reverse inclusion follows from 
the assumption that A is a spectral algebra, as we will now show. In 
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fact, these two conditions are necessary and sufficient ones for a number of 
interesting results. Before proving this, we establish a simple but powerful 
consequence of results on maximal modular ideals from the last chapter, 
particularly Theorem 2.4.12. 


3.1.3. Proposition Let A be an almost commutative algebra. Then a 
subset M of A is the kernel of a non-zero homomorphism onto C if and 
only if it is a maximal modular ideal. : 


Proof Clearly the kernel of a homomorphism onto C is a maximal mod- 
ular ideal since it has codimension one and a unital image. Conversely, 
suppose M is a maximal modular ideal. First we will show that it in- 
cludes the Jacobson radical. (This will follow from basic results in Chap- 
ter 4, but we need a proof now.) Theorem 2.4.6 shows that M is in- 
cluded in a maximal nodular left ideal £. This means that M is included 
in the kernel of the irreducible representation of A on A/L defined by 
T.(6 + £L) = ab+ CL for all a,b € A. Hence by maximality, M is this ker- 
nel. Since it is the kernel of an irreducible representation, it includes the 
Jacobson radical] by Definition 2.3.2. Now the image M/A, of M in the 
commutative algebra A/A,y obviously satisfies Theorem 2.4.12 and thus is 
the kernel of a homomorphism of A/A, onto C. Hence M is the kernel of 
a homomorphism of A onto C. 0 


3.1.4 Lemma Let A be an almost commutative spectral algebra. Let a 
be an element in A. Then a non-zero complex number X belongs to the 
spectrum of a if and only if there is a non-zero homomorphism y € T'4 
satisfying: 
y(a) =. 

Furthermore, 0 belongs to the spectrum of a if there is a non-zero homo- 
morphism 7 € T satisfying y(a) = 0, and this condition ts also necessary if 
the algebra A is unital. 


Proof Suppose 7: A — C is a homomorphism onto C satisfying y(a) = 4. 
Theorem 3.1.2(b) shows A € Sp(a). 

Suppose, conversely, that a non-zero 4 € C belongs to Sp(a). Theorem 
2.3.3(c) shows that A belongs to Spy;4,(a + Az). Since this quotient 
algebra is commutative, we may assume A is commutative for the rest 
of the proof. Then A~'a is not quasi-invertible. Theorem 2.4.6 and the 
commutativity of A show that \~ 4a is the relative identity for a maximal 
modular ideal MM. Thus Proposition 3.1.3 asserts that M is the kernel 
of a homomorphism ¥ of A onto C. Let 6 € A be any element satisfying 
7(b) = 1. Then 0 = 7(bA7~'a—b) = y(A7 a) —1 holds and implies y(a) = 4. 

If A is unital and 0 belongs to Sp4(a), then Ac is included in a maximal 
modular ideal T with relative identity 1. Thus, by the same argument, there 
is a homomorphism 4 of A onto C with y(a) = 0. a) 
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"he following theorem combines results from Theorem 2.4.11 and The- 
crem 3.1.2 to give our definitive statement on Gelfand theory. It gives nec- 
essa.‘y and sufficient conditions for this theory to apply and shows that an 
alge>ra which has even the slightest resemblance to an algebra of functions 
(modulo its Jacobson radical) in fact enjoys a complete Gelfand theory. 


3.1.5 Theorem The following are equivalent for an algebra A. 

(a) A is a@ spectral algebra which is almost commutative. 

(3) A is a spectral algebra in which the Jacobson radical equals the 
Gelfand radical. 

(2) The spectral radius on A is an algebra semi-norm. 

(4) The spectral radius is finite-valued and there is a constant C satis- 
fying: 

p(a + b) < C(p(a) + p(b)) Va,bEA. 


(e) The spectral radius is finite-valued and there is a constant C satis- 
fying: 
p(ab) < Cp(a)p(b)  VabeA. 
(") Every element of A has nonempty bounded spectrum and any two 
elements satisfy: 
Sp(a + 6) € Sp(a) + Sp(b). 
(g) Every element of A has nonempty bounded spectrum and any two 


elements satisfy: 
Sp(ab) C Sp(a)Sp(o). 


(h) Either the Gelfand space is empty (which occurs if and only if A is 
a Jacobson-radical algebra), or the Gelfand space I', 18 a nonempty locally 
compact Hausdorff space and the algebra A = {@ : a € A} of Gelfand 
transforms is a point-separating, spectral subalgebra of Co(I4) satisfying 


a(T4) C Spa(a)C a(P4)U0 Va A. (5) 


Moreover, for eacha € A, the supremum |la||~ = p(a) of { |@(y)|: 7 ET } 
is ai. ained at some y € Ty. 


I any of conditions (a), (b), (c), (d), (e), (f), (g) or (h) hold and A is 
also unital, then T 4 1s oe a each element a € A also satisfies: 
a(f'4) = Sp(a). (6) 


Proof (a)=>(h): If A is Jacobson-radical, 4 is empty since each of its 
elemcnts would define an irreducible representation of A on C. If A is not 
Jacobhson-radical, it contains an element with a non-zero complex number 
in ite spectrum. Hence by Lemma 3.1.4, the Gelfand space of A is not 
empty. The rest of the statements follow from Theorem 3.1.2(b) and (e) 
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and Lemma 3.1.4 except the claims that A is a spectral subalgebra and 
that the spectral radius is a maximum value. 

For the latter we show that the supremum (a) = sup{ [@(7)|: y eT } 
is actually attained. For each n € N, choose 7, € A satisfying |a,| > 
p(a) ~ 1/n. There is a subnet converging in the compact space T™ but it 
cannot converge to 0, so its limit yo is in F_4 and satisfies |@(yo)| = p(a). 

It only remains to show the image A is a spectral subalgebra of Co(F A): 
Ifa € Ais quasi-invertible in Co(T_4), then ] does not helong to Spo, r,) (4). 
Thus 1 does not belong to a([_4). Hence, the second inclusion in (5) implies 
1 ¢ Spa(a). Thus, a has a quasi-inverse b in A, so b is a quasi-inverse in A 
for a. 

(h)=>(f) and (g): This is immediate except that it appears at first that 
we need to add a “U{0}” to the right side of these inclusions. If A is unital, 
we do not need to add “U{0}” since we can use the final equation of (h), 
and if A is not unital. then zero belongs to the spectrum of every element. 

The implications (f)=(d) and (g)=>(e) are obvious. Theorem 2.4.11 
shows the equivalence of conditions (a), (c), (d) and (e). 

(h)=>(b): The inclusion Ay © Ap holds for all algebras by Theorem 
3.1.2(c), hence it is enough to establish the other inclusion. If A is Jacobson- 
radical, there is nothing to prove. Otherwise, the inclusions of (h) show that 
the Gelfand radical is an ideal in which every element has spectrum {0}. 
Thus the Gelfand radical is included in the Jacobson radical by Theorem 
2.3.3. 

(b)=(a): Theorem 3.1.2(c) shows this. oO 
Some Consequences of the Gelfand Theory 


This is a very powerful theorem with many obvious consequences. For 
instance, note that condition (b) shows that an almost commutative spec- 
tral algebra A is semisimple (and therefore commutative) if and only if it 
satisfies one (and hence all) of the following equivalent conditions: (1) the 
Gelfand homomorphism is injective; (2) the spectra] radius is a norm; or, 
(3) the elements of [4 separate the points of A. The inclusions in condi- 
tions (f) and (g) (which will be extended below to commuting elements in 
an arbitrary spectral algebra) are powerful aids in computation. The only 
related results for noncommuting elements involve the numerical] radius in- 
troduced in Section 2.6 rather than the generally more useful spectrum. 
Corollary 3.5.14 will show that if A is a semisimple commutative Banach 
algebra and I’, is compact, then A is unital, thus providing a partial con- 
verse for the last statement in (h). 

We now extend several of our results from commutative algebras to com- 
muting elements in possibly non-commutative algebras. Theorem 2.2.14 
showed that the spectrum and the spectral radius were upper semicontinu- 
ous functions. The following corollary shows that the spectrum and spectral 
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radius, are uniformly continuous when restricted to commuting sets. 


2.1.7 Corollary Let A be a spectral algebra. Then any commuting ele- 
mente a,b € A satisfy the following results: 


Sp(a+b) © Sp(a) + Sp(d); 
Sp(ab) © Sp(a)Sp(o); 
p(a+b) < pla) + p(d); 
p(ab) < pla)p(d); 
Sp(a) © Sp(b) + p(a—6)C,  Sp(b) + o(a— b)Cy; 
|o(a) — p(b)| < pla—b) < o(a-b) 


where a is some spectral semi-norm in the last two results. Thus the spec- 
trum (in the Hausdorff metric for subsets of C) and spectral radius are 
uniformly continuous on commuting elements with respect to any spectral 
semna-norm. 


Froef Propositions 2.5.2 and 2.5.3(c) show that we may replace A by any 
maximal commutative subalgebra that contains a and b. Theorem 3.1.5 
establishes the first four results. The other results follow easily. 0 


Characterizations of Commutativity 


Theorem 3.1.5 gives a number of characterizations of almost commuta- 
tive algebras among spectral algebras. It also shows, as we have just em- 
phasized, that an almost commutative spectral normed algebra (A, || - ||) 
setisies: 


le(a) — p(6)| < |la-dl| VabEeA. 


This certainly implies that the spectral radius is a uniformly continuous 
function on such an algebra. Theorem 4.2.15 in the next chapter will give 
a converse. 

‘We now give additional conditions which imply that a normed algebra is 
commutative. Note that condition (c) below (which was already obtained 
in emma 2.4.10) is necessary as well as sufficient. The other two conditions 
exe considered again in Proposition 3.1.8. These results are due to Claude 
Le Page {1967], Rudolf A. Hirschfeld and Wiestaw Zelazko {1968] and John 
W. Seer and John S. Pym [1971]. See also Gh. Mocanu [1967], [1971], 
C. ©. Cheikh and M. Oudadess [1988], We give related results in Theorem 
4.2.15. 


3.2.7 Proposition A normed algebra (A, || - ||) is commutative if there is 
a constant C satisfying any of the following three conditions. 
{a} lal” < Clla*|l Vac, 


(b) [all < Cll Vvaed 
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(c) |jabl| < Clidal| Vabe Al 
where the norm on A? 1s defined by ||A + al] = |A| + jlal| for all Ae C and 
acA. 


Proof Inequality (a) implies 


Q-3 


-1 97) -1 ~2 2 
laine? ars 0? OC? lla? | Ss cae 
80? CF CE a? 


for any n. Taking the limit as n increases we get (b). 
Suppose (b) holds. Let A be the completion of A. For any a € A, let 
{Qn }nen be a sequence in A converging to a. Theorem 1.1.10(h) implies 


lal] = lim |[an|| < C timsup |lan||° < Call”. 


Then for any A+aé A’, Proposition 2.2.1(e) implies 


IIA + all Al + lal] < JA} + ClJai|™ 


C({A| + p(a)) < 3Cp(A + a) = 3C A + all. 


IA 


Hence for any a, 6 € A, Theorem 1.1.10(d) implies 
||ab|| < 3C'\Jab||~ = 3C [ball < 3C|jbal}. 


Thus we have shown (a) => (b) => (c), (with a different choice of constant 
in (c)). Now Lemma 2.4.10 completes the proof. Oo 


3.1.8 Proposition The following conditions are equivalent for a normed 
algebra (A, || - {l). 
(a) The norm is complete and satisfies llal|? < Clla?|| for alla A. 
(b) The norm is complete and satisfies |\a|| < C\la||°° for alla ce A. 
(c) The spectral radius is a complete norm on A. 
(d) The Gelfand homomorphism is injective and A is closed in Co(T'4). 
(e) The algebra A ts isomorphic to a closed subalgebra of Co(Q) for some 
locally compact space 2. 


Proof (a)=(b): The proof of the last proposition establishes this. 

(b)=>(c): The last proposition shows that A is a commutative Banach 
algebra, so the spectral radius is an algebra norm. Since the norm in a 
Banach algebra is spectral, it dominates the spectra] radius. Hence, peel 
shows that they are equivalent norms. 

(c)=>(d): Theorem 3.1.5 shows that if the spectra] radius is a norm, 
then the Gelfand homomorphism is injective. However, the Gelfand homo- 
morphism is an isometry with respect to the supremum norm in Co{Ty). 
Hence, the image A of this map is closed. 
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(d)->(e): Immediate. 

(e)=>(c): If the isomorphism is y, then pa(@) = poyny(9(2@)) = [1¢(@)|loo 
holds for alla € A. 

(c):+{a): The identity map from A with its own norm to A with the 
spectral radius norm is a contraction. Hence by the inverse boundedness 
theorem, the two complete norms are equivalent. Thus, for a suitable con- 
stant C we get ||al|? < Cp(a)? = Cp(a?) < Clla?|l. QO 


Algebras satisfying the equivalent conditions of the above proposition 
are usually called uniform algebras. For an introduction to the theory of 
uniform algebras, including many examples, see the excellent book of Edgar 
Lee Stout [1971]. Theorem 4.2.26 gives a surprising characterization of 
uniform algebras. Irving Glicksberg [1964] and Sergei Vitalyevié Kislyakov 
[1989] show that most uniform algebras are uncomplemented subspaces of 
the Banach space of all continuous functions. Quotients of uniform algebras 
have been characterized by A. M. Davie {1973c]. They are sometimes called 
Q-algebras, but that term is also used for topological or normed algebras 
with ar open set of invertible elements. For a lattice theoretic approach 
see iigca Scheffold [1988] and previous papers. 


Dual aps of Homomorphisms 


Let A and B be algebras and let » be a homomorphism of A into B. 
‘Then t e dual map yt: Bt + At maps IY into M%, since y! (7) = yoy is a 
homomorphism into C whenever 7 is a homomorphism into C. Clearly, yt 
need not necessarily take a non-zero y € Ig into a non-zero homomorphism 
in P4, £0 we must work with the augmented Gelfand spaces in this instance. 
We wili aiso use yt to represent the restriction to TQ of the map yt: Bt 
Al, and we will call this restricted map the dual of ¢. 


3.1.9 Proposition Let A and B be algebras and let ip be a homomorphism 
of A into B. Then the dual map yt: T2, + T% is continuous relative to the 
Gelfand topologies. 


Proof This is immediate. Oo 


In Section 3.3 we will use the completeness of a Banach algebra to define 
a functional calculus. It will then be important to know the relationship 
betwee: the Gelfand theory of a commutative spectral normed algebra and 
that of :ts completion. The next proposition gives a very satisfactory an- 
swer: they can be naturally identified. 


3.1.10 Proposition Let (A, ||- ||) be a spectral normed algebra with com- 
pletion A. If y is the inclusion map of A into A, then ¢': rz Ta tsa 
homeomorphism of Pg onto Ty. 

If A is ( commutative / almost commutative ) then A is also 
{ commutative / almost commutative ). 
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Proof Proposition 2.1.5 shows that A (or, equivalently, (.A)) is a dense 
spectral subalgebra of A and Proposition 3.1.9 shows that yt is a continuous 
map into "4. First we show that yt! is surjective. For each 7 € F4, let 
7: A — C be the extension by continuity. It is easy to see that 7 belongs 
to Tz and that it is mapped to y by y!. It only remains to show that y! 
is an open map or, equivalently, that the map 7 ++ ¥ is continuous. Let 
U = {7 E TZ: |r(a,) — Fo(a,)| < 1 for j = 1,2,...,n} be an arbitrary 
neighborhood of the extension ¥9 of some yo € [4 where a1, a9,...,@y are 
elements of A. For each j, we can choose @, in A so that |ja, — ;|| < 1/3. 
Then ¥ belongs to U whenever 7¥ satisfies |y(4,) — yo(4;)| < 1/3 holds for 
j =1,2,...,n. This proves the continuity of y + 7. 

If A is commutative, it is obvious that A is also. If A is almost commu- 
tative, then the first part of the proof shows that the Gelfand transform of 
ab — ba is zero for all a,b € A. Hence, A is also almost commutative. 0 


The next result, which is due to Silov [1947a], is related to Corollary 
2.3.9. Both results show that certain homomorphisms into Banach algebras 
are automatically continuous (1.e. they are continuous without requiring 
continuity a@ prion). The former result requires surjectivity but does not 
restrict the target algebra, while the present one makes no restriction on 
the “size” of the range of the homomorphism, except that it should be in 
a semisimple commutative algebra. Chapter 6 will contain a number of 
related results. The last statement in the theorem was obtained earlier by 
Gelfand [1941a] and is a special case of the Johnson-Rickart uniqueness of 
norm theorem (Corollary 2.3.10 and Theorein 6.1.1). 


3.1.11 Theorem Let (A,o) be a spectral semi-normed algebra and let 
(B,7) be a commutative, semisimple spectral semi-normed algebra. Then + 
is a norm and (the graph of) any homomorphism 


pA B 


ws closed. If A and B are Banach algebras (with the latter still commutative 
and semisimple), then ip 13 continuous. 

In particular, any two complete norms on a commutative semisimple 
algebra are equivalent. 


Proof Corollary 2.3.4 shows that 7 is a norm. (Theorem 3.1.2(d) also gives 
the same result since it implies {[6l|,. < ps <7 for all 6 € B and {[["|[oo is a 
norm on a semisimple commutative algebra.) 

Let {an}nen © A converge to a € A, and let {¢(an)}nen converge to 
be B. For any 7 €'g, inequality (4) in Theorem 3.1.2(d) applied to yog 
implies that yo p(a) = lim 70 y(a,) = 7 lim y(a,). Hence (y(a))* = b 
implies p(a) = 6 by semisimplicity. Thus y has a closed graph and is 
continuous by the closed graph theorem if A and B are Banach algebras. 
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“Ve can also give a simple proof which does not use the Gelfand theory. 
Theorem 2.4.3(b) shows that the spectral radius in B is an algebra norm. 
Lo: (a,}nen and b have the same meaning as in the first proof and let ¢ € B 
be arcitrary. Then these elements satisfy 


(cd) <  ple)p(p(an)) + e(c)p(y(an) — 6) < plc)[e(an) + p(e(an) — 6)| 
< (c)[llan|.4 + lle(an) — dlls] — 0 


where we used Proposition 2.2.1(c) to replace p(y(an)) by p(an) in the third 
inequality. Hence 6 is in the Jacobson radical of B by Theorem 2.3.3 and 
tnus equals 0 as we wished to show. D0 


Double Centralizer Algebras 


Next. we turn to showing the connection between Gelfand theory and 
both double centralizer algebras and Arens multiplication on the double 
duai of an algebra. Some of the following results were obtained by Ju Kwei 
Wang [1961] and Laszlé Maté [1965]. Pietro Aiena [1990] contains related 
sneciatized results. 
a7 


‘¢ Theorem Let A be an algebra. 
. (a) 


For any y € Fa, there is an element 7 € U'py4) satisfying 
¥(Le, Ra) = (a) VacA. 


Fence, Tpay 1s nonempty if T4 is. If P4 is nonempty, restriction of 
the Gelfand transforms of elements of D(A) to {7 : y € Ts} defines a 
homezorphism w af D(A) into an algebra of continuous functions on T 
wii ‘sornel {(L, R) € D(A) : L(A) + R(A) © Ar}. 

(>) If A is a commutative, semisimple spectral algebra, then D(A) is 
corryutative and semisimple. If ||-|| is a spectral norm on D(A), then each 
map ‘r. the following commutative diagram is contractive and injective. 


~ 


D(A) ————— CP) 


Calla) 


roof (a): Choose (L, R) € D(A) and 7 € Ty and a,b, € A with y(a) 4 0. 
“he double centralizer equation gives: 


y(a}y(L(b)) = y(aL(b)) = y(R(a)b) = ¥(R(a))7(5). 
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By setting 6 equal to a, we conclude +(L(a)) = y(R(a)). If y(b) # 0, then 


YL(a))/(@) = y(R(a))/(a) = y(L(6))/7(6) = y(R(6))/7(0). 
Therefore, for each y € [4 and (L, 2) € D(A) we can define 


7((1.2)) = y(L(a))/4(2) 


for some a € A with 7(a) # 0. It is easy to check 7 € ['p(4). Since the 
same a may be used in the definition of ¥ for all 7 in some neighborhood 
of each Yo, the restriction of (L, R)* will be continuous on {7 : 7 € Tu}. 
The kernel of w is obvious. 

(b): The vertical maps in the diagram are just the regular homomor- 
phisms. Since the hypotheses imply Ar = {0}, w is injective, as are all the 
other maps. Hence D(A) is commutative and semisimple. It is also clear 
that all the maps are contractive. ial 


When A is a commutative Banach algebra, it would be interesting to 
know the size of the subalgebra A of Gelfand transforms of elements in A 
in the algebra Co(I.4). An interesting answer is given in Graham R. Allan 
[1968]: a function f on I’, belongs to A if and only if it is the restriction of 
a locally bounded analytic function on a weak* neighborhood of [4 in A®. 
The word “analytic” in this definition has a variety of natural meanings. 

Sin-ei Takahasi and Osamu Hatori {1990] have recently found answers 
to the related question of the size of the subalgebra of the algebra C(I 4) 
induced by the double centralizer algebra D(A). In a number of interesting 
cases, but not in every case, this is exactly the algebra of functions which 
we describe in the next definition. The condition in the definition was first 
used by Salomon Bochner [1934], Isaac J. Schoenberg [1934] and William F. 
Eberlein [1955] to characterize those continuous functions on the dual group 
of a locally compact group induced by measures on the original group. This 
explains the name. We will show that this algebra is precisely the algebra 
of all continuous functions which arise by restricting elements of the double 
dual A** tol, © A’. 


The Image of the Double Dual Algebra 


3.1.13 Definition Let A be a Banach algebra with nonempty Gelfand 
space. A function f € C(I) is said to satisfy the Bochner—Schoenberg- 
Eberlein condition if there is a finite constant C' so that for any finite list 
@),@2,...,@,, of complex numbers and corresponding list ,,72,..-,%n of 
elements of 4, f satisfies: 


1 as flay) < CHS? ay yjllar. (7) 
j=l k=) 
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For such a function f, the infimum of all possible constants C is called 
the Bochner-Schoenberg-Eberlein norm of f and is denoted by || f|lpse. 
The normed linear space of all Bochner-Schoenberg—Eberlein functions is 
deno.ed by Cggp (Pa). 


{t is straightforward to show that Cgsg(I') is a subalgebra of C(I) 
incluing A and that || - lsse is a complete algebra norm on Cgge(I4) 
whic! satisfies ||a||.. < {|@llssm for all a € A. Some of these results are 
checked in the cited reference. The following result stems from Paul Civin 
and Lertram Yood [1961] 3.6, 3.7 and 3.16 as well as Takahasi and Hatori 
[1990:, Theorem 4. See Section 1.4 for background on Arens multiplication. 


3.1.14 Theorem Let A be a Banach algebra and let kg: A — A** and 
ky: A* — A**™ be the canonical isometric linear injections. 

(2) When A** is provided with either Arens product, x; maps T'4 € A* 
into - 4s C A***. 

(t) If 4 is nonempty, the set ((4)+ is an ideal in A** with either 
Aren. product and the two resulting quotient algebras coincide and are com- 
muta‘ive. Moreover, there is a contractive algebra homomorphism w which 
makes the following sequence exact: 


{0} (0 4)t-2.A"* Bir) 


where y is the inclusion map and B(['4) is the Banach algebra (under 
pointwise multiplication and the supremum norm) of all bounded functions 
on (Pa). 

(c) If A is almost commutative, then 


¥(A**) NC(T4) = Case(T a) 


where yw is the homomorphism of (b) above. 

(c) If A is commutative, then any two elements f,g € A** satisfy 
fg=49-f. Hence, ko maps A into the center of A** with respect to either 
Arens product. 


Proof (a): For any y € [4, a € A and f € A**, the three step definition 
of sh: Arens products gives ay = y(a)y = Ya, sy = f(y)y = vy, and 
fo(y\ = f(y)9(7) = f - gy), proving this result. 

(b): This follows easily from the last result in the proof of (a). 

(c): It is easy to see that the left side is a subset of the right side. 
Suppose f is a function in Case(F4) with norm ||f|lpgp = F. Let B be 
the collection of all finite subsets of F_4 ordered by inclusion so that it is a 
directed set. By Helly’s theorem (Yésida [1965], Theorem 6.5, p.109), for 
each (3 € B we may find an element ag satisfying f(7) = y(ag) for all y € 8 
and j.ag|| < F + 1/n where n is the cardinal of 8. Thus {x(ag)}gee is a 
bounded net in A**. By Alaoglu’s theorem, some subnet converges in the 
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weak* topology to an element g € A** which satisfies g(y) = f(y) for all 
7 €Ty and {gil = lIfllase- 

(d): These immediate consequences of the definition of the Arens prod- 
ucts are noted here for completeness. Oo 


A unital normed algebra A is said to be generated by one of its elements 
a if it is the smallest closed unital subalgebra of itself containing a. Note 
that this is equivalent to saying that polynomials in a are dense in A. In 
this case, A is said to be singly generated. A compact subset K of C is 
said to be polynomially convez if it is equal to its polynomially convex hull 
pcK. This is equivalent to saying that there are no bounded components 
of C\ K. The next theorem shows the relationship of these concepts. It 
will be generalized to finitely generated algebras in Section 3.5. 


3.1.15 Theorem Let (A, || - ||) be a unital spectral normed algebra which 
13 generated by one of its elements a. Then a is a homeomorphism of Tl 4 
onto Sp(a) and the latter set is polynomially conver. Furthermore, for 
any compact polynomially conver subset K of C there is a singly generated 
algebra A with generator a satisfying Sp(a) = K. 


Proof If two elements -7; and 2 of Fy satisfy y,(a) = ye(a), then they 
agree on every polynomial in a and hence on A. Thus, @ is a one-to-one 
continuous map from the compact space I, into the Hausdorff space C. 
Any such map is a homeomorphism. 

If there were a bounded component U of C \ Sp(a), we could choose an 
element Ag from it. For any polynomial p, the maximum modulus principle 
implies 


Ip{Ao)| < max{|p(A)| : A € BU} < max{|p(A)| : A € Sp(a)} 
< max{|A|: A € Sp(p(a))} = p(p(a)) < Ilp(a)Il- 


Given any element 6 in the smallest (not necessarily closed) unital subal- 
gebra Ag of A containing a, we can find a polynomial p satisfying p(a) = 0. 
The above inequality shows that if two polynomials both satisfy this con- 
dition then they agree at Ay. Hence, we can define a homomorphism 
y: Ag + C by b+ p(ro). Since ¢~ is contractive by the same inequal- 
ity, it can be extended to all of A. However, this implies the contradiction 
Ao € Sp(a) since A» = (a). Thus Sp(a) is polynomially convex. 

Finally, if K is a compact polynomially convex subset of C, we can 
consider the unital closed subalgebra A of C(K) generated by z. Then 
Spa(z) = Spo(K)(z) = K follows from Corollary 2.5.8 and proves that the 
pair (A, z) has the desired property. gq 
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3.2 Silov Boundary, Hulls and Kernels 


7". this section we will generally assume that the algebras considered 
are commutative and spectral. It is of some interest that the definitions 
of the last section were made in such a way that this assumption is not 
reaily secessary. Similarly, we sometimes assume that the Gelfand spaces 
of the algebras involved are nonempty. This is only to avoid triviality, and 
if carefully construed, the statements remain true without this restriction. 


The Silov Boundary 


We introduce the notion of boundaries and prove the existence of a 
minizrum closed boundary for any commutative spectral algebra. The ter- 
minology is suggested by algebras such as the disc algebra A(D) introduced 
in 1.5.2 and further explained in §3.2.13. For this algebra, the Gelfand 
transform Z of the coordinate function z on C (i.e., the function satisfy- 
ing z(A) = A for all A € C) sets up a homeomorphism between ‘4 and the 
closed unit disc C,. Under this homeomorphism, the Silov boundary, which 
we are about to define, is mapped onto the boundary T of the disc. We will 
use the maximum modulus principle below to show that the inverse image 
of T under 2 satisfies the defining properties of the Silov boundary. As the 
name suggests, the concept is due to Silov [1940a]. 


3.2.1 Definition Let A be a commutative spectral algebra with [4 
nonemoty. A boundary for A is a subset B of 4 such that for each element 
a ¢ A'there is a point 7 € B satisfying 


la(y)| = [l4ll.. = (4). 


se i Secsection of all closed boundaries for A is called the Silov boundary 
for “ oxd is denoted by Ou. 


Note that a closed subset B of Fy is a boundary if and only if it satisfies 
Je! 2".5 = ]@||.o. The argument is the same as that given in the proof of 
Theorem 3.1.5 (a)>(h) which showed that |@| attains its supremum on I ,. 

Ii is not obvious that the intersection 0, of all closed boundaries is 
nen-empty and certainly not obvious that it is a boundary. However, the 
next theorem, which is due to Silov [1940a], proves these results and thus 
justifies the terminology “Silov boundary”. The proof we give is due to Lars 
Eevreter [1966] when A is a unital Banach algebra. The first inclusion 
in, (2) gives another interpretation of the term boundary. In relation to the 
second inclusion, it is of some interest that Sp(a) includes any component 
of the complement of a(0.4) U {0} with which it has nonempty intersection. 
Otherwise the component would include points in the boundary of Sp(a). 


3.2.2 Theorem Let A be a commutative spectral algebra. The Silov 
boundary O04 for A is a nonempty boundary for A and hence is the smallest 
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closed boundary for A. Eachaecé A satisfies 


OSp(a) € a(B.4) U {0} C Sp(a) U {0} (1) 


where “U{0}” can be omitted if A is unital. If A is nonunital, then the 
map which restricts each element of [4:1 to A maps O41: btjectively onto 
either O4 or O4 U {0}. 


Proof First we assume that A is unital. We begin by obtaining a par- 
ticularly convenient base for the topology of 4. Since the topology is 
the weakest one making each @ in A. continuous, a base is given by the 
sets of the form {y € P4 : |b;(y) — 5,(y)| < €;; 9 = 1,2,...,n} where 
¢€Pa,n€N,b, € A and €, > 0 vary. For each j = 1,2,...,n, define an 
element a; € A by a, = e5 '(b, — y(6,)). Then the basic open set above is 
described by 


{7 € TA: |a,(y)| <1 Vj =1,2,...,n}. 


Call the latter set Va,.a,,...a,- A base for the topology of [4 is given by 
sets of this form. We will call them special basic open sets. 

Next we show that if V = Vi, a,,...a, is one of these special basic sets, 
then either B \ V is a boundary for each closed boundary B, or V has a 
non-empty intersection with each boundary of A. Suppose B is a closed 
boundary but B \ V is not a boundary. Then, there is an element b € A 
such that llbla\voll < 1 while Holl. = 1. For a large enough positive 
integer m, we can achieve 


(oa) (yi = "(VL < 1 Vy =1,2,...,0;, 1E BV. 
Since |(b™a,;)*(7)| < 1 also holds on V, compactness of B gives 
(o"a,)*lall. <1. 


Since B is a boundary, this implies ||(ba;)*||,, < 1. Thus, |6(-)| must 
achieve its maximum 1 only when each |a,(7)| is strictly less than one. 
That is, |b| achieves its maximum only in V. Hence, V must have nontrivial 
intersection with each boundary of A. 

Now we prove that Oy is a boundary. If not, there is an element a € A 
satisfying ||4@|a, ||,, <1 and ||@||,, = 1. Let C be the set {7 € Py: |a(y)| = 
1}. Then, any y € C does not belong to 04 = N{B : B is aclosed boundary 
for A}. Hence there is a special basic open neighborhood V,, of y which has 
empty intersection with some closed boundary. By the result proved in the 
last paragraph, B\V, is a boundary for each closed boundary B. However, 
{V, : 7 € C} is an open cover for the compact set C. Let {Vi, V2,...,Vn} 
be a finite subcover. Since [4 is a closed boundary, P4 \ V; is a closed 
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boun:ary by the choice of Vi as one of the V,s. Repeating this argument 
n ~! more times, we conclude that [4 \ UjiiV; ¢ T4 \ C is a closed 
hbouncary. However, the element a contradicts this assertion. Hence 0, is 
a boundary. Clearly, it is the smallest closed boundary. 

Now suppose that there is an a € A and a Ao € OSp(a) which does 
not belong to a(04). Since Sp(a) is closed, Lemma 3.1.4 shows Ap = yo(a) 
for some yo € I'4. Since O,4 is compact, the distance from Ap to 4(A4) 
is poritive. Call it ¢. Choose A € C \ Sp(a) satisfying |A — Ao| < €/2. 
Then the distance from A to @(@4) is at least ¢/2. Since A — a is invertible, 
({A--a)7")4 = (A ~ @)~! belongs to A. Since 04 is a boundary, we must 
have i|(A—4)~"||,, = (A—4)~"layll., < 2/e. However, the inequality 
\(X ~%9(a))~!| = |[A—Ao|~! > 2/e contradicts the previous inequality, thus 
providing the desired inclusion. 

Now we turn to the case in which A is not unital. We will establish that 
the Silov boundary is a boundary and the last statement of the theorem 
first. Suppose B is a closed boundary for A. For each y € Py, let y! eT aa 
be de‘ined by y'(A + a) = + 4(a) so that +! is the unique element of 
gi, he restriction of which to A equals 7. Define B! CT, by B' = 
{y' : -y € B} U {yo} where yo is defined by yo(A + a) = A. We will prove 
by contradiction that B! includes 04:. Suppose not. Then, there is an 
element 6 € A! and a number ¢ satisfying 


[Balloo <b < [bloc 
Let 4 + @ be such a high power of t~'b that it satisfies 
(A +4)*larloo <1< 3 < |] +)" Il.: 


Then A = Yo(A + a) satisfies |A| < 1. Since B is a boundary for A,a € AG 
A! satisfies ||4|loo = []@| a: lo. < 2. This implies ||(A+4)" loo < |A}+ [l€@lloo < 
3, which is a contradiction. 

The inclusion we have just established implies that 


04 U {0} =N{B: B is a closed boundary for A} U {0} 


includes the set of restrictions to A of elements of O4:. Hence 0,4 is a 
boundary for A since we have already shown that 0,4: is a boundary for 
A!. Since the set of non-zero restrictions to A of elements in 04: is a closed 
boundary for A, this set includes 04. This completes the proof of the last 
stateix ent in the theorem. Inclusion (1) for nonunital algebras is now an 
immer iate consequence. Oo 


Th2orems 3.2.10 and 3.2.12 will show two important classes of commu- 
tative 3anach algebras in which the Silov boundary is the whole Gelfand 
space We now give the simplest criterion for this to happen. 


322 3: Commutative Algebras and Functional Calculus 3.2.3 


3.2.3 Proposition Let A be a commutative spectral algebra. If the algebra 
A of Gelfand transforms is dense in Co(I'4), then the Silov boundary 0.4 is 
the whole Gelfand space 4. In particular, this happens if for eacha € A 
there is some b € A satisfying b(y) = a(y)* for ally ET. 


Proof Suppose y € [4 were not in 04. Then we could find f € Co(F 4) 
satisfying f(y) = land fla, = 0. Any element a € A satisfying ||a—fllo < 
1/2 would contradict the fact that 0, is a boundary. 


If A is closed under complex conjugation, it satisfies all the hypotheses 
of the Stone- Weierstrass theorem stated in 1.5.1. a 


Silov [1940b] introduced his boundary in order to determine which ho- 
momorphisms in the Gelfand space of a closed subalgebra could be extended 
to be elements of the Gelfand space of a larger commutative Banach alge- 
bra. Recall the results on dual maps in Proposition 3.1.9. In the following 
theorem, note that if A is any closed subalgebra of a commutative Banach 
algebra B, then the inclusion map satisfies all the given hypotheses. See 
also Meyer {1991}. 


3.2.4 Theorem Let A and B be commutative spectral algebras and let 
y: A — B be a homomorphism satisfying ' 


pa(y(a))=pa(a) Vaca. 


Then yp! (Og) includes 04. Furthermor., the Silov boundary G4 is the largest 
subset of [4 with this property for all choices of B and yp. 

If A 1s also semisimple, 04 is exactly the set of homomorphisms in T 4 
which can be extended to any commutative spectral algebra B which includes 
A as a subalgebra satisfying pg(a) = pa(a) forallae A. 


Proof Note that Og U {0} is a compact subset of 3. Hence its image in 
T™, is closed. Thus y'(@g) is closed in Pg. It is also a boundary since any 
a € A satisfies 


Hla p+ (a—)lloo = IN(9(4))* lap lloo = pa(e(a)) = pala): 


Thus, this set includes the Silov boundary of A. 

Consider the Gelfand homomorphism of A into B = Co(I,). This 
satisfies the hypotheses of the theorem, and Fg = Og can obviously be 
identified with [4 under the dual of the Gelfand homomorphism. Hence, 
this shows that Oy is the largest subset of 4 covered by y'(dg) for all 
choices of B and ¢. 

For the final result, consider y to be just the inclusion map. Hence, in 
the first paragraph of the proof we have shown that each homomorphism + 
in the Silov boundary of A can be extended to be an element of the Gelfand 
space (indeed the Silov boundary) of B. The second paragraph shows that 
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vae < elfand homomorphism (which may now be regarded as an embedding 
map) is one in which no element of I, outside of the Silov boundary can 
be extended. oO 


The sfull-Kernel Topology 


"We introduce hulls, kernels and the hull-kernel topology. This last con- 
cept is due to Gelfand and Silov [1941] in the case of commutative Banach 
algebras. Marshall Harvey Stone [1937] used a closely related concept for 
Boolean rings earlier. In Chapter 7 we will study essentially the same con- 
cept in the case of noncommutative Banach algebras. We note here that the 
const:uction we are about to give depends only on the fact that the kernel 
or ar: element of [4 is a prime ideal. (This term is defined in Chapter 4.) 
The hull-kernel topology on the set of prime ideals is called the Zariski 
topolcgy in Grothendieck’s theory of schemes in algebraic geometry. The 
ha!-kernel topology for primitive ideals in a general ring (also defined in 
Chapter 4) is usually called the Jacobson topology (cf. Jacobson {1945b]). 


3.2.5 Definition Let A be a commutative spectral algebra. The hull 
(3; xt a subset S of A is the set: 


h(S)={yePa:y(a)=0 VaeS}. 
The <ernel k(B) of a subset B of I’, is the set: 
k(B)={aeA:7(a)=0 VE B}. 
A subset B of 4 which has the form h(S) for some S C A is called a hull. 


ty 18 Sometimes useful to think of h(S) and k(B) described in the fol- 
lowing fashion: 


MS) = (\{ve Ta: ay) =0} (2) 
acs 
k(B) = [() ker(7). (3) 
a all 7EB 


These descriptions make clear the first assertion of the next proposition, 
which records some elementary consequences of the definition. 


3.2.6 Proposition Let A be a commutative spectral algebra with T 4 
sonercpty. Consider S, C Sg C A and B, C Bo CT. Then h(S,) is a 
closed set in’, and k{B,) is a closed ideal of A when A is furnished with 
any spectral semi-norm. Moreover 


A(S2) © A(Si) k(Bo) C k(Bi) (4) 
Si © hk(S1) B, C hk(B,) (5) 
AKh(S;) = A(Si) — kAkK(B,) = k(B,). (6) 
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Hence, a subset B of P 4 is a hull tf and only if it satisfies B = hk(B). 
If Sg is the ideal generated by S,, then h(S2) = h(S,). Similarly, if By 
is the closure of B, in the Gelfand topology, then k(B2) = k(Bi). 


Proof The first assertions follow immediately from the intersection results 
which precede the proposition. The four inclusions are direct consequences 
of the definitions. Together they give the two displayed equations. The 
first of these equations implies the statement about hulls. The last two 
assertions are immediate consequences of the original definition. Oo 


3.2.7 Theorem Let A, B andC be commutative spectral algebras. Let 


be a short exact sequence. Let 


t 
“em 700? WU 
r I 8B I A 


be the associated dual maps. Then yt maps ['¢ homeomorphically onto 
A(p(A)) and yt maps Tg \ h(~(A)) homeumorphically onto Ts. 


Proof For y € Tc, wt(7) = yow vanishes on y(A), so that yt maps 
Fe into h(p(A)). Since w is onto, w! is injective. Suppose y belongs 
to h(~(A}) © Pg. For any c € C, define 7(c) to be y(6) where 6 € B 
and (b) = c. This is well defined since 7 belongs to h(ker(w)). Now it 
is immediate that 7 belorgs to I'¢ and satisfies yt(7) = y. Hence 7! is a 
surjection onto A(y(A)). For a net {Ya}ac4 and an element y inT'¢, p' (ya) 
converges to wi(y) if and only if +, converges to y, since ¥!(ya)(b) = 
Ya 0(b) = ya(y(6)) and 1 (y)(b) = youw(b) = y(H(0)) for all bc B. Thus, 
yt is a homeomorphism. 

We simplify notation by abbreviating I'g \h(y(A)) to S. It is clear that 
y! maps h(y(A)) onto {0} and S into 4. Suppose that yt(y,) = yt (72) 
holds for some y,,72,€ Ig. If +, does not equal y2, then there is some 
b € B satisfying y(b) # y2(b). If y1(b) or y2(b) is zero, we may assume 
without loss of generality that it is y)(b). Then, y,(d) = 0 and y2(d) = 1 
hold when d is defined to be (72(b))~'b. If neither +,(b) nor y2(b) is zero, 
then by choosing d to be Ab + yb? we can achieve 7,(d) = 0 and y2(d) = 1 
for a suitable choice of A, » € C. Choose d as indicated. Then for any 
a € A, we have 0 = ¥;(dy(a)) = 72(dy(a)) = y2(a) since dy(a) belongs to 
w(A) and +, oy equals 720%. This would imply that -y2 (and hence +) 
belongs to h(y(A)). Thus ¢! is injective when restricted to S. 

Next we show that y! maps S onto 4. Snppose ¥ belongs to [4. Let 
e € A satisfy 7(e) = 1. Define 7:B -+ C by ¥(b) = y(p(e)b) for all 6 € B. 
Then ¥ is clearly linear and ¥(bd) = 7(p(e)bd)y(p(e)) = r(y(e)p(e)bd) = 
o(ple)b)(y(e)d) = ¥(b)7(d) holds for all b, d € B. Thus ¥ belongs to Ig. 
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For all a € A, we get ¥(a) = y(y(ea)) = y(e)7(a) = (a). Hence ¥ belongs 
to € and (7) is y. Therefore yt maps S onto Ty. 

“inally, we must show that y! is a homeomorphism when restricted 
to £. It is obviously continuous. For {ya}aca G S and y € S, we will 
show that y, converges to + if yl(yq) converges to yl(y). Choose e € 
A satisfying y'(y)(e) = 1. For any 6 € B and any ¢« > 0, we can find 
ag € Aso that a > ay implies }ya{y(e)b) — y(e(e)b)| < €/2(1 + p(b)), and 
ya(‘o(e)) — y(y(e))| < €/2. Then for a > ag, we have 


ya{b) - (6)| = lya(b)y(v(e)) — r(b)r(¥(e))| 
< lalb)l ly(o(e)) - ral p(e))| + bra (by(e)) — r(bp(e))| 
Ses 
This shows that y! is a homeomorphism. QO 


The next theorem is frequently proved by an appeal to Kuratowski’s 
closvre axioms, but we will give a direct proof. Recall that a hull is any 
subszt H of P4 which can be written as h(Z) for some subset Z of A. 
Consequently, a hull 1 satisfies H = hk(#H). 


3.2.6 Theorem Let A be an algebra with D4 nonempty. The family 
{Ta\H:H isahullinT ys} 


is a topology for 4. This tapology ts included in the Gelfand topology for 
we 


Proof Let T be the family of sets which is asserted to be a topology. 
Clearly h(A) = @ and A({0}) = [4 hold, so that 4 and @ belong to T. 
The definition shows that any family {Z,. : a € A} of subsets of A satisfies 


() r(Za)={vyETa:y(a)=0 Wael) Z.}=A(() Z,). 


acA aca acA 


This mplies that 7 is closed under arbitrary unions. Finally, we must show 
that T is closed under the intersection of two of its elements. Let H, and 
Hy bh» two hulls. Then 


Ay U H2 © Ak( A) U Ha) = A(k(H1) 9 k(H2)) 


is ob ious. Suppose y does not belong to H, U Hz. Then for some a; in 
k(1t;,, we have y(a;) # 0 for 7 = 1,2. Since the product a;a2 belongs to 
k( 41 ;0k(H2) and +(a,a@2) is non-zero, we see y ¢ h(k(H1)Nk(H2)). Thus, 
A,UA,= hk( Ay U Hp) is a hull. 

if H = hk(#) is any hull, then H = {y €T4: a(y) = 0, a € k(H)} is 
closec: in the Gelfand topology. Hence the topology 7 is weaker than the 
Gelfaid topology. Q 
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The topology described in Theorem 3.2.8 is called the hull-kernel topol- 
ogy. We will now show some conditions which are equivalent to the equality 
of the hull-kernel topology and the Gelfand topology. The definition is due 
to Silov (1947a]. who used the term regular. Charles E. Rickart [1960] 
introduced the term completely regular which is now standard. 


3.2.9 Definition Let 2 be a topological space. A subalgebra A of C(Q) 
is said to be completely regular on 2 if, for any closed subset K of 2 and 
any wo € 1. \ A, there is a function f € A satisfying 


f(w) =1 and fl, =0. 


A commutative spectral algebra A is said to be completely regular if A © 
C(f,4) is completely regular on Ty. 


Note that a Hausdorff topological space 2 will be completely regular 
(in the topological sense) if and only if C(Q) is completely regular on 2. 
An easy compactness argument shows that any compact Hausdorff topo- 
logical space is normal, and Urysohn's lemma shows that a normal space 
is completely regular. It is clear from the definition that any subspace of 
a completely regular space is completely regular. Hence, we conclude that 
any subspace of a compact Hausdorff space is completely regular. (In par- 
ticular, locally compact Hausdorff spaces are completely regular.) §3.2.15 
will show that, conversely, any completely regular Hausdorff space is a sub- 
space of a compact Hausdorff space. 

The first portion of the following result. is due to Silov {1947a] for com- 
mutative unital Banach algebras. Condition (c) will be used again in a 
more general setting in Chapter 7. Corollary 3.5.14 will show that a hull 
in the Gelfand space of a commutative Banach algebra is compact in the 
Gelfand (and hence in the hull-kernel) topology if and only if its kernel is 
modular. This makes condition (c) a bit clearer. 


3.2.10 Theorem The following two conditions are equivalent for any 
commutative spectral algebra A: 

(a) A is completely regular. 

(b) The Gelfand topology and the hull-kernel topology coincide. 

The following condition tmplies (a) and (b) and ts equivalent to them if 
A is either unital or a Banach algebra. 

(c) The hull-kernel topology ts Hausdorff and each point inT4 has a 
hull-kernel neighborhood with a modular kernel. 

Any of these conditions imply that the Silov boundary of A equals Ty. 


Proof (a) => (b): Since each hull is closed in the Gelfand topology, we need 
only show that each subset B C [4 which is closed in the Gelfand topology 
is a hull. Let 7 € Fy not belong to B. Then, complete regularity implies 
that there is an a © A satisfying a(y~) = 1 and a|y = 0. Hence, yy does not 
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belong to hk(B). Since + ¢ B was arbitrary, this implies hk(B) C B. The 
oposite inclusion always holds as shown in Proposition 3.1.4. Hence each 
Ss:.22d closed set B is a hull, so the two topologies agree. 

(2) => (a): Suppose B is a Gelfand closed set, and hence a hull, inT'y 
exc - € [4 does not belong to B. Since B equals hk(B), there is some 
ale-ent b € k(B) satisfying b(-y) # 0. Then a = b(7)~"b satisfies (7) = 1 
and: é(B) C {0}. 

(>) +> (c) (Under extra hypothesis.): Theorem 3.1.2(a) asserts that the 
Gelfand topology is always Hausdorff, so (b) implies that the hull—kernel 
topoiogy is Hausdorff. 

i A is unital, any ideal of A is modular so that the second condition of 
(c) is vacuous. Again, if A is unital and (c) holds, then the identity map 
from (4 with its Gelfand topology onto [4 with its hull-kernel topology 
will be a homeomorphism since it is a continuous bijection of a compact 
space onto a Hausdorff space. This completes the proof of the equivalence 
of (b) and (c) when A is unital. 

Now suppose (c) holds. (We do not need to assume completeness.) It 
is enough to show that each closed set B C I’y is a hull, and for this it 
is enough to show that any yo € [4 which does not belong to B does 
not belong to hk(B). Let V be a hull kernel neighborhood of +o with 
k(V) modular. Let y: A > A/k(V) be the natural map. Theorem 3.2.7 
shows that yg! is a homeomorphism of [ ‘A/k(v) onto hk(V) (in the Gelfand 
tope;rgies). Since A/k(V) is unital, Theorem 3.1.2(e) shows that I'4/x(v) is 
connect. Hence By = BNhk(V) is compact in the Gelfand topology. Since 
the hull-kernel topology is Hausdorff, for each y € Bo we can find a hull- 
kerrei, and hence Gelfand, neighborhood U, of y satisfying yo ¢ hk(U,). 
Then, (U, :-y € Bo} is an open cover for Bp. Let {U,,U2,...,Un} be a 
finite subcover. For each j = 1,2,...,n, Yo ¢ Ak(U;) implies the existence 
of ax element b; € k(U;) satisfying yo(b;) 4 0. Similarly, yp ¢ hk([T4 \ V) 
implies the existence of an element bp € k([.4 \ V) satisfying yo(bo) # 0. 
Then 0 = bob; --- by satisfies yo(b) 4 0 and belongs to 


kK(Pa\V)N Q k(U;) = k(T.4\ VU Bo) © k(B). 


wo, j=l 


Hence 7 does not belong to hk(B). This concludes the proof of (c) => (b) 
«» ‘Now suppose A is a Banach algebra and (b) holds. We will construct 
a hull-kernel neighborhood V for an arbitrary 7 ¢ I, such that k(V) is 
modular. First choose an element b € A such that yo(b) is non-zero, and 
denote |yo(b)|/3 by «. Then we claim that k(V) is modular where V is the 
nig» yorhood of yo,V = {7 : |y(b)| > 2e}. Considering V as a subset of 
Tiacy 2(a)Ci, we see easily that V is compact. Hence, Theorem 3.2.7 shows 
tha: F../.(v) is compact. (Thus, we could refer to Corollary 3.5.14 below 
wich’ implies that the semisimple algebra A/k(V) is unital so that k(V) 
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is modular. Instead of using this deep result, we will give an elementary 
proof, due to Rickart [1960], that k(V) is modular.) Denote A/k(V) by 
A’ and 6+ k(V) € A’ by a. We take over the notation from the proof of 
Theorem 2.2.2 replacing A by A’ and 2 by e~!'. Then the long displayed 
equation in the proof becomes 


((e7*a)")* =n“! SO f(e“*G5) 


j=) 


where n € N is arbitrary, {¢, = 1,C2,..-,¢n} is a full set of nth-roots of 
unity, and f is an A’-valued function which is continuous on the circle of 
radius €~'. The right hand side of this expression is a Riemann sum for 
the Riemann integral 
1 
[ue =i e2tt) 
0 


which exists since f is continuous. Hence, there is an element e’ € A’ 
satisfying 
= lim ((e~'a)")?. 
n-*co 


Theorem 3.2.7 shows that any element of F4 corresponds to an element of 
A(k(V)) = V. Hence, for any 7 € [4 we get 


(e~*y(a))” 
oo (e~!y(a))" — 1 


Therefore k(V) is modular, since e’ is an identity element for the semisimple 
algebra A’ = A/k(V). Hence (b) and (c) are equivalent if A is a Banach 
algebra. 

Finally, we prove the last assertion in the theorem by contradiction. Jf 
the closed set 0, is not all of !4, complete regularity guarantees an element 
a € A with nonvanishing Gelfand transform satisfying (04) = {0}. This 
contradicts the fact that 0, is a boundary. oO 


o(e!) = lim ((e"'4(a))")* = im, =1, 


The next result is due to Ernst Albrecht [1982a] and this simple proof 
was discovered by Jyunji Inoue and Sin-ei Takahasi (1992). 


3.2.11 Corollary Every commutative unital Banach algebra A has a 
largest closed completely regular subalgebra A;eg. 


Proof Let Areg (with Gelfand space T) be the closed subalgebra of A 
generated by all closed completely regular subalgebras. Let 6 belong to 
one of these subalgebras B, which we may assume to be unital. It is clear 
that the map which restricts y € I to B is continuous in the hull-kernel 
topology from I to Fg. The theorem shows that 6 is hull-kernel continuous 
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on I'y, so it is also hull-kernel continuous when considered on I’. Hence 
any element of A,eg has a hull-kernel continuous Gelfand transform since 
it is he norm limit of finite algebraic expressions of elements like 6. Thus 
Areg verifies condition (b) of the theorem. Oo 


Ix axt we turn to a condition which is much stronger than complete reg- 
ularity. Algebras satisfying the conditions of the next theorem are called 
commutative C*-algebras. They will be dealt with at greater length in Vol- 
ume II. The next result was a lemma in the fundamental paper of Gelfand 
and Mark A. Naimark [1943], but is often referred to as the commutative 
Gelfand-Naimark theorem. The complete regularity of the locally compact 
Hausdorff space [¢ implies immediately that an algebra satisfying the con- 
ditions of this theorem is completely regular. The following result has many 
consequences some of which will not be considered until Volume II. 


3.2.12 Theorem Let (A, ||; ||) be a commutative Banach algebra. Then, 
the Gelfand homomorphism is an isometric map of (A, ||-||) onte (Co(T), 
il. Wl) of and only if a map *: A > A (called an involution) can be defined 
satisfring 


(a+b)* = a*+b* (7) 
(Aa)* = Ata* (8) 
(ab)* = a*b® (9) 
(a*)* = a (10) 
ila*al} = fla? (11) 


for ali a,b € A and X € C. When such a map «: A — A is defined, it 
satisfies 


a*=(4)* VaeA. (12) 


Proof If the Gelfand homomorphism (*) is an isometric isomorphism of 
(A, || - ||) onto (Co(T4), | « |l,)) then we can define *: A — A by 


a*(y)=(a(y))”  VyeTas aed 
It is easy to check that («) has the stated properties. 
Su ypose, conversely, that a map *: A > A exists satisfying (7) through 
= 
(11). “tor any A € A such that A* = A, [Al] = |[h2||'77 = a? YO =e = 


|[n2" ie can be derived by repeated application of (11). Thus Corollary 
2.2.5 + nplies 
[All = A = p(h) VA=h" ECA. (13) 


Ne.:t we will use this equality to show that any A € A satisfiying h = h* 
also satisfies Sp(h) C R. Suppose not. Then for some s, tin R, k = sh?+th 
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satisfies i € Sp(k) and k = k*. We will derive a contradiction from this. 
Let r € R satisfy 1+ 2r > p(k)?. For any positive integer n, define ca € A 
by cy = (k +ri)"k. Theorem 2.1.10 shows (1+1)"i"*! € Sp(c,). Thus, 
Theorem 3.1.5(c) shows (1 +r)?" < p(eq)? < |len|l” = lle enll = (chen) = 
p(k? + 72)" k2) < Soho 5 e289) p(k)224? = (0(k?) + 17)" o(k?). Taking 
the n‘* root and then the limit as n increases, we obtain p(k)? + r? < 
14+ 2r +r? < p(k)? +r?. This contradiction proves that h = h* implies 
Sp(h) C R for any h € A. Thus by Theorem 3.1.5, h = h* implies that h 
is real-valued. 

Now we show that (12) holds. For a € A, define h,k € A by h 
2-1(a +a") and k = (2t)-'(a — a*). These elements satisfy h = h*,k 
k’,a = h+ik and a* = h- ik. Thus for any 7 € Ty, we get a*(y) c=) 
h(+) — tk(y) = (h(y) + tk(y))* = G(7)*, establishing (12). 

We can now show easily that the Gelfand transform maps A isometri- 
cally and isomorphically onto Co([.4). For any a € A, we have 


ijal| 


{Ja*al|'/? = p(a*a)!/? = sup{ja*a(y)|'/? : 7 € Pa} 


sup{(a*(y)a(y))'/? 7° Vg} = sup{la(q)| 7 € Pa}. 


MI 


Thus (*) is isometric, and this together with Theorem 3.1.5 shows that it 
is an isomorphism into Cy(l'4). Since (’) is an isometry, A is complete and 
hence is closed in Cy(f4). However, A is dense by Proposition 3.2.3 and 
hence actually equals Co([4), so that the Gelfand transform maps A onto 
Co(P a). a 


We now turn to a few examples to illustrate the theory introduced so 
far in this chapter. 


3.2.18 The Dise Algebra This algebra A(D) was introduced in §1.5.2, 
which the reader should consult. It is the algebra of all functions f: D + C 
which are continuous on the closed unit disc D = {A € C: |A} < 1} and 
analytic on its interior D° = {A € C: |Aj < 1}. The algebraic operations are 
pointwise and the norm is simply the supremum norm, which is coniplete 
since the uniform limit of analytic functions is analytic. Hence A(D) is a 
unital commutative Banach algebra. 

The first step in studying any commutative Banach algebra is the deter- 
mination of its Gelfand space. It is often easy to guess the homomorphisms 
in the Gelfand space but harder to prove that one has guessed all of them. 
The present example follows this pattern. For each \ € D the map 


wl(f)= fA) Vv fe A(D) 


belongs to ['4(p). There are several ways to see that the set {y, :A € D} 
is actually the whole Gelfand space. One instructive way is to note two 
isomorphic constructions for A(D). 
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Let P(D) be the algebra under pointwise operations of all functions 
f:D ~— C which are uniform limits of polynomials. The norm on P(D) is, 
of scurse, again the supremum norm which gives the topology of uniform 
corivergence. Let P(T) be the algebra under pointwise operations of all 
continuous functions f:T — C which have vanishing negative Fourier co- 
efficients (cf. §1.8.14). The norm is just the supremum norm again. Here 
we regard T = {\ € C: |A| = 1} as the boundary of D and we recall (from 
§1.8.14) that the nth Fourier coefficient of f € C(T) is given by 


f= 5 ij Hettje-intat, 


We claim that A(D) and P(D) coincide and that restriction to T = 0D 
maps them isometrically isomorphically onto P(T). 

Fejér’s Theorem (§1.8.15) shows that the sequence {on f}nen of Ceséro 
means of the partial sums of the Fourier series of a function f € C(T) 
converges uniformly (t.e., in the norm of C(T)) to f. Hence if f belongs 
to P(t), then f is the uniform limit on T of the sequence {onf}nen of 
polynomial functions of \ = e*! € T. Now the maximum modulus principle 
shows that the sequence {onf}nen of polynomials converges uniformly on 
all of D. (Explicitly: Jon f(A) — omf(A)| < llonf — omf loo — 0 holds for 
all 4 € D, where the supremum norm is defined on T.) This shows that 
each f € P(T) is the restriction to T of some function f in P(D) satisfying 
IIflloc = |Ifll,.- In fact, the construction of the Fejér kernel given in §1.8.15 
can be modified to give f explicitly: 


Ilre'*) -xJ fle") P.(8 — t)dt 


where P, is the classical Poisson kernel 


1-r? 


EAS) = 1 — 2r cos(s) + r? 


‘T-¢ completeness of A(D) shows immediately that P(ID) is included in 
A(D). Hence, in order to show that A(D) equals P(D) and that restriction 
tc'T mons A(D) isometrically isomorphically onto P(T), it only remains to 
show Unat restriction maps A(D) into P(T). This is obvious since we have 


f(-n) = lim x | teeta 


fA)" = 0 


| 
5 
| 


r—+l~ 271 JAl=r 
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for each n € N and f € A(D). The last equality holds because the integrand 
is an analytic function. 

(Note that for any f € A(D) the Taylor series expansion for f around 
zero converges pointwise to f on D°. However, it need not converge uni- 
formly on D® nor even pointwise at each point of D. This is why the proof 
of the inclusion A(D) C P(D) depended on Ceséro summability.) 

However, the coordinate function z is a single generator for P(D), so 
Theorem 3.1.15 shows that {+ : \ € D} is the Gelfand space of P(D) and 
hence of A(D). The same result shows that A ++ y, and y ++ y(z) are 
inverse homeomorphisms of D onto I 4(p) and of P 4(p) onto D, respectively. 

The Silov boundary of the disc algebra is also easy to identify. The 
maximum modulus principle shows that each f € A(ID) must assume its 
maximum absolute value somewhere on T = (D. Conversely for each  € T, 
the function 1 + A*z assumes its maximum absolute value at » and only 
at \. Hence, under the identification of 4p) with D, the Silov boundary 
is identified with the topological boundary T. This is, of course, a main 
reason for the name “boundary”. 

The last remark and the final result in Theorem 3.2.10 both show that 
the disc algebra is not completely regular. Hence, the hull-kernel topology 
on I’ 4p) is different from the Gelfand topology. In fact, it is clear that no 
proper subset of D can correspond to a hull if it contains a limit point in 
D® since no non-zero function in A(D) can vanish on such a subset. 

Yood {1963b] noted the following examples of non-spectral algebra norms 
on A(D). For any f € A(D), define 


HALL = sup{if(Ayl : Ae A} 


where K is some closed subset of D which has nonempty interior and does 
not include T. This is a norm since an analytic function which vanishes 
on K must be zero throughout D. If \ is in T\ K, then the function 
g = (1+ A*z)/2 satisfies the »nequality |{|g||| < 1 = p(g) which shows that 
Ill - {| is not a spectral norm. Furthermore, the maximal modular ideal 
M = ker(y,) = {f € A(D) : f(A) = 0} is not closed and is even dense. 
To see this, note that for any f € A(D), f — g"f belongs to M but in the 
norm ||| - |||, limpo f —g9"f = f holds since |/{g"||| — 0. 
A larger algebra related to the disc algebra is 


H® ={f:L° —C: f is holomorphic and bounded}. 


Multiplication is pointwise and || - ||. is the norm, so A(D) is a closed 
subalgebra of H™. It is not hard to see that for each ¢ € T the radial 
limit f(¢) = lim, 1- f(r¢) exists. Then f belongs to L°°(T) and satisfies 
iif lla = Ufllx for all f € H* by the maximum modulus principle. The 
map f ~ f identifies H® with the subalgebra of L°°(T) (with convolution 


7.9.14 Silov Boundary, Hulls and Kernels 333 


multiplication) consisting of those functions f satisfying 
1 Pe it) nt 
— fle")e“dt=0 VWneN. 
2m jax 


2 that these are exactly the functions in L°°(T) for which all the negative 
Fourier coefficients vanish. Any f € H@™ can be reconstructed from the 
corresponding f by the Poisson formula given above. Since C(T) is closed 
in 5°°(T), the polynomials are not dense in H®. In fact, H™ is not even 
separable. Thus the Gelfand space of H® is much larger than D°. The 
portion of the Gelfand space corresponding to each point on the boundary 
of «he disc is enormous. 


3.4.14 Example Many variations of the last example have been studied. 
For instance, one could take any compact set 2 in the complex plane, other 
then the closed unit disc D, and consider the algebras A({Q) and P(2) 
def'ned in a way analogous to A(D) and P(D). (Note that the proof given 
abeve shows that the algebra P(T), introduced above, agrees with this 
notation.) Similarly, one may consider the commutative Banach algebra 
R(Q) (under pointwise operations and the supremum norm) of all uniform 
limits on 2 of rational functions with their poles off 2. Any compact 2 c C, 
for which the interior of every component is connected (in order to assure 
the middle inclusion), clearly satisfies P(Q) C R(Q) C A(Q) C C(N). We 
he 2 just shown P(D) = R(D) = A(D) 4 C(T) and the case Q = T satisfies 
P(‘!) # R(T) = A(T) = C(T) where the equality of R(T) and C(T) follows 
egzin from Fejér’s theorem. (N. B. The algebra A(T) equals C(T) for the 
tri: ial reason that T has no interior. The notation here conflicts with the 
mening assigned to A(T) in Section 1.8 where it represents the functions 
wit 1 absolutely convergent Fourier series. Each notation is standard in its 
own specialized area.) 

Since R(Q) is generated as a Banach algebra by the set of functions 
{z; J{(z-A)~! : A ¢ OD}, each ¥ in the Gelfand space of R(() is determined 
by che number A, = 7(z). Since z— , is never invertible in R(Q), each 2, 
belongs to 2. Hence, as in the argument given before for P(D), we see that 
7 1+ A, is a homeomorphism of ['p(q) onto Q. A similar argument shows 
that the Silov boundary of R() is always mapped onto the topological 
boundary of 2 under this homeomorphism. 

For any compact subset 2 of C, let pc({) represent the polynomially 
convex hull of 922 defined before Theorem 2.1.14. Thus pc(Q2) is the union 
of (2 with all the bounded components of the complement of 2. (More 
graphically, pc({) is just 2 with all its holes filled in.) The maximum 
moculus principle shows that restriction to 2 maps P(pc(Q)) isometri- 
call isomorphically onto P(Q). Runge’s approximation theorem (Theo- 
rer 3.3.3) shows that (z— A)~! for A ¢pc() belongs to P(pc(Q)), so that 
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P(pe(Q)) equals R(pc(Q)). Mergelyan’s theorem (mentioned after Theo- 
rem 3.3.3) shows that P(pc({)) actually equals A(pc()). Hence, we have 
P(Q) ~ P(pe(2)) = R(pc(Q)) = A(pe(Q)). Note that we have proved the 
special case where 2 and pcf are T and D, respectively. Note also that 
Runge’s theorem shows that any function in C({Q) which is the restriction 
of a function analytic in some neighborhood of 2 actually belongs to R(Q). 

We have seen examples (1.e., T and D, respectively) in which the in- 
clusions P(Q) C R(Q) and A(Q) C C(Q) are proper. Certain choices of Q 
called Swiss cheeses show that R(Q) C A({Q) may be proper (cf. Theodore 
W. Gamelin [1969], p.24). Since A({) satisfies R(Q) C A(Q) C C(Q) where 
the inclusions are isometries, and since the Gelfand spaces of both R(Q) 
and C() can be identified with Q under the map y — A, = (2), it is not 
surprising that this map is also a homeomorphism of the Gelfand space of 
A(Q) onto © for all compact Q in C. Furthermore, the Siloy boundary of 
A(Q) is always identified by this map with the topological boundary of Q 
(of. Gamelin {1969}, p. 31). 

Before leaving these examples we also mention that if Q is a compact 
subset of C with connected complement and connected interior, then re- 
striction to the boundary GQ of Q maps P(Q) isometrically isomorphically 
onto a maximal closed subalgebra of C(Q). (Errett Bishop [1960]). 

The classes of examples discussed above can be extended in various ways 
to algebras of analytic functions of several complex variables. The theory, 
of course, becomes far more complicated in this setting. For further results, 
we refer the reader to the extensive contemporary literature, starting with 
the following books: Andrew Browder {1969], Gamelin [1969], Stout [1971], 
and John Wermer [1976]. 

Au interesting but unrelated example was given by Eva Kallin [1963]. 
It is a unital commutative Banach algebra .A generated by four elements. 
There is a continuous function f on 4 such that for each point 7 in Ty, 
there is a neighborhood U of y and ana € A such that f equals 4 on U, but 
f ¢ A. This contradicted a published theorem of Silov (cf. Arens [1961] 
for background). The algebra also contains elements a and b such that b 
vanishes in the neighborhood of each zero of 4, but 6 does not belong to 
the ideal generated by a. 


3.2.15 The Stone-Cech Compactification of a Topological Space 
Our construction is based on the abstract characterization of the algebras 
Co(Q) given in Theorem 3.2.12, which shows that a commutative Banach 
algebra is isometrically isomorphic to Co({) for some locally compact Haus- 
dorff space 2 if and only if it is a commutative C*-algebra. Note that Q 
is compact if and only if Co(Q) is a unital algebra, in which case Co({2) 
equals the algebra C(Q) of all bounded continuous functions on 2, Hence, 
Theorem 3.2.12 also shows that a unital commutative Banach algebra A 
is isometrically isomorphic to C(Q) for some compact Hausdorff space Q if 
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“:.i only if it is a unital commutative C*-algebra. 

.zet Q be any topological space and let C(Q) be the unital commuta- 
tive Banach algebra of all bounded continuous functions f:2 — C under 
<7’ $wise operations and the supremum norm. It is obvious that 


fwy=fw)* VFEcQ;wEen 


defines an involution which makes C(Q) into a unital commutative C*- 
algebra. Hence, the Gelfand homomorphism (°) is an isometric isomorphism 
of C(Q) onto C(Peay). We will denote Tg) by BQ. For each w € 2 the 
map y: C(Q) — C defined by 


wf) = fw) VfeECc(Q) 


clearly belongs to 8]. Furthermore the map y (1.e., the map w ++ ¥,,) is 
clearly a continuous map of 2 into ZN. In fact, the range yo of this map is 
dense in 82. To see this, note that a function f € C(Teiqy) which vanishes 
OD Yq is zero since it has the form g for some g € C(Q) which must be 
identically zero. 

Assume next that 2 is a completely regular Hausdorff topological space 
(t.e., a Tychonoff space). Then we claim that the map ¥ is a homeomor- 
phism of 2 onto its image yq C BQ in its relative topology. Since the 
functions f € C(Q) clearly separate the points of a completely regular 
dausdorff space, ¥ is injective. The definition of complete regularity shows 
that for each wy € 22, a neighborhood base at wo is given by 


{{w EQ :|f(w)| > 0}: f Ee C(Q); f(wo) = 1}. 


Since q transforms this into a neighborhood base for y,, in ya, 7 is a 
homeomorphism as claimed. Hence, we have shown that any completely 
regular Hausdorff space 2 can be homeomorphically embedded as a dense 
subset of a compact Hausdorff space G2 so that each bounded continuous 
function on 2 extends to a continuous function on GQ with the same bound. 
™ the next paragraph we will show that the embedding into 32 satisfying 
‘nese conditions is unique up to an obvious notion of equivalence which we 
wilt define there. The essentially unique space 8{2 (or more precisely the 
embedding of 2 into BQ) is called the Stone-Cech compactification of Q. 
1 of Qis any topological space, then a compactification of 2 is a pair (y, V) 
consisting of a compact topological space VW and a continuous map w of Q 
onto a dense set in YW. Note that we are not requiring that y be injective or 
a homeomorphism onto its image with the relativized topology of V as some 
authors do. Two compactifications (7, ¥) and (w’, ¥’) are called equivalent 
‘f there is a homeomorphism 6: ¥ — W’ satisfying 00 wy = y’. 

To see that the Stone-Cech compactification is unique up to this notion 
of equivalence, suppose ~:2. > © satisfies the conditions for the Stone- 


Sech compactification. For each f € C(M), let f € C(W) be its extension 
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to W. (That is, f satisties fo = f.) Then 6:¥ — [eq), defined by 


Ar)(f) = f(r) for all r € W, defines an equivalence between y: 22 © and 
7:2 — Toya) = BQ. These results, together with the remarks preceding 
Theorem 3.2.10, show that a topological space 2 has a compactification 
(wy, ¥) in which # is a homeomorphism if and only if 2 is completely regular. 

We remind the reader of the algebraic analogue of the Stone-Cech com- 
pactification given in §1.5.1. There we showed that, for any locally compact 
Hausdorff space, there was a natural identification of C(Q) with the double 
centralizer algebra D(Co({Q)) of Cg(Q). 

If (, ¥) is a compactification of 2, then A= {fow: f € C(V)} isa 
closed, self-adjoint (i.e., A is closed under complex conjugation of values), 
unital subalgebra of C(Q). Conversely, any such subalgebra A C C(Q) is a 
unital commutative C*-algebra under complex conjugation as involution, so 
that the Gelfand transform is an isometric isomorphism of A onto C(T4). 
Clearly, the map 7:9 — [4 defined by 


wf) = fw) VfEApwEen 


is a continuous map. The same argument as before shows that yp is dense 
in 4. Hence, we have established a bijection between the set of equiv- 
alence classes of compactification of 2 and the closed self-adjoint unital 
subalgebras A of C(). Note that the algebra A corresponding to (wp, V) 
is the set of functions f € C() which can be extended to W in the sense 
that there is a function « € C(W) satisfying f = g oy. Thus, C(Q) itself 
is the algebra associated with the Stone Cech compactification. Similarly, 
if Q ws locally compact and (y,W) is the one-point compactification of 2, 
then the associated algebra is Co(Q)! C C(Q). 

We will give another even more interesting example of a compactification 
in the next example. 


3.2.16 The Bobr Compactification This is a compactification of a 
locally compact group which takes into account both the topological and 
the group structure. Let G be a locally compact group. Recall from Section 
1.10 that if f:G — C is any function, then its left and right translates are 
defined by 


uf(v) =f(uv'v) and fu(v) = f(vu') VEG, 


respectively. A function f € C(G) is said to be { left / right / two-sided ) 
almost pertodic if the set 


({uf :ue€G}/{fu:ue G}/ {ufp:u, ve G}) 


has compact closure in C(G). If f and g are left almost periodic, then 
{u(f +g) : u € G}7 is included in the (continuous) image under summation 
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of tLe compact set {uf : u € G}~ x {uf : u € G}” and hence is compact. 
This shows that the set of left almost periodic functions on G is closed 
under addition. Similar arguments show that it is a subalgebra of C(G) 
whicaA is even closed under complex conjugation. It is also easy to see that 
if {f.}nen is a sequence of left almost periodic functions which converge 
to f in C(G), then {uf : u € G} is totally bounded so that f is almost 
peric dic. Thus, the set of left almost periodic functions on G is a closed 
self: djoint unital subalgebra of C(G). It is obvious that similar arguments 
coulc be applied to the sets of right or two-sided almost periodic functions. 
Howcver, it turns out that there is an elementary proof showing that left (or 
right) almost periodic functions are necessarily two-sided almost periodic. 
(For a proof see Lynn H. Loomis [1953], p.167, where the present approach 
to the Bohr compactification was first given.) Hence, we may speak of the 
unite’ commutative C*-algebra of all almost periodic functions and denote 
this eet by AP(G). 

Cur previous remarks show that AP(G) C C(G) determines a compact- 
ificat.on y:G — 6G of G. Thus ¥ is a continuous map of G into 6G. Even 
though we are assuming that G is locally compact, and therefore completely 
tegulur, y need not be injective nor a homeomorphism. 

It is not clear a priori that bG has any more structure than that of a 
compact Hausdorff space. In fact, it turns out that the preimage under 
7:G — bG of the point y(e) is a closed normal subgroup of G which we 
naturally denote by ker() and the preimage of each point in the dense set 
ya is a coset. of ker(y). Hence, yg carries the structure of a group. The 
group operations on ‘yg are uniformly continuous in the natural uniformity 
of bG and hence can be extended to all of bG. This makes bG into a 
comps ct topological group. (Proof of these facts may be found in the same 
reference.) Hence, for any locally compact group G, we have constructed 
a homomorphism y:G — 6G onto a dense subgroup of a compact group 
bG such that each almost periodic function f on G can be extended to be 
a cont‘nuous function f on bG (i.e., f satisfies f oy = f). The extension 
proces: is an isometric isomorphism of AP(G) onto C(bG). The same 
argu nt which showed the uniqueness of the Stone-Cech compactification 
up to <quivalence shows that -y:G — bG is determined up to equivalence by 
this e:tension property. The present compactification is called the Bohr- 
compa :tification since Harald Bohr [1932] first studied it in the special case 
in which the group G is the group R of real numbers. 

Th2 Haar measure on the compact group bG defines a linear functional 
on C(eG) which can be pulled back to AP(G) through the isometric iso- 
morph c extension map f + f of AP(G) onto C(bG). This gives a linear 
functicral M: AP(G) — C satisfying 


M(l) = 1 
IM(f)| < Ifill, Vf AP(G) 


338 3: Commutative Algebras and Functional Calculus 3.2.17 
M(f*) = M(f)* W fe AP(G) 
M(h) > 0 Vhe AP(G); h>0 
M(ufe)) M(f) V fe AP(G); uvEG 


which is called the von Neumann mean. John von Neumann [1934] proved 
the existence of this mean by an elementary argument showing that if the 
set of left translates of a function f:G —+ C (not necessarily continuous) has 
compact closure in the uniform norm, then its closed convex bull includes 
exactly one constant function, namely M(f). 

For Bohr’s classical case G = R, the von Neumann mean is given by 


T 
M(f) = fim (27)? f f(u)du V f € AP(R). 
-T 


In this case, there are also two important characterizations of AP(R) in 
addition to the definition which we have given (which is due to Bochner 
{1927]). A function f € C(R) is almost periodic if and only if for each 
€ > 0 there is a T > 0 such that in each interval of length T there is 
an s satisfying ||f — fsll,, < €. (This explains the name “almost periodic 
function”.) Bohr showed that the functions satisfying the above criterion 
were precisely the uniform limits of functions of the form t + 5-1 a,e'*! 
for a, € C,s, € R. Since these functions obviously separate the points of 
R, the Bohr compactification 7:R —+ OR is an injection. 


3.2.17 Some Classes of Groups The continuous group homomorphism 
+:G — 6G of the Bohr compactification of an arbitrary locally compact 
group G is not necessarily an injection. Our description of its construction 
shows that it is an injection if and only if the functions in AP(G) separate 
the points of G. A locally compact group for which this holds is said to be 
manmmally almost periodic and the collection of all such groups is denoted 
by [MAP]. 

Let U:G — B(H) be a continuous group homomorphism of G' onto a 
bounded subgroup of the group of invertible elements in B(H) where # is 
a finite-dimensional normed linear space. Such a homomorphism is called 
a finite-dimensional, continuous, bounded representation of G. (An impor- 
tant special case arises when H is an inner product space and each represent- 
ing operator U,, for u € G is unitary. Then U is called a fintte-dimensional, 
continuous, unitary representation.) By choosing a basis for H, we can 
write each representing operator U,(u € G) as a matrix (Uuij)nxn where 
n is the dimension of H. The multiplicativity of U shows that the trans- 
lates of each matrix entry function u++ U,,;,; are linear combinations of the 
other such functions with a universal bound for the coefficients. Hence, the 
set of all such translates is a bounded -ubset of the finite-dimensional space 


SS eres 
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spexned by {ur Uys 3:1 < #, 7 < n}. Thus, each function in this space 
is almost periodic. This gives a sufficient condition for a locally compact 
groun to belong to [MAP], and in fact this condition is also necessary. 


Theorem. The following are equivalent for a locally compact group G: 

(a) G € [MAP], i.e., the algebra AP(G) separates the points of G. 

(b) In the Bohr compactification y:G — 6G the homomorphism 7 is 
injective. 

(c) There is some injective continuous group homomorphism of G into 
a compact group. 

(d) There are enough continuous finite-dimensional bounded represen- 
tations to separate the points of G. 

{2 There are enough continuous finite-dimensional unitary representa- 
tiong to separate the points of G. 


Proof “rom previous remarks, the implications (¢)=+(d) =>(a)¢>(b)=>(c) 
are obvious. If K is any compact group, then the set YU of continuous 
tinite-dimensional unitary representations of K separates the points of K 
as we will show later by several different arguments. Hence if (c) holds and 
y -» K is a continuous homomorphism, then the set {U oy: U € U} shows 
that (e) holds. a 


In the above theorem, the implication (d)=>(c) is also obvious directly. 
(If (d) holds and U is a point separating set of continuous finite-dimensional 
bounded representations of G, then K = |] ,¢,, Uc is a compact group, and 
the nap which sends an element of G to its representing operator in each 
representation of UW is an injective continuous group homomorphism of G 
into K.) Also, the implication (d)=>(e) follows directly from the simple 
argument outlined in the next paragraph. 

Let G be a subgroup of the multiplicative group of £(H), where 7 is 
some finite-dimensional linear space. Choose a basis v),v2,...,Un for H 
and define an inner product on H by 


n n nm 
(S>A54, > 4545 )o = »; AjH}- 
j=) =) j=) 


Assume that G' is bounded with respect to the corresponding norm. Since 
any twc norms on # are equivalent, and hence give rise to equivalent norms 
on L(71) = B(H), the particular choice of the basis is unimportant. Then 
G is 2 compact topological group in the relative topology of B(H). For any 
two vectors z, y € 4, define a second inner product by 


(z, y) = | (Uz, Uy)odv, 
UEG 


where /.--dU represents the Haar integral on G. Then, it is clear that 
each ! € G is a unitary operator with respect to this new inner product. 
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Thus for any bounded group G in £(H) (where # is finite-dimensional and 
G is bounded with respect to any norm on H), there is an inner product 
on # relative to which G is a unitary group. Note that the last portion 
of this argument shows that any compact group in B(H) where (H, (-,-)o) 
is an infinite-dimensional Hilbert space is a unitary group relative to an 
equivalent inner product. If G was originally the image of another locally 
compact group under a homomorphism continuous with respect to any 
norm on H, then the homomorphism is still continuous with respect to the 
new inner product. 


3.2.18 Gelfand Theory and Silov Boundaries for Projective Ten- 
sor Products of Commutative Banach Algebras The following re- 
sults are essentially due to Jun Tomiyama [1960]. See also Bernard R. 
Gelbaum [1962] and Arnold Lebow [1968]. More general results are ob- 
tained by considerably ‘nore complicated arguments in Gelbaum {1959}, 
{1961}, [1970] and Kjeld B. Laursen [1970]. Some of these will be given in 
Example 7.1.19. 


Theorem. Let A and B be commutative Banach algebras. Then A®B is 
a commutative Banach algebra and its Gelfand space is naturally homeo- 
morphic tol’, x Tg. 


Proof Proposition 1.10.12 shows that AB is a commutative Banach alge- 
bra. For y € [4 and 6 € I'g, the continuous bilinear functional 


(a, b) +» y(a)6(b) 


obviously induces a well defined function 7@6: A®B — C, which is given by 
1G OD, Oe @ bk) = VP, V(ax)b(be) when S>y~, |Iaxl {Ibe || < 00 holds. 
This provides a continuous map of !'4 xI'g into P 4gg. (This map is just the 
tensor product of the functions y and 6 composed with the multiplication 
map M:C@C-7C.) 

Next we wish to define a map from ‘4g, into 4 x I'g which will be 
the inverse of the above map. For each @ € I 4g, choose an element c@ d 
with 0(c @d) # 0. Replacing this element by a suitable multiple allows 
us to assume @(c ® d) = 1. Now define ( ye: A + C / 59:B > C ) by 
( ye(a) = (ac @d) / 59(b) = (c @ bd) ) for any (a € A/bEB). These 
maps satisfy 


16 & 64(a & b) = O(ac © d)O(c @ bd) = O(ac? ® bd?) = O(a @ ), 


79(aa') = 8(aa'c & d)O(c @ d) = B(ac & d)O(a'c @ d) = ye(a)70(0'), 


and similarly 69(bb’) = 69(b)69(b’) for all a, a’ € A and 6, b’ € B. Both 
maps are non-zero since they satisfy | = 6(c @ d) = ye ® dg(c @d) = 
ye(c)de(d). Finally, 7,96 = 7 and 6,@5 = 6 are obvious for all y € T', 
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and 6 = lg. Hence, we have inverse bijections of P4 x [g onto Tygg. In 
fact, it is obvious that 0 ++ (ye, 469) is also continuous so these bijections 
are horneomorphisms. a) 


Propcsition Let A and B be commutative Banach algebras. Then ASB 
is semisimple if and only if: 

(a) Both A and B are semisimple, and 

(b) The natural map 6: A®B — A®B is injective. (This will hold if 
either A or B has the approximation property.) 


Proof if A®B is semisimple, then its spectral radius is a norm. By the last 
proposition, this means that 


tr sup{|y @ 46(t)|: 7 ET 4; 6€ Ts} Vté€ ASB 


is a no-m on A®B. This clearly implies that p4(a) = sup{|y(a)|:7 € Ty}, 
pa(b) = sup{|6(b)|:6 € Tg} and |lt\|,, = sup{|w @ w'(t)|:w € Aj: w’ € By} 
are all norms. Hence, A and B are semisimple and @ is injective. 

Surpose, conversely, that conditions (a) and (b) hold. Then any ¢ = 
Yok. Ck @ by which satisfies S742, Ilaell [[bel| < oo and is in the Gelfand 
radical of (A®B) also satisfies y ® 5(t) = S77, y(an)6(bk) = 0. Since B is 
semisir:ple, this implies that }>7°, y(ax)bs is zero for each y € 4. Hence 
ior eac.a y € Py and w’ € Bt, y(Sopa, w' (bean) = y @w'(t) is zero. Since 
A is semisimple, this implies that w @ w'(t) = w(S>¢2, w’(b_)ax) is zero. 
Condition (b) now shows that ¢ is zero as we wished. Oo 


Note that this last proposition contradicts Corollary 1 of Lebow [1968]. 
Gelbavn [1962], p. 533 notes that the above function @ ++ (79,59) sends 
the Siloy boundary of A@B onto the products of the Silov boundaries of 
A and 3. Tomiyama [1960], Theorem 5 and Gelbaum [1962], p. 530 show 
that A and B are completely regular if and only if the same is true of A@B. 
Several other similar results are proved in one or the other of these papers 
(e.g., concerning anti-symmetry, analyticity, Wiener’s property.) Finally, in 
Tomiyema’s paper it is noted that if A and B are semisimple commutative 
Banach algebras, there is always a cross norm on A ® B such that the 
completion of A ® B relative to this cross norm is semisimple. (Just pull 
the norm of A®B/(A®B), (where (A@B), is the Gelfand radical of A@B) 
back to A @ B, where our previous results show that it is a norm.) 


3.3 Functional Calculus 


Introde stion to Various Functional Calculi 


A functional calculus is a way of assigning a meaning to “function f(a) 
oi an e ement a” for some algebra of functions f:C — C and some set of 


342 3: Commutative Algebras and Functional Calculus 3.3.0 


elements a in some class of algebras. We will use several functional calculi 
in this work. As the set of functions increases in size, the classes of algebras 
and the sets of elements within these algebras to which the functions can 
be applied will naturally decrease in size. The assignment f — f(a) will 
always be an algebra homomorphism. The constant function 1 


WAy=1 WaAEC 
will be mapped onto the identity element in A}, and the identity function 
2(A)=’ VWrAEC 


will be mapped onto a. (We will use z with this meaning throughout the 
remainder of this section.) These two requirements will determine the ho- 
momorphism, perhaps under mild additional continuity assumptions. Fur- 
thermore, f(9(a)) will be defined exactly when f © g(a) is defined (where 
fog is the composition of f and g) and we will have f(g(a)) = fog(a). For 
each given functional calculus we consider, the question of whether f(a) is 
defined for a given element a (of the proper type) will depend only on the 
spectrum of a. Furthermore, some form of the spectral mapping theorem 
which asserts 


Sp(f(a)) = {f(A):A € Sp(a)} 
will hold. Finally, the various functional calculi will agree when more than 
one is defined for a given f and a. 

We will also consider two functional calculi in which functions are ap- 
plied to ordered n-tuples of elements rather than to single elements. These 
will be taken up separately, since they are technically much more difficult. 

The two most elementary functional calculi, t.e., those involving polyno- 
mials and rational functions, were already considered in conjunction with 
the spectral mapping theorem (Theorem 2.1.10). We briefly review the 
facts established there. They are defined for any element in any algebra. 
The functions involved in the first are polynomials. Let @ be an clement, 
in the algebra A. Let p be a polynomial with complex coefficients, say 
P= Vhn9 2? (bE. P(A) = Pons 0% for all A € C). Then define p(a) by 

p(a) = bee 9 %,@) € A! where a® = 1. It is clear that the map p+ p(a) is 
a oni iioe phic which also respects composition. Obviously it is the only 
algebra homomorphism of the algebra of polynomials into A' which takes 
1 onto | and z onto a. 

We can easily extend the polynomial functional calculus to a functional 
calculus in which any rational function can be applied to an element a € A 
if it has no poles in Sp(a). (Of course, this is not a proper extension if Sp(a) 
is the whole plane. No element in a spectral algebra has this problem.) Let 
a € A be given and let p and q be polynomials such that q has no roots in 
Sp(a). The spectral mapping theorem shows that zero does not belong to 


fa 
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the spectrum of g(a) in A!. Hence, q(a) is invertible in A and its inverse 
cemrm:tes with p(a). Thus, for any a € A and any rational function r = p/q 
wher2 ~ and g are polynomials and g has no roots in Sp(a), we can define 
r(a) dy 

r(a) = p(a)q(a)~' € Al. 


It is immediately clear that the map r ++ r(a) does not depend on the 
particuiar choice of p and gq (satisfying r = p/g and q has no roots in 
Sx{c.* 2nd is a homomorphism. The spectral mapping theorem 


Sp(r(a)) = r(Sp(a)) 


was proved as Theorem 2.1.10. If 9 is another rational function, s(r(a)) 
is defined if and only if the rational function s or has its poles off Sp(a). 
It is easy to check that s or(a) = s(r(a)) by factoring s and checking the 
equation for each of the factors 4 — z and (X/ — z)~! which occur. It is 
niso eegy to check that r + r(a) is the only homomorphism of this set of 
rationa! functions into A’ which takes 1 onto | and z onto a. Thus we have 
another well-behaved functional calculus. 

Let A be a Banach algebra, and let a be an element in A. Let f = 
ep @nz” be a power series with complex coefficients having radius of 
convergence strictly greater than p(a). Then, 5>~., ana" converges in 
norm unconditionally for any extension of the norm of A to A). The set 
of funcsions with power series with radius of convergence strictly greater 
thai (a) is an algebra and the map f + f(a) is a homomorphism, since 
the series converges unconditionally and thus can be multiplied. It is also 
obvious that this functional calculus extends the polynomial calculus. (We 
used a special case of this idea to define the exponential function in The- 
orem 2.1.12.) Rather than discuss uniqueness, composition of functions or 
the spectral mapping theorem in the present setting, we go on to a more 
inclusive functional calculus for analytic functions. 


The Analytic Functional Calculus 


We turn to the construction of the most important functional calcu- 
lus for general Banach algebras: that based on analytic functions. This 
functional calculus was first used by Frigyes Riesz in [1911] for spectral 
projections of eigenvalues of compact operators but was developed more 
fully by Angus E. Taylor [1938b], Gelfand [1941a], Edgar R. Lorch [1942] 
and especially Nelson Dunford [1943], who gave the general spectral map- 
ping theorem. Norbert Wiener’s [1923] use of Banach space valued analytic 
functions and Marshall Harvey Stone’s book [1932] provided a stimulus to 
some of this work. Similar ideas were also used in a more concrete setting 
by Arne Beurling [1938]. The particular construction we will use derives 
from the first edition (1971) of Wermer [1976] but the idea is probably due 
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to Nicolaas Govert de Bruijn [1958]. It was further refined by Bonsall and 
Duncan [1973b], Walter Rudin [1973] and Robert B. Burckel [1994]. 

This functional calculus applies to any element a in any Banach algebra 
A, and the functions for which f(a) is defined are those which are analytic 
in some neighborhood of the spectrum of a. Actually, the set of all functions 
analytic in some (small, variable) neighborhood of Sp(a) is not an algebra, 
so that we must turn to the algebra of germs of functions analytic in some 
neighborhood of Sp(a). (The problem arises because we must define the 
domain of a sum to be the intersection of the domains of the individual 
functions, so that (f + g) — g will not usually be the same function as f. 
For the power series with positive radius of convergence considered above, 
it is not necessary to intersect the domain of a sum since we may always 
choose the largest open disc on which the series converges.) We postpone 
consideration of this complication until our basic construction is complete. 
The construction depends on certain contour integrals of functions with 
values in a Banach algebra. We introduce our terminology and notation 
before explaining the details of the construction. 


3.3.1 Definition Let A be a Banach algebra and let a be an element 
of A. Let F, be the collection of all functions f each of which is defined 
and analytic on some (possibly disconnected) open set Dy which includes 
Sp(a). We will say a contour F in the complex plane is suitable for the pair 
(a, f) if T consists of a finite set {T1,T2,..., Pp} of disjoint, rectifiable, 
piecewise smooth, simple closed curves in D; \ Sp(a) such that the winding 
number of I" satisfies ' 


a | 1 an = { 1 if Ao € Sp(a) 
2Qrt r (Apo) 0 if Ag € C \ Dy. 


If I is suitable for (a, f), we define an clement I'(f) of A! by 
ris shoe. if Lye 
I(f) = oni J, F(A)(A- a)" ad. (1) 


First we note a way to construct a suitable contour T° for a pair 
(a, f). Let € > 0 be dist(Sp(a),C \ Dy). Choose R > p(a). Cover the 
compact set RC, \ Dy by a finite number of open discs D,, D2,..., Dg 
of radius ¢/2 centered at points in the set. If the boundaries of some of 
these discs are tangent, their centers may be moved slightly to remove this 
problem. Let V be the neighborhood of Sp(a) given by 


q 
V = RC, \ L) De. 
k=1 
Let T be the boundary of V oriented so that any arc of ORC, in LF is 
counterclockwise and any arc of 0D, is clockwise for k = 1,2,...,g. It is 
easy to check that this contour is suitable. 
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The contour integral I} (f) = (27i)~? fi, f(A)(A — a)7} dA is defined as 
an ordinary Riemann-Stieltjes integral in the unitization A! converging in 
the norm topology. Explicitly, for each of the finitely many Jordan closed 
curves Ty, the union of which is , the integral is the limit of Riemann- 
Stieltjes sums of the form 


os se f(Ak)k — @)7 "(Ye — Ye-1) 
k=1 


where the A,’s and +,’s belong to ly, Yo = Yn, and one positive circuit 
arounc: [, starting at yo visits the A,’s and ,’s in the order 


40,15 Y15 A2,Y2; wie »Yn-15 Any Yn: 


Yhe Hnit is taken as max{d(ye_-1, %):& = 1,2,...,n} approaches zero, 
where i(y4 -1,7&) is the distance along I, in the positive direction from Y—1 
to Y. Because the integrand is continuous, the integral exists by exactly 
the sane proof given in any careful discussion of the Riemann integral 
for numerical-valued functions. Moreover, the definition shows that any 
continuous linear functional w € (A!)* can be moved through the integral 


sign to give: 
WUE) = ge f F(A ~ ay") ar (2) 


Using the analyticity of the resolvent function \ +> (A—a)~! (Corollary 
2.2.12) on the resolvent set C \ Sp(a) of a, we could easily use classical 
complex analysis, equation (2) and the Hahn-Banach theorem to show 
that J; (f) is actually independent of the choice of suitable contour I’, but 
we proceed differently. 


3.3.2 Lemma Let a be an element of a Banach algebra A, f a function 
in Fa andT a suitable contour for (a, f ). 

(a\ If f is identically equal to 1, then IT (1) equals 1 € A}. 

(b) If f =r is a rational function with its poles off Sp(a), then 


I(r) = r(a). 


(c) If (fa}nen 13 @ sequence of analytic functions on D; which converges 
pointurise to f and uniformly on compact subsets of Dy, then 


IN(f) = im IE (fn). (3) 


(e) Ify eT ar, then yUE(f)) = f(y(a)). Hence, if P41 1s nonempty, 
the Gelfand transform satisfies 


Sos 


Ip(f) = fod. 
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Proof (a): Choose R strictly larger than max{|A| : A € '} and let [) be 
the circle of radius R centered at 0 and oriented counterclockwise. Let F be 
the contour consisting of [9 together with I’ with its orientation reversed. 
Corollary 2.2.12 shows that the resolvent (A—a)~" is analytic at every point 
where the winding number of f is non-zero. Hence, for any w € (A?)* equa- 
tion (2) shows that w(IT(f)) = (2mi)-! Sry FAwW( — a)~') dX. Proposi- 
tion 2.2.9(f) shows that the resolvent can be expanded in a uniformly and 
absolutely convergent Laurent series on I'9, so we have 


w(IT(1)) = 5 / Yow(a")r-"Nda = = / w(1)A~"dd = w(1). 
Fe =o To 
Since w € (A')* was arbitrary, (a) is established by the Hahn Banach 
theorem. 
(b): Let p and g be polynomials satisfying r = p/q and with g having no 
roots in Sp(a). By expanding the left side, we see that there are polynomials 
90, 91,---59n satisfying 


p(A)a(6) — p(G)a(A) = (A~ 6) So gn (ADC. 


k=0 


Hence, we may write 


where hy = gx/q and a, = a*/g(a). Since each complex-valued function hy, 
is analytic inside I’, its integral is zero. Hence, conclusion (a) gives 


1 


r = a 
IS (r) = r(a)5— 


fo a) }dA=r(a). 
r 

(c): The point set of the contour [ is a compact subset of Ds. Hence 
if {fu}nen is any sequence of functions satisfying the hypotheses, then it 
converges uniformly to f on T. The same proof that works for numerical- 
valued functions shows that the limit of a uniformly convergent sequence of 
functions with values in A! can be interchanged with a Riemann integral. 
This gives the desired result. 

(d): We have already noted that a continuous linear functional like 
can be moved through the integral sign, so we see 


HUIS) = a f £0) ~ (a) dd = F(a). 


The remark about Gelfand transforms is an immediate consequence. a) 
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Runge Approrimation Theorem 


Lemma 3.3.2 contains enough information about the map rm Fa — A} 
so that we may use it to prove the classical Runge approximation theorem 
[1885]. That theorem will be central to the next step of our construction, 
whic? will make the rest of the properties of our functional calculus, in- 
cucirg its uniqueness, quite easy. 


3.3.3 Runge’s Approximation Theorem Let K be a compact subset 
of C. Zhen any function analytic in a neighborhood of K can be uniformly 
approzimated on K by rational functions with poles off K. In fact, tf A ts 
any sudset of the complement of K which includes at least one point from 
each bounded component of that complement, then only rational functions 
with poles in A are needed. 

Hence, if the complement of K 1s connected, then any function analytic 
in 422 seighborhood of K can be uniformly approrimated on K by polyno- 
mials. 


Prec; “et R(.K) be the closed subalgebra of C.K) generated by the rational 
functions with poles in A. The abstract Runge theorem (Theorem 2.2.13) 
asserts that every element of R(A) has the same spectrum in R(K) as it 
does ‘nx C(K). The identity function z belongs to R(K) and its spectrum 
is exactly K since (\ — z)~) belongs to C(K) (and hence to R(K)) exactly 
when 4 ¢ K. If f is analytic in a neighborhood of K, then f belong to 
F,. Choose a contour [ suitable for (a, f). Then, I" (f) belongs to R(K) 


and satisfies J) (f) = f oz by (d). However, the Gelfand homomorphism is 
injective in this case (since for any \ € K we can define a homomorphism 
ya ED acy by ya(f) = f(A) for all f € R(K)). Hence f = I'(f) belongs 
to R(.K). This proves the first statement of the theorem. 

If the complement of K is connected, it has no bounded components so 
that A may be chosen empty. This proves the final statement. Oo 


The final statement of Runge’s theorem has two extremely important 
extensions. One is K. Oka’s theorem [1936} which we state as Theorem 3.5.3 
below. The other is S. N. Mergelyan’s theorem [1951] which we will not 
prove. Mergelyan’s theorem asserts that a function f is the uniform limit of 
polynomials on a compact subset K of C which has connected complement 
if f is continuous on K and analytic on the interior of K. Many proofs of 
this:tneorem have been given: cf. Rudin [1974], Stout, [1971]. 

‘Pwrge’s theorem greatly increases the importance of equation (3) in 
Lemme 3.3.2(c). 


3.3.4 Corollary Let a be an element of a Banach algebra A and let f 
be @ function in Fa. Then, it is possible to find a suitable contour I’ for 


Cos 
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(a, f) and a sequence {ra}nen of rational functions satisfying 


1 (f) = lim ry(a). (4) 


n—#+#00 


Moreover, any sequence of rational functions, defined and converging to f 
untformly on each compact subset of some neighborhood of Sp(a), satisfies 
this equation. 


Proof Equation (4) follows from result (a) and equation (3) of (c) in 
the lemma if the sequence satisfies the last sentence in the corollary. We 
use Runge’s theorem to establish the existence of such approximating se- 
quences. First choose A with exactly one point in each bounded component 
of C\ Sp(a). Then choose an open neighborhood V of Sp(a) with compact 
closure V included in Dy \ A. Apply Runge’s theorem to f and V. a 


We will use equation (4) to define the functional calculus. The equal- 
ity of the two expressions shows that each is independent of the various 
choices involved. First, we introduce the algebra of functions (or rather, of 
equivalence classes of functions) on which the functional calculus is based. 


The Topological Algebra of Germs of Analytic Functions 


Let A be a Banach algebra and let a be an element of A which will 
remain fixed throughout this discussion. We will define the algebra F, 
of germs of functions analytic in a neighborhood of Sp(a). Let Na be 
the family of all open subsets of C which include Sp(a). Note that the 
elements of Nj, need not be connected. For each U € Ng, let Fy be the 
algebra (under pointwise operations) of all analytic functions f:U — C. 
We give Fy the topology in which a net {fa}aca converges to f if f,(A) 
converges to f(A) for each \ € U and the convergence is uniform on each 
compact subset of U. We have already used F, to represent the union of 
all the algebras Fy for U € N, and Dy to represent the domain of f € Fa. 
Our functional calculus is defined for each function in F, but, since F, is 
not an algebra, we wish to replace it with an algebra. In order to do this, 
we introduce an equivalence relation: 


f~g # — flu =glu for some UE Na. (5) 


We will denote the set of equivalence classes by F,. For each U € Na, define 
pu: Fu — F, as the natural map. For f, 9 € Fa, fg and f +g are the usual 
pointwise product and sum defined on D; Dg. It is easy to see that these 
operations are compatible with the equivalence relation. Hence, they give 
F, the structure of an algebra. We will not distinguish in notation between 
a function f € F, and its equivalence class in Fy. 

We wish to give F, the strongest locally convex linear tupology such that 
each map pu: Fu — Fa will be continuous. To do this we define a neigh- 
borhood system at the origin consisting of all convex, balanced, absorbing 


3.2.6 Functional Calculus 349 


suoseis N of F, such that py (N) is open in Fy for each U € Ny. (In 
othe: words, we have defined F, to be the inductive limit (Definition 1.3.4) 
of {#4:U € Ng} under the maps pyy: Fy — Fy defined by restriction to 
V for each pair U, V € Ng with V CU.) 


3.3.€ Definition The topological algebra F, which we have just con- 
struc‘ed is called the algebra of germs of functions analytic in a neighbor- 
hood of Sp(a). 


The :Tomomorphism I, 


For each U € Na, we will now define a continuous homomorphism 
IU: #, — Al. It will be easy to see that if f,g € F, are equivalent, 
then “2/(f) = I2%(g). Hence, the family {1¥:U € Nj} defines a homo- 
morphism J, from F, into A. Moreover, it is easy to see that I,:F, — A! 
is continuous. 

Let U € Ng be given. Then, a contour fF which is suitable for (a, f) 
for one f € Fy is suitable for all of them, so we define JY: Fy — A} to be 
I™. Corollary 3.3.4 shows that this is independent of the choice of P among 
suitable contours. Clearly, JY is linear and Lemma 3.3.2(c) shows that it is 
contiruous. Equation (4) of Corollary 3.3.4 shows that it is multiplicative, 
since ‘he functional calculus for rational functions is multiplicative. We 
have already noted that I4(f) is invariant under the equivalence relation 
used to construct Fa, so for f € F, we may define I,(f) to be vs (f) for 
some ‘epresentative f. 


3.3.6 Definition Let a be an element in a Banach algebra A and let f be 
a function in F,. In the analytic functional calculus, f(a) has the meaning 
I,(f) € A? as defined above. 


W> are now ready to state a comprehensive theorem. The statement 
of the theorem is slightly complicated by the fact that we do not. require 
an identity element. In fact, the reader may wish to note how both the 
statement and the proof are simplified if A is unital. 


3.3.7 Theorem Let A be a Banach algebra. For each a € A, the map 
Iq: f ++ f(a) constructed above is the unique continuous homomorphism 
I,: Fg 7 A} satisfying: 

(a) Ig(1) =1 Ig(z) =a. 
Furthermore, for anya € A and f € Fa, these maps also satisfy: 


(b; Sp(f(a)) = f(Sp(a)). 
(c) For any g € F(a), 9° f belongs to F, and satisfies 


9° f(a) = 9(f(a)). 


(d‘ If either 0 ts not in Sp(a) or f(0) 1s zero, then f(a) belongs to 
the smallest closed spectral subalgebra of A containing a. Otherwise f(a) 
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belongs to the smallest closed spectral subalgebra of A! containing a and 1. 
If a representative of f can be chosen in Fg so that Dy includes a compact 
neighborhood of Sp(a) with connected complement, then the word “spectral” 
can be removed from each of the last two statements. 
(e) For any Banach algebra B and continuous homomorphism y: A — B, 
both Fa © Fyia) and 
v(S(a)) = F(p(a)) 


hold when either (1) A, B and y are all unital; or (2) Sp(a) does not include 
zero; or (3) {(0) ts zero. 

(f) If C ts a maximal commutative subalgebra of A and the element a 
belongs to C, then Pan 
f(a)=foa (6) 
holds, where (") denotes the Gelfand homomorphism on C unless A is not 
unital and also {(0) is not zero in which case (~) denotes the Gelfand ho- 
momorphism on C! (embedded in A'). 

(g) If f +s a rational function, f(a) has the same meaning in the analytic 
functional caiculus as it does in the rational functional calculus. 

(h) If f has a power series expansion f = >) Qn2" with radius of 
convergence strictly greater than p(a), then f belongs to F, and satisfies 


f(a) = ys ana". 
n=0 


(i) For each f € Fa, there is a neighborhood D of a such that f belongs 
to F, for each b€ D and f(b) ts a continuous function of b € D. 


Proof Throughout this proof, a € A will be arbitrary but fixed. We 
have already noted that J, is a well defined continuous homomorphism 
which agrees with the rational functional calculus if the function is rational. 
Hence, in particular, conditions (a) and (g) hold. 

Let [: ¥, —» A! be any other continuous homomorphism satisfying (1) 
and (2). Theorem 2.1.10 states that J must agree with the rational func- 
tional calculus for rational functions. Corollary 3.3.4 now shows J = Io, 
establishing uniqueness. 

(b): Consider p € C \ f(Sp(a)). Then, g = (4 — f)~! is analytic on the 
open neighborhood Dy \ {\: f(A) = p}. Hence, g belongs to Fy and g(a) 
is an inverse for u — f(a), so Sp(f(a)) C f(Sp(a)). 

Conversely, consider  € Sp(a). For any A, there is an analytic function 
g on Dy satisfying (4 -— A)g(A) = f(u) — f(A). Therefore (u — a)g(a) = 
S(u) — f(a) holds. However, this shows that if f(u) — f(a) had at inverse 
then pp — a would have one, contrary to assumption. This establishes the 
reverse inclusion. 
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(c): By (b), we see that go f belongs to F, if g belongs to F4(,). The 
function J: F 54) + A’ defined by I(g) = go f(a) is a continuous homomor- 
phisra satisfying J(1) = 1 and I(z) = f(a). Hence by the uniqueness of this 
functional calculus (applied to f(a) instead of a), we see fog(a) = f(g(a)). 

(d) and (e): Either side of equation (4) of Corollary 3.3.4 shows that f(a) 
belongs to the smallest closed spectral subalgebra of A! which contains a 
and 1. ‘The last sentence follows from the last sentence of Runge’s theorem. 
We comsine the proof of the first sentence with the similar case for (e). 

Let 13 be another Banach algebra and let y: A — B be a continuous 
hemcmorphism. Assume first that A, B and are all unital. Then, Sp,(a) 
includes Spp(y(a)) by Proposition 2.1.8. Hence, Fa is included in Fp(q) (in 
a natural sense). Again the desired equation is an immediate consequence 
of either side of equation (4) of Corollary 3.3.4. Hence, (e) holds under 
hypotkesis (1). 

Nexi we will establish (e) under the alternative hypotheses that either 
f(0) = 3 or O ¢ Sp(a) holds. At the same time we will establish the first 
sentence of (d). 

For a € A and any f € Fo, let T be a suitable contour for (a, f) that 
has winding number 0 around zero if zero is not in Sp(a). For any A€T 
we can write 


(= a)7? = a7! — (Aa). (7) 


Thus we obtain 


f(a) = ae [| F0)071aa - aq [ FOO)". (8) 
r r 


The first integral is zero by the Cauchy integral formula. The second be- 
longs ic any closed spectral subalgebra containing a since al] of its Riemann 
sums do. This proves the first sentence of (d). Furthermore, if y:.A — B is 
arc, coctinuous homomorphism, we have 


elf) = 3 [ fOx10-tp(@))Far 
= og [10-01 = ool) 


where we have used the analogue of (7) stated for y(a) in place of a. This 
proves condition (e) under hypotheses (2) or (3). 

(£): Suppose first that A is unital. By (e) with hypothesis (1), the 
in,ec*:c. of a maximal commutative subalgebra C into A will preserve the 
functional calculus for f(a) for a € C and f € Fy. (Of course, F, will be 
defied relative to C. However, Proposition 2.1.8 shows Sp,4(a) = Spc(a), 
so F, has the same meaning whether defined relative to A or C.) Thus, 
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we may work exclusively in C. Now (e) with hypothesis (1) applied to the 
Gelfand homomorphism of C give the desired conclusion. 

Next suppose A is not unital, so that zero belongs to Sp(a). If f(0) = 0 
holds, condition (d) implies f(a) € C. Hence, we can again apply (e) (with 
either hypothesis depending on whether or not C is unital) to the Gelfand 
homomorphism of C to obtain the desired conclusion. Finally if A is not 
unital and f(0) is not zero, then we can apply (e) with hypothesis (1) to 
the Gelfand homomorphism of C! to prove the last portion of (f). 

(h): (Recall that (g) was established earlier.) The partial sums of the 
series ) > 9 nz” converge to f = S74 a,z" in Fy under the assumptions 
of (h). Hence, the conclusion of (h) follows from applying (g) and the 
continuity of I, to the sequence of partial suis. 

(i): Choose a contour [ which is suitable for (a, f). Theorem 2.2.13 
shows that there is a neighborhood D of a such that each b € D has its 
spectrum in the open set {A € C: \ ¢ T and the winding number of T around 
d is +1}. Hence, each b € D satisfies f € F,. Use the chosen contour 
to define I,(f) = sh; fp f(A)(A — b)7 "dA for each b € D. Proposition 2.1.4 
shows that (A — 6)~! is a jointly uniformly continuous function of A € T 
and b € D. Hence, the map b+ I,(f) is continuous by the usual proof 
from calculus applied to *he integral above. Oo 


We mention explicitly three consequences of condition (d) of Theorem 
3.3.7. If a € A belongs to some proper closed ideal ZT of A (so 0 belongs to 
Sp(a)) and if f(0) = 0 holds, then f(a) belongs to Z. Also, 


f(a) € {a}” VaEA; feFa (9) 


holds (where {a}” is the double comimutant of a € A). Finally, if A is 
a closed subalgebra of B(4’) for some Banach space ¥ and D is a closed 
subspace of ¥ satisfying aX’ C X for some a € A, then f(a)X C # holds 
for all f € F, for which a representative in F, can be chosen so that Dy 
includes a compact neighborhood of Sp(a) with connected complement. 

For a long time it had been hoped that for each a € A the homomor- 
phism J, was unique even without the assumption of continuity. This was 
disproved by an interesting construction of Graham R. Allan [1972]. See 
3.4.8 through 3.4.16 below for a more detailed discussion of these results. 

See also Florian Horia Vasilescu [1982]. The paper [1989] by John B. 
Conway, Domingo A. Herrero and Bernard B. Morrel discusses some inter- 
esting extensions. Mohammed Akkar [1978] defines a functional calculus in 
certain locally convex algebras. 

We have examined this functional calculus in considerable detail. This 
is motivated in part by the applications which we wish to make of it, but 
it is also motivated by our desire to compare this functional calculus with 
two others which we shall introduce in succeeding chapters. These are the 
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functional calculi of continuous functions of normal elements in C*-algebras 
and Borel functions of normal elements in W*-algebras. 


Functional Calculus for Spectral Algebras 


We would like to extend the functional calculus to spectral algebras 
but we are only able to do so for Jacobson-semisimple spectral algebras. 
There are two related problems. Spectral algebras have no topology and 
we have just noted that there do exist discontinuous functional calculi in 
some 3anach algebras which differ from the standard functional calculus. 
Thus we need to know that the functional calculus obtained by completing 
in different spectral semi-norms is always the same. The next proposition 
removes this difficulty in the semisimple case. In a non-semisimple spectral 
algebra, we would also face the problem that only spectral semi-norms 
might be available, so that the completion would actually be a quotient 
algebra and thus finding preimages in the algebra itself of the function of 
the image of one of its element would cause difficulty. 


3.3.8 Proposition Let A be a Jacobson-semisimple spectral algebra. Let a 
be an element of A and f a function in Fy. Leto, and o2 be any two spectral 
norms on A. Let b and c be the element f(a) defined by the functional 
calculus in the completions of A with respect to 0, and a2, respectively. If 
both b and c are in A, then they are equal. 


Proof This is a slight variation on the uniqueness portion of the proof 
of Theorem 3.3.7. Recall from Proposition 2.5.15 that the spectrum of a 
does not change in any completion with respect to a spectral semi-norm. 
Choose a contour I suitable for defining f(a) and let K be the compact set 
TuUf{? €C : TP has winding number +1 around \}. By Runge’s Theorem 
(Thec-em 3.5.3), we can find a sequence {f,,} of rational functions with 
poles off K D Sp(a) which approximates f uniformly on K. Each f,(a) is 
unam/>iguously defined in A and the sequence { f,(a)} converges to b in a1 
and tc c in 02, so the Fundamental theorem (Theorem 2.3.6) shows b = c 
since .4 is semi-simple. a) 


This proposition shows that the following definition is unambiguous and 
does 1ot depend on the choice of spectral norm. 


3.3.9 Definition Let A be a Jacobson-semisimple spectral algebra. 
Choose a spectral norm on A and let A be the completion. For any a 
in A and any f € Fa if f(a) € A’ actually belongs to A, then we say that 
f(a) is defined in A. 


As already noted in the proof of Proposition 3.3.8, the spectrum of 
a does not change in the completion with respect to any spectral norm. 
Hence, if f(a) is defined relative to such a completion, and that element 
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is in A, then it agrees with f(a) defined relative to the completion with 
respect to any other spectral norm. Thus, the restricted functional cal- 
culus in a spectral algebra A is a homomorphic image of whatever class 
of functions is involved and satisfies the rules on composition of functions 
of any normal functional calculus. It also satisfies the spectral mapping 
theorem. Of course, we can use the above procedure to define a partial 
functional calculus in any spectral normed algebra without any restriction 
of semisimplicity. 


3.3.10 Example The proposition does not say anything about the exis- 
tence of f(a). If A is the disc algebra and B is the subalgebra of rational 
functions with poles off the closed disc, it is clear that B is a spectral sub- 
algebra of A and thus a spectral algebra. For the identity function z in 
BC A, the functional calculus image f(z) belongs to B if and only if f 
is rational with poles off the spectrum of z which is just the closed disc. 
Thus, the algebra of functions involved in the functional calculus is just the 
algebra of these rational functions and is therefore as small as it possibly 
could be. It would be interesting to know what other subalgebras of F, can 
arise in different spectral algebras. We will now define and study the class 
of spectral normed algebras in which the functional calculus is defined for 
every f € Fg. 


Functional Algebras and Subalgebras 


3.3.11 Definition A functional algebra is a spectral normed algebra 
A such that for each a € A and each function f € F, the element f(a) 
defined by the functional calculus relative to the completion A of A is 
already in A!. A subalgebra of a Banach algebra or functional algebra is 
called a functional subalgebra if it contains f(a) for each of its elements a 
and each f € F,. A normed inductive limit of Banach algebras is called a 
pseudo- Banach algebra. 


The first class of algebras introduced above may in time prove to be of 
fundamental importance, but we are not sure that the current definition 
is exactly correct. The class of local algebras, which seems to have been 
first formally developed by Bruce Blackidar in (1986], is our model. Similar 
ideas have been used chiefly in the K-theory of C*-algebras. The term “local 
Banach algebra” was intended to suggest that each element individually has 
a property (viz. a functional calculus) associated with completeness even 
though the algebra as a whole need not be complete. Since “local algebra” 
has an entirely different meaning stemming from algebraic geometry, we 
will not use it. Note that a functional subalgebra is necessarily a spectral 
subalgebra and that a functional subalgebra of a functional algebra is again 
a functional algebra. 

The term “pseudo-Banach algebra” was introduced by Allan, Dales and 
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J. Peter McClure [1971]. (The cited paper actually considered only the 
com:natative case.) Their formal definition was in terms of bounded sets, 
but tiey showed that their pseudo-Banach algebras are exactly those al- 
gebras which occur as normed inductive limits of Banach algebras. The 
normed inductive limit construction was described in Definition 1.3.4 and 
Exarz le 1.3.5. For unital commutative Banach algebras, the reference al- 
ready cited characterizes these algebras among several well known classes of 
topological algebras (e.g., locally multiplicatively convex, Fréchet algebras, 
etc.) and shows that their Gelfand theory is well behaved. We now note the 
connection between these two classes below. This is a fundamental result 
from Blackadar [1986]. 


3.3.12 Theorem A normed inductive limit of functional algebras is a 
Fzactional algebra. Hence, in particular, a pseudo-Banach algebra is a func- 
tional algebra. 


rec! We will use the notation from Definition 1.3.4. First we note that 
ine reorm on A is spectral. If a € A satisfies ||a|| < 1, then there is some 
co and ag € Aq with a = a(aq) and |la,|| < 1. (Much more is true, of 
course, but this is all we need.) So aq is quasi-invertible since a Banach 
eagebre, is spectral by Corollary 2.2.8. Since a is a homomorphic image, it 
is also quasi-invertible so the norm is spectral by the same corollary. Let 
a € Aand f € Fa be given. Suppose a is such that a = y,(d) for some 
be 2 = Ay. Let Dy be the domain of f. Then we have Sp4(a) C Spg(b), 
so C' = Spg(b) \ Dy may be empty but is certainly compact. If it is not 
empty, then for each 4 € C \ {0} we can find a § > a and a quasi-inverse 
fo- 3~!ye¢a(b) (since \~1a has a quasi-inverse in A). In fact, there is a 
neightorhood of \ in which such quasi-inverses exist. If zero is in C’, then 
A. is waital and there is a neighborhood of zero and a /3 so that ygq(b) is 
inver dle in Ag. Cover C with a finite number of such neighborhoods and 
then choose +y larger than all the @ which correspond to the neighborhoods 
in this collection. It is clear that f(y 1a(b)) is defined in A,. Define f(a) 
to be py(F(Pya(d))). 0 


We wish to examine the inductive limit of matrix algebras of increasing 
size over a functional algebra. It is apparently unknown whether a matrix 
algebra over a functional algebra is again a functional algebra, but the 
fottowing recent theorem of Larry B. Schweitzer [1992] covers a case which 
inc’c9s many applications. The applications are of the following type: Let 
A be the L}-algebra or C*-algebra of a Lie group G. It may be easier 
1 calculate the K-theory of a dense functional subalgebra consisting of 
finctions which are, for instance, C° on G. The results in this example 
shew <hat the machinery all works smoothly. 
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3.3.13 Theorem Let A be a spectral normed algebra which ts also a 
Fréchet algebra in a topology such that the embedding of A with its Fréchet 
algebra topology into A with its norm is continuous. Let A be the completion 
of A in its norm. Then A is a functional subalgebra of A and hence a 
functional algebra. Furthermore, any matriz algebra M,,(A) over A is also 
a functional subalgebra of M,(A) (when this matriz algebra is given any 
algebra norm which defines the topology pointwise in terms of its entries) 
and hence a functional algebra. 


Proof In Theorem 2.9.2 we have noted that the inverse is continuous in a 
Fréchet algebra. Thus, the integrand f{(\)(A — a)~! in the integral defining 
f(a) is continuous. Hence, its Riemann sums converge in the Fréchet topol- 
ogy of A just as in the discussion of the functional calculus in a Banach 
algebra. Because A (with its Fréchet topology) is continuously embedded 
in A (with its complete norm), the image of f(a) in A is just f(a) in A. 
Therefore, A is a functional subalgebra of A. 7 
Theorem 2.2.14(h) shows that the extension of the norm of A to M,(A) 
is still spectral. Hence the image of M,(A) in M,(A) is a spectral subalge- 
bra by Proposition 2.5.15. Also, this image is still a continuously embedded 
Fréchet algebra. Thus, it is a functional subalgebra by the same argument 
as before. a 


Blackadar’s [1986] Definition 3.1.1 actually requires that M,,(.A) be func- 
tional (in our terminology) for all n € N before he calls it a local algebra. 
This was necessary for the applications to K-theory, but the theorem above 
is sufficient for most applications. In terms of Blackadar’s definition, Lothar 
M. Schmitt [1991] shows that A/Z is local whenever A is local and TZ is a 
closed ideal. We do not know whether matrix algebras and quotients of 
functional algebras are always functional without any further restrictions, 
but this whole theory is in its infancy. See Schweitzer [1991], {1992] and 
[1993] for examples and discussion. 


3.4 Examples and Applications of Functional 
Calculus 


Our careful study of the various elementary functional calculi and the 
analytic functional calculus is justified partly by their important applica- 
tions and partly by our desire to compare them with two additional func- 
uonal calculi which will be defined for certain elements in certain *-algebras. 
We introduce one of these at the end of this section. We will also explore 
the situations under which the analytic functional calculus is, or is not, 
unique when the continuity assumption is removed. However, most of this 
section will be devoted to some of the important applications of the an- 
alytic functional calculus. In the interest of giving elementary proofs, we 
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will sometimes avoid using this functional calculus in situations to which 
it c‘early applies. We will do this whenever elementary methods yield the 
sar 2 results with comparatively little extra effort. In addition to polynomi- 
als and rational functions, the functions which occur most often in practice 
are the exponential, the logarithm, and the square root. Also, for elements 
with disconnected spectrum the characteristic function of a portion of the 
spectrum is frequently useful. Except for this last case, these applications 
can usually be treated as easily by more ecleincntary methods. 


Remark. We often state theorems about the functional calculus just for 
Banach algebras, even though they hold for functional algebras also. The 
reacer can easily check whether some small change in wording is needed. 


Existence of Idempotents 


In Section 3.5 we will prove the Silov idempotent theorem (Corollary 
3.5.15) which shows the existence of idempotents in a commutative Banach 
algebra if its Gelfand space is disconnected. The proof of that result de- 
pends on the powerful theory developed in Section 3.5. However, we can 
now prove an easier analogue of this result which is a trivial consequence 
of the analytic functional calculus we have already constructed. The next 
result is due to Gelfand [1941a]. 


3.4.1 Proposition Let A be a unital, Banach algebra, and let a be an 
element of A. If Sp(a) is the union of a family {K;:7 = 1,2,...,n}(n > 1) 
of disjoint, nonempty, closed sets, then there is a set {e; : j = 1,2,...,n} 
of o-thogonal non-zero idempotents satisfying 5-"_,e; = 1 and Sp(ae;) = 
K; {0} for j = 1,2,...,n. Moreover, each of these idempotents is con- 
tain cd in the smallest unital closed spectral subalgebra B of A which contains 
a, s: e; € {a}”. Considering Gelfand transforms relative to the commu- 
tatite Banach algebra B, we see that é; is the characteristic function of 
a (.4;). 


Proof For each j = 1,2,...,n, let f; be a function in F, which is equal to 1 
in a neighborhood of K, and is equal to 0 in a neighborhood of Sp(a) \ Kj. 
Define e; by e; = f;(a) for j = 1,2,...,n. Theorem 3.3.7 gives all of the 
stated results. oO 


“he above proof is an example of using a disconnected neighborhood of 
the spectrum and a function which is analytic in the chosen neighborhood 
but is not globally analytic. It is interesting to write down the idempotents 
produced in the last proposition explicitly. Let I be a suitable contour 
in C \ Sp(a) which has winding number +1 around each point of Aj and 
wincing number 0 around each other point in Sp(a). Then we have: 


_! -1 
= o5 [o a)" dX. 
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The Kernel of the Exponential Function 

Theorem 2.1.12 gave the basic results on the exponential function exp: A > 
A in a unital Banach algebra A where 


ie 
exp(a) =e = 2a Vace A. 
n= 


If A is commutative, that theorem shows that exp is a group homomorphism 
from the additive group A to the multiplicative group Ag. Following Edgar 
R. Lorch [1942] and [1943], we now find the kernel of this homomorphism. 


3.4.2 Theorem Let A be a commutative unital Banach algebra. The 
kernel of the exponential map exp: A — Ag is the additive group generated 
by the set {2mie:e is an 1dempotent in A}. 


Proof Suppose e is an idempotent in A. Then 
oo 
exp(2mie) = 1+ So (nl) ‘(2ni)"e = 1+ (exp(27i) — l)e = 1. 
n=1 


Hence, the kernel of the group homomorphism exp: A — Ag contains 
the additive group generated by {2z7ie :e is an idempotent in A}. Con- 
versely suppose a € A satisfies exp(a) = 1. Then Theorem 3.3.7(b) shows 
that Sp(a) is a finite subset of the set {27in:n € Z}. Proposition 3.3.1 
gives a finite set {e;:j = 1,2,...,m} of orthogonal idempotents satisfy- 
ing }o~, €; = 1 and Sp(ae,) = {2nin;} for some integer n;. Define b by 
b= 0", 2nin,e,. Then 4 ~b is zero so there is an element r in the Gelfand 
radical of A satisfying a+r = 5. Furthermore, the absolute convergence of 
the series involved allow us to write 0 = exp(b)—exp(a) = S77°_(n!)~'((a+ 
ry? — a") = r O(n!) Se (Z)r*1a?-*. The Gelfand transform of 


n=1 
the infinite series is just )7°° ,(n!)~'na"~' = exp(a). Hence, the infinite 
series is invertible so r is zero. Thus a = 0 has the desired form. oO 
Logarithms 


We have just determined the kernel of the exponential function on a 
commutative Banach algebra A. Theorem 2.1.12 shows that, in the com- 
mutative case, the range of the exponential function is the connected com- 
ponent of the identity in Ag. However, it is harder to determine whether a 
given element is an exponential in the noncomutative case. We will consider 
not necessarily commutative Banach algebras. Clearly any element in the 
range of the exponential function is invertible. We are about to show that 
if 0 is in the unbounded component of C \ Sp(a) then a is the exponential 
of an element log(a). However, the next example shows that this sufficient 
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condition is not necessary even in the commutative case. A more subtle 
condition will be given in the next section. 


3.4.3 Example Consider the commutative unital Banach algebra C(T) 
of continuous functions on the 1-torus T. Let g:T — C be defined by 


a, J 28 0<0<n 
ale") i(4n — 20) m<0<2n. 


Clearly, g is continuous so it belongs to our algebra. Just as clearly, exp(g) 
has tie whole of T as its spectrum. 


£.4.4 Theorem Let A be a unital Banach algebra and let a € A be an 
eement which has 0 in the unbounded component of C \ Sp(a). Then in 
the smallest unital closed spectral subalgebra of A containing a, there is an 
element log(a) which satisfies 


' 


exp(log(a)) = a. 
Hence for any n € N, the element a'/" = exp(+ log(a)) satisfies 
(al/")" =a. 


Znay element a € A which satisfies ||1 — al] < 1 satisfies the previous 
conci‘ton and we can write 


log(a) = — pe = 
n=l 


Preef Since the unbounded component which contains 0 is arc connected, 
“72 tam construct a continuous curve connecting 0 to some point on the 
negecive real axis beyond the spectral radius of a. Using this curve, we can 
choose a branch of the logarithm function which is analytic in a neighbor- 
hocc of Sp(a) and use it to define log(a). Theorem 3.3.7 then gives the 
resuits in the first paragraph. The alternative hypothesis ensures that the 
series converges, so Theorem 3.3.7(h) gives the final result. a 


Note that if Sp(a) is disconnected, then log(a) and a'/" depend on the 
choice of the contour in the proof of the theorem. Obviously, any invertible 
matrx A € M, for any n € N satisfies the theorem and thus has a logarithm 
and evbitrary roots. 


Square Roots 


Let @ be an element in a Banach algebra and let b be a square root for a 
in the sense that 6? = a holds. Then a belongs to any closed commutative 
subalgebra C containing }, and 6 is a square root for 4 in C. The implicit 
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function theorem proved in the next section (Theorem 3.5.12) will give a 
strong converse. If a € A is invertible in a closed commutative subalgebra C 
which is a unital algebra, and if @ has a square root h in C(Tc), then a has 
a square root in C and hence in A. Furthermore, this square root is unique 
in C subject to the condition that ¢ = h. This result is, of course, obtained 
by considering the function F(w,z) = w? — z. The main disadvantage of 
this result is that it only deals with elements which are invertible, at least 
in some closed commutative subalgebra. 

Assume now that A is a unital Banach algebra and a is an invertible 
element in A such that the whole negative real line lies in C \ Sp(a). Then, 
the usual principal branch of the square root function belongs to F, so that 
the analytic functional calculus gives a square root a'/? in {a}” C A with 
spectrum in the open right half plane. We will now show that this is the 
only square root with spectrum in the open right half plane. If bis any other 
square root, a!/? and 6 belong to a common closed commutative subalgebra 
C. If 6 has spectrum in the right half plane, then a'/? and b must have the 
same Gelfand transform in C since they satisfy (a1/2)? = (b)?. Hence, 
there is some r in the Gelfand radical of C satisfying 6 = a!/? +r. Then, 
2a!/2 +f is invertible in C since it has a nonvanishing Gelfand transform. 
Thus, 0 = b? — (a!/?)? = (2a'/? + r)r implies r = 0. 

The uniqueness of square roots with spectrum in the right half plane was 
first obtained explicitly by Einar Hille (1958]. It was rediscovered and given 
an attractive proof by L. Terrell Gardner [1966]. However, an immediate 
corollary of this result, which plays a decisive role in the theory of Banach 
*-algebras was not known to most workers in that field until discovered by 
James W. M. Ford in his dissertation [1966], [1967]. 

We now derive an elementary version of the above result which does ap- 
ply to certain noninvertible elements. Actually, we will deal with elements 
b satisfying bo b = a. Such an element is called a quasi-square root of a. 
This is more convenient, particularly in nonunital algebras. Obviously such 
elements satisfy (1 — b)? =1-—a in A’. 

We will give a simple derivation of the binomial series expansion for 
(1+ A)!/?. First, assume the existence of a power series expansion with 
undetermined coefficients: 


149)" = 40) = Sand”. (1 
=0 


Clearly, a9 must be 1. The first equality implies 
2(1 + A)y’(A) = y(). (2) 


Substituting the series expansion gives 


oo oo 
S [a(n + l)anyi1 + 2na,JA”" = So and”. 
n=0 


n=0 
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By <quating the coefficients, we get the recurrence relation an4, = 
(1 — 2n)(2n + 2)~'a,, from which 


a, = (1) Cor on Wn>0 


n 22n-In!(n — 1)! 


follows. The ratio test shows that the power series of (2) converges for 
|A| < 1. Thus, for |A] < 1 we conclude 


a taytarsy (1?) 0 (3) 
n=1 
y 


> (a) 


is easily proved by induction. It shows that 


The ‘dentity 
= (2N)! 


p3 (=) (5) 


converges so that the power series of (3) converges absolutely and uniformly 
for |Aj < 1. Since it represents a continuous function there, the power series 
satisfies (3) for all |\| < 1, and in particular (5) converges to 1. 


3.4.6 Theorem Let A be a Banach or a functional algebra. Leta € A 
satisfy either p(a) < 1 or |la||" < 1 for all sufficiently large n. Then the 


series an 
EM) car (6) 
converges unconditionally to an element b € aAN AaN {a}” satisfying 
bob=a and p(b)<1. (7) 


ff a satisfies p(a) < 1, then b is the only element in A satisfying (7) and, 
in fact, satisfies 1 — p(b) < /1 — p(a) < 1. 

Proc, If a satisfies p(a) < 1, Theorem 2.2.5(f) shows |{|a"|| < 1 for all 
suffic:ently large n. Thus, under either hypothesis on a € A, the remarks 
preceding this theorem show that }°~~, ||( es ?)a"-"|| converges so that (6) 
converges unconditionally to an element b € aAM Aan {a}” which satisfies 
bob=a. Corollary 3.1.6 shows that each partial sum satisfies 


N N 
o-Ps LC? yptayn 


n=1 
= 0(/?)(-p(a))" = 1 - VT= le). 
n=1 


lA 
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The last part of Corollary 3.1.6 then shows p(b) < 1— \/1 — p(a) since each 
partial sum commutes with 0b. 

The inequality p(a) < 1 then implies p(5) < 1. When this holds, suppose 
c € A satisfies coc = a and p(c) < 1. Then ca = 2c? — c} = ac holds so ¢ 
commutes with a, and hence with b also. Thus p((b+c)/2) < (1+(b))/2 < 
1 implies that (b+ c)/2 has a quasi-inverse which we denote by d. Hence, we 
get b—c = 00(b—c) = A eal (b—c) = Bel rece aen Ge) a 7 
do[(b+c+bob-coc)/2] =do((b+c)/2) = | 


Continuity of the Spectrum 


The following two results are due to John D. Newburgh [1951]. Lemma 
3.4.6 will be used both in Proposition 3.4.7 and in Proposition 6.1.10. 
Proposition 3.4.7 gives the same result as the last one in Corollary 3.1.6 with 
completely different hypotheses. It is also related to Newburgh’s theorem 
(Theorem 2.2.15). 


3.4.6 Lemma Leta be an element in a Banach algebra A. Let V bea 
bounded open subset of C satisfying VN Sp(a) = VN Sp(a) # @. Then there 
is ad > 0 such that ||b — all < 6 implies Sp(b) OV # @. 


Proof Let f be the characteristic function of V. By assumption, f is 
analytic in a neighborhood of Sp(a). Theorem 3.3.7 shows that f(a) is 
a non-zero idempotent. Hence, Theorem 3.3.7({i) shows that there is a 
peeicne a, which we may take to be an open disc of radius 6, such that 

f(b) is defined for each b in the neighborhood and satisfies || f(b) — f(a)|| < 
\f(a)||. This implies f(b) 4 0 and thus, by Theorem 3.3.7(b), Sp(b)NV # k 
for each 6 satisfying ||b — all < 6. 


3.4.7 Proposition Let A be a Banach algebra. Let a € A have totally 
disconnected spectrum. For any € > 0 there is a 6 > 0 such that ||b—al| < 6 
implies 


Sp(a) C Sp(b) + eCy, Sp(b) C Sp(a) + eC, and 
|p(a) — p(b)| < e. 


Proof Since Sp(a) is compact and totally disconnected, there are a finite 
number of disjoint closed discs D, » = 1,2,...,n each containing some 
point of Sp(a), of radius less than ¢/2 and such that Sp(a) is included in 
the interior of D = (J_, D;. Theorem 2.2.15 shows that we can find a 
69 > 0 so that ||b— aj < 59 implies Sp(b) C D°. For each j = 1,2,...,n the 
lemma gives a 4, > 040 that Sp(b)7D, #0. Define 6 to be the minimum 
of {6,:9 = 0, ee Then any 6 satisfying {|b — al] < 6 has all the 
desired properties since each point of Sp(a) is in some D? of diameter less 
than ¢, which also contains a point of Sp(b). a 


roe 
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Discontinuous Functional Calculi 


We will now explore the existence of discontinuous functional calculi. 
Tneorem 3.3.7 states that for any element a in a Banach algebra A there 
is a unique continuous homomorphism I,: F, — A! satisfying 


In(1)=1 = Ig(z) =a. (8) 


Ie "sh to investigate conditions on the Banach algebra A which will 
ensure that for a € A, any (not necessarily continuous) homomorphism 
Ja: F, — A! satisfying (8) equals Ig. When this is true for a particular 
c € A, we say that a has a unique functional calculus and when it is true 
for all a € A, we say that A has a unique functional calculus. Since Ig 
is unique among continuous homomorphisms satisfying (8), a will have a 
unique functional calculus if and only if every homomorphism J,:F, — A} 
satisfying (8) is continuous. (Thus, this is a type of automatic continuity 
res‘ similar to those discussed in Chapter 6.) The main results here are 
due te Allan [1972], Dales [1973] and Thomas [1978]. 

‘First, we will show that not all algebras have a unique functional cal- 
culus. Let F = C([[z]| be the algebra of formal power series in z introduced 
in Example 2.9.7. Let A be a Banach algebra and let a be an element in A 
satisfying Sp(a) = {0}. Then the algebra F, of germs of functions analytic 
in the neighborhood of Sp(a) = {0} can be identified with the subalgebra 
Fo) of F consisting of those series with a non-zero radius of convergence. 
Hence if we can embed F into A! by two distinct unital homomorphisms 
y and ~ which agree at z, but disagree at some element of F(9), then we 
can be sure that the functional calculus is not unique. Thus the search for 
non-unique functional calculi can begin by studying unital homomorphisms 
ec! ¥ into a unital Banach algebra A. We quote, without proofs, the main 
taeorems from Allan [1972]. Recall that the Jacobson radical and Gelfand 
radical coincide for commutative Banach algebras by Theorem 3.1.5. 


2.4.3 Theorem Let A be a unital Banach algebra and let py: F — A be 
an injective unital homorphism. Then y(z) belongs to the Jacobson radical 
of A and the descending sequence {[A(y(z))"]~ }nen of closed left ideals 
eventually becomes constant at a non-zero left ideal. 


3.4.2 Theorem Let A be a unital, commutative Banach algebra. Let 
there be an element 6 in the Gelfand radical of A such that the descend- 
ing sequence {(Ab")~}nen of closed ideals eventually becomes constant at 
@ non-zero ideal denoted by T. Then I = Mee, Ab" is dense in I. Fur- 
thermore for any « € T\ {0} and any f € F ‘which as transcendental over 
the polynomials, there are injective unital homorphisms yp: F -+ A and 
y: F — A satisfying p(z) = b = Y(z) and p(f) 4 (f) +c = (f). 


Hence, any algebra (such as those given in Examples 3.4.15 and 3.4.16) 
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satisfying the conditions of Theorem 3.4.9 will fail to have a unique func- 
tional calculus and therefore will have a discontinuous functional calculus 
in addition to its unique continuous functional calculus. We now give the 
results due to Marc P. Thomas [1978]. They require some preparation. See 
also Bade, Curtis and Laursen [1980]. 


3.4.10 Definition Let A be a Banach algebra and let a be an element 
in A. A subspace D’ is said to be a-divisible if it satisfies 


(A-a)D' =D’ vie. 


If X is a subspace of A, denote the largest a-divisible subspace of % by 
D(a, X). 


The definition means that D(a, 4) is an a-divisible subspace of 4 which 
includes all other such subspaces. Hence it is unique if it exists. Since {0} is 
a-divisible and the sum of any family of a-divisible subspaces is a-divisible, 
it is obvious that D(a, 1) always exists. We incorporate this observation 
in the next proposition. We are primarily interested in the case in which A 
is commutative and aX C % already holds. 


3.4.11 Proposition Let A be a Banach algebra. Let a be an element in 
A and let X be a subspace of A. Then D(a, X) exists and is unique. It is 
the largest subspace D’ of X satisfying (A — a)D'! = D’ for all X € Sp(a). 

If A is commutative, then D(a, X) ts included in the Jacobson radical 
of A. Also for any a, D(a, %) is an ideal of A if X is. 


Proof We have already shown existence and uniqueness. Suppose D’ is the 
laigest subspace of 4 satisfying (A — a)D’ = D’ for all \ € Sp(a). This 
implies aD’ C D’ since the spectrum is nonempty. It is enough to show ° 
(us — a)D’! = D’ for all p € C\ Sp(a). Any \ € Sp(a) and p € C \ Sp(a) 
satisfy (A — a)(u — a)“'D’ = (uw — a)"!(A — a)D’ = (up — a)"'D’. Hence 
the maximum nature of D’ gives (u —a)~'D' C D’. However, this implies 
D’ = (js — a)(u—a)7'D’ C (jt —@)D’ C D’ as we wished to show. 

If A is commutative, let y € [4 be arbitrary. For any d € D(a, ¥), there 
is ane € D(a, %) satisfying d = (y(a) — a)e. Applying 7 shows +(d) = 0. 
Since 7 € F.4 was arbitrary, Theorem 3.1.5 shows D(a, 4) C Ay. If % is 
an ideal of A and D’ C & satisfies (\ — a)D’ ~ D’ for all X € C, then for 
any 6 € A, 6D” satisfies the same conditions. Hence D(a, 4) is an ideal. O 


This proposition shows that the ideal Z of Theorem 3.4.9 is just D(b, A). 
3.4.12 Proposition Let A be a Banach algebra. Fora € A let Ig: Fa — 
A! be the usual functional calculus homomorphism and let Ja: Fa A! 


be any other homomorphism also sulisfymg (8). Define 63:Fg — A by 
63(f) = Ja(f) — Ja(f) for all f € Fa. Then &; is linear and satisfies 
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e) 69(f9) = Ta(f)69(9) + 6 (f)Ia(g) + (f)b(9) VSG EF. 
) d3(p) =0 VY polynomials p. 

-) 67(Fa) C D(a, A). 
) 53(e) = 0 whenever e is idempotent. 
) If A is commutative, 6;(F,) C D(a, As) C Ay. 


Proc” Properties (a) and (b) follow from easy computations. 

(c) and {e): For f € F, and \ € Sp(a), we can write f = f(A) + (A—z)g 
for s me g € Fy. By applying 67, we get dy(f) = (A — a)6y(f). This 
show, (\ — a)5y(Fa) = 6;(Fa) for all \ € Sp(a). The last proposition now 
gives 5)(Fa) © D(a, A). If A is commutative, the final result of the last 
proposition gives (e). 

{c): The elements J,(e) and J,(e) are idempotents. Since J,(e) belongs 
to the double commutant of {a} and aJa(e) = Ja(ze) = Ja(e)a holds, 
there is a maximal commutative subalgebra C which includes both Ja(Fa) 
and ,(F). This implies 6;(e) = 6;(e)? = --- = 5y(e)*” for all n EN. 
Gelfaid’s spectral radius formula now gives 116; (e)I| = = PO): We a 
repla :e A by C and then apply (e) to conclude 6;(e) = 


Note that e € F, is idempotent if and only if e]sp(a) is the characteristic 
function of a clopen subset S of Sp(a). For S clopen in Sp(a) we write e% 
for such an element of F,. 


3.4.13 Theorem Let A be a Banach algebra. Any a € A for which 
D(a, .4) is {0} has a unique functional calculus. This holds for alla € A if 
A is commutative and its Jacobson radical is finite-dimensional. 

Jf A is commutative and Sp(a) has at most countably many connected 
components, then the following are equivalent: 

(a) @ has a unique functional calculus. 

(2) D(a, A) = {0}. 

(c} Each connected component S of Sp(a) satisfies 


Dia, {) efA) = {0}. 


r clopen 


scr 


Partial Proof We have already established the first paragraph except the 
last sentence. Suppose A is commutative and A, is finite-dimensional. 
Then there is a non-zero polynomial p such that the restriction of the left 
regular representation La to Ay satisfies La) = p(La) = 0. Factoring 
p(a@) = a(Ai — a)(A2 — a)--- (A, — a) shows {0} = p(a)D(a, A) = D(a, A). 
For a proof of the second paragraph of the theorem see the original 
paper Thomas [1978] or Dales [1973] and [1994]. It is naturally hard to 
prove the existence of a discontinuous functional when some component of 
Sp(a} fails to satisfy (c). The unusual (and not very restrictive) hypothesis 
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on the topology of the spectrum is used to show that one component S of 
Sp(a) is clopen. This is crucial in the proof that (c) implies (b). oO 


We also quote Dales’ main result [1973]. The reader is directed to that 
paper for further details and for reference to previous work. 


3.4.14 Theorem Let A and B be unital commutative Banach algebras 
with B semisimple. Then, A has a unique functional calculus if it has an 
ideal T containing its Gelfand radical and satisfying: 

(a) There ts a continuous, unital homomorphism 6 of B into B(Z). 

(b) Each a,c EZ andbe B satisfy: 


6(b)(ac) = a8(b)(c). 


(c) There is a finite set {c,,c2,...,€n} C I such that eachc € I has a 
unique expression 


c= 5 0(b,)(cs) unth b; € B. 


j=1 


If we take B to be the complex field in the above theorem, we see again 
that a unital commutative Banach algebra with a finite-dimensional radical 
bas a unique functional calculus. (This covers Feldman’s example discussed 
in Example 7.1.4.) Arens-Hoffman extensions of semisimple commutative 
Banach algebras, which are discussed in Example 3.4.17, are also covered 
by the theorem. A simple argument (given on p. 642 of Dales (1973]) shows 
that any algebra satisfying the hypotheses of the theorem must have a 
nilpotent radical. This property of Arens~Hoffman extensions of semisimple 
commutative Banach algebras was first obtained by John A. Lindberg, Jr. 
[1964]. Unfortunately it seems difficult to derive any criterion for general 
Banach algebras to have a unique functional calculus from this criterion for 
commutative Banach algebras. 


3.4.15 Example We will exhibit an algebra satisfying Theorem 3.4.9 
which also has other interesting properties. Let A be the Banach space 
L}((0, 1]) with Lebesgue measure on (0, 1]. This can be made into a Banach 
algebra by defining convolution multiplication: 


frg(t) = i, f(s\g(t—s)ds Vf, g € Ast € (0,11. 
0 


An obvious change of variables shows that A is commutative. It is easy 
to see that the convolution powers of the constant function 1 are 1" = 
z"-'/(n — 1)! and have norm (n!)~'. Hence, the constant function 1 is 
topologically nilpotent and generates the dense subalgebra P of polynomials 
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in 4. (The Stone—-Weierstrass theorem (cf. 1.5.1) shows that the algebra 
P «° polynomials is dense in C({0,1]) in its norm. A standard argument, 
based on the regularity of Lebesgue measure, then shows that P is dense in 
A.), Therefore, the continuity of the spectral radius in commutative spectral 
normed algebras (Corollary 3.1.6) shows that A is equal to its own Gelfand 
racical. Another way to see that A is Gelfand-radical is to note that any 
function which vanishes almost everywhere in some neighborhood of zero 
is nilpotent, and that the ideal of such functions is dense in A. 

Consider the sequence of functions {en}nen where e,(s) equals n for 
$s < */n and equals zero for s > 1/n. These functions all have norm one. 
Any f € C((0,1]) and t > 1/n satisfies 


I(t) - / en(s) f(t — 8)ds| 


0 
l/n 


n fe) -Ht-9))ds 
0 


[f(t) — en * f(t)| 


Hl 


ijn 
< nf ist) Ht s)\ds 
0 
< max{|f(t) - f(r)|: t~ (1/n) <r < th. 


Hence, the uniform continuity of functions in C((0, 1]) shows that 
f=lime,*f (9) 


nelcs pointwise on J0,1]. The Lebesgue dominated convergence theorem 
shows that equation (9) holds in the norm of A for any f € C([0,1}). Since 
{as remarked above) C’((0, 1]) is dense in .A, (9) holds for all f € A. In the 
terminology introduced in Section 5.1, {e,}nen is an approximate identity 
of norm one in A. Let {fn}nen be a countable dense sequence in A (e.g., an 
ordering of the polynomials with complex rational coefficients). Corollary 
5.2.4 (the Cohen factorization theorem) shows that there is some b € A and 
soine sequence {gn}nen © A satisfying ||b\| < 1 and fy = gn *b. Hence Ab- 
equals A. Therefore, (Ab")~ equals A for any n € N. Hence the unital 
algebra A! and the element b satisfy Theorem 3.4.9, so A fails to have a 
unique functional calculus. 

Note that Ab = A would imply the existence of an element e to satisfying 
eb = 5 and hence ea = ecb = ceb = cb = a for any a = cb in A. Since we 
hav: shown that A is Gelfand radical, it cannot be unital, so Ab # A. 
Eerce, the ideal J = N?2,.Ab" is a proper (dense) ideal. 

Before continuing the discussion of uniqueness of the functional cal- 
cuts, we will mention some other interesting properties of the algebra 
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A = L'({0,1)). Since the constant function 1 generates A as a Banach 
algebra, the closed ideals of A are just the subspaces invariant under the 
Volterra operator 


(Tf )({t) = [seas VfeA; te [0,1]. (10) 
0 


William F. Donoghue, Jr. [1957] showed that these are exactly the subspaces 
I, = {f € A: f(s) =0 for almost all s € {0,t}} 


for t € [0,1]. Obviously, f € Z; and g € Z, imply f*g € Z14,. A convolution 
theorem of Titchmarsh [1926] shows that, conversely, f € Z, and f*g € Ti+ 
imply g € TZ, (for t,r,¢+r € [0, 1|). Each ideal Z, ¢ > 0 is clearly nilpotent 
(see Definition 4.4.1 for this and other terms not yet introduced), so A 
is not. semi-prime and, indeed, the dense ideal UgsoZa is included in its 
Baer radical by Theorem 4.4.6. Herbert Kamowitz and Stephen Scheinberg 
[1969] have obtained explicit formulas for all the continuous derivations of 
A and all the automorphisms of A which are in the connected component 
of the group of automorphisms. As we will show in Example 6.1.19, the 
algebra A satisfies the hypotheses of Theorems 6.1.18 and 6.4.20 so that all 
its automorphisms and derivations are continuous. Examples 4.8.3, 4.8.4 
and 5.1.10 present somewhat similar convolution algebras. 

We note here that the disc algebra A(D) can obviously be identified with 
a subalgebra of ¥. Since L'({0, 1]) satisfies Theorem 3.4.9 and at least one 
of y and wy is discontinuous, there is a discontinuous injective homorphism 
of A(D) into L!({0,1)). Thus, in particular, there is an incomplete algebra 
norm on A(D) which dominates its usual norm |{- ||,,. The results which 
we are about to discuss show that such a norm can even be chosen so that 
the Gelfand radical of the completion of A(D) is nilpotent. See Allan [1980] 
for a variation. 


3.4.16 Example We discuss more briefly another example of a discontin- 
uous functional calculus. Details will be found in Dales [1973]. Let U be the 
algebra of analytic functions with power series which converge uniformly 
on the closed unit disc D. Then UW is a Banach algebra under the norm: 


Wl) = So lan| when f(z) = $7 an2”. 
n=0 


n=0 


Let R be the Banach space C((0,1]) and let T be the Volterra operator 
defined by (10). Since Sp(T) is {0}, we may detine f(T) for any f © U by 


f(T) = So agT™ for f(z) = Yo anz” © U 


| n-O nO 


a ee ee 
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and -7e will just have the usual functional calculus. Now let A be the 
Bana ‘h space U @R with the norm || f @z|| = {| f|| + [|z|| and multiplication 


(f@ezy(g@y) =(fo,f(T)y+g(T)z) VifgEU;, 2, yER. 


Clear y, A is a commutative Banach algebra with Gelfand radical 
{0} & R. Furthermore, the isometric isomorphism 6:44 — A defined by 
O(f) -= { ®0 shows that A has a strong Wedderburn decomposition (cf. 
Exairple 7.1.4). Nevertheless a discontinuous functional calculus for A is 
constructed in the reference already cited. The construction is closely re- 
lated .o a construction given in Theorem 6.4.23, which leads to a Banach 
algebra with two inequivalent Banach algebra norms. These give rise to 
two ¢ fferent functional calculi —each continuous with respect to one of the 
two rorms. Even the exponential function has a different effect in these 
two functional calculi. 


Miscellaneous Examples 


3.4.17 Extensions and Arens—Hoffman Extensions In this example 
B is s1id to be an extension of A if A is a subalgebra of B. Unfortunately 
there is considerable variation in terminology. Some authors insist that 
the embedding map be continuous, homeomorphic or even isometric, while 
others make no continuity restrictions at all. Obviously the theories derived 
depend strongly on these assumptions. 

If 1 € A is sufficiently well behaved, there may be a unital algebra 
B including A in which there is a joint solution to the equations az = 1 
and za = 1. Similar ideas have been investigated in great detail usually 
when ‘he algebras are assumed to be commutative: Arens [1958], [1960], 
Ian G. Craw [1978], Vladimir Miiller [1979], [1982], [1983], [1988], Gerard J. 
Murpl:y and Trevor T. West [1980a], Craw and Susan Ross [1983], Souren 
Arsha<ovié Grigoryan [1984], Zame [1984], and Michael J. Meyer [1991]. 

More generally, let A be a unital commutative algebra and let A[z] 
be the algebra of all polynomials in an indeterminant z with coefficients 
in A. Let p € A[z] be a monic polynomial of degree at least 2. Let 
B = A{z]/pAl[z] be the quotient algebra of A modulo the principal ideal 
pAl[z|, and let 6: A[z] — B be the natural map. Clearly, B is a unital 
commutative algebra and the map a ++ @(a) embeds A as a subalgebra of 
B. Furthermore, 6(z) € B is a solution of the equation p(x) = 0. When A 
is a Banach algebra, Arens and Kenneth M. Hoffman [1956] show how to 
provide B with a complete algebra norm making 8 into a Banach algebra. 
The key idea is the following simple result. 


Pree: sition. Let ag,a),...,a,~, be elements in a commutative unital 
Banach algebra. Then there is a positive number s satisfying 


lao!) + llay is +++ 4+ flan—a}s"' < 8". 
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For any such number s, the expression 
n-1 
ido + aye t+ dye"! + pALrlile = Slay lhe? 

defines a complete algebra norm on B. wee 

David T. Brown [1966] and Lindberg [1971] show that if A is semisimple 
and s satisfies the condition above, then any complete algebra norm on B 
is equivalent to || - |],. The norms || - ||, defined above for different values of 
s (which satisfy the condition) are all equivalent. It has also been shown 
that all derivations of an Arens—Hoffman extension of A are continuous if 
A has the same property (Lindberg [1971], Richard J. Loy [1970a], Julian 
M. Cusack {1976]). In particular, this holds if A is semisimple. 


3.4.18 Banach Algebras of Power Series The earliest references to 
the subject matter discussed here appear to be Gelfand, Raikov and Silov 
{1946}, Lorch [1944] and Silov [1947a], [1947b]. Important more recent 
discussions are Loy (1974b], Sandy Grabiner {1974] and Bade, Dales aud 
Laursen [1984]. (See also Dales [1994] and Bade [1983].) The terminology in 
this field is unfortunately not standardized. We use F = C|[z]] to represent 
the algebra of all formal power series with complex coefficients (cf. 2.9.7). 
If >> 9 QnA" happens to converge for some f = )>~ 9 anz" € F and some 
A €C, we denote it by f(A). 


Definition. A Banach algebra of power series is a Banach space A which 
is a subalgebra of F containing z such that the coefficient functional 


oS Omz™) = Ay, Vv 3 Amz" EA 
m=l1 


m=) 
is continuous for each n € N°. 


If A is a Banach algebra of power series, the closed graph theorem shows 
that multiplication is separately continuous for each a € A so Proposition 
1.1.9 asserts that there is an equivalent norm on A in which it is a Banach 
algebra. Henceforth, we assume that A is a Banach algebra whenever it is 
convenient to do so, although the norm given on certain examples may not 
be submultiplicative until an equivalent renorming is performed. We always 
consider A! to be embedded in ¥ in the obvious way. Some authors require 
that polynomials be dense in a Banach algebra of power series and call 
algebras that lack this property generalized Banach algebras of power series. 
Banach algebras of power series arise naturally in at least five contexts and 
also provide a siinple format for the constriction of counterexamples. Many 
such algebras can be profitably considered in more than one context. They 
are often Jacobson-radical. 

Let U be an open connected region of the complex plane containing 
zero. Let A be a linear space of functions analytic on U and assume that A 
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is closed under puintwise multiplication and is complete in some submulti- 
plicative norm. Two obvious examples are the disc algebra A(D) and the 
algebra H™(D). (These two algebras are fundamentally different in this 
theory, because the polynomials are dense in the first case and not in the 
second.) Since the functions in A are completely determined by their power 
series expansion at zero, any such algebra is a Banach algebra of power se- 
ties, Evaluation at any point of U defines an element of the Gelfand space 
Tea. end since such evaluations obviously separate the points of A these 
algebras are semisimple. This example is not typical of the type of Banach 
algebras of power series usually studied. 

Now suppose the region U is star shaped with respect to zero. Again 
let A be a linear space of functions analytic on U, but this time define 
miultiptication by convolution 


fr gle) = f Hwlgle-w)dw 


and assume that A is a Banach algebra relative to this multiplication. 
Obviously, this does not become a Banach algebra of power series when the 
Taylor series at zero is associated with each function. Instead, associate 
with each function an 
— > Qnz” 
n=0 


the formal series 


oo 


f(z)= De aie (0)z" =. Qn—1(n — 1)!z”. 


n=1 n=l 

It is nct hard to show 

so that A is a Banach algebra of power series provided it contains the con- 
stants (since 1(z) = z) and meets the topological conditions. Grabiner 
[19741, Section 13, shows that many well-known spaces of analytic func- 
tions (e.g., H? spaces) do become radical Banach algebras of power series. 
Tre ‘deal structure and other properties of these spaces are determined 
exalicitly. See also Example 4.8.3. 

#8 « third example of a naturally defined class of Banach algebras of 
vewer series, we consider a topologically nilpotent but not nilpotent op- 
erator “" on a Banach space 4. Let A be the algebra of all power series 
ve. nz” such that the series (°° a,T” converges in the weak oper- 
ator topology of B(4’), and provide A with the operator norm of B(4’). 
Under suitable conditions on T, A is a Banach algebra of power series. See 
Grainer [1974], Section 14, for further details and references. 


a 
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Our fourth natural example of Banach algebras of power series arises 
from considering shift operators. Let Y be a Banach space. A biorthogonal 
system in 2 is a pair of sequences {Zn}nen © V and {wn}nen € A" satis- 
fying w,(z~) = 6j~. The biorthogonal system ({2n}nen, {Wn}nen) is called 
a generalized basis if the sequence of functionals separates the points of V 
and is called a Markushevich basis if, in addition, the sequence of vectors 
has a dense range. Relative to such a basis, an operator T € B(%) is called 
a weighted shift determined by the sequence {A,}nen of non-zero complex 
numbers if each x € 4 satisfies 


Wn+i(Tz) = (An+1/An )wn(z) n20 


wo(T x) = 0. 


The power series representation determined by T is the map which asso- 
ciates with each z € ¥ the formal power series \>P°ywa(z)Aq'z". The 
space A! of all such power series is a Banach space under the inherited 
norm. Under this representation of 4’, T corresponds to the operator of 
multiplication by z, Anz, corresponds to T”, and AZ !w, corresponds to the 
nth coefficient functional C,, on A!. The collection A of power series in A! 
without constant terms is frequently a Banach algebra of power series. 

We wish to examine our fifth class of examples, the weighted semi- 
group algebras on the semigroup N° of non-negative integers, more closely. 
These algebras were introduced in §1.9.15. Recall that a weight func- 
tion on N° is a positive valued sequence {wa}neno Satisfying wo = 1 and 
Wmun < Wmin for all myn € N°. We will denote the semigroup al- 
gebra @!(N°,w) by A. Thus A is the algebra of sequences f:N° -+ C 
with finite norm |{f|lu = 30-9 [f(m)|wn under convolution multiplication 
f*g(n) = 1 _o f(m)g(n — m). Clearly A is a singly generated unital 
commutative Banach algebra which is a subalgebra of ¥ and in which se- 
quences with finite suppcrt (i.e., polynomials in 6,) are dense. The next 
simple result, published in Gelfand, Raikov and Silov 1946], is fundamental 
and follows from Theorem 3.1.15. 


Theorem Let p = p(é!(N°,w)) be inf {wi/"} = lim wi/”, 

(a) If p 1 positive, then A is a unital semisimple commutative Banach 
algebra and \ +» y) ts a homeomorphism of {A € C : |A| < p} onto I's 
where ya(f) = fd). 

(b) If p is zero, then A is isomorphic to the unitization of its radical 


Ay ={f € A: f(0) = 0}. 


This obviously suggests calling a weight function w radical if p is zero. 
Recall from Example 2.9.7 that F has a decreasing sequence of closed ideals 
Fm = {f € F : f(n) =0 for all n < m}. When we consider A as embedded 
in F, this gives a sequence of closed ideals called standard ideals. We will 
call A or its weight sequence w unicelullar if all the closed ideals of A 
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are standard. During the 1940s, Silov asked whether every radical weight 
function is unicellular. Thomas [1983], [1984a], [1984b] finally proved that 
novun Cellular ones exist. This raises questions about the structure of A/T 
when T is not standard. 

We introduce several technical properties of weight functions and briefly 
record their logical relations. It is convenient to use 7, for — logw, so that 
p = 0 if and only if lim p/n = 00. A weight sequence {wn}neno i8 called 
( convex / star-shaped ) if the sequence ( Mn+1— 1% / {Mn/n}neno ) is 
increasing. It is called basic if sup{Wmint+k/Wm+kWn+k : m,n € N°} is 
finite for each k € N°, and ordinary if, for each a € A, there is some k € N° 
satisfying z* € aA. 


Theo-em There are radical weight functions on N° which are not unicel- 
lular. All the arrows in the following diagram indicate known implications 
between properties of radical weight functions and none are logical equiva- 


lences 
See eee shaped ee Sry 
convex Pe a 


unicellular 


basic -——~———> ordinary 


For proofs and related results, see Dales [1994]. The counterexamples 
needec. to show that none of the implications can be reversed are from 
Bade, Dales and Laursen [1984] and and Thomas [1984b]. See also Gra- 
biner [1975], [1974] Section 14, [1984c]; Grabiner and Thomas [1985], Yngve 
Domar [1983], [1987] Fereidoun Ghahramani and McClure [1990], [1992], 
Ghahramani, McClure and Grabiner [1990]. 


3.4.18 Example Our next example is a unital, completely regular, semi- 
simple, commutative Banach algebra with a non-maximal proper closed 
prime ideal. It is a refinement due to Cusack [1976] of an example of Lorch 
[1944]. See also Dales and Alexander M. Davie [1973]. 

Le. K = {Kn}nen be a sequence of strictly positive real numbers satis- 
fying .<y = 1 and 

Kn > ({) Keo (11) 

for" n © N° and all k satisfying 0 < k <n. Let A(K) be the Banach 
algebr . of all f € C™({0,1]) (the infinitely differentiable functions under 
pointy ise multiplication) which are finite with respect to the norm 


Ife = >, Ka. 


n=0 
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Loy [1974a] shows that these algebras are semisimple if lim(n!/K,,)!/" is 
positive. Dales and Davie {1973] show that, if A’ satisfies 


soy 


oo n-lI 
vy (O) KK» Ke 1) < 00, (12) 
n=2 3=1 7 


then (0, 1] is naturally identified with the Gelfand space of A(K). 
For all r,s satisfying 0 <r < s < 1 define f,, € C™{0, 1] by 


is 0 t<randi>s 
fra(t) exp((r — t)7' + (t — s)7?) r<t<s 


Then for any cloned set C © [9,1] and any t ¢@ C, we can find an f,, 
which vanishes on C’ but is non-zero at t. Hence, if we can choose K 
satisfying (12) so that A() contains each function f,,, then A(K) will be 
completely regular. An elementary but tedious estimate shows that k, = 
sup{{l fs Ilo: 0 <r<_s <1} is finite for each n. Hence, it remains to show 
that for any sequence {k,,}nen Of positive numbers, we can find a sequence 
K = {Ky}nen satisfying both (12) and also )°™_) Ki 'ky < oo. We may 
assume k,, > 2” for all n € N. Define K inductively by Ko = K, = 1 and 


forn > 2 
-“¥(° ) Kio) +k. 


Clearly, we have Ky > (S)KjKn-; 0<j<n, 


3 


n=2 


n-1 


De (7) Rika ok = 3 12"! < 00, 
5) 


n=.2 


aud 
Yk Ik < ks thy < Yo2" < 
n=2 


With this choice of the sequence A, A(X) is a unital, completely regular, 
semisimple commutative Banach algebra. 
For any choice of the sequence K satisfying (11), 


P= {fe A(K):f™(0)=0 ne N°} 


is a non-maximal closed prime ideal. It is non-maximal since it has infinite 
codimension. It is prime since it is the kernel of the homomorphism 


fr So(ny 1p (0)2"_ f € A(K) 
n=O 
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3.4.20 
of A(X) into the integral domain F. 


3.4.20 Point Derivations Let A be a unital algebra and let y be a point 
in its Gelfand space which is arbitrary but will remain fixed throughout this 
discussion. 


Definition A point derivation of A at 7 is a linear functional 6: A — C 
satisfying 
6(ab) = 5(a)y(b) + (a)6(b) Va,beEA. 


If.4 is an algebra of differentiable functions on R and if ¥ is evaluation 
at a point x € R, then evaluation of the derivative of a function at x would 
be a point derivation at y. This is obviously the origin of the terminology. 

Let M be the codimension one ideal which is the kernel of 7 and let 
JM denote the linear span of all products of elements in M, as usual. It 
is easy to see that a linear functional on A is a point derivation at ¥ if and 
uily i it vanishes on M? + Cl. Consequently, the linear space of point 
derivetions at 7 is in natural bijective correspondence with the algebraic 
dual of the quotient space M/M?. Hence, there are no point derivations 
at yi? M= M?. 

If A is a normed algebra and the closure of M? equals M, then there 
are no continuous point derivations at 7. Perhaps of greater interest is 
the ces2 in which M/M? is infinite-dimensional in a normed algebra. For 
then there are surely discontinuous point derivations at y. This has the 
following consequence, which is the easiest way to construct discontinuous 
algebra homomorphisms. 


Proposition Let A be a unital normed algebra with a discontinuous point 
derivation 5 at y € [4. Let B be a unital normed algebra (such as the 
matrix. algebra M.) with some non-zero nilpotent element. Then there is a 
discontinuous unital homomorphism of A into B. 


Proof if B nas a non-zero nilpotent element, it has a non-zero element 6 
satisfying 6? = 0. Define the homomorphism y to be 


p(a) = 7(a)1+d(a)b = Va EA. QD 


It is obvious that for all elements of the Gelfand space of the algebra 
C‘Q) ‘cr a compact Hausdorff space 2, M? = M in the notation introduced 
above, so there are no non-zero point derivations. We will mention the dif- 
ficult, construction of discontinuous homomorphisms on C({) in Section 
6.1. ir Volume II we will show that there are no non-zero point derivations 
on noncommutative C*-algebras either. If A is the disc algebra (§3.2.13), 
there are no non-zero point derivations at points of tne Gelfand space cor- 
responding to the boundary points of the disc. The only point derivations 
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at points of 4 corresponding to interior points of the disc are those arising 
from differentiation and they are continuous point derivations. Hence, all 
the point derivations are continuous even though we will show that there 
are discontinuous homomorphisms froin the disc algebra. In Volume II we 
will show that there are no non-zero point derivations on L!(G) for an 
amenable group or on other amenable Banach algebras. 


3.4.21 A Functional Calculus for Continuous Functions We will 
use Theorem 3.2.12 to construct a functional calculus in which continu- 
ous functions act on normal elements in a C*-algebra. This topic will be 
pursued in much greater depth in Volume II, but the comparison with the 
functional calculus of this section is instructive. C*-algebras were defined 
and introduced in §1.7.17. An element ( h / c ) in a C*-algebra is said 
to be ( hermitian / normal ) if it satisfies (h* = h / c*c = cc* ). The 
set of ( hermitian / normal ) elements in a C*-algebra A is denoted by 
(An / An ). 

Volume IT will include many examples of C*-algebras and a much more 
complete discussion of their properties. The commutative examples are 
characterized in Theoreom 3.2.12. We need two easy results now. First, 
note that the inequality |{a*al| > ||a||? for all a € A is equivalent to the C*- 
condition and implies that the involution is an isometry. To see this, note 
that |la||” < |Ja*al| < {ja°|| [lal] implies |Jal] < |Ja*|], |Ja*l] < (a*)*\} = [lal 
and ||a*al| < |la*|}| |lal| = |lal|? < |la*al|. Second, we note that if A is a 
C*-algebra, then the unitization A! is also a C*-algebra when we define 


(A + a)* = A* + * and ||A + aj = sup{||(A + a)bdi|:b € Ar}. 


The C*-inequality follows from 


I 


H(A + @)*(A + a)}) sup{]|(A + @)*(A + a)b||:b € Ay} 
sup{||b*(A + a)*(A + a)bl|:b € Ay} 


sup{||(A + a)b||?:b € Ay} = ||A + all”. 


V 


The functiona) calculus is established in the next theorem. 


Theorem. Let A be a C*-algebra. For each c € An, let A(c) be the small- 
est norm-closed unital subalgebra of A! which includes c and c*. Each ele- 
ment d of A(c) 1s normal and satisfies Spai(d) = Spa(c)(d). Furthermore, 
there ts an tsometric isomorphism, denoted by f + f(c), of C(Sp,(c)) onto 
slic) which satisfies: 


(a) 2(c) =c 
(b) 1(c)=1€ A 
(c) f(c) = foe 


(dj Spad fies) ~ f(Spale)) 
(e) ft (ce) = fle)" 
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(f) o(F(c)) = 9° f(e) 
for a.l f € C(Sp(c)) and g € C(Sp(f(c))). 


Proof For simplicity, we will write I, Sp and C(c) for Tac), Space) and 
C(SE a(c)(c)), respectively. Since A(c) clearly satisfies the hypotheses of 
Theorem 3.2.12, the Gelfand homomorphism is an isometric isomorphism 
of A(-) onto C(I). Theorem 3.1.5 shows that é:T — Sp(c) is a continuous 
surjex .ion. Next, we will show that é is an injection. Suppose é(71) = é(72) 
holds for 71,72 € I. The last remark of Theorem 3.2.12 asserts c*(y,) = 
¢*(y2:, which implies p(c,c*)"(q1) = p(c,c*)*(y2) for all polynomials p in 
two variables. Since elements of the form p(c,c*) are clearly dense in A(c), 
and (°) is continuous, this implies y,(a) = G(71) = @(y2) = y2(a) for all 
a€ £(c). Hence j equals y2. Thus é:T —> Sp(c) is a continuous bijection 
and kence a homeomorphism. Therefore, we may identify T with Sp(c), 
and interpret (*) as an isometric isomorphism of A(c) onto C(Sp(c)). The 
map ," ++ f(c) is just the inverse map. All the stated results wil] now follow 
from Theorem 3.2.12 when we establish Sp4i(d) = Sp(d) for all d € A(c). 

roposition 2,1.8(c) shows Sp4i(d) C Spac)(d) = Sp(d) for any d € 
A(c). Suppose A € Sp(d). Then A — d vanishes at some yo € I’. Given any 
€ > 0, there is a neighborhood N of 7 satisfying |(A — d)(7)| < € for all 
+ € N. Since (°) is surjective, Urysohn’s lemma gives some a € A(c) C A! 
satisfying |la|| = |{a||,, = 1 and supp(@) € N. We conclude ||(A — d)al| = 
(A — d)al|.. < e. Since e > 0 was arbitrary, A — d is not invertible in A’. 
We have established Sp4i(d) = Sp(d) for all d € A(c). QO 


Wo indicate a few applications of this powerful functional calculus. Oth- 
ers will be given in Section 5.1. Any normal element c in a C*-algebra 
satis£ xs |Icl]| = [|@lloo = p(c) (where (*) is defined relative to A(c)). Any 
hermitian element A in a C*-algebra has its spectrum included in R. Con- 
versel s, if h € An has real spectrum it is hermitian. 

tf » € Ay has spectrum included in R, then the square root function 
opera‘es on p so there is a normal element q in p satisfying p = q?. The 
spec’:um of g is also non-negative and hence q is hermitian. For h € Ay 
define hy and h_ by hy = f(h) and h. = g(h), where f and g are defined 
on R oy 


rom {5 128 
at)={ * ase 


Then 24 and h_ are hermitian elements with spectrum in Rx satisfying: 


h= hy -—h_ hyh_ = h—hy = 0. 
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For an example of a Banach algebra with a remarkably large functional 
calculus see Gilles Pisier [1979]. 


Algebra Norms on C*-algebras 


We now use Theorem 3.2.12 again, this time to get a genuinely noncom- 
miutative result. The last argument in the following proof is due to Bonsall 
[1954a]. Related results will be discussed in Theorem 6.1.5. 


3.4.22 Theorem Let (A, ||-||) be a C*-algebra. Any (possibly incomplete) 
algebra norm ||| -|{| on A satisfies 


lial? < {ila*a||| < |llalii lla] VaeA (13) 


and ts spectral. The C*-norm ||; || is minimal in the sense that if ||| - ||| 
satisfies |||a||| < al] for alla € A then the two norms are actually equal. 


Proof For any a € A let C be the closed subalgebra generated by a*a. 
Since C satisfies Theorem 3.2.12, Theorem 2.4.15 gives the inequality. Let 
B be the completion of (A, ||| - |||) and recall that Proposition 3.2.2 implies 
pp(a) < pa(a) for all a € A. Replace a by a” in inequality (13), take 
the nth root, and then let n approach oo. Since a +> a®* is a real algebra 
anti-isomorphism which sends each complex numer to its conjugate, this 
gives pa(a)? < pp(a)pp(a*) < pa(a)pa(a") = ps(a)pa(a). We conclude 


pa(a) = pp(a) < |||a||| for all a € Aso that ||| - ||| is a spectral norm. 

Now suppose that ||] - ||| satisfies |||a||| < lal] for alla € A. If there 
were any a € A satisfying ||{a||| < ||a|| then we would get the contradiction 
Hal]? < [alll Ila" II] < [lalilla*|] = lall?. QO 


3.5 Multivariable Functional Calculus 


Introduction 


This section describes functional calculi for finite ordered sets of com- 
muting elements in unital Banach algebras. Let a = (a1,a2,...,@n) be 
an ordered n-tuple of commuting elements in a unital Banach algebra A. 
We wish to define a notion of “joint spectrum” Sp(a) of a which will be a 
subset of C®. If f is a function of n complex variables which is analytic on 
a neighborhood of Sp(a), we hope to define an element f(a) of A with the 
usual properties of a functional calculus. Thus we want f(a) to satisfy: (1) 
polynomials act appropriately, (2) for each a € A, f + f(a) is a unital ho- 
momorphism from the algebra of functions analytic in a fixed neighborhood 
U of Sp(a) to A, (3) a spectral mapping theorem holds, (4) composition 
of functions satisfies f o g(a) = f(g(a)) when either side is defined, (5) 
f — f(a) is continuous and unique among continuous functions satisfying 
(1) and (2). If Sp(a) is chosen quite large, the definition of f(a) becomes 
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easy, but the spectral mapping theorem and uniqueness will probably fail, 
while the class of functions which act will be too restricted. We do not 
know a completely satisfactory definition in the most general case, so we 
will give only a partial treatment. See also Wieslaw Zelazko [1979], where 
the class of all joint spectra satisfying the spectral mapping theorem at 
least for polynomials is studied, Robin Harte [1972], [1973], [1977], [1981], 
[188gi, Arne Kokk [1989] and Yu. V. Turovskil [1984a]. 

Fistorically the first case to be studied, and the easiest case, is that of a 
commutative unital Banach algebra A. Here the results are essentially due 
40 Richard Arens and Alberto P. Calderon [1955] and Lucien Waelbroeck 
{1954}, based on Silov’s proof [1953] for finitely generated commutative 
algebras. Only Waelbroek obtains a homomorphism. The most natural 
statements about the uniqueness of the resulting functional calculus were 
orcved much later by William R. Zame [1979] and Stephen H. Schanuel and 
Zac? [1982]. Bonsall and Duncan [1973b], Chapter 20 gives a beautifully 
simple treatment of a functional calculus which is not shown to be a homo- 
morphism or unique. We will construct a system of homomorphisms with 
the vvzaker uniqueness property similar to Bourbaki [1967], Theodore W. 
Gameiin [1969] and Edgar Lee Stout [1971]. We separate the most techni- 
cal portion of the construction and give an elementary exposition suitable 
to reeders unacquainted with the exterior differential calculus. See also 
Graham R. Allan [1968], [1970], [1971] and Waelbroeck [1982a], [1982b], 
[1983a] and [1983b]. 

If the Banach algebra A is noncommutative, the situation is much more 
comticated. The difficulty arises first because the proper definition of 
the joint spectrum is no longer obvious. In [1970a] Joseph L. Taylor gave a 
compticated but very natural definition of the joint spectrum for the special 
case in which A is the noncommutative Banach algebra B(4’) of all bounded 
opera‘ors on a Banach space 4’. This is now called the Taylor spectrum. In 
[1970b], [1970c}, [1972a] and [1972b] he constructed the functional calculus 
associated with his notion of spectrum. Both the definition and construc- 
tion depend on Koszul complexes and are too technical to describe here in 
detail. Furthermore, basic properties of functional calculi remain unclear 
and difficult in this case. Alexandr Yakovievié Helemskii (1981] and [1989b], 
Chester VI give a somewhat simplified version based on Taylor’s [1972b]. 
See a:so Vasilescu [1982]. Mihai Putinar [1980], [1982], [1983a], [1983b], 
[1984a], [1984b], [1984c] has apparently solved these problems and given a 
coherent theory but at the expense of the further complication of extending 
the definition from functions analytic in a neighborhood of the spectrum 
to Stein algebras and less trivial applications of sheaf theory. (See also 
Jérg Eschmeier and Putinar [1984].) The most detailed exposition of this 
thecr is still available only in the Rumanian language, but we understand 
‘seczcnal communication) that Putinar is currently preparing a detailed 
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book-length exposition in English. 

Given these two special cases (ordered n-tuples in commutative alge- 
bras and commuting ordered n-tuples in B(1)), there are some obvious 
ways to try to define the joint spectrum and functional calculus for com- 
muting ordered n-tuples in arbitrary unital Banach algebras A. If C is any 
commutative unital subalgebra of A including {a,,a2,...,an}, then the 
commutative theory can be applied to a = (a), 4@2,...,@,) considered rela- 
tive toC. Obviously the theory depends on the choice of C. In order to have 
as many functions as possible in the functional calculus, one must choose 
C as large as possible. The only natural choice is the double commutant 
{a1,@2,...,@n}” of {a),@2,...,@n}. This procedure is satisfactory in the 
very special case in which a),a2,...,@, belong to the center Az of A and 
Az is chosen as C. Unfortunately, in essentially all other cases examples 
are known in which no choice will give a satisfactory spectrum or one as 
small as Taylor’s spectrum (see Taylor [1970a], Zbigniew Slodkowski and 
Zelazko (1979]). This procedure is also incompatible with a satisfactory 
spectral mapping theorem. Another approach would be to apply Taylor’s 
theory to the left regular representing operators {Lc,,La,,.--, La, }. This 
also presents many problems in most cases, although not for C*-algebras 
(Raul E. Curto [1982}). 

Before introducing our notation and proceeding with the detailed expo- 
sition, we wish to mention, but not pursue, the idea of a functional calculus 
for several noncommuting elements. One could begin such a discussion by 
considering some kind of generalization of polynomials in several noncom- 
muting indeterminants. This approach has been pursued by Taylor (1972a], 
(1972b] and [1973b], Harte [1972] and [1973] and Alan James Pryde [1988]. 

Another approach is to abandon the homomorphism property of a func- 
tional calculus and use ordinary analytic functions of several variables, sym- 
metry considerations and a suitable idea of joint spectrum. Albrecht has 
developed that approach. His valuable survey [1982b] cites the relevant 
literature. For some related ideas see N. C. Luong and Arpad Szaz [1979] 
and Denis Luminet [1986] for a special case. 

We now return to the main subject of this chapter: a functional calculus 
for several elements in a commutative algebra. We need a little notation. 
An element of C” will be denoted by a single lower case Greek letter such 
as \ and its components will then be denoted by subscripts, e.g., 


A = (Aj, A2,---,An)- (1) 
For each j = 1,2,...,n the function z,:C" — C will be defined by 
2,(A) = 2;(A1, A2,---)An) =A, VAEC". (2) 
Then z = (2, z2,.-., 2n) is the identity function or the coordinate function 
on C": 
2(A)=4A VEC. (3) 


25:2 Multivariable Functional Calculus 381 
Polynomials and Polynomial Convezity 


Let P(C") be the algebra, under pointwise operations, of polynomial 
functions with domain C” and range in C. Of course, P(C”) is generated as 
a unital algebra by its subset {z), Z2,...,2n}. Let p € P(C”) be expressed 


by | 
ae » 24; jan dat See ee 
O<jitjate +tjineNn 
If a = (a), a2,...,@n) is any ordered n-tuple of commuting elements in any 
algebra A, we define p(a) by 


p(a) = » Ce A (4) 


O<jitjate tin SN 


For ary n € N, this clearly defines a homomorphism of P(C") into A. Fur- 
therm ore if g = (q1,q2,---,Qm) is an ordered m-tuple of polynomials from 
?(C™) and p belongs to P(C™), then we have p(q(a)) = po q(a). In order 
to state a spectral mapping theorem, we need to define the joint spectrum 
of ar ordered n-tuple of commuting elements in an algebra. The same 
problem, along with many others, arises in trying to extend this functional 
calcui 1s to some class of analytic functions. We will now turn to the prelim- 
inaric3 needed before the construction of a functional calculus for analytic 
functions of ordered n-tuples of commuting elements. 


3.5.1 Definition The polynomially conver hull of a compact subset K 
of C" is the set pc(K) D K of all A € C" satisfying 


IPA) <Ilplx too = ¥p € P(C"). 


A set K C C® ig said to be polynomially conver if it satisfies K = pe(K). 
A compact polynomial polyhedron in C” is a set of the form 


{A €C*:|A;| <M, |pe(A)}| < M for j =1,2,...,n 
and k = 1,2,...,m} 
where M is a constant and each px, belongs to P(C"). 
Fer any compact K C C", we can write 
pe(K)= f) {AE C*:[p(A)] < Il Pl lloo}- 
peP(Cr) 


Hence, pc(K’) is again compact. It is also immediate that a compact poly- 
nomiei polyhedron is polynomially convex. We now show that the converse 
is alr 9st true in a certain sense. 
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3.6.2 Lemma If K is a compact polynomially conver set in C"® and 
U © C" is a neighborhood of K, then there is some compact polynomial 
polyhedron included in U and including K in its interior. 


Proof Choose M sufficiently large su that the compact set A is included 
in the interior of the closed unit ball B of radius M centered at the origin. 
For each ¢ € B\U, the polynomial convexity of K C U allows us to choose 
a polynomial p* which will satisfy |pS(¢)| > M > |lpS|xlloo- For each ¢ € 
B\U, let US be the open set {A € C™: |p$(A)| > M}. Then {US:¢ € B\U} is 


an open cover for the compact set B\ U. Let U%,U%,...,U%™ be a finite 
subcover. Then {A € C”:|A,| < AL, [pt*(A)| < Msg = 1,2,...,n) & = 
1,2,...,m} satisfies the conclusion of this lemma. Oo 


In addition to polynomial polyhedra, certain other types of compact 
subsets of C” are known to be polynomially convex (Eva Kallin {1965}). 
Any compact convex set is polynomially convex. Hence, the polynomially 
convex hull of a compact set is included in the convex hull. Surprisingly, 
the union of any two disjoint compact convex sets is polynomially convex, 
but the union of three disjoint closed polydiscs (i.e., sets of the form {A € 
C*: A; —G| < rj, j = 1,2,...,n} where ¢ € C® and r = (ri,ra,...,7n) is 
an ordered n-tuple of positive numbers called the polyradius of the polydisc) 
is not always polynomially convex. The union of up to three disjoint balls 
{AEC": Sai |A, -¢;|?)!/? < r} is polynomially convex but the situation 
for four balls is unknown. For n > 1, polynomial convexity is not very well 
understood. However, for n = 1 it is not hard to show that a compact set 
K C C is polynomially convex if and only if C \ K is connected. At this 
point we will state an important approximation theorem due to Oka [1936]. 


3.5.3 Theorem Let K C C” be a compact polynomially conver set. Any 
function analytic in a neighborhood of K can be uniformly approximated on 
K by polynomials. 


The proof of this theorem will be deferred. It will be proved in the 
course of establishing the existence of the multivariable functional calculus 
just as Runge’s approximation theorem, Theorem 3.3.3, was proved in the 
course of establishing the one-variable functional caiculus. The special case 
of Theorem 3.5.3 for n = 1 is just the last sentence of Theorem 3.3.3. 


The Joint Spectrum 


We now introduce a notation for the linear space of ordered n-tuples of 
elements of an algebra and define the joint spectrum. 


3.5.4 Definition For any algebra A, jet A'” be the set of ordered 
n-tuples of elements in A. We will consider A‘”) as a vector space un- 
der pointwise operations, but never as an algebra (unless n = 1 in which 
case we identify A") and A). For any unital algebra A and for any a = 
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(@1,42,..-,an) € A), the joint spectrum of a, denoted by Spa(a) = Sp(a), 
is the set of {A € C"} such that either the left or the right ideal generated 
by [Ar — a1,Aq — @2,...,An — Gn} is proper. For a € A™) let MN, be the 
collection of all open subsets of C" which include Sp(a). 


Woaen n = 1, this definition of Sp(a) agrees with our previous defini- 
tion. ihe next lemma shows that the joint spectrum is nonempty, compact 
and satisfies the spectral mapping theorem for the polynomial functional 
caiccius if A is a unital, commutative, spectral algebra. 


3.5.5 Lemma Let A be a unital, commutative, spectral algebra. Any 
element a of A\”) satisfies: 


Sp(a} = {Ac Cc": {Ai — 41, A2 ~ @2,--.,An ~ an} 
is included in some proper ideal Z of A} 


n 


{A€C*: no element b in A™ satisfies 1 = 5° (A; — a;)b;} 


j=l 
= {7(a): ye Pu}. 


Proof The first two sets obviously equal Sp(a). If X belongs to the second 
set, then Theorem 2.4.6 gives a maximal modular ideal A which includes 
{A, — a1, A2 — G2,-.-,An — Gn}. Proposition 3.1.3 and Lemma 3.1.4 then 
show that there is a homomorphism y € I’, satisfying (a) = A. Thus, the 
sconce set is included in Sp(a). The opposite inclusion is established by 
choosing I = ker(y) where y € [4 satisfies A — (a). Qa 


The first statement in the following result is a generalization of a special 
case of Corollary 2.5.8. The rest of this result is a partial generalization 
of Theorem 3.1.15 on singly generated unital spectral normed algebras. 
Tet CA, || - ||) be a spectral normed algebra. Let a),a2,...,an belong to 
4. “£ Ais the smallest unital closed subalgebra of itself which includes 
£a1;G2,...,@n}, then this set is said to generate A. If such a finite set of 
generators can be found, then J is said to be finitely generated. 


3.5.6 Proposition Let (A, ||-||) be a unital commutative spectral normed 
algebra. Let a = (a},@2,...,4n) belong to A™), and let C be the unital 
closed subalgebra of A generated by {a,,42,...,@n}. Then a satisfies 


Sp4(a) S Spe(a) © pe(Spa(a)). (5) 


* A itself is generated by {a),@2,...,@n}, then the map 4:4 — C” 
defined by 
a(y) = (7(a1), ¥(@2),---, ¥(an)) 


13 a Acmeomorphism onto its range Spa(a) which ts polynomially conver. 
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Proof The following trivial observation proves the first inclusion 


Spa(a) = {7(a):y ET 4} = {(Ic)(a):7 € Pa} 
© {y(a):7 € Vc} = Spc(a). 


The second inclusion is established by the following computation where 
A € Spce({a) and p € P(C") are arbitrary: 


\p(A)| 


iA 


max{|p(7(a))|: 7 € Pc} = max{|y(p(@))|: 7 € Pe} = pe(p(a)) 
pa(p(a)) = max{|y(p(a))|:-y € C4} = max{|p(y(a))|:-y € Pa} 
Pl sp.4(a)lloo- 


i 


Suppose A is generated by {a1,@2,...,an}. Any element y € I, is 
determined by its values on these elements so that a is one-to-one. Thus, 
a is a homeomorphism since it is a continuous map from a compact space 
to a Hausdorff space. 

Any polynomial p € P(C%) and Ao € pceSp(a) satisfy 


[p(Ao)| < max{|p(A)| : A € Sp(a)} = max{|p(y)|: 7 € Pa} < Ilp(@)Il- 


Hence, just as in the proof of Theorem 3.1.15, we can define a homomor- 
phism y: Ay — C by y(p(a)) = p(Ao) where Ag is the dense (not necessarily 
closed) unital subalgebra of A generated by {a),a2,...,@n}. Since vy is con- 
tractive, it can be extended to all of A into C. Hence, Ay € Sp(a) so Sp(a) 
is polynomially convex. Qo 


The Algebra P(K) 


The algebra P(K) of all uniform limits of polynomials on a compact sub- 
set K of C", with pointwise algebraic operations and the supremum norm, 
is an example of a finitely generated unital commutative Banach algebra. 
This algebra is generated as a unital Banach algebra by the components 
of the coordinate function z = (21, 22,-..,2n). Thus, the last proposition 
shows that the map z is a homeomorphism of [' p(x) onto the polynomi- 
ally convex set Sp(z). Each point A € K clearly belongs to Sp(z). Hence 
Sp(z) includes pc(K). However, any » not contained in pe(K) satisfies 
Ip(A)| > |lplx lx, for some polynomial p. The right side of this inequality 
is simply the norm of p considered as an element of P(K). If X belongs to 
Sp(=), this contradicts Theorem 3.1.2(d). Thus, Sp(z) equals pe(K) which 
is homeomorphic to !'p(x~ under the map A+> 7, where ya(f) = f(A). 

Now suppose K is already polynomially convex. For any polynomial p, 
considered as an element of P(K), we nave 


p= p(z) = poz 
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since (”) is a homomorphism. Since || f || = ||f"|" | holds for any f € P(K) 
and eny n € N, the Gelfand map (*) is an isometry and hence injective. 
Thus, the density of the polynomials in P(K) proves 


f =fo2 forall f € P(K). 
We summarize these results and a few additional comments in a proposition. 


3.8.7 Proposition Let K be a compact subset of C” and let z be the 
cooramate function on C” considered as an element in P(K)™. Then z 
is a / omeomorphism of p(x) onto pe(K). If K is polynomially conver, 2 
satisfies ’ ‘ 

f=foz f=fo(z)/” Vv feEP(K). 

Furthermore, a unital Banach algebra A 1s isometrically isomorphic to 
P(K)} for some polynomially conver set K if and only if A is finitely gen- 


erated and satisfies |la||” = ||a?|| for alla € A. 


Proof We have just proved the first two statements of this proposition. 
Clear:y any Banach algebra which is isometrically isomorphic to P(K) sat- 
isfies the stated conditions. 

Suppose A is a finitely generated unital Banach algebra and satisfies 
\|al|? = }a2|| for all a € A. Then A is commutative by Proposition 3.1.8 
and satisfies |l@}!.. = p(a) = lal] = }Jal] for all a € A. Hence, the Gelfand 
map is an isometric isomorphism of A onto A C C(I). 

Let A be generated by {a1,4@2,...,@n} and let a € A(”) be the element 
a = ‘@;,42,...,4n). Then Proposition 3.5.6 shows that @ is a homeo- 
morp iism of [4 onto the polynomially convex set Sp(a). Hence, the map 


c—é0(@) cEA 
is an isometric isomorphism of A onto P(Sp(a)). QO 


The Arens-Calderon Theorem 


We need a little more technical notation. For any unital commutative 
Banach algebra A, let A‘) be the disjoint union of A for n € N. We 
regard each A”) as a vector space under the obvious pointwise operations. 
For « = (a,42,...,4n) € A and b = (b),b2,...,0m) € A(™, we define 
(a,b) to be the element (a1, @2,...,@n, 1, b2,..-,bm) in A(t+™)_ This bi- 
nary operation on A‘) is associative. For any n < m, let tnn: A") — 
A'") be defined by 


Tm,n(@) = Tmn(G1, G2,... :4m) _ (a1, 42, sey Gn) 
and let 71, 4: A'™) — A(™-”) be defined by 


Tm n(@) = Tin. n(@1,42;+--,4m) = (@n41;On42---, 4m): 
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We regard C” as embedded in A‘” so that for any 4 € C™, we have 


™mn(A) = %m,n(A1, A2, ore 1Am) = (Aa, A2; saey An); and 


Tn n(A) = Finn (At ’ de, sees Am) = (An41 ’ An+2; eeny Am): 


The following proposition is due to Arens and Calderon [1955]. It will play 
a key role in our proof that the multivariable functional calculus has the 
desired properties. 


3.5.8 Arens—Calderon Theorem Let.A be a unital commutative Banach 
algebra. Any m,n € N (satisfying m > n), a€ A™ and be Al™-” also 
satisfy 
Tn.n5P(G,b) = Sp(a), and (6) 
Sp(a) © 7m,npe(Sp(a,b)) € pe(Sp(a)). (7) 
Furthermore if n © N,a € A'™ and a neighborhood U of Sp(a) in C" are 
given, it is always possible to find m € N and be A(™-”) satisfying 


Tm npce(Sp(a, b)) C U. (8) 


Proof The first claim follows from the observation 
Sp(a) oat {7(a): yE Pa} = Mn, n{7(a,b): 7 € Pa} = Tm,n9P(a, b) 


where n, m,a and b satisfy the hypotheses. From this result we can conclude 
Sp(a) = ™nn(Sp(a, b)) C tm,npe(Sp(a,b)). Now for any compact set K C 
C™, we have 


TmonPC(K) = mmn{A € C™:|p(A)| < llplx lloo for all p € P(C™)} 


CS tmn{A€ C™:|p(A)] < [pla lle 
for all p = gOt,n for g € P(C")} 


iH 


PC(Tm.n(K)). 
Consideration of the case K = Sp(a, b) gives 
Tmnpc(Sp(a,b)) C pe(tm.nSp(a,b)) = pe(Sp(a)). 


We now prove the last assertion of the proposition. Let n € N, a € A™ 
and U € N, be arbitrary. By (7) we need only choose b to exclude each 
¢ € pe(Sp(a)) \ U from 7,,pe(Sp(a, b)). Suppose such a ¢ is given. Since 
¢ does not belong to U, it does not belong to Sp(a). Hence, Lemma 3.5.5 
shows that there is an element & € A‘) satisfying 


SiG - a, )6§ = 1. 
j=1 
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Hence, ¢ does not belong to the spectrum of a in the unital subalgebra 
C generated by {a),a@2,... 1 Gy, 06, WB,... 0S}. This, together with the first 
incizs'c7 of (5) and (6), implies ¢ ¢ x2n.nSPc(a, 6‘). However, the second 
paragreph of Proposition 3.5.6 shows Spc (a, b*) = pe(Sp.4(a, b*)) 80 ¢ is not 
contained in 72, npe(Spa(a, 6¢)). This set is closed since Tn,n is continuous 
and >2‘Sp,(a,b‘)) is compact. Thus the complement U‘ of this set is a 
neignoczhood of ¢. The family {U‘:¢ € pc(Sp(a)) \ U} is an open cover 
for $h2 compact set pc(Sp(a)) \ U. Choose a finite subcover {US!:j = 
1,2,..".,p}. We will now show that m = n(p+1) and b = (bS', bS2,... , dS") € 
ACS—*? satisfy (8). 

Any ¢ € pc(Sp(a)) \ U belongs to some U‘*. Thus, ¢ does not be- 
long to Tannpc(Sp(a, b*)). Let C, be the unital closed subalgebra of A 
generated by {a1 (2,...,Gy, 05", b3",..., bS*} and let C be the unital closed 
subalgebra of A generated by {@1,@2,...,4n,61,62,...,8m-n}. Then, ¢ 
does not belong to TannSpe, (a, b%*) = Spce,(a) which includes Spe(a) = 
Tmn5pc(a, 6) = tm npc(Sp(a, b)). Thus, no ¢ € pe(Sp(a, 6)) \U belongs to 
Tn nbe{ Sp(a, b)). ) 
Muitivcriable Functional Calculus 

We generalize the notation introduced in Section 3.3. For each a € 
A‘), let Fa be the set {f: f is analytic on its domain Dy which belongs 
to Nj}. Note that if a € A‘) belongs to A(”), then Sp(a) is a compact 
subset of C". Define a relation ~ on Fg by: 


f~g + there exists a U € N, satisfying f|y = glu. 


This is an equivalence relation and the set of equivalence classes is denoted 

by F,. As before, we do not distinguish in notation between f € F, and a 

representative of f in F,. It is again easy to check that F, is an algebra 

under the operations inherited from the following operations in Fy: 

fs,‘ 

f+9 = flo,nv, + 9\p,;np, 
f9 (f|p,np, )(glo,nv, ) 


where the right hand side has the customary (pointwise) meaning. 
Finally, we make F, into a topological algebra by defining fa — f to 
me2> that there is a neighborhood U of Sp(a) such that for some ag and 
scr, “epresentatives f and fa in Fy 
‘) 
' UCDsN () Dy, 


a>ag 


rclac and fa converges to f pointwise on U and uniformly on any compact 


2U. 
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The following theorem is essentially due to Waelbroeck [1954]. A theory 
with some of tho same features was developed by Silov {1953] and Arens 
and Calderon [1955]. However, their construction was not shown to define 
a homomorphism except in the case of semisimple Banach algebras. The 
proof that we give is based upon Arens [1961], Nicolas Bourbaki [1967], and 
Gamelin [1969]. 

Note that we have not generalized the first two properties of (d) in The- 
orem 3.3.7. Moreover, the uniqueness proved here is definitely a property 
of the family {7,:a € A}, whereas in Theorem 3.3.7 each separate map 
J, was proved unique. Zame [1979] has shown that the individual maps 
are unique in this multivariable functional calculus, but the proof is not 
included here since it requires substantial preparation. If we restrict atten- 
tion to the functional calculus in a semisiuipie commutative Banach algebra 
A, any homomorphism from ¥, into A composed with an element of I’, 
is necessarily continuous, so the closed graph theorem shows that the orig- 
inal homomorphism was continuous. Zame [1979] introduces a transfinite | 
construction to extend this uniqueness result somewhat. Angel Larotonda 
and Ignacio Zalduendo [1984] give an easier construction. See also Schanuel 
and Zame [1982] for a functorial interpretation. 


3.5.9 Theorem For any unital commutative Banach algebra A, there is 
a unique family {I,:a € A!)} of continuous linear maps 


lg: Fa 9 A 
satisfying 
(a) Ia(p)=p(a) WneN, a€A™; pe P(C*). 


m,né€N withm>n; 
(b) Tym (Ff) = Ta(f © %m,n) y { ae Alm; fe Frm, 


(a)- 


n 


Furthermore, for each n € N, a € A™) and f € Fu, this family also 
satisfies: 

(c) Ig ts a continuous homomorphism. 

(d) If C is another unital commutative Banach algebra, then any con- 
tinuous unital homomorphism yp: A — C satisfies 


Plla(f)) = Lpiay(F). 


(e) laf) = foa. 

(f) SpUla(f)) = f(Sp(a)). 

(g) For allh € FY (cf. Definition 3.5.4) and g € F7,(n), goh belongs 
to F.,, and satisfies 1,(goh) = Ty, (n)(g)- 

(h) If a representative of f can be chosen in F, sv that Dy includes a 
polynomially conver compact neighborhood K of Sp(a), then In(f) belongs 
to the unital closed subalgebra generated by {a,,42,...,4n}. If, in addition, 


—— 
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K cc1.tains the origin 0 in C” and f(0) = 0, then I,(f) belongs to the unital 
close: subalgebra generated by {a1,a2,...,4n}. 
“ Each m € N, bé A'™ and g € Fy satisfy 


Ia,b)(h) = Ia(f)Lo(9) 


where A(Ay, A2,- +. Angm) = £(A1, Aas - + An) g(Antis Angas +++) Antm)- 
(j) Each b € A and g € Fy satisfy 


Iy(g) = g(0)- 


Proof For this proof we fix n € N, a Banach algebra A satisfying the 
hypotheses, and a € A'"). For any neighborhood U of Sp(a), we make 
the proof depend on the existence of a continuous (actually C™) A-valued 
function v with compact support in U, which is independent of U and of 
the (many) choices made in its construction_in the following weak sense: 
If U is another neighborhood of Sp(a) with U ¢ U and if 0 is constructed 
from U by the same procedure (which includes various choices) by which v 
was constructed from U, then 


J fudV = 7 fidV (9) 
a re 


holds ‘or all functions f analytic on U where the product fv is the pointwise 
scalar product and dV represents 2n-dimensional Lebesgue measure. We 
then cefine Ig: Fg + A by 


Ta(f) = J fudV (10) 
i 


where we have chosen a representative f € F,, of f € F, and constructed v 
from D;. This is well-defined (as a function of f € F,) by (9). It obviously 
makes J, a continuous linear map. The construction of v shows that J, 
satisfies (e), (i), and (j).. The construction of v and the verification of (e), (i), 
and (j) depend on Stokes’ theorem for exterior differential forms on C” and 
lie entirely outside the realm of Banach algebra theory.We postpone these 
steps. Readers who wish to avoid them may simply assume the existence of 
a func.ion v with the above properties. We shall now prove Theorem 3.5.9 
startirg from the following axiom to be verified later. 


Axtora. For each a € A'™), there is at least one continuous linear map 
Iq: Fa — A which satisfies properties (e), (i) and (j). 


Ns.e first that, by definition of the joint spectrum, (f) is an immediate 
consequence of (e). Furthermore, (j) implies /a,(1) = 1 for j = 1,2,...,n 
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This result together with repeated application of (i) implies J,(1) = 1. 
From this, we can conclude (b) as the special case of (i) when the function 
g is 1. Condition (j) also implies /,,(z) = a; for 7 = 1,2,...,n where z 
is the coordinate function on C. This result, our previous results, and (i) 
imply 


Tq(z;) = a; 
for 9 = 1,2,...,n where z = (21,23,..-,2n) is the coordinate function on 
C". Now, this result together with (i) implies 

I,(p) = p(a) (11) 


where p is any monomial. The linearity of I, now gives (11) for any poly- 
nomial p € P(C"). We have proved (a). 

We have now proved or assumed that {I,:a € A'™)} is a family of 
continuous linear maps satisfying (a), (b), (e), (f), (i), and (j). It only 
remains to show the uniqueness of the family {J,:a € A‘) }, and properties 
(c), (d). (g), and (h). 

We will turn to the proof of uniqueness as soon as we have proved the 
Oka approximation theorem which was stated as Theorem 3.5.3 above. 


Proof of Theorem 8.5.3. Let K C C" be compact and polynomially convex. 
We wish to show that any complex-valued function f which is analytic 
in a neighborhood of K belongs to the Banach algebra P(K) of uniform 
limits of polynomials on A’. The components 21, z2,..., 2, of the coordinate 
function generate P(A) as a unital Banach algebra. Hence, Proposition 
3.5.7 shows that Sp(z) equals A and that =: is a homeomorphism of I, 
onto K. Thus, property (ec) shows T(f) = fox. Proposition 3.5.7 now 
shows that f = L,(f) o(2” ) belongs to P(K). This completes the proof of 
Theorem 3.5.3. oO 


Proof of Theorem 3.5.9, continued. We now prove the uniqueness asser- 
tion. Suppose {[,:a € A'™~)} is another family of continuous linear maps 
I: Fg — A, satisfying (a) and (b). Let f € Fg be arbitrary but fixed. 
Choose a representative of f in Fz. By Theorem 3.5.8, we can choose 
be Al™-”) satisfying 
Sp(a) © %mnpe(Sp(a,b)) C Dy. 

By Lemma 3.5.2 we can find a polynomial convex set K in C™ satisfying 
pe(Sp(a,b)) C K® and tmn(K) C Dy. By Theorem 3.5.3, we can find a 


sequence {px},en Of polynomials converging to f o 7m, uniformly on K. 
Continuity and (b) imply 


Fa(f) = Ten n(ae(f) = La(f o mmm) = lim Ia(pe) = lim Ia (pe) 
= Ia(f 0 %myn) = T,(f). 
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Hence, {Ig:a € A‘©)} is unique, subject to the restriction that each Ig: F, — 
JifL - 2ontinuous linear map satisfying (a) and (b). 

‘©; The family of maps {yo I,:a € A(™)} satisfies the properties of 
we a € A(~)} except that each 


poly: Fa +A 


is defined on the algebra F, which is possibly smaller than the algebra 
Foca; on which Ig) is defined. Since F, includes the polynomials, the 
above uniqueness argument proves (d). 

{c): Of course, only the multiplicative property of each J, remains to be 
proved. Let f, g € Fa be given. Choose representatives of f and g in F,. By 
Theorem 3.5.8, choose b € A(™-") satisfying tn npe(Sp(a,b)) C Dy MN Dy. 
Use Lemma 3.5.2 to choose a polynomially convex set K in C™ satiatying 
pe(Sr(a,b)) C K° and tmn(K) C Ds Dg. Now, Theorem 3.5.3 shows 
that we can choose sequences {px }xen and {qx }cen of polynomials so that 
{pe }ecn converges to f O%mn and {qx }nen Converges to g°%m,n uniformly 
on X Then we obtain 


Ta(F9) = Tnmmtard)(19) = Ha,0)(L9 © Tmyn) 


Ta,0)((f © %mn)(9°%mn)) = lim Ta,o)(Pede) 


jim, T(a,b)(Pk) jim, Ta, (Qe) = Tas (f 2 Tm,n)1 (a,b) (9 ° Tm,n) 


= Trem (a,b) (F) Lamm (a,b) (9) = Ta(f)La(g)- 


This proves (c). 

(h): The first sentence is an immediate consequence of Oka’s approxi- 
maticn theorem and the continuity of I,. The second sentence follows since 
its hypotheses guarantee that the approximating polynomials can be chosen 
with constant terms equal to zero. 
$ (@: Lethe bi ™) and 9 © F1,(n) be given. For the present argument we 
will use 7 and 7’ to denote the maps 77n4m,n aNd Trim». Let k:Cr+™ 4 C 
be defined by 
k=gohon—gon', 


teh) ROX, A2, reey An+m) = g(A(A1, A2; wey An)) —g(Anq1, An+2) soe »Antm) ' 
Then + belongs to F(a s,(n)) and satisfies 


ko(z,hom)=gohon—gohonr=0 (12) 
where z is the coordinate function on C". For 7 = 0,1,2,...,m, let 
k.:C"'™ ~ C be defined by 
Ry = Ko (21, Za)-- +5 Zmtjrhj41 07, hj4207,...,hm om) 

= gohom—go(Znsi, Zngar-- +s Zng yr hy41 OM, hj4207,...,AkmoT). 
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Note kp = ko (z,hom) =0 and ky, =k. Thus, we can write 


k= Dit — kj- Y= Doteasy on) (nisin .), 


where each fraction is actually analytic in a neighborhood of Sp(a, Ia(h)) 
since it can be written as 


-1 
(Zn43 = h; ° n) |-9 ° (2n41, 2n4+2)---»2n+j» bya on, hj42 ON,... hm on) 


+9 © (Zn4ay 2n42s06+52n4j—1yhj 07,41 07,...,hm o7)| 


in which the two terms in the brackets differ only in the n+) position with 
2n4j in one term and h, o7 in the other. We already know that [ig 7,(n)) ' 
is a homomorphism and that it satisfies 


Ta,1.(h))(2n45 — hy Om) = [ara(nyy(Zn45) — L(a,ta¢ny (hy ° ™) 
I,(h;) — La(h;) = 0 


where we have used (a) on the first term and (b) on the second. Hence, 
we conclude 0 = T(a,t4(h)) (K) = Ta,1,(h))(9 oho TT) = Ta,1.(h)) (9 ° n’) = 
I,(g 0h) — I1,(n)(g), where on the first term we have used (b) and on the 
second term an analogue of (b), which can be proved from (i) just as (b) was. 
This concludes the proof ot (g), and hence of the whole theorem, except for 
the construction of the function v satisfying (10) and the verification of the 
properties (e), (i), and (j). ao 
Construction of v: Exterior Differential Calculus 


We turn now to the construction of the function v associated with a 
neighborhood U of Sp(a) in C” which will allow us to establish the Axiom 
on which the proof of Theorem 3.5.9 has depended up to now. The next 
13 pages are essentially an elementary appendix and can be skipped with 
little loss of continuity. We begin with a brief review of the differential and 
integral calculus of C™ exterior differential forms on an open subset V of 
C". As a source for further information on this subject at about the level: 
needed here, we mention the elementary book by Nickerson, Spencer, and 
Steenrod [1959]. 

Let C™(V) be the set of all complex-valued functions on the open subset 
V of C® which have continuous partial derivatives of all orders with respect 
to the 2n real coordinates in V. The identity function on V will be denoted 
by z = (z),22,.-., 2), where z(A) = A for all A = (Aq, A2,---,An) EV CE 
C”. (Thus for j = 1,2,...,n, 2;:C" —> C satisfies z,(A) = A; for all A € V.) 
The partial derivates ath Eepect to the real and imaginary parts of z; 
will be denoted by 5 Bz, and ze ~ . respectively. 


i 
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A derivation of C®(V) is a linear map D:C™(V) — C™®(V) which 
satisfies 
D(fg)=D(f)g+fD(9) VfigEC™(V). 
The set of all derivations on C°(V) will be denoted by A(V). Pointwise 
opeze’‘ons on A(V) make it into a linear space. For f € C™(V) and 
De &{V), we define f D by 


(fD)(9) = f(D(9))  Vgec™(V). 


This makes A(V) into a C™(V)-module. It can be shown that the set 
{pe 7% 7y:J = 1,2,...,n} is a free module basis for A(V) over es 
Howev2r, we will usually use another module Te ae j = 1,2,. ath 
define 2lements a and ty of A(V) by a = 5(ah +4 if) and 7 
ae - 2 fe.) If f is analytic on V, an easy calculation shows i is 
the orcinary complex derivative with respect to the jth-coordinate. Fur- 
thermcre, the equations % = 0 for j = 1,2,...,n are equivalent to the 
Cauch:-Riemann equations. Hence, these equations hold if and only if f 
is analytic on V by Hartog’s theorem (which asserts that a function on 
C” is analytic if and only if it is analytic in each variable separately, cf. 
Hormander, [1966]). From previous remarks (=, wd = 1,2,...,n} is 
clearly a free module basis for A(V) over C™(V). 

The space D!(V) of differential 1-forms on V is by definition the module 
dual of A(V). That is, an element o of D!(V) is a linear function 0: A(V) > 
C~(V) satisfying, 


o(fD)=fo(D) VfEec~(V); De A(V). 
For anv f € C™(V), the map 
De Df) VWDeEA(V) 


obviously belongs to D!(V). It is denoted by df. Hence the set {dz;,d%j:j = 
172). me is a free module basis for D!(V) which is dual to the module 
basis (2, 2: j =1,2,...,n} of A(V) (ie., these bases satisfy dz,(38-) = 
dz,(,2-) = 0,dz,(g2-) = dz,(58-) = 6 jk for all j, k € {1,2,...,n}). Some- 
times i: will also be convenient to use the module basis {doe dy j= 
1,2,...,n} for D'(V). These basis vectors are related by the usual equa- 
tions: dz; = dz; + idy;,d%; = = tdy;. Hence, this second module 
basis is dual to the basis (gs; Nba 17 = 1,2,...,n} for A(V). In terms 
of thes: bases the differential df of any f € c™(V) can be written as 


df = (95,425 + 3, 42s) = (a8, 42; + 5y, 40s). 
I= a= 


The next step in our review is quite abstract. For g > 1, an elementary 
q-form is an expression of the form fo; Ao2A--+Aog where f isa C™ 
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function on V and each a, is a 1-form on V. For g > 1, ag-formon V isa 
finite sum of elementary q-forms. Two q-forms are identical if one can be 
transferred into the other by a finite sequence of identities of the following 
two types: 


fay NaxN---Noy-1 A (905 + hay) Noj41 NA Og 
= fgo, NagN+++A 05-1 NO; NO;41 A+++ AO 


+fhoy No2 A---N0;-1 NG} Naj4i N+ AN Oq; 
for Nag N+ Na, Nog Ai Ag = ~ fa, AG2N+ + Noj41 AOj A+++ ANOq 


where f,g and h belong to C™(V) and oj and each o; belong to D'(V). 
Thus, we require 0; Ag2 A:-- Agg to be linear over C™(V) in each factor 
separately and to be anti-commutative in each pair of adjacent positions. 
In particular, the q-form a; Aa2A--- Aq is zero if 0; equals 0; for any 
distinct integers j and k. Let D%(V) be the C(V) module of q-forms 
on V. Since D'(V) had a free module basis with 2n elements, and since 
an elementary g-form 01 A a2 A--- A ag is zero unless {01,02,...,0q} is 
independent over C~(V), an elementary computation shows that D1(V) 
has a free module basis with (77) elements for 1 < q <n. For q greater 
than n, D?(V) is zero. 

For the elementary q-form 0 = fo, Ag2 A--:Aoq and the elementary 
p-form p = 9p Ap2/---App, we define the exterior product, a Ap, of o and 
p to be the elementary (q¢ + p)-form fgo; Ag2A::-AggApi Ap2A:-:A pp. 
Extend this product to all g-forms and p-forms by requiring the exterior 
product to satisfy the distributive laws. Thus, the exterior product is a 
binary operation on the set US2,D*(V) which satisfies the associative and 
distributive laws. Furthermore, 


oAp=(-1)"pAa VWaE DV); pe D?(V) 


also follows. Clearly, the notation A for the exterior product is compatible 
with our previous notation for g-forms. 

It is convenient to denote the regular C®(V)-module C(V) by D°(V) 
and to call the functions which belong to it 0-forms. The ezterior derivative 
d is a collection of linear maps 


d: DV) DV) gq =0,1,2,... 


defined as follows. For each f € D°(V) = C™(V), df has the meaning 
already assigned as an element of D'(V). For the elementary q-form 


o = fda, A-+-Adog, 


a 
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do has the meaning 
do = df Ndo, \-:- A dog. 


The cefinition for other g-forms is obtained by the postulated linearity. It 
is 2es7 to check that for any g-form o and any p-form p we get 


d(a A p) = (do) A p+ (-1)40 A dp. 


Anctuer important property of exterior differentiation is expressed by d? = 
0, (1.e., d(do) = 0 for all p-forms o and all p € N°). 


Siokes'’ Theorem 


‘Taese are all the results we need on the exterior differential calculus 
of forirs. Note that all the results are of a computational nature. The 
integtal calculus of forms gives a little more substance to the theory. The 
main result is Stokes’ theorem which asserts that any “(q+ 1)-dimensional”, 
compact subset K of C" with suitably smooth “q-dimensional” boundary 
OK and any q-form o satisfy 


do = | a. (13) 
re 


To make sense of this formula, we must define what a “g-dimensional”, 
compact subset of C” is and define the integral of a q-form over such a set. 
In general, it is not necessary to require that a “g-dimensional”, compact 
subsz2* actually be a g-dimensional submanifold of C", but merely that it be 
an image under a (possibly highly singular) C°-mapping of some piecewise 
smectmy bounded compact subset of R? which is the closure of its interior. 
Tais can be systematically expressed in terms of C®-singular simplices and 
chains. (This leads to deRham’s theorem, which identifies the cohomology 
grozve based on the exterior derivative as the duals (under integration) 
of ths cingular homology groups.) However, we will only need to apply 
S10'c9’2 theorem to (2n — 1)-forms on the boundary of a 2n-ball B centered 
23 L232 <~igin, so we can use simpler definitions. An elementary 2n-form on 
V can ve written as o = fdr, A dy; A dry A dyz A-+- A dan A dyn for a 
suitable C'°-function f. (Note that the order is important in order to get 
tn2 efar. correct.) Then f,, 0 is defined to be the ordinary 2n-fold integral 


> 


fi af dx, dy, dr2dy2 -++ daydy,. An easy calculation shows 


ry, 


as 


az: A 2zy Ad%q AdzgA--+ A din A dzn 
= (21)"dz, A dy, Adz2 A dyg A-+-Adzy A dyn. 


A ‘Zn, — 1)-form can be written as yeah fj;0; where each a; is of the form 
dz, N cy, Adz2z Ady2 A---AdZ, Ady, with the jth factor removed. In order 
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to define the integral of this form over the boundary OB of B, we need a 
suitable C~ parameterization of 0B, say F: R — oB where R is a compact 
rectangular parallelepiped in R?"~!. Then we define 


pr? 2 die eat I ms nm 
[b= es (e101 amy Fee at dea dant, 


A(t, t2,...,tan-1 


where in the numerator of the Jacobian the jth component is omitted. The 
orientation of the parameterization is important in general, and we could 
describe this by giving an explicit parameterization (in terms of trigono- 
metric functions). However, since all the boundary integrals we need will 
be zero, we omit this. 

We have described a standard form of the calculus of forms. However, 
in fact, the functions and forms we use will mostly have values in A or A‘) 
rather than in C. The partial derivatives of an A- or A‘")-valued function 
are defined in the usual way. We use C®(C",A) and C~(C", A™) to 
denote the C~(C",C)-module of C™ functions on C” with values in A 
and in A'”), respectively. There is no difficulty in extending the rest of 
the theory. The reader who wishes to check some particular point will find 
that evaluation of elements of A* or (A‘))* on both sides of an equation 
usually reduces the problem to the classical complex-valued setting. 


Construction of uv in the One-dimensional Case 


Before constructing the function v in the n-dimensional case, we will 
show how the one-variable functional calculus could have been defined in 
terms of differential forms. This result will be used to check property (j) in 
the theorem. Recall that for any a € A and f € F, we defined I,(f) by 


1 5 
elf) = 5 [10 a)" dd 


where [ was an admissible contour. We would now drop the dummy vari- 
able » and write this as 


I,(f) = aa fe —a)'fdz 
Tr 


where z is the coordinate function on C. Let U be the open neighborhood 
of Sp(a) defined by U = {A € C:T has winding number +1 with respect to 
A}, and let K be the compact set K = U =U UT. Choose a function w in 
C™(C) satisfying w = 1 in a neighborhood of Sp(a) and having compact 
support in U. Define a function u € C™(C,.A) by 


{ (1-w(A))(A-a@)"! A ¢ Sp(a) 
0 


sO A € Sp(a). 
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Stokes’ theorem and the other properties of forms give 
aq | te- 0 ae = ay | fue 
2ni ~ Dwi 
r r 
1 1 O(fu) 
= af fasmra=— ff ww de A dz 
kK kK 


Z ani | [Santee | [a 


(Here we have used the fact that the integral f.-dz corresponds to the 
boundéary integral in Stokes’ theorem.) This shows that we could have used 
the leat expression to define I,(f). 


Ta(f) 


An Avviliary Function u 


We now wish to generalize this construction to elements a € A‘) and 
functions of n-variables which are analytic in a neighborhood of Sp(a). To 
do this, we note that we could have started from the penultimate line of 
the last equation to get 


I(f) = iri f | Faun de= 5g [ $4u ne 


where B is a closed ball centered at the origin and satisfying K C B. 

To handle the general situation, we start out with a technical lemma 
about the construction of an auxiliary function u € C™(C", Al) and a 
form based upon this function. 


3.5.16 Lemma Let ne N,ae€ A™ and U € Nz be given. Then there 
are: 

(a) a C™-function w:C" — R with compact support in U such that 
w = 1 holds in a neighborhood of Sp(a), and 

(b) a C™-function u:C" + A™) satisfying 


So uj(zj -— a3) =1-w. (14) 


g=1 


When w and u satisfy these conditions, the 2n-form = du, Adz, A duz A 
dzy\-»A duty Adz, has compact support in U. Moreover, if U € Na with 
U CU 1s given and w,t, jt are any elements satisfying the same conditions 
relative to each other and to U as w,u and p satisfy relative to each other 
and to U, then there is an (n — 1)-form 7 supported on U such that 


p—p=dtAdz, AdzaA---AdZn. 
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(For the cognescenti we remark that we are claiming that jz is uniquely 
determined as an element in the Dolbeault cohomology group Hy ” of (the 


germ of neighborhoods of) Sp(a) with coefficients in A.) 


Proof The existence of a function with the properties of w is well-known. 
Choose such a function. 

We turn to the construction of the functions u,; for 7 = 1,2,...,n. For 
each ¢ € C" which does not belong to Sp(a), choose b¢ € A‘ satisfying 


Sob (6, —a,)=1 
j=l 


Choose an open neighborhood U of ¢ on which the continuous affine func- 


tion 
n 
> 552; ~ 45) 
j=l 


has invertible values. For each k = 1,2,...,n let uf be the function defined 


by n 
ug = bf(S_ bs(z, — a,)) 7! 


j=l 
on US. Then each uf is analytic on US. 

The family {US:¢ € C” \ Sp(a)} is an open cover for the paracompact 
space C" \ Sp(a). Therefore, we can choose a locally finite C™ partition of 
unity subordinate to this cover, That is, we choose a family {h,,:a € A} of 
functions so that each function hg belongs to C'%°(C" \ Sp(a)), has range in 
(0. 1] and has support in US* for some ¢, € C” \ Sp(a). Furthermore, near 
any point 4 € C” \ Sp(a) there are only finitely many non-zero members of 
the family {hg:a € A} and these satisfy } 0.64 ha(A) = 1. Now choose u, 
for k = 1,2,...,n to be the functions defined by 


YO (1-w)(Ajha(A)uge(a) if XE C” \ Sp(a) 
up(A) = 4 aed 
0 if \ € Sp(a) 


The sum is a finite sum for any particular 4 € C" \ Sp(a). Clearly, each u, 
belongs to C™(C",.A). Hence u = (ui, U2,...,Un) satisfies the condition 
specified for u€ C@(C", AMM). 

We check that the form js behaves as desired. Since 57°", u;(z;—a;) = 1 
holds on the complement V of supp(w), exterior differentiation gives 


DIMES —a,)du; + So u,dz, = 0 (15) 
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on V. Taking the exterior product with du; A dug A ++: A dug—1 A dtky1 A 
-+ A dun Adz, A dzz A+: A dZn, we get 


(z_ — ax )du, A dug A--- A dun A dz, AdzzA--+Adzy =0 


on ’/, Multiplying by u,, summing and applying (14), we find that p is 
zero on V. Hence, 4 has compact support in U. 

Now let U C U be another neighborhood of Sp(a). Let w,a and ji 
satisfy the same conditions relative to each other and to U that w,u and pu 
satisfy relative to each other and to U. In particular, we have 


D(z) — 3) = 1 w. (16) 


We want to show that ji — yz has a special form. To simplify our discus- 
sion, we will write o for the n-form dz, A dz2A-::Adz,. Then we want to 
find an (n — 1)-form 7 supported on U such that 


p-p=draao. 


(The point is that Stokes’ theorem will then show that the integrals with 
Leeper to p and ji of an analytic function over a ball which includes U will 
have the same values.) 


For each k = 1,2,...,n, we have 
n n 
i, Up = (>> u,(z 5 — a;) + w)t, — (> ti; (z; — a5) + b)un 
gel jel 
n 
= $0 (z; - 0,)(ujty — djux) + wit, — Dug. 
j=l 


Defining Pj,k and dk for yk = 1,2, wee Dt by Dj,k = Uj = Uj UK and qk = 
WUE — Wi,, we get 


nm 
Up — Uk = S(z - a5) ps + ak k= 1,2...,n. (17) 
j=1 
Similarly we get 
n 
— Sz — an) (te — ux) 
k=1 


— So (ze - a4)(S- (25 — 05)p je + 9%) = — Do (ze — oe) ae 
k=1 j=l k=1 


w-—w 
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since p;,k = —px.) for all j,k = 1,2,...,n. 
Now define i € C™(C", A™) by 


n 
uy, = Ut + S°(z, —4,)P)-k K=1,2,...,n. 
j=l 


This function satisfies 


CH -a,)=1-w 


j=t 
since p,~ = —px,; for all k,j = 1,2,...,n. Let ju be the 2n-form 
ji = diy A dz, A dity A dzz A+++ A ditn A d2n. 


Obviously, it is enough to show that both ji - pe and jt ~ pcan be written 
in the form dr Ao for suitable choices of an (n = 1)-form 7 supported on 
U. We shall write each of the n-forms f — fp and p - pas a sum of n-forins 
which we will show explicitly can be written as dr Ao with 7 supported in 
U. 

For each k = 0,1,2,...,n, let ué € C™(C", A) be the function 


jikics if tty +g; if j<k 
I” a if j>k 


so that u° = u and u” = @ hold where in the last case we have used (17). 
For each k = 0,1,2,...,n, define p* by 


p* =du* / dz, A duk A dzzA--- A du A dzy 


so that u° = fi and yp” = ji both hold. Then we get p* —p*-! = dit Adz, A 
diz AdzgA---Adzp_, Adgy Adzy A- +» duAdzn = (dr) Ao where 7 is +q,diiA 
dug h--:Adtg 1 Adtpy,A-+-Adtin. Thus, fi- pp = SP_,(u* —p*) has the 
desired form since g, = wi, — wu, has support in supp(w)Usupp((w)) C U. 

For distinct integers i and k from {1,2,...,n}, let u** € C(C*, A™) 
be defined by 


bef © late 
uy = 4 unt (2% - a) Pik if j=k 
Ut (ze —ae)Pe, if j=. 
e 


Then p, x = —pk, implies 


Soul" (z; ~—a,)=1-w. (18) 
j-l1 
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Define a 2n-form p* to be ph* = dui* Adz Aduy* AdzgA-+-Aduts* Adzn 
and deine a (2n — 2)-form p to be the form du, A dug A-+-A du, with du; 
and du, omitted. We get 

ijk 
du,’ 


dub* = du; - pindz — (ze — an)dpie 


duy + pind; + (2; — a;)apin 


i 


which ‘ nplies 


duy* ’ dui* A dz A dz; — du, A du, A dz, A dz; 
=: (2; — a;)dp;, A du; A dz, A dz; — (ze — ae )dur A dpi n A dzp A d2;. 


For #. 4 iitable choice of sign, this in turn implies 
pk — p= +((z; — a,)dp;n A dus — (ze — axn)duy A dpi) Apa. 


Note ahio n . 
~—dw => DC = a;)du; + So ujdz; 
j=1 j=l 
which implies 
—dpi~ \dw A po = dp, A ((z% — aj)duy + (2% — ax)dup) A pAg 


= ((z; — a;)dp; 4 Adu; — (ze — ax)du, Adp; x) A pag. 


Hence, we can write p?* — pp as tdr Ao where T = p; dw A p is supported 
on U siace w is supported there. 

Now equation (18) shows that u** and y>* could be substituted for 
u and ,: at the beginning of this argument. Then the argument could be 
repeate'] for another choice of two distinct indices 7’,k’. After n(n — 1)/2 
steps we would arrive at i and ji. Thus j — p has the desired form. This 
compietes the proof of this lemma. 0 


Not:; that when each du; is expanded eer has the form vdV where 
v is some C™-function (a Jacobian determinant), and where dV is 2n- 
dimensional Lebesgue measure. This is the function v mentioned at the 
beginning of the proof of Theorem 3.5.9. We assume vdV = oily from 


now on. 


3.5.11 Lemma Let U,w,u,p and v be as defined in Lemma 3.5.10 and 
above. Kor each f € Fa, define Ig(f) to be 


n! 
At) = eps i fdu = si fudv (19) 
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where f 1s some representative of f in Fg, and v are constructed relative 
to U = Dy, and B is a closed ball centered at the origin which includes Dy. 
Then Ig: Fg — A is a well-defined continuous linear map satisfying (e), (i), 
and (j) of Theorem 3.5.9. 


Remark. Despite the fact that f may not be defined on all of B or C”, 
the integrals are unambiguous since p and v are zero off the domain of f. 


Proof We check first that I,(f) is well-defined (i.e., it depends only on 
a € Aand f € F,). Suppose f and f are two representatives in F, of 
f € Fa. Without loss of generality, we may assume D 7o Dy. Let ps and 
ft be any two 2n-forms constructed as in Lemma 3.5.10 from D; and Dj, 
respectively. Then Lemma 3.5.10 asserts that there is an (n — 1)-form + 
with support in Dy such that pp = ji+drAo where o = dz; Adz2A:-:Adzy. 
For an analytic function f,d( ft Ao) = df At Aa+ fdrAo = fdraAa holds. 
Hence Stokes’ theorem shows 


[tan [faze [sarno= fatfrna)= [ trno=o 
B B B B 8B 


since tT = 0 in a neighborhood of 0B. Thus Ig: F, — A is well-defined 
by (19). Clearly J, is a continuous linear map. The remarks given before 
Lemma 3.5.10 show that J, satisfies (j) (when n is 1). 

(i): Letn, mE N,a€ A™, be AM™), f © F, and g € Fy be given, and 
let A be the function specified in condition (i). To simplify notation, let 
x and 7’ represent the maps Tatmn aNd ™,,.,- Then the function h of 
condition (i) is simply (f 0 )(go 7’). Let w € C~(C"),u € C%(C", Al) 
and yp be constructed as in Lemma 3.5.10 so that they are suitable for 
defining I,(f). Let w € C™(C™), a € C?(C™, A(™) and ji be constructed 
as in Lemma 3.5.10 so that they are suitable for defining [,(g). To simplify 
notation, from now on we will write f,w,u,g,wW and @ to represent the 
functions fon,wom,uo7m,gom’, worn’ and won’, respectively. Similarly, 
we use j4 to represent the 2n-form on C"+™, which has the same formal 
expression as 4 on C", and we use A to represent the 2m-form 


jt = dt A dzyy A dtg A dznyo A+++ A dttm A dznym 


on C"+™ (where we are using the convention on % € C°(C"+™, Al™)) just 
established). With these notational conventions, we have 


Ia(f\ls(9) = oe i fou AB. (20) 


~ (Qnijntm 


The function ww is supported on 


(Dy, Dg) = {(A, A): € Dy, AC Dz} € C*™. 
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Also the equations 


n 


So us(z; po a;) 1—w and Sj (zn43 _ b;) =l-w 


jel j=l 
imply 
m m 
>> 45(z; - a;) + Yo wits (zj4n = b;) =l-w+ w(l = w) =1- ww. 
7 =e j=l 


Hence, we can use ww € C”(C"*™) and (u, wi) € CP(C"*™, AM+™) to 
define [(a,2)(h) = I(a,v)(fg). Thus, we have 


(n +m)! 
Ta,by(h) = Grin | fou A d(wt) A d2n41 A d(wit2) A dzn42 A 


- A d(wtin) A dZn4m:- 


However, for each j = 1, 2,...,m, 


n n 
diwu;) = tjdw + wdi; = u,;(— So (ze ~— a,)duy — pe updz,) + wdit; 
keel k=1 
implies 
pA d(wi;) = w(t A da;). 
Thus, we conclude 


T(a,»)(h) = Gael | sau ni 


Stokes’ theorem and (20) will give the desired equality if we can find an 
(n + i1)-form 7 supported on (Dy, Dg) and satisfying 


[((n+m)!w™ — nlm!|u = drag (21) 


where c is the form o = dz, Adzz A-+-Adzy. 

We prove (21) by writing the left side as a sum of terms, each of which 
is show7 to have the correct form. For j = 1, 2,...,n, let 4; be the (2n—1)- 
Scrm which is equal to y except that the factor du; is removed. For k = 
6,1,2,...,m, let 7, be the (n — 1)-form satisfying 


n 
™mAG= we Susu). 
j=l 
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Since du, A uv, = for j = 1,2,...,n, we see 


nm 
dry Aa = kw*"! ok uj,dw A py, + nw* p. 
3=1 


Using the now familiar expansion for —dw and noting again that du;Ayj = 
H, we get 


dy%Ao = ~kwk-} So uy (2; — a,)u+ nw* pu 
j3=1 
= [-kw*-'(1- w) + nw*|y = [(n + k)w* — kw*o yp. 
Thus, defining 7 by 
_ ya (n+k-1)!m! 
Ne ys k! 


Tky 
k=1 


we get 
ea (ntk— Vim / ‘ ie 
dtN\o = er eee aL — kw im 


w 


c~\ ki! (k-1)! 


= {(n+m)!w™ - nlm ]y. 


(2 +k)lm! ,  (ntk— iim! eee hg 


This concludes the proof of (i). 
It only remains to show that our definition of I, satisfies condition (e). 
This amounts to showing 


(la(f)) = F(r(2)) 


for each y € Ty and f € F,. Let w,u and yp be defined as in Lemma 
3.5.10 so that they are suitable for defining J,(f). Let i € C™(C",C™) 
be defined by u, = you,, and let fi be defined from & as jt was defined 
from u. Since ¥ is a continuous homomorphism, we get 


lal f)) = oan [sen 


This reduces the problem *o a calculation relative to the algebra C. We can 
apply the available results on the functional calculus to the case A = C. 
Let 4(a) be the element (7(a1),7(@2),---,7(an)) in C™. Then f belongs 
to Fxg) and w,u, ji are suitable for defining 1,,4)(f). By our umqueness 


result, we could also obtain [,(q)(f) from functions w € C%(C"), ia € 
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C™(C",C™) and an associated form ji supported in a closed polydisc cen- 
tered at y(a) on which f has a uniformly convergent power series expansion. 
Sine: ve know that I,() satisfies (j) and (i), the argument given previously 
estab. ishes that Iy(a)(p) = p(y(a)) for any polynomial p. Hence the con- 
tinuit,, of I,(q) shows that I,(,)(f) is the limit of the partial sums of the 
pow: series for f evaluated at y(a). Hence we obtain 


n! ‘ n! z 
UlelD) = Gage | Idii= eae | fai = F010). 


This concludes the proof of this lemma, and hence, the complete proof of 
Theorem 3.5.9. Q 


Having proved this theorem, we are justified in simplifying our notation 
by replacing Ig(f) by 


flaj=Ih(f) WneEN, ae AM: feFy. 


We leave it to the reader to translate the various equations in the statement 
of Theorem 3.5.9 into this notation. 


Implicit Function Theorem 


The following implicit function theorem is essentially due to Arens and 
Calde-on [1955]. However, they obtained the full result only for semisimple 
commutative Banach algebras or for functions f with well-behaved power 
series expansions. The particular version given here is found in Gamelin 
[1969]. Its proof is based on the results of Theorem 3.5.9. This theorem can 
in turn be developed into a functional calculus of multiple valued functions 
(i.e., functions defined on a Riemann surface with more than one sheet). 
For this viewpoint, which we will not develop here, see Michel Bonnard 
(1969], Allan (1970], Edgar Lee Stout {1971], and V. Ja. Lin [1973]. 


3.5.2% Theorem Let A be a commutative unital Banach algebra. Let 
néN andace A™ be given. Let F be a compler-valued function which is 
analy ic on an open subset U of C"*+ satisfying Sp(a) C m,,,,U. Suppose 
that ef never vanishes on U. If there is anh € C([4) satisfying 


F(h,@) =0 


(ie. F(A(y), 41(y), @2(7),--.,@n(y)) = 0 for all y € Ty), then there ts a 
unique element c € A satisfying 


c=h and F(c,a)=0. 


Procf Let z and w be the coordinate functions on C" and on C, respectively. 
The ordinary implicit function theorem for analytic functions (cf, e.g., 


406 3: Commutative Algebras and Functional Calculus 3.5.12 


Hormander [1966]) shows that for any ~ € I, there will be constants 
e“ > 0 and 6” > 0 so that the equation F(A, 2) = 0 has only one solution 
with A in the disc DY = {\:|X — A(W)| < e€%} for cach p in the polydisc 
PY = {un € C:|y; — a,(W)| < 6% for j = 1,2,...,n}. Let VY C Ty be 
the open neighborhood of y: defined by V¥ = {7 € Ta: {h(o) Ay) < 
e¥ /2 and |4;(y) — 4;(W)| < 6”/2 for j = 1,2,...,n}. Choose a subcover 
{V™,V%,...,V%}. Define € > 0 by « = minf{e¥):j = 1,2,...,p}, and 
define V C Ps x Pa by V = {(m. 72) € Ta « Paz [A(m) — b(72)| < €/2}.- 
Suppose (71,72) € V satisfies @(7) = a(72). For some j, 7 belongs to 
V™> so that A(y,) and h(7.) both belong to DY and @(y,) = (72) belongs 
to PY). Also, F(h(7.) Fach)} is zero for k = 1,2. Thus, h(7,) equals 
h(y2) by the uniqueness of solutions of F(A,u) = 0 with A € DY for 
u € PY. Therefore, V is an open neighborhood of the diagonal in I’, xT, 
such that (71,72) € V and @(1) = 4(72) imply A(y1) = A(ya). For any 
(n,72) € Ta x P4\ V, choose 6 € A satisfying (7) 4 6(72) and then 
choose a neighborhood V?° of (v1, 72) in 4 x Ty such that (¥1, v2) € V° 
implies b(y1) # 6(y2). The family of all such V® forms an open cover for the 
compact set 4 x Ta \V. Let (V%,V%,..., Vom =} be a finite snbeover 
and define b € A'™-") by b = (b1,b2,...,0m—n)- Then 7(a,b) = v(a,b) 
implies h(y) = A(q) for all 7, wy € [.4. Hence, we obtain a well-defined 
function H on Sp(a,b) from the definition 


H(y(a,6))=h(y)  VyETS. (22) 


We wish to show that this function H is continuous. Suppose +,(a, b) 
converges to yo(a, b) for some sequence {7% }ken C Py. It is enough to show 
that h(7) converges to h(7). If this is false, we can choose a neighborhood 
U of h(yo) and a subsequence of {h(7)}ken which remains completely 
outside U. Since 4 is compact, we may choose a subnet of {7% }xen which 
converges to some 7% € F4. Then we have 76(a,b) = yo(a,0) so that 
h(99) = A(qo). This contradiction shows that {h(7x)}een converges to 
A(40) as we wished. 

Now we claim that H can be extended to a function which is analytic 
in a neighborhood of Sp(a,b). To simplify notation, let F be Fo Tm+in+1 
defined on (U,C”~"). Since H satisfies 


F(H, 21, 22,-..,2m) =0 (23) 


on Sp(a,b), and the partial derivative of F with respect to its first variable 
never vanishes on (U,C™~"), the implicit function theorem for analytic 
functions shows that for each A € Sp(a,b) there is an open polydisc P* C 
C™ centered at \ and an open disc D? C C centered at H(A), such that 
for each yp € P? there is a unique solution H*(y) € D* of the equation 
F(w, 4) = 0. Furthermore, the function H*: P* — D> defined in this way 
is analytic and is completely determined on any connected open subset of 
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P> by its value at a single point and the requirement that it be a continuous 
solution of F(H%, 21, z2,...,2n) = 0. Since H is continuous, we may assume 
that P is chosen small enough so that H maps P* into D>. Assume 
that P*, D>, and H® satisfying these conditions have been chosen for each 
Xd € Sp(a,b). If \ and yu belong to Sp(a, b), the uniqueness of HD? and H# 
show that either 4 € P# or uz € P> implies H* = H* on P*/ P+. For any 
d € Sp(a,b), let V> be the polydisc centered at A with polyradius equal to 
half she polyradius of P®. If V4 V# is nonempty for any A, 4 € Sp(a,), 
then \ or 4 belongs to P® 9 P# so that H® and H” agree on V>N V4. 
Hence, we can extend H to be an analytic function on the neighborhood 
V= Unesp(a,b)V of Sp(a, b). 

Let c be the element H(a,b) € A defined by the multivariable func- 
tional calculus. Theorem 3.5.9(e) and equation (22) give ¢ = H(a,by = h. 
Theorem 3.5.9(b) and (g) and equation (23) give 


F(c,a) = F 0 tm4in41(c, a, 6) = F(H(a,),a,6) = 0. 


This proves the existence of the element c. 

Suppose d were another element satisfying the same conditons as c. 
Then d = h = é would imply the existence of an element r in the Gelfand 
radical of A satisfying 

d=c+r. 


We wish to show that r is zero. Let G be the function defined on C+? by 
1 OF 
G(u, w, z) bed wilF(w +t, z) _ F(w, z) - up (w, z)) 


where z is the coordinate function on C”. This function is analytic on 
a neighborhood of Sp(r,c,a). Also by assumption we have F(c + r,a) = 
F(c,a) = 0. Hence, when u[uG(u, w, z) + 2£(w, z)] = F(w+u, z) — F(w, 2) 
is apoiied to (r,c,a) € A("+?), we obtain 


r[rG(r,c,a) + Fe a)} = 0. 


However, 3£ does not vanish on Sp(c,a) so the Gelfand transform of the 
axnression in the bracket does not vanish on 4. Thus the expression in 
the bracket is invertible, so r must be zero. BD 


Hf ve interpret our notation suitably, we may even apply Theorem 3.5.12 

in the case n = 0. Let A be as in Theorem 3.5.12. Suppose that f is a 

complex-valued analytic function on an open subset V of C and that f’ does 

zot venish at any point of V. If there is an h € C(I',) satisfying foh =0 
en 7, then we claim that there is a unique element c € A satisfying 


¢é=h and f(c)=0. 
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To prove this, we merely apply Theorem 3.5.12 to the case n = l,a = 
0, U=V «Cand F = f om). It is this case n = 0 which we will use in 
our first application. 

The next result and Corollary 3.5.15 are both known as the Silov idem- 
potent theorem. They were first proved by Silov [1953]. We will use the 
implicit function theorem to give an extremely simple proof. Usually they 
are derived from the multivariable functional calculus directly. No proofs 
are known which avoid this heavy machinery, although Silov’s original proof 
depended only on his imperfect (although still highly nontrivial) multivari- 
able functional calculus. 


3.5.13 Corollary ‘Let A be a commutative Banach algebra. If K is a 
compact open subset of 4, then there is a unique idempotent e € A such 
that é is the characteristic function of K. 


Proof If A is unital, apply the theorem to F(w) = w? — w = 0 and its 


solution Ah, the characteristic function of K in C([,4). If A is nonunital, 
replace A by A!. Theorem 3.1.2(a) shows that restriction to A defines a 
homeomorphism of [4: onto ea which is the one point compactification 
of 4. Hence, the element e can be defined as before. It belongs to .A since 
é clearly vanishes at infinity. a 


We give two important corollaries of the Silov idempotent theorem here. 
(We will also use the idempotent theorem in the proofs of Lemma 3.5.16 and 
Theorem 3.5.19.) The first gives a partial converse of the easy assertion that 
I, is compact if A is a commutative unital Banach algebra. This shows 
that a semisimple commutative Banach algebra A is unital if and only if 
I, is compact. Easy examples show that the hypothesis of semisimplicity 
cannot be dropped. This result is due to Silov {1953}. 


3.5.14 Corollary Let A be a commutative Banach algebra. 

(a) The Gelfand space of A is nonempty and compact if and only if A 
modulo its Gelfand radical ts unital. In this case A is algebra direct sum of 
of the closed ideals eA and Aj. 

(b) A hull H inT, 18 compact if and only if its kernel k(H) ts a modular 
ideal. 
Proof (a): Denote the Gelfand radical of A by Ay. Theorem 3.1.2(e) asserts 
that [4 is compact if A/A, is unital. In this case A; is modular, so Theo- 
rem 1.2.24, Proposition 3.1.3 and Lemma 3.1.4 show that I, is nonempty. 
Hence, [4 is nonempty and compact. Conversely, if [4 is nonempty and 
compact, Corollary 3.5.13 shows the existence of an idempotent e such that 
e is the identity function on 4. Hence, e + Ay is an identity element in 
A/Ajy and eA is an ideal satisfying eAN Ay = {0}. 

(b): Theorem 3.2.7 now gives this. a 
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‘Lhe next result is also due to Silov [1953]. 


3.5..5 Corollary The following are equivalent for a unital commutative 
Bancch algebra A. 

‘a) [4 ts disconnected. 

(>) There is an idempotent in A other than 0 and 1. 

(:) A is the direct sum of two closed non-zero ideals. 

(d) A is the direct sum of two non-zero ideals. 


Proof (a) > (b): If [4 is disconnected, let it be the disjoint union of two 
nopempty open and closed sets K, and Kz. These sets are compact so 
Corcllary 3.5.13 gives an idempotent e which is neither 0 nor 1 since its 
Gelfand transform is the characteristic function of Ky. 

(>) = (c): Let e be an idempotent not equal to zero or one. Then 
eA = {a € A:ea = a} and (1 — e)A = {a € A: ea = 0} are non-zero closed 
idea's satisfying A=eA@(1—e)A 

i) => (d): Obvious. 

(d) = (b): If Z, and Zz are non-zero ideals satisfying A = TZ, @ Z2, 
let 1 = e; @ eg be the corresponding direct sum decomposition of 1. The 
identity e) @e2 = 1 = 1? = e? @e2 implies that e, and e2 are idempotents. 
They are both non-zero since TZ, and T2 are non-zero. 

(>) = (a): If e is a nontrivial idempotent, € € C([',) is a nontrivial 
cont nuous characteristic function, so 4 is disconnected. oO. 


/ s we have seen, the Silov idempotent theorem lies very deep (at least in 
our present state of knowledge). However, in certain circumstances the ex- 
ister.ce of nontrivial idempotents can be proved in a much more elementary 
way. See Proposition 3.4.1. 

We now wish to prove an important theorem of Charles E. Rickart 
[1953]. It depends on a lemma which uses the Silov idempotent theorem. 
It also depends on the concepts of hulls and kernels and completely regular 
alge>ras introduced in Section 3.2. Irving Kaplansky {1949a] proved a result 
similar to Theorem 3.5.17 in which the algebra A was assumed to have the 
forr C(Q) for some locally compact Hausdorff space 2. 


&.5..6 Lemma Let A be a commutative Banach algebra. Let I be an 
idee. of A and let H be a compact hull in 4 which is disjoint from h(Z). 
Th, there is an element b € I which satisfies b(H) = {1}. 


°rc:{ Corollary 3.5.14 shows that k(H) is a modular ideal. Hence, 7+k(H) 
is aso a modular ideal. It satisfies h(Z+k(H)) = A(Z)Nhk(H) = h(Z)NH = 
: ant hence is not included in any maximal modular ideal. Theorem 2.4.6 

bes shows J + k(H) = A. Corollary 3.5.14 then shows that there is some 
elercent a € A satisfying y(a) = 1 for all y € H. Leta =b+cbea 
deco:nposition (guaranteed by A = Z+k(H)) satisfying b € IT andc € k(H). 
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Since 4(c) = 0 holds for all y € H, the equation y(b) = y(b+c) = y(a) = 1 
shows that b has the desired property. o 


3.5.17 Theorem Let A be a completely regular, semisimple commutative 
Banach algebra and let B be a commutative spectral algebra. Let yp: A— B 
be an injective homomorphism. 

(a) The associated dual map yt: T% + T% maps FT onto P4,. 

(b) Every element a € A satisfies Sp,(a)U{0} = Spg(y(a))U{0}. This 
result also holds if B is a normed algebra instead of a spectral algebra. 

(c) Any (not necessarily complete) algebra norm ||| +||| on A is spectral. 


Proof (a): Let B denote the image of If in I’, under yt. Suppose B is not 
all of I, and choose yo € T°, \B. Then for each y € I'S, there is an element 
a, € A satisfying 4,(yo) # @,(p'(7)). For each y € I, define e, and U,, by 
€y = 27" |4,(y0)—4,(p'(7))| and U, = {b € PB: |4, (70) —4, (yt (p))| < €4} 
so that U, is an open set in IQ containing y. Choose a finite subcover 
Uy,,Uy,,...,Uy, of the compact set I and denote each a,, and €,, by a; 
and ¢€;, respectively. Let ¢ be min{e),€2,...,€,} and let V be the open 
neighborhood 


V = {7 € 1: |a5(70) — 45 (7)| <ée Vv j = 1,2,...,n} 


of Yo in rm which is disjoint from B. Choose an open neighborhood W of 
‘Yo with compact closure in V. Lemma 3.5.16 shows that there are elements 
b,c € A satisfying 6(40) =1, b(y) = 0 for all Y ¢ W, &y) = 1 for all 
7 € W and ¢(y) = 0 for all y ¢ V. Therefore, bc equals b, and since the 
Gelfand radical is zero this implies bc = b. Since (c) vanishes on FS, y(c) 
has a quasi-inverse d in B. However, this gives y(b) = y(b) 0 y(c)od = 
p(boc)od = y(c)od = 0, which contradicts the condition b(-y9) = 1. Hence, 
the dual map is surjective. 

(b): Theorem 3.1.5 shows that this follows from (a) when B is spectral. 
If B is normed, apply this result to the completion B of B and note Sp,(a)U 
{0} © Sps(y(a)) U {0} C Spg(y(a)) U {0}. 


(c): Lf {|| - {|| is an algebra norm on A, let y:.A — B be the injection 
of A into the completion B of (A, ||| - |||). This result now follows from (b) 
and Proposition 2.5.15. Oo 


The special case of this theorem, which is due to Kaplansky [1949a], has 
& very simple proof which uses the relatively elementary Theorem 3.2.12 in 
place of Lemma 3.5.16 which depends on the Silov idempotent theorem. 


3.5.18 Corollary Let A be a completely regular commutative Banach 
algebra and let o be an algebra semi-norm on A. Then a is spectral if and 
only if Ay = Ar is o-closed. 
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Prea; If @ is spectral, Theorem 3.1.5(b) shows A; = Ap and Corollary 
2.2.6 shows that this set is o-closed. Conversely, suppose that A, is o- 
closed. Let @ be the norm induced on A/A,s. Since A/A, satisfies the 
hypotheses of Theorem 3.5.17, ¢ must be spectral. Thus, any a € A satisfies 
ple = p(at+ Ay) < F(a + Az) < (a). Hence a is spectral. oO 


The Exponential Function and the Group Ag/ exp(A) 


“™e exponential function was introduced in Theorem 2.1.12 where it was 
show: that in a commutative unital Banach algebra A, exp(A) is just the 
connected component of the identity in the group Ag of invertible elements. 
Theorem 3.4.2 gave the kernel of the homomorphism exp: A — Ag and 
Example 3.4.3 showed that Theorem 3.4.4 could not completely describe 
the range. Now, with the help of the multivariable functional calculus, 
we can answer the resulting question and show relations to a number of 
interesting topological concepts. 

Consider first the case A = C(X) where X is some compact Hausdorff 
space. We recall the definition of the first cohomotopy group of a topological 
spece X. (For further information on this subject see Sze-Tsen Hu (1959].) 
The set G of continuous functions from X to T is obviously a group under 
pointwise multiplication. Two functions in G are said to be homotopic inG 
if one can be continuously deformed in G into the other. More precisely, we 
say -;*, and f, in G are homotopic if there is a continuous map F: X x{0, 1] > 
T {called a homotopy) satisfying F(x,0) = fo(x) and F(z, 1) = f(z) for all 
xz € ™. Obviously, this is an equivalence relation on G. It is also obvious 
that it respects multiplication in G. Hence, the set of homotopy classes of G 
is age’n a group. It is denoted by 1!(X) and is called the first cohomotopy 
graves of X. 

ror any f € C(X)g, the function f/|f| is defined and belongs to G. (In 
fact, f(z,t) = f(x) /(1—t+t|f(2)|) is a homotopy of f into f/|f| in the set 
C(X*g.) Let 6 be the group homomorphism of C(X)g onto 1!(X) defined 
by se:ting 6(f) equal to the homotopy class of f/|f| in G. We claim that 
exp{C(X)) is the kernel of 6 so that (C(X))g/exp(C(X)) is isomorphic to 
mi X). 

‘Tor any g € C(X),exp(g)/|exp(g)| is just exp(zIm(g)). Thus, the ho- 
motovy 


G(a,t) = exp(i(1—2t)Im(g)) V2eEX; te [0,1] 


between exp(g)/|exp(g)| and the constant function 1 shows that 6(exp(g)) 
is the identity element in 1!(X). Hence, exp(C(X)) © ker(9) holds. 

~*, conversely, 0(f) is 1, then there is a homotopy F: X x [0,1] = T 
zusislying F(2,0) = f(x)/|f(x)| and F(z,1) = 1. Since t + F(.,t) is a 
coutiauous map of [0,1] into C(X)g, f/|f| belongs to the principal compo- 
naa. of C(X)g. Similarly, the homotopy between f and f/|f| noted above 
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sbows that f belongs to the principal component of C(X)g. Hence, The- 
orem 2.1.12 shows that f belongs to exp(C(X)). This establishes that @ 
induces a group isomorphism 


C(X)a/exp(C(X)) ~ 11(X). (24) 


We now consider Ag/exp(A) for an arbitrary, unital, commutative Ba- 
nach algebra. The Gelfand space is an invariant of a commutative spectral 
algebra. If the algebra is determined up to isomorphism, then the Gelfand 
space is determined up to homeomorphism. However, many nonisomorphic 
commutative Banach algebras have the same Gelfand space up to homeo- 
morphism (e.g., the disc algebra (§3.2.13) and the algebra of all continu- 
ous functions on the disc). Nevertheless, certain algebraic properties of a 
commutative Banach algebra depend only on its Gelfand space. Corollary 
3.5.14 provides an example. It shows that a commutative Banach algebra 
is unital modulo its radical if and only if its Gelfand space is nonempty 
and compact. We will now show two more cases of this phenomenon. In 
fact, the next theorem shows that the zero and first order Cech cohomology 
groups of the Gelfand space with integer coefficients arise as natural alge- 
braic invariants of the algebra. We will return to this interpretation after 
stating and proving the theorem. 

The first half of the next theorem is a reformulation of the Silov idem- 
potent theorem. The second half is known as the Arens-Royden theorem. 
It was discovered by Arens [1963] and, partly independently, by Halsey L. 
Royden [1963]. See also Rickart [1969]. The proof we give is due to Gamelin 
[1969]. It is based on Oka’s [1936] solution for open polynomial] polyhedra 
of a problem solved by P. Cousin [1895] for polydiscs. We will now state 
this Cousin problem. For a proof, see Gunning and Rossi {1965}. 

Let {Va:a € A} be an open cover for an open polynomial! polyhedron 
V CC". Cousin data for {V,:a € A} is defined to be a family of functions 
{9a,a: (a, 8) € A x A} such that each ga, is analytic on VM Vg and the 
family satisfies 


9a,8+98y+9y¥a=9 on VaN Va NV, 


for all a,8,7~ € A. Oka’s theorem asserts the existence of a family of 
functions {gq:a € A} such that each gq is analytic on Va and the family 
satisfies 

Ja — 98 = GJa,B 


for alla, BE A. 


3.5.19 Theorem Let A be a unital commutative Banach algebra. Let 
H°(A) be the additive subgroup of A generated by the idempotents in A 
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and let H1(A) be the multiplicative group Ag/exp(A). The Gelfand ho- 
mom srphism induces an isomorphism of H°(A) onto H°(C(I',4)) and an 
isomorphism of H'(A) onto H'(C(T4)). 


Proo,, The idempotent elements in C(I4) are exactly the characteristic 
functions of open and closed subsets. Hence the Silov idempotent theo- 
rem (Corollary 3.5.13) shows that the Gelfand homomorphism restricted to 
H°(+.) is an isomorphism onto H°(C(I',)). 

It is obvious that the Gelfand homomorphism maps Ag into C(I4)e 
and exp(A) into exp(.A). Hence, (~) does induce a homomorphism of H1(A) 
into H}(C(I',4)). The implicit function theorem (Theorem 3.5.12) applied 
to F(w,z) = e” — z, shows that this homomorphism is injective. It only 
remains to show that it is surjective. In other words, we must show that for 
any , € C(['4)c, there is ac € Ag such that f/é belongs to exp(C(I4)). 

Let fe C(T wg be given. By the Stone-Weierstrass theorem (1.5.1), 
the ae {Sohar bybh45:m € N,b; € A} is dense in C([4). Hence, we 


fnd an ciead ie = (bj, b2,...,ban) € A@” satisfying 


[1 - ys stilloo <1. 


Theorem 3.4.4 shows that there is a function g € C(T,) satisfying 
B af 
“YS bj6n45 = exp(9).- 
=I 


Thus, it is enough to find elements c € Ag and h € C(I',) satisfying 


n 


é* 5” b;6% ,; = exp(h), (25) 


j=l 


since we will then have f /é = exp(h — 9). 
Choose a neighborhood U of Sp(b) C C?" such that 


n 
~ * 
=> ) 2j2n4j 
j=) 


does not vanish on U where z = (z),z2,-.-,Zan) is the coordinate function 
on C2". Proposition 3.5.8 asserts the existence of an element d € A(™-2") 
such that tm2npc(Sp(b, d)) is included in U and includes Sp(b). Lemma 

.£.2 shows that we can find an open polynomial polyhedron V C C™ 
satistying pc(Sp(b, d)) C V C af, 5,(U) and hence also satisfying Sp(b) C 
tm,an(V) C U. Then, p defined by p = Po 7m,2n does not vanish on the 
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open polynomial polyhedron V. Let {Va:a@ € A} be an open cover of V 
such that, on each V,, p has a continuous logarithm pag which varies in 
absolute value by less than 7. For each ordered pair (a, (3), define pa,s 
by Pag = Pa — Pg. Since exp(pa,a) = exp(Pa)exp(—ps) = 1 holds, and 
\Pa — Pal varies by less than 27, each pag is a constant function which is 
an integer multiple of 277. Furthermore, we have 


Pap + Pay + Py,a = 0 


for each triple a, 3,7. Hence, the {pa,g:a, 3 € A} are Cousin data for the 
open covering {V,:a € A} of the polynomially convex set V. Thus, by the 
theorem of Oka stated above, there are analytic functions {q,:a € A} such 
that each q, is defined on V, and satisfies ga ~ 9g = Pa,g on Vi. Vg for 
each pair (a, 3). Hence, there is a well-defined analytic function q satisfying 
q\Va = exp(ga) for a € A. Note that qg is never zero on V since it is locally 
an exponential function. Furthermore, since pa — qa = pa — 9p holds on 
Va Vg for any pair (a, 3), there is a continuous function h on V satisfying 
h|Va = Pa—a for alla. Therefore, g~'p = exp(h) holds on V since it holds 
on each V,. Define c € A to be g{b,d). Then c is invertible (since g was) 
and satisfies ¢~! 77_, bjb2,, = é~1p(b) = (g(b, d)~*p(6, d)) = exp(A(6, d)). 
This is what we wished to show. o 

We now interpret H(A) and H}(.A) as cohomology groups. For details 


on sheaf theory, see Roger Godement [1958]. For any commutative unital 
Banach algebra A, we have an exact sequence 


0 — HA) 2 A SB Ag — HA) — 0. 
For the special case A = C(X), this sequence has a sheaf theoretic inter- 
pretation. (In fact a similar interpretation is valid at least whenever A is 
semisimple and completely regular.) Let Z be the constant sheaf on X of 
integers under addition. Let C and Cg be the sheaves on X of germs of 
continuous functions under addition and of germs of nonvanishing contin- 
uous functions under multiplication. Then multiplication by 277 and the 
exponential map induce a short exact sequence of sheaves 

6: SE SOe BA 2. 


This gives rise to an exact sequence of cohomology groups 


0 — Hx,Z) 225 H%X,C) 2% H°(X,Cc) 


2, H'(X,Z) — H'UX,C) — 
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However, the zero order cohomology group with coefficients in a sheaf is 
just the group of global sections of the sheaf and H!(X,C) = 0 holds, since 
C ig a fine sheaf. Clearly, the groups of global sections of Z,C, and Cg 
are, respectively, H°(C(X)),C(X) and C(X)g. Therefore, the cohomology 
exact sequence becomes 


0 —+ H%(X,Z) 4 C(X)  C(X)e 


~, HYx,Z) — 0 

where we could substitute H°(C(X)) and H1(C(X)) for H°(X,Z) and 
H°(X, Z) if we wished. The Arens~Royden theorem gives the identification 
of 4?(A) with H°(C(X)) = H°(X,Z) and of H'(.A) with H'(C(X)) = 
H'(X,Z). Since we have already identified the cohomotopy group 71! (X) as 
C(X\q/exp(C(X)), we have established a natural isomorphism of H'(X, Z) 
onto 7!(X) for any compact space X. Recall also that Theorem 2.1.12 
shows that C(X)g/exp(C(X)) is torsion free. 

dward K. Blum [1953] gives two interesting arguments, which are in- 
dependent of the Silov idempotent theorem, showing that H(A) is the 
fundamental group 7,(G) of the principal component G of Ag. 

Taylor ({1971], [1972a], [1975] and [1976]) defines natural variants of 
H®(C(X)) and H}(C(X)) for a pair Y C X of compact spaces and shows 
that the resulting structure satisfies the axioms of cohomology theory. From 
the uniqueness of structures satisfying these axioms, he infers that these 
groups are identical to the Cech cohomology groups with integer coeffi- 
cients. The axioms allow him to identify H°(M(G)) (the result is essen- 
tiaily Paul J. Cohen’s idempotent theorem [1960a], [1959b]) and H1(M(G)) 
where M(G) is the measure algebra on a locally compact abelian group (cf. 
she wext section). (This general result gave concrete new information on 
which invertible measures on R are exponentials.) Taylor also obtains re- 
suits in the more general case of convolution measure algebras. Along sim- 
ite: ines, he defined and studied the K-theory of a commutative Banach 
algebra [1973a] using the results of Arens [1966]. 

or some related results the reader may wish to consult Rickart [1969], 
lain Raeburn and Taylor [1977], and Kallin [1963]. The last named article 
contains an example related to the first article of Arens. The literature of 
commutative Banach algebras is enormous. For further general information 
see the following books: Browder {1969], Gamelin [1969], Stout [1971], and 
Wermer [1976]. 


Tayier Spectrum and Functional Calculus in B(X) 


We give only the briefest introduction to this subject and refer the 
reader to Helemskii [1981] and [{1989b] Chapter VI, the original articles 
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Taylor [1970a], (1970b], [1970c], [1972a] and [1972b], Vasilescu [1982] and 
the forthcoming book by Putinar for further details. 

If X is a Banach space, S= (5), S2,.-., Sp) and A = (Ay, A2,-- +) An) 
are ordered n-tuples of commuting operators in B(4’) and of complex num- 
bers, respectively, then A belongs to the Taylor spectrum if the Koszul 
complex K(4,S — i) is not exact. For lack of space, we shall not define 
the Koszul complex (see Helemskii [1989b], V.1.1). Its exactness implies 
Aisksn ker(S,) = {0} and S>¢_, Sk(¥) = &. The other conditions in- 
volved in proving exactness are of a similar nature. (For instance if n = 2, 
the only other condition is that S2x, = S,z2 should imply the existence 
ofaze XX satisfying 4) = S\z and rz = S2z.) Thus, although the Taylor 
spectrum is hard to define, it is not hard to compute. 

In spite of the fact that we have not even explained the definition of 
Taylor’s joint spectrum adequately, we believe it will be worthwhile to state 
the resulting theorem which relates it to the functional calculus. The proof 
may be put together from Helemskii (1989b] and Taylor [1970b]. We begin 
with a simple definition of a functional calculus. 


3.5.20 Definition Let a = (a),a2,...,a@,) be an ordered n-tuple of 
commuting elements in a unital Banach algebra A. Let a” denote the 
double commutant of the set {a),a2,...,an} in A. Let U be an open 
subset of C”. We say that a has a functional calculus on U if there is a 
continuous unital homomorphism IY: Fy — a” C A satisfying 


IY (zx) = ae Vk=1,2,...,n 


3.5.21 Theorem Let -’ be a Banach space and let S = (S,52,..., Sn) 
be an ordered n-tuple of commuting operators in B(4). 

(a) The Taylor spectrum Sp™(S) of S ts a nonempty compact subset 
of C” satisfying |x| < p(Sk) for all X = (Ax, A2,-.-,An) € Sp7(S) and 
k=1,2,...,n. 

(b) If A 18 any closed unttal subalgebra of B(X) including {S;, S2,..., Sn} 
in tts center, then Sp7(S) is included in Sp,a(S). There do exist examples 
where this inclusion 1s proper for all choices of A. 

(c) The ordered n-tuple S has a functional calculus on every open subset 
U of C” which includes Sp™(S). 

(d) If U is a domain of holomorphy, then S has a functional calculus 
on U if and only sf Sp™(S) CU. In this case the functional calculus for S 
on U is unique. 

(e) Let f = (fi, fo,-.-, fm) be an ordered m-tuple of functions analytic 
on an open set U which includes Sp™(S). Then Sp"™(f(S)) = f(Sp™(S)) 
where we have written f(S) for IY (f). Hence if U and V D Sp™(f(S)) are 
domains of holomorphy and g is analytic on V, then go f(S) is defined and 
equals g( f(S)). 
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3.6 Commutative Group Algebras 


Section 1.8 described the group algebras associated with the compact 
abe_ian group T in some detail. This involved some results about group 
algebras of the discrete abelian group Z. Section 1.9 gave basic informa- 
tion about the Banach algebras L'(G) and M(G) for an arbitrary locally 
compact group G. In particular, 1.9.13 identified M(G) with the double 
centralizer algebra of L'(G). For locally compact abelian groups, 1.9.9 
showed that both algebras are commutative. The reader may wish to con- 
suit those sections for background information and notation. All notation is 
summarized in Table 1, p. 144. In the present section we will show that the 
Geliand space of L(G) can be identified with the locally compact group G 
of al continuous homomorphisms of G into T, with pointwise product and 
the compact open topology. The group G is called the character group of 
G. ‘Ne then prove that the natural map of G into G (the character group 
of C) is a homeomorphic group isomorphism. The proof, which depends 
on showing that L'(G) is completely regular, is essentially due to David 
Abramovié Raikov [1945] (written in 1940), Henri Cartan and Roger Gode- 
ment [1947]. We also give a brief survey of some results of Joseph L. Taylor 
(1965], [1973a] on the Gelfand space of M(G). The section concludes by 
mentioning some other group algebras. 

We begin with a simple special case of the result we will prove in com- 
plete generality below. Let G be a discrete abelian group and define G to 
be the set of group homomorphisms from G to T. We will regard G as a 
group under pointwise multiplication: 


hk(u) =h(u)k(u) Vh,kEG; ueG 


and as a topological space under the topology of pointwise convergence. (If 
we identify each homomorphism h € G with its graph in J],<gT = T°, 
this becomes the product topology.) If {ha}aca is a net in G converg- 
ing in this topology to an element h € T°, then h satisfies h(uv) = 
lim ho(uv) = lim hoa(u)ha(v) = lim Ag(u)lim ha(v) = A(u)A(v) for 
all u,v € G. Thus G is closed in T© and hence is compact. We claim 
tha Gis a topological group. Continuing with the same notation, we find 
lim AZ (u) = lim ha(u)* = A(u)* = ho*(u). If {ka}aca is another net 
in C converging to an element k € ‘ee then it satisfies lim ha(u)ka(u) = 
lim 2q(u)lim ka(u) = h(u)k(u) = hk(u). This verifies our claim, so G is a 
com act abelian group. 

Theorem Let G be a discrete abelian group. Let G be the compact abelian 


grova described above and let Tg) be the Gelfand space of the commuta- 
tive unital group algebra £'(G). Then the isometric linear isomorphism 
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wil (G) — €(G)* defined by 


wrlf) = So f(uh(u-?) va € €°(G); f € E1G) 


uEG 


sends G C €°(G) (utth its topology of pointwise convergence) homeomor- 
phically onto Pyq) C é'(G)* (with its Gelfand topology). 


Proof Only the last sentence remains tu be proven. Any h € G and any 
f.9 € @(G) satisfy h(u-!) = A(u)* and hence 


walfeg) = Do fegtupnluy’ = D_ dD) fv)alon'aph(u)” 
ueG u€G veG 
= SOY flog(v-*uya(v)*an uy’ 


veGucG 


= So f(v)a(v)* So gv u)h(v7*u)* = wa(f)wn(g): 


veG u€G 


Hence w sends G into Peyg). The map w is well known to be a linear 
isometry of £°(G) onto f1(G)*. Thus if 7 belongs to the Gelfand space 
there is a unique h € €°(G), satisfying y = wa. This function then sat- 
isfies 7(6.) = A(u)* for any u € G. For u,v € G we get h(u)A(v) = 
(du)*7(bu)” = (bu * 6v)* = A(uv), so A belongs to G. This shows that w 
is a bijection of G onto P(g). Since both spaces are compact and Haus- 
dorff, w is a homeomorphism if either it or its inverse is continuous. It 
is not hard to check that w is continuous, but we take this opportunity to 
note that the inverse map is given by the obviously continuous map ¥ ++ h, 
defined by hy(u) = y(6u)* for all y € Pag and ue G. Oo 


Now let G be an arbitrary locally compact group. The Banach space 
dual L'(G)* of L(G) can be identified with L©(G). (See Hewitt and Ross 
{1963], Section 12.18, for a proof in the generality needed here.) With each 
h € L™(G), we will associate the linear functional w, € L}(G)* defined by 


wr(f) = {. f(u)h(u-!)du = / fhds WfEL\G) (1) 


(where h is defined by h(u) = h(u7!) for all u € G). The twist built into 
this definition gives the following formulas 
wrlf *9) = Wyerl(f) =Wreas(9) VheL*(G); figeEL\(G) (2) 


where the convolution products are defined and belong to L(G) even when 
G is a not necessarily unimodular group. In the unimodular case (a fortiori, 
in the abelian case), these reduce to 


wn(f #9) =Wyer(f) =Wnes(g) VAEL*(G); f,geE L(G). (3) 
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Of course, the proofs depend on Fubini’s theorem. 

Noxt suppose that G is a locally compact abelian group and note that 
auy *y in the Gelfand space 'g of L1(G) belongs to the unit ball of L’(G)* 
and hence can be associated with a function 4, ¢ L(G), satisfying 


1) = f f(w)hy(u"*)du (4) 


[france "du =f suyhy(umt)du f g(u)hg udu (5) 


for ai! f, g € L'(G). It is easy to see (just use the definition of convolution 
multiplication and Fubini’s theorem) that the second formula will hold if 
h., is nultiplicative 


h,(uv) =h,(u)h,(v) WuyveG 


enc the integrals exist. Thus we are led to consider bounded group homo- 
morphism of G into the multiplicative group of C. In fact, by considering 
h(u") = h(u)” for u € G and n € Z we see that such a bounded group 
‘ox omnorphism A into the multiplicative group of C must be a group ho- 
snomerphism into T = {A € C:|A| = 1}. We give a formal definition. 


2.8.1 Definition Let G be a group. A homomorphism of G into T is 
calied character of G. If G is a topological group, then the collection of 
all continuous characters of G is denoted by G. This set is endowed with 
pointwise multiplication and the compact-open topology. It is called the 
cheracter group or dual group of G. 


‘¢ is obvious that G is a group under pointwise multiplication. The 
corto ne.ct-open topology is defined by the basic open neighborhoods 
N(ho, K,€) = {h € G:|h(u) — ho(u)| < ¢ for all u € K} (6) 


where ho € G, K acompact subset of G and € > 0 are arbitrary. It is easy 
to see that G is a topological group under this topology. Note that any 
character on any (not necessarily topological) group satisfies 


h(e) = 1 (7) 

|A(u)| = 1 VueG (8) 

h(u) =h(u7!) = A(u)* =A(u) VueG (9) 
h(uv) = h(u)h(v) Vu, veG. (10) 


So far we have noted that the map h ++ w», defined by 


ont) = [ thdr= f shar= f suyrtu)*as vfeL\(G) (11) 
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maps G into ['g. This map is injective since distinct continuous functions 
give rise to distinct elements of L(G) and hence to distinct elements in 
L'(G)*. More is true. 


3.6.2 Proposition Let G be a locally compact abelian group. Then the 
map h > wp defined by (11) is a bijection of the set G onto the Gelfand 


space '¢ of L*(G). 


Proof It only remains to show that the map is surjective. The best way 
to prove this is to show that for any y € Ig the function h, € L(G) 
satisfying (4) actually belongs to G. For any g € L'(G), consider the 
function u ++ ¥(ug) from G to C. We have already noted in Section 1.9 
that u + ,g is a continuous map of G into L}(G) so that u + (ug) is 
continuous and is bounded by |{g|{,. We claim that this function satisfies 


¥(g)hy(u-*) = (ug) (12) 


as an element of L®(G) {i.e., almost everywhere). To establish this, it is 
enough to show that f(g)h,(u-')f(u)du = fy(ug)f(u)du holds for all 
f € L}(G). However, Fubini’s theorem and (4) give 


i 


y(g)v(f) = VF * 9) 

fro) [featur wyau dy 
[ to) [by(0- volwydva 
[ seraian 


| (gba (U7!) f(u)du 


MI 


as we wished to show. Choose g € L}(G) to satisfy 7(g) # 0 and change 
h, on a set of measure zero so that it satisfies (11) everywhere and hence 
is continuous on all of G. This gives 


¥(g)hy(v7*u-*) (uvg) = ¥(u(vg)) 


Yug)hy(u~*) = y(g)ha(v7*)hy(um*) 


for all u, v € G, so that h, is indeed a continuous character on G. O 


We have identified G and Ig as sets. However Ig is a locally compact 
topological space under the Gelfand topology and G is a topological abelian 
group under pointwise multiplication and the compact—open topology. It is 
not immediately obvious that the group operations on G are continuous in 
the Gelfand topology transferred from Ig, nor is it clear that the compact-— 
open topology on G is locally compact. However, we will prove both of these 
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ai o1ce by showing that the bijection h +> wy, of G onto Ig is actually a 
hom2zomorphism. 


3.6.3 Theorem Let G be a locally compact abelian group. Then the map 
h + wp defined by (11) is a homeomorphism of G with its compact-open 
topology onto 'g with its Gelfand topology. Hence G is a locally compact 
abelian group and a net {halaca © G converges to hyo € G if and only if 
lim | ha(u-')f(u)du = f ho(u~!)f(u)du holds for all f € L'(G). Further- 
mor? the map 


(h,u)wh(u) VWhEG; ueG 
of G x G = C is jointly continuous. 
Proof First we show that if {ha}aca © G converges to ho € G then 


the last statement of the theorem holds. For any given f € L'(G) and 
€ > 0 choose a compact set K C G satisfying f,,, |f|d\ < €/4. Then 


ha € N(ho, K~},e/(2\| fl], + 1)) implies 


| frou?) (udu - f rotut) f(a 
< (f+ f theta) — ho(u-")! [fF (udu 
ot 
< (e/(2llflly + IIIf; + 2/4) <e 


as ausired. Hence h +> wa is continuous from G to Tg. 

To complete the proof, we must show that the image in Ig of any 
compact—open neighborhood N(ho, K,€) C G includes a Gelfand neighbor- 
hhooc. In a moment we will show that (w,,u)++ h(u) is jointly continuous 
from Pg x G to C with the Gelfand topology on 'g. Assuming this, we 
see that for each u € K we can choose a Gelfand neighborhood U,, of w4, 
in Fz and a neighborhood W,, of u in G so that w, € U, and v € W,, 
imp! |h(v) — ho(u)| < €/2. Since K is compact we can find a finite set 
tj, U2,-..,%n satisfying K C UP_, W.,. Let U be the Gelfand neighbor- 
hooc of w,, defined by U = Near Uy,. Then any w, € U andv € K 
satis ‘y 


|ho(v) — A(v)| < |ho(v) — Ao(u;)| + |ho(us) — A(v)| <e€ 


for the j satisfying v € U,,. This shows U C N(ho, K,€) as we wished. 

li remains to show the joint continuity of the map (w,,u) +» h(u) for 
he Gand u € G. Let y € Pe and up € G be given and choose an 
f € L(G) satisfying yo(f) 4 0 and a Gelfand neighborhood U of yo such 
tnat ‘vu, € U implies w,(f) #0. Then all w, € U satisfy 


(a) = A(u) f F(0)R(O™")do/nn(f) = i f(v)h(uo-)dv/wn(f) 
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Hence it is enough to show that (7, u) + y(f.) is continuous on U x G. For 
any € > 0, choose a neighborhood W of uy € G satisfying ||fu ~ Sug ll, < €/2 
and the Gelfand neighborhood Up C U of yo defined by |-y( fu.) ~ Yo( fuo)| < 
€/2 for all y € Uo. Then any (7,u) € Ug x W satisfies |y(fu) — yo(fu,)| < 
ly(fu) — fu) + l1(fuc) — Yo(fuo dl < Ifa - full, + €/2 < €. Hence the 
map is jointly continuous. a) 


Given any locally compact abelian group G, we have constructed an- 
other locally compact abelian group G. The construction can be repeated 


to construct the character group G of G. There is a natural map of G into 


G defined by ; 
8(u)(h) = A(x) YVueG; hea. (13) 


The joint continuity of (4, u) + h(u) shows that 6(u) is a continuous char- 
acter on G. Obviously 6 is 8 homomorphism. We now wish to prove the 
Pontryagin duality theorem which asserts that @ is a homeomorphic isomor- 


phism of G' onto G. This theorem establishes a complete duality between G 
and G in that each is the character group of the other (up to homeomorphic 
isomorphism). It is, perhaps, the most fundamental result of commutative 
harmonic analysis. 


Since the duality map 6:G —+ G (defined by (13)) is obviously a homo- 
morphism, the duality theorem will be proved when the following results 
have been established: 

(a) 6 is injective. 

(b) @ is a homeomorphism onto its image. 

(c) 0(G) is closed in G. 

(d) 6(G) is dense in G. 

Establishing (a) is equivalent to showing that G separates the points of G. 
Since we have identified G with Ig, this is obviously related to (and in 
fact follows easily from) showing that Ig separates the points of L)(G). 
The latter is precisely the question of whether L'(G) is semisimple. This 
would be the next natural question to ask in the study of the commutative 
Banach algebra L(G) after finding a representation of its Gelfand space. 
We will give an easy proof of the semisimplicity of £}(G) in Volume II, but 
bere we will prove that G separates the points of G directly. 

Result (b) can be proved by showing that when G is considered as a 
family of maps of G into C via the map 6, then the topology of G agrees with 
the compact—open topology. Then result (c) will follow from the elementary 
fact that any locally compact subgroup of 8 locally compact group must be 
closed (Hewitt and Ross [1963}, 5.11). 
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Result (d) is an immediate consequence of any proof that L'(G) is a 
completely regular commutative Banach algebra whenever G is a locally 
zompact abelian group. (See Jean Esterle and José E. Galé [1982] for an 
extension.) When this result is applied to L(G), it easily shows that the 


imege of (G) is dense in G identified with the Gelfand space of L(G). For 
the.second time we see that a major step in establishing the Pontryagin 
duality theorem is a natural step in studying the commutative Banach 
algebra L'(G) (viz. determining whether it is completely regular). 

The proofs of (a), (b), and (d) can all be based on a Fourier inversion 
theorem. First we introduce the Fourier-Stieltjes transform. Let G be 
a locally compact abelian group. The Gelfand transform is a contractive 
homomorphism of L1(G) into Co([g). The identification of 'g with G 
given by (11) allows us to make the following definition. 


3.4 Definition Let G be a locally compact abelian group. The Fourier 
transform is the contractive homomorphism (*): L(G) — Co(G) defined by 


i (h} = walf) = / fhad = ji fhdd = | f(u)h(u)*du Vf EL (G);heG. 

: (14) 
‘Pre range of the Fourier transform is denoted by A(G) and is called the 
Fourier algebra on G. Similarly, the inverse Fourier transform is the con- 
tractive homomorphism ("): L1(G) + Co(G) defined by 


§(u) = / gO(u)dd = / g(h)h(u)dh Vge L(G); ueG (15) 


where dA and dh represent Haar measure on G. Its range is denoted by 
1(G* and called the Fourier algebra on G. 


,, _nis definition generalizes the classical concept of (coefficients of ) Fourier 
series introduced in Section 1.8 where G = T and G ~ Z. It also generalizes 
the Sourier seer ne where G = R and G ~ R. The calculation 
(f\*(h) = Tie) )*du = (f f(v)h(v-!)dv)” = f( h), which holds for 
aif € L'(G) and st i : G, shows that the Fourier algebra is closed under 
complex conjugation. 

- Bince L1(G) is frequently regarded as an ideal in the measure algebra 
M(G) under the map f ++ fdd (Section 1.9) this suggests the following 
more general definition. 


3.5.5 Definition For a locally compact abelian group G. the contractive 
homomorphism ( (*): M(G) > C(G) / (*): M(G) > C(G) ) defined by 


(fi(h) = [ids = [Fay VhEG; pe M(G) / (16) 


io = J roraucay VpeM(G); uEeG ) (17) 


fu) 
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is called the ( Fourner-Stieltjes / inverse Fourier-Stieltjes ) transform and 
its range ( B(G) / B(G) ) is the Fourier-Stieltjes algebra on (G/G). 


Note that the inverse Fourier and inverse Fourier- Stieltjes transforms 
differ from the direct transforms by the omission of a complex conjuga- 
tion. This prevents the perfect symmetry which the duality theorem shows 
exists between G and G from being extended to the direct and inverse trans- 
forms. This difference is necessary if the inversion theorem is to hold. It is 
quite easy to show that the inverse Fourier-Stieltjes transform is an injec- 
tion. The calculation given above to show that the Fourier algebra A(G) is 
closed under complex conjugation easily extends to show that B(G), A(G) 
and B(G) are all closed under complex conjugation. Now we may state a 
standard inversion theorem. 


3.6.6 Inversion Theorem Let G be a locally compact abelian group. If 
@ function belongs to B(G) L'(G), then its Fourier transform belongs to 
L1(G). Moreover the Haar measure on G and G can be chosen to satisfy 


f=f VfeB(G)NL(G). 


Our proof of this theorem will depend on the theory of positive definite 
functions and on Bochner’s Theorem. 


3.6.7 Definition Let G be a group. A function f:G — C is said to be posi- 
tive definite if for any finite sets {u,,uz,...,Un} C G and {Aj,A2,...,An} © 


C it satisfies — 
>» So AAS L( {(uxuy') 2 0. 
k=] j=l 


3.6.8 Proposition Let G be a group and let f:G — C be a function. 
(a) Then f is positive definite if it it is a character or if G ts a locally 
compact group and f has the form g*@ for some g € L'(G). 
(b) If f 1s positive definite then it is bounded and satisfies F=f, 
Wflloo < fle) and 


[f(u) — f(v)? < 2f(e)Re(f(e)— f(uv™'))  WuveG. (18) 


Proof (a): The two cases have very similar proofs. Suppose a character h, 
{uy,U2,...,Un} C Gand {Aj, A2,..-,An} C C are given. Then we get 


n 


S> Do AeApA(ueuy') = SO SO ARATA UR) Aus)” 


k=l j=l k=} j=1 


(s+) (Ss) > 0. 
k=1 j=l 


aan 
Oo. 
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Replace h by g *g in the above calculation to get 


Sh 9 *G(ueu;? So Aka 5 [9 URU; 1y)g(v)*du 
— 1 j=1 k=1 j=1 
n { n = 
= ewe (30%) dv > 0. 
“9 j=l 


k=l 


ay 


(b}: For the first two results choose n = 2, u) = e, ug = u, A, = 1 and 
A2 = » in the definition, to get 


fe) + |Al?f(e) + Af(u) + A” f(un*) > O. 


The c ice (A = 1 / X=) shows that ( f(u)+f(u-') / if(u)—if(u7?) ) is 
real, rroving f = f. If \ is chosen to satisfy Af(u) = —|f(u)|, the displayed 
inequ:tity gives |f(u)| < f(e) for any u € G. 

For (18), we may assume f(u) # f(v) and choosen = 3, u, =e, U2 = u, 
uz =v, Ay = 1 and for any real t, Ax = —A3 = t|f(u) — f(v)|/(F(u) — f(v)). 
This gives 2Re(f(e)—f(uv~!))t? +2| f(u)—f(v)|t+f(e) > 0. This quadratic 
has no rea] roots, so its discriminant is negative, giving (18). a 


For locally compact abelian groups we can characterize the positive 
definite functions. Readers will notice that the proof involves ideas from 
Hilbert space theory. When we look at unitary group representations in 
Volurre II, we will see a close connection with positive definite functions. 
This will explain the origin of the following proof and the appearance of 
Hilbert space ideas in it. 


3.6.9 Bochner’s Theorem Let G be a locally compact abelian group. 
The following assertions about a function f:G — C are equivalent: 
{a} f is continuous and positive definite. - 
(b) f belongs to B(G) and there is a non-negative measure up € M(G) 
satisfying f = ps. 
Proof (b) => (a): This “easy” direction is proved in the same way as (a) in 
Preposition 3.6.8: 


So SE AAS (ue uy") 
=} 


k= | 


Xr . f *. 
yay tf h(ux)h(us)*dy 


iF (x: soe) (3 Ajh(u;) | du >0. 
k=1 j=1 


(a) => (b): Let p:G — C be continuous and positive definite with 
p(e) = 1. Let f € Coo(G) have compact support K. Inequality (18) shows 
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that K can be partitioned into a finite number of Borel sets B,, Bz,..., By 
so that the function (u,v) + f(u)f(v)*p(uv-") varies is little as we please 
on each B, x B,. Hence the integral 


[Lf #0400) pw )audy (19) 
GJG 
can be approximated as closely as we please by finite sums of the form 
3 elu) s f(u;)*p(uxu; *)A(Be)A(B,) > 0 
k=) j=) 


which are non-negative by positive definiteness. This shows that the inte- 
gral (19) is non-negative. In fact (19) is non-negative for any f in L}(G), 
since Coo(G) is dense in L)(G). 

We use the positive definite function p to define a linear functional n, 
and a (possibly indefinite) inner product (-,:)p on L1(G): 


tpl f) = i f(upludu (fp =npl(fod) VSgEL(G) (20) 


Obviously (f,g)p is linear in the first variable and conjugate linear in the 
second. The positivity of the inner product follows from that of the integral 


(19): 
es f(u)g(u-v)* p(u)dudv = f fm f(u)g(v)*p(uv)du du 


J [seater eed de (21) 
GJG 


This is enough to derive the Cauchy—Schwarz inequality: 


(f.geol’ <(fife(gg)p Vige L(G). (22) 


Next we consider the case in which g is the characteristic function of some 
compact symmetric neighborhood V of e in G multiplied by A(V)~'. Equa- 
tion (21) gives 


(f,9)p 


Gi. i: f(u) a A(V)"'p(uw-)du du — ti f(u)p(u)du 
hi f(uya(v)y7} y (p(uv-*) ~ p(u))dv du 
vy? ff ow) - p(u))dv du. 


lt 


(9,9)p —1 
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te 


The continuity of p together with inequality (18) show that we can make 


tee? expressions as small as we please merely by requiring V to be small. 
Thus (22) yields 


pNP <p =mf*f) WFe L(G). (23) 


Let * represent f * jf and let k” be the nth convolution power of k. Then 
iters,.ion of the last step gives 


Ite(F)I2 < Inp(R?)? |) S --+ S |rp(k?")?”. 


Recalling ||p||.. = 1 and applying Gelfand’s spectral radius formula as n 
increases and our identification of the Fourier transform with the Gelfand 
transform, we get 


Itp(£)I2 < pracay(k) = [lFlloo = IF * Flloo = IFIP: 


‘Thus 7; is linear functional on the Fourier algebra A(G) on G with respect to 
ta€ supremum norm with bound 1. We can extend 7, to a linear functional 
on CG) with norm 1. Hence the Riesz representation theorem gives a 
measure up € M(G) of norm 1 satisfying 


5 eupluydu = apt) = fh forantn) = Pf seayncuydu dyn) 


IG 


i f(u)a(ujdu = V fe L(G) 


Since Coo(G) C L(G) MCo(G) is dense in Co(G), p equals jt at least 
almost everywhere. Since both p and j are continuous, they are equal. It 
only remains to show that p is positive. This follows from 


1 = ple) = ff du(h) = w(6) < Iall =1. a 


3ochner’s theorem and the Jordan decomposition theorem for measures 
szoys ‘hat any function f in the Fourier-Stieltjes algebra B(G) is a linear 
combination f = f; — fe +i(f3 — fa) of four positive definite functions. 
We can now prove the inversion theorem. 
Proof of inversion theorem First we consider two functions f and g in 
B(G) L'(G) and a function k € L1(G). Let yy and yy be measures in 
M(G) satisfying f = jf y and g = jig. This notation gives 


eye fro staydu =f ecu) Pf nuyauy (rd 


= ‘ g k(u-")h(u)duduy(h) = [eed yo) 
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from which we derive 


i ke(h)g(h)dus(h) = | Kw g(h)dus(h) = kegs fle) =k f= 9(e) 
G Jé 
= [ E> F(A)dysg(h) = i) (A) Fad (A). 
Since B(G) = {k: k € L'(G)} is dense in Co(G), this proves 
gdus=fdyg V f,ge B(G)NL*(G). (24) 


We will define a linear functional Q on Coo(G) which will turn out to 
be a multiple of the Haar functional. In this paragraph and the next let 
k belong to Coo(G) and let K be the support of k. We want a function 
f € B(G)\L‘(G) such that its Fourier transform docs not vanish on K. 
For any hy € K we can find some function fo € Coo(G) such that fo(ho) is 


non-zero. Then fo * fo(h) = fo(h) fo(h)* is a non-negative-valued function 
which is positive at h = ho. Since K is compact, we can find fi, fo,..., fr € 
L'(G) such that the Fourier transform of f = f, * hi + fo «fo +: es “fs 
does not vanish on K. Proposition 3.6.9 shows that f € Coo(G) € L'(G) 
is positive definite and hence belongs to B(G) also. Thus we can define 


Nk) = ia Pred ). (25) 


Equation (1) shows that this expression is actually independent of f (so 
long as the integrand is defined and f € B(G)N L'(G)). Therefore 2 is a 
linear functional on Coo(G) since f € B(G)N L'(G) can be chosen to be 
positive on the supports of any two functions k, and k2 in Coo(G) and used 
to define Q(ak, + Bkz) for a, @ € C. Since f in (2) is positive definite, f and 
py are both positive. Hence 2 is # positive linear functional on Cog(G). 

Next we will show that { is left invariant so that it is a multiple of 
Haar measure on G. Let ho € G be arbitrary but fixed. Let k and f be 
as in the last paragraph except that we require f to be non-zero on both 
K = supp(k) and ho. Let g be the pointwise product g = ho’ f so we get 
f(a) = g(hg*h) and dus(h) = duy(hg'h). This gives 


k h 
Unk) = f Ou y{h) = f sta, nia (hg 'A) 
k(h) 
iL Bi diath) = 0k), 


so 2 is left invariant. To see that 2 is not zero, we fix a non-zero continuous 
positive definite function f in L}(G) for a moment, and choose a function 
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k € Coo(G) so that f kduy is non-zero. This gives 


(kf) = f ki /aduy = f kas #0. (26) 
Thus we may choose Haar measure dh on G to satisfy 

OQ(k) = i, k(h)dh Wk € Coo(G). (27) 
Combining (3) and (4) gives 


k kduy = Ukf) = b k(h)f(h)dh Wk © Coo (GC); f € B(G) ALG) 


(28) 
and ‘hus the measures satisfy 


dus(h) = f(h)dh Vf € B(G)N L(G). (29) 


Since: wy is a finite measure, f belongs to L(G). Furthermore for any 
f € 3(G)N L(G) and u € G equation (6) gives 


f(u) = (diy)(u) = pb h(u)duy(h) = [ f(h)h(u)du = f(u) 


as we wished to show. o 


The power of Bochner’s theorem is the ability to produce a function 
in B{G) merely by choosing a continuous positive definite function. By 
combining the inversion theorem with Bochner’s theorem, we see that a 
conti ous positive definite function in L}(G) is the inverse Fourier trans- 
form of its non-negative-valued Fourier transform. We illustrate the utility 
of this starting with a lemma. Theorem 3.6.11 is a special case of the 
Selfand—Raikov theorem proved in Volume II. 


3.6.10 Lemma Let G be a locally compact abelian group and suppose U 
is 9 r-eighborhood of e. Then there is a continuous positive definite function 
g in “}(G)N B(G) satisfying g(e) = 1 and g(u) = 0 for allue G\U. 

Proo; Choose a symmetric compact neighborhood V of e satisfying V? C U. 
Deiic2 g by uo AV)" xv *xv(u), where xy is the characteristic function 
of V. This expression shows that g is positive definite. It is easy to show 
g(u) = A(V)~1A(V MN uV) which gives the continuity of g. oO 


3.6.11 Theorem Let G be a locally compact abelian group. Then G 
separates the points of G, so 6:G — G is injective. If G is compact, the 
span 2f G is dense in C(G). 
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Proof It is enough to show that for any u # e in G there is some A € G 
satisfying h(u) 4 1. By the lemma and the Hausdorff property of G, choose 
g € B(G)N L(G) satisfying g(e) = 1 and g(u) = 0. The inversion theorem 
gives 


eC Or / a(h)h(u)dh 


and 
1 = ale) = (arte) = f atyn(e)an = f a(tyah 


from which the existence of such an A € G is obvious. 

If G is compact, then the span sp(G) of G is a point separating sub- 
algebra of C(G) which is closed under complex conjugation. Hence the 
Stone-Weierstrass theorem (§1.5.1) shows that sp(G) is dense. Oo 


We state a partial result. 
3.6.12 Proposition If G is a locally compact abelian group, then @ is a 
homeomorphism of G onto its range in G, 


Proof Recall that G has the compact open topology as a set of maps from 
G into T. Hence it is enough to show that the sets 


U(K,e) = {u€ G:|h(u) - 1] <e forall he K}, 


with K C G compact and ¢ positive, form a neighborhood base at e. 

First we show that each of these sets is a neighborhood of e. The joint 
continuity of (h,u) ++ A(u) shows that for each k € G there are neighbor- 
hoods U, © G and Vy ¢ G of e and k, respectively, satisfying |h(u) —1| < ¢€ 
for all h € Y and u € Ux. Choose an open cover Ve,, Vig,-.-, Ve, Of K. 
Then N7..,Ux, is obviously a neighborhood of e included in U(K,«). 

Next we show that if U is any neighborhood of e¢ in G then there is some 
K and ¢ satisfying U(K,e€) C U. Use the lemma to find g € B(G)N L'(G) 
satisfying g(e) = 1,g > 0 and vanishing off U. The inversion theorem gives 


= ale) = (ate) = f (ryan. 
Choose a compact set K satisfying 
2 1 
f tamian <5 
G\K 
| Then the neighborhood U(K, +) is included in U since the inversion theorem 


gives 1 — g(u); <1 foruc U(K. §). Oo 


i 
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3.6.13 Plancherel Theorem Let G be a locally compact abelian group. 
The map f ++ f is an isometry of (L'(G)NL?(G), | - |p) into (L7(G), || - ||). 
This map extends to an isometry of L?(G) onto L*(G). 


Proof For any f € L'(G)M L(G), it is easy to check that g = f~ + f 
is continuous and positive definite. Therefore we may apply the inversion 
theorem to get 


IF l3 


i 


i F(u)f(u)du = F- * fle) 
(9) {e) = i] a(h)h(e)dh 
faai= [oF + svar = fired = ite 


Hence () is an isometry of L'(G) L2(G) into L?(G). We must still show 
that ihe image is dense. It is enough to show that any g € L?(G) satisfying 


i 


/ fodti=0 VfFELIG)NLG) (30) 


is zero. Note that f € L1(G)L7(G) and u € G imply f, € L'(G)N L(G) 
aad f,(h) = f(h)h(u-1) so that any g € L?(G) satisfying (18) also satisfies 


(fou) = f Flra(ryntu-*)an = f Femacnyan = 0 


for all f € L1(G) and u € G. The injectivity of the inverse Fourier trans- 
form now gives fg = 0 (as a function in L1(G)) for all f € L1(G) N L(G). 
Let f be the characteristic functions of open set V with compact closure. 
Ten f belongs to L!(G)NL2(G) and for any h € G, f(h) is just Sy h(u)*du. 
Letting V vary, we conclude g = 0 in L?(G). 

For any f € L?(G), we may define f € L?(G) by 


f =lim tes 
where {fa}nen € L(G) L?(G) is any sequence converging to f in the 
L?.nc7a. This gives an isometry f + f of L?(G) onto L?(G). oO 


The map f + f of L?(G) onto L(G) just defined is called the Fourier- 
Aerel transform. The polarization identity applied to Plancherel’s 
2 now gives Parseval’s identity 


(fF =(f.9) Vhge€ L(G) (31) 
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where the inner products are those of Z?(G) and L#(G), respectively. Also 
many identities such as 


— eS on. - * 
fu(h) = me )f(h) ¥ fe L(G); h, ke G; 
ith) = fle) (32) 


‘ ; VueG 
fo = fF (fy =(f)~ 


immediately extend from functions in L}(G) to functions in L?(G). Parse- 
val’s identity also implies 


fo=f*9 Vf,gE L(G) (33) 


which implies 2 , 
A(G) = L?(G) * L*(G). (34) 


3.6.14 Theorem For any locally compact abelian group G, the commu- 
tative Banach algebra L'(G) is completely regular. Hence the ( Fourier / 
Fourier-Stiltjes ) algebra ( A(G) / B(G) ) is dense in ( Co(G) /C(G)). 


Proof Let k be a point in G and let U be a neighborhood of k. We must 
construct a function f € L}(G) satisfying f(k) = 1 and f(h) = 0 for all 
h ¢ U. Let V be a compact symmetric neighborhood of 1 € G satisfying 
V2k © U. Then the characteristic functions xy and xv~ belong to L?(G) 
so that there is a function f € L'(G) satisfying 


f= MV) xv *xXve- 


As before, we find 


fin = > | xv (hg)xvelg7)dg = A(V)A(VA AV) 


which gives the desired result. 

We have already noted that both A(G) and B(G) are closed under 
complex conjugation, so in both cases complete regularity gives all the 
hypotheses of the Stone-Weierstrass theorem. ao 


As noted previously, the results we have just derived from the inver- 
sion theorem, together with Hewitt and Ross [1963], 5.11, establish the 
following. 

3.6.15 Pontryagin Duality Theorem For any locally compact abelian 
group G, the natural map 6:G — G is a homeomorphic isomorphism 
onto G. 


ee a a 
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Prooj The only part of the proof which might not be perfectly clear is the 


density of 6(G) in G. If 6(G) were not dense, the complete regularity of 
L+(G) would give a non-zero function g € L}(G) satisfying 


g(O(u)) =0 VueG. 


By the uniqueness of the inverse Fourier transform, g is non-zero. However 
this gives the contradiction 


iu) / h(uo})*9(h)dh = / @(u-!)(h)"g(h)dh 


9(0(u?)) =0  VueG. cI 


The duality theorem now allows all of the results proved previously only 
for G io be reinterpreted as statements about arbitrary locally compact 
avelien groups. For instance (22) becomes 


A(G) = L?(G) * L?(G). (35) 


We reiark that it is easy to show that if G is a compact group then G is 
discret2, and if G is discrete then G is compact. The Haar integral on a 
discret group G is simply summation 


[1a=Y se. 


uEG 


Then the Haar measure \ on G satisfying the inversion theorem and/or 
Planch2rel’s theorem is the one normalized to satisfy 


\(G) = 1. 


3.6.16 Ideal Theory Throughout this subsection, G will denote a locally 
compact abelian group. We are interested in the closed ideal structure of 
L'(G). We will use the identification of L°(G) as the dual Banach space 
of the ~roup algebra L!(G). We consider the elements of G as continuous 
charac: 2rs which are elements of L(G) and also as multiplicative linear 
functic »als on L'(G) which are elements of I'y1(q). This identification 
agrees vith our previous notation since when h € G is thought of as a 
functi:: . in L°(G) the corresponding element of [',1(q) is just w_, € L(G)". 
We als) use the complete regularity of L'(G). Since L(G) is Gelfand 
semisir:ple, {0} is the intersection of maximal modular ideals, a condition 
which «ill be defined as strong semisimplicity in Section 4.5 below. 
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Let Z be a subset of L1(G) and W a subset of L~(G). We are interested 
in their annihilaters in L™(G) and L!(G), respectively: 


T+ 


{he L(G): wa(f) =0 for all f eT} 
= {heL*(G): i) f(v)h(u')dv = 0 for all f € ZT} 
G 
W, = {fe L'(G):uwn(f) =0 for all he Wh 
= {feL(G): [ f(v)a(v—av = 0 for all Ae W). 
G 
Clearly Z+ is a weak* closed linear subspace of L~(G) and W, is a (norm) 


closed linear subspace of L'(G). If W and TZ already satisfy these additional 
conditions, then the Hahn Banach theorem shows 


(I+), =I and (W,)t=W. 
Now suppose Z is a norm closed linear subspace which is invariant under 


translation by elements of G. Then Z+ is also translation invariant, but 
more interestingly it can be expressed as 


Tt 


{he L™(G): [ f(uv)h(u7")dv =0 for all f EZ; ue G} 
G 
{he L°(G):f*h=0 forall f € Z}. 


From this, it is not hard to see that a closed linear subspace of L'(G) is an 
ideal if and only if it is translation invariant. 

We can apply the theory of hulls and kernels to L!(G) and G (considered 
as the Gelfand space of L}(G)). The question of spectral synthesis is: When 
is a closed ideal Z of L'(G) completely determined by its hull h(Z)? We 
say that a (necessarily closed) subset S of G is a set of spectral synthesis if 
its kernel k(S) is the only ideal with hull equal to S. - 

To explain this terminology further, let S be a subset of G and let W(S) 
be the weak* closed linear span of S in L®(G). Since spS is invariant under 
translation by element of G, W(S) is also invariant. For any weak* closed, 
translation invariant, linear subspace W of L°°(G), call S(W) = WONG the 
spectrum of W. Clearly, W(.S(W)) is the smallest weakly closed, translation 
invariant subset W’ of W with spectrum S. Obviously, S(W) is always 
closed and, conversely, it is true that every closed subset of G is S(W) for 
some W satisfying our conditions. This follows from complete regularity 
and the fact that if W = Z+, then S(W) = h(Z). Then S is aset of spectral 
synthesis if and only if W(S) is the only weakly closed, translation invariant 
subset of L(G) with spectrum S. In this case, any function in any W’ 
with S(W‘) = S can be approximated by linear combinations of elements 
of S (i.e. synthesized from S). 
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If G is a compact abelian group so G is discrete, then every subset 
of @ is a set of synthesis. However if G is locally compact abelian but 
not compact, Paul Malliavin [1959] showed that there are always subsets 
of G which are not sets of synthesis. Norbert, Wiener’s Tauberian theorem 
| 1982! is essentially the statement that every closed ideal is included in some 
maximal modular ideal which is equivalent, in the present setting, to the 
density in L(G) of the set of elements f for which their Gelfand transform 
f hes compact support. Suppose S is a closed subset of G. Let 7(S) 
be the closure in L'(G) of the set of elements with compactly supported 
Gel%and transforms vanishing on some neighborhood of S. It is easy to see 
that 7(S) is the smallest closed ideal of L}(G) with hull S$ just as k(S) 
is the largest such ideal. Hence S is a set of synthesis if and only if these 
two iceals coincide. Stated another way, S is a set of synthesis if and only 
if every f € L'(G) for which f vanishes on S can be approximated in 
L'(G) by elements with Gelfand transforms vanishing in a neighborhood 
of S. See Rudin [1962], Chapter 8 for examples of sets of synthesis and 
nansvrthesis. Chapter 7 will extend a number of these questions and results 
to noncommutative groups and noncommutative Banach algebras and will 
give proofs in that setting. 


3.6.17 The Measure Algebra M(G) The algebra M(G) is so large 
that it is still not well understood even for locally compact abelian groups. 
Cohen’s idemopotent theorem [1959b], [1960a] identifies the idempotents 
ir (£05), Let » be Haar measure on a compact abelian subgroup and let 
X1) X2)-++)Xn be a finite list of distinct continuous characters on H. Then 
= (x1 + x2 +-+++xn)A is an idempotent measure on G and every such 
measure can be constructed by a finite number of operations of the form 
> > —ypand (44, We) + py * ue Starting from idempotents of this special 
form. {Note 4 + 2 — fr * fo = 1— (1 — yy) * (1 — z2).) another theorem 
by Cohen [1960b] describes all homomorphisms from L1(G) into M(H) 
where G and Z are arbitrary locally compact abelian groups. Every such 
homomorphism can be extended to a homomorphism of M(G) into M(#), 
but not uniquely. See Jyunji Inoue [1971] for an extension. 

Teylor [1965], [1973a] gives by far the most detailed information on the 
structure of M(G). First he identifies an abstract class of commutative con- 
volution measure algebras based on the theory of complex ordered L-spaces. 
A convolution measure algebra is simply a commutative Banach algebra M 
which is an L-space and for which multiplication is an L-homomorphism 
from 1 @M to M. The dual of such an algebra has the form C’(Q) for 
a suitable (large) compact space 2. Let A be the closed linear span of 
the Gelfand space Pyy of M in M* ~ C(Q). Then A has the form C(S) 
fer 2 compact commutative semigroup S and convolution multiplication in 
M(S) agrees with the original multiplication in M. Thus his class of ab- 
stracs convolution measure algebras really deserves its name. The Gelfand 
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space I, is also a semigroup which has its own natural topology in which 
it is a topological semigroup. Certain idempotents in this semigroup are 
identities for locally compact subgroups of ['y,. They are called critical 
points and from them much of the structure of M can be calculated. Tay- 
lor characterizes those convolution measure algebras which are isomorphic 
to L'(G) for some locally compact abelian group G as those semisimple 
algebras which include no proper L-subalgebra. He is able to describe 
the invertible and exponential elements rather concretely, and these results 
were new even for the case G = R. See the second reference above for an 
expository presentatior. 


3.6.18 The Beurling Algebra ¢'(Z,w) Beurling algebras were defined 
in §1.9.15 but we wish to give a simple example. 


Definition A weight function w on Z is a positive valued function 
w:Z — R®° satisfying 


wo =1 and Wmin SWmwn YVmneé Z. 


If w is a weight function, then the Banach space 


oo 


é(Z,w) ={f:2—C :|[flle= S° |f(n)lwn < oo}, 


n=—Oo 


provided with convolution multiplication, is called the Beurling algebra on 
Z defined by w. Denote limy_.ico wr!” by pa = ps (l1(Z,w)). 

The inequality for the weight function w shows that the limits above 
exist and that p, agrees with + inf{twi/"} (cf. Theorem 1.1.10). 
Proposition For any weight function w, £'(Z,w) is a unital semisimple 
commutative Banach algebra. 

For any \ € C satisfying p_ < » < px, the series ~~ _. f(n)A" 
converges. If we denote its sum by f(A), then f is a homeomorphism of the 
annulus {A : p— <A < py} onto Taiz. 


Proof It is easy to show convergence, that @'(Z,w) is a unital commutative 
Banach algebra and that f is continuous into 'pz,.). Consideration of 
(64) for any 7 € T'y(z,) (which satisfy y(6_)7(6,) = 1), shows that the 
map is onto and hence a homeomorphism. Thus it is obvious that é!(Z,w) 
is semisimple. oO 


4 


ideals, Representations and Radicals 


Introduction 


In any mathematical theory it is important to compare the general ab- 
stract structures which arise with comparatively well understood concrete 
examples. Representation theory is a systematic attempt to do this. We 
have already seen one example of a representation theory in the Gelfand 
thecvy for commutative spectral algebras given in Chapter 3. Any com- 
mui4ative spectral algebra modulo its Gelfand radical is isomorphic to a 
spec.ral subalgebra of the algebra of all continuous functions vanishing at 
infix ity on a locally compact Hausdorff space. Since algebras of continuous 
func.ions are comparatively concrete and can perhaps be somewhat better 
understood @ priori than general commutative spectral algebras, this is an 
important (and characteristic) representation theory. Note that the class of 
all commutative spectral algebras is too large to be successfully represented. 
Only the semisimple commutative spectral algebras can be faithfully rep- 
reser:ted. Fortunately the pathology of the non-semisimple algebras can be 
neat y excised by dividing out the Gelfand radical. 

Tt, this work we will study several other representation theories in consid- 
erab e detail. This chapter deals with the representation of general algebras 
and art of the second volume is devoted to the representation theory of 
*-alrebras. In both these cases the phenomena noted above occur. Not all 
of the objects (algebras or *-algebras) can be faithfully represented, but the 
pathological part can be divided out. 

The first two sections of this chapter deal with the representations them- 
selves, postponing until the later sections a discussion of how the patholog- 
ical ortion splits off. Sections 4.3 to 4.7 introduce the theory of radicals 
whic’: explores the latter question. 

Ft setting up a representation theory for general algebras, it is first 
necessary to choose a class of algebras which are concrete and comparatively 
well «inderstood. Of course the algebras chosen must be sufficiently general 
to represent many of the most interesting examples. One’s first choice 
might be the algebras of finite-dimensional matrices studied in Sections 
1.7 end 2.7. Historically these were used through the first half of this 
centrry. However, for the type of algebras in which we are principally 
interested, this choice is much too restrictive. Typical and well-behaved 
alge. ras would have no non-zero representations. Thus it turns out that 
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the class of algebras most suitable for our representation theory consists of 
the algebras of all linear maps of some (not necessarily finite-dimensional) 
linear space into itself. 

We will study homomorphisms of general algebras into algebras of linear 
maps on linear spaces. These homomorphisms will be called representations 
of the algebra in question and the linear spaces will be called representation 
spaces. When the spaces are not finite-dimensional, we will usually need to 
consider norms on them and confine our attention to bounded linear maps. 

Representations can be broken down into simpler pieces by finding in- 
variant subspaces of their representation spaces. The atoms under this 
process of decomposition are called irreducible representations. They play 
a fundamental role. Unfortunately it is not usually possible to decompose 
4 general representation into the sum of irreducible representations. 

Much of the first two sections will deal with those ideals which are the 
kernels of irreducible representations. These are called primitive ideals. 
They are examples of a class of ideals called prime ideals which will also be 
studied. We also introduce ultraprime ideals. 

The first section deals with ideals and with the purely algebraic theory 
of representations while the second section explores representations more 
fully and the phenomena related to norms. The case of spectral algebras 
and spectral normed algebras will be considered most intensively. It turns 
out that in order to study irreducible representations it is useful to consider 
a wider class of representations, called cyclic representations. Each cyclic 
representation can be constructed (up to equivalence) from the algebra 
itself. We will see this same situation again in the second volume when we 
consider representations of *-algebras. Representations on reflexive spaces 
play a role intermediate between the general theory of this volume and the 
more special theory of the next volume. Some basic results about them are 
given at the end of Section 4.2. 


Historical Remarks 


Theorem 4.2.13 asserts that any irreducible representation of a spectral 
algebra is strictly dense. For Banach algebras this result was proved by 
Charles E. Rickart {1950]. The concept of strict density and the principal 
techniques and results on this subject are due to Nathan Jacobson [1945c]. 
This paper brought the theory of irreducible representations to its present 
central position. 

The theory of representations is quite old. For a discussion of its early 
history see Thomas Hawkins [1972]. Representations of algebras were con- 
sidered by Charles Saunders Peirce [1881] and a more systematic study 
was begun by Theodor Molien [1893]. However, the representation the- 
ory of finite groups, which was also considered by Molien [1897] but was 
mainly developed by G. Frobenius, soon eclipsed the representation theory 
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for algebras. Much of this theory is contained in the second edition of W. 
Burnside’s classic book [1911]. Representations of algebras are mentioned 
in Leonard Eugene Dickson's book [1927]. They are treated in a quite mod- 
erm way by Emmy Noether [1929] and in Adrian A. Albert’s book [1939]. 
Since early discussions of algebras dealt with finite dimensional concrete 
algebras, the representation theory was not very explicit. However, even 
before algebras were generally thought of abstractly, their representations 
were studied implicitly since it was obvious that the given presentation 
of «, hypercomplex system (an algebra presented as a linear space with a 
particular basis and a multiplication table for the basis elements) was not 
necessarily the most advantageous presentation. 

Since the time when Noether [1929] began to develop the general the- 
ory of modules, the language of module theory has tended to supersede the 
entirely equivalent language of representation theory. In this work we will 
primarily retain the older language for two reasons. First, our emphasis will 
aiways be on the algebras rather than the representations themselves. Sec- 
ond, the appropriate modules for Banach algebras are rather special, and 
the added complication of a norm on the algebra makes the language of 
mocules less convenient. Nevertheless, the reader should be aware that the 
theories of modules and of { normed / Banach ) modules are entirely equiva- 
lent to the theories presented here of representations on linear spaces and of 
continuous representations of ( normed / Banach ) algebras on ( normed / 
Banach ) spaces. We adopt language of modules occasionally (cf. §4.1.17). 


Radicals 


tn the rest of this chapter we will introduce various concepts of a radical 
for an algebra. By far the most important is the Jacobson radical which 
we will call simply the radical and explore in detail in Section 4.3. (It 
was »riefly introduced already in Section 2.3.) In Sections 4.4 and 4.5 we 
witl sonsider the Baer radical (or prime radical) and the Brown-MeCoy 
or strong radical. Most of the material dealing with these three radicals 
couic. be developed for general rings, but we prefer to work in the setting 
of eigvebras. 

sx Section 4.6 subdirect product representations are considered corre- 
spo:iding to each of these radicals. Spectral algebras are also characterized 
in terms of their natural representation as a subdirect product relative to 
the Jacobson radical. We then discuss in Section 4.7 a theory of radicals 
in si arbitrary semi-abelian category. This theory provides a common ab- 
straci generalization of the three radicals studied in the previous sections 
aac of the reducing ideal and Leptin radical of a *-algebra which will be 
introduced in Volume II. At the end of the chapter we will discuss exam- 
ples and the history of radicals. We prefer to postpone the history until 
‘ae “echnical notions involved have been introduced. 
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4.1 Ideals and Representations 


As usual we start by defining the basic concepts. Irreducible represen- 
tations were already briefly introduced in Section 2.3. 


4.1.1 Definition Let A be an algebra and let ¥ be a linear space. A 
( representation / anti-representation ) T of Aon #& is a ( homomorphism 
/ anti-homomorphism ) a ++ T, of A into £(4’). A subspace Y of ¥ is said 
to be T-invariant if Tay belongs to ¥ for all y € Y and all a € A. The 
( representation / anti-representation ) T of A on & is said to be: 

(a) Faithful if the( homomorphism / anti-homomorphism ) is injective. 

(b) Trivial if T, = 0 for alla € A. 

(c) Irreducible if {0} and ¥ are the only T-invariant subspaces, and T 
is not trivial. 

(d) Cyclic if there is a vector z € ¥ (called a cyclic vector) satisfying 
X = {Tyz:a€ A}. 

(e) Equivalent to a ( representation / anti-representation ) S of A ona 
linear space ) if there is a linear bijection (called an equivalence) U: ¥ —+ Y 
satisfying 

SU =UT, VaceA. (1) 


We make a few comments on the formal side of this definition before 
beginning to discuss the concepts systematically. We will sometimes use the 
word “representation” to cover both representations and anti-representations 
and will seldom explicitly state results for anti-representations. If trivial 
representations were not specifically excluded in the definition of irreducible 
representations, the trivial representations on zero- and one-dimensional 
spaces would satisfy the definition of an irreducible representation for an 
essentially trivial reason. However, the trivial representation on a one- 
dimensional space has quite different properties from those of irreducible 
representations, although some authors (possibly through inadvertence) al- 
low it as an irreducible representation. The trivial representation on a 
zero-dimensional space is excluded simply for convenience. Its inclusion 
or exclusion makes little difference tu the theory. Note that a (necessarily 
trivial) representation on a zero-dimensional space is cyclic. 

Although the definition of equivalence in (e) is stated asymmetrically, 
note that U~!: Y — 2% establishes an equivalence between S and T. Thus 
it is immediate that equivalence is an equivalence relation. Note also that 
equivalence of representavions clearly preserves all of the other properties 
defined here. 

If A is an algebra and S:A — L(4),T: A — L(Y) are two represen- 
tations of A, we will write Equiv(S, 7) for the set of all equivalences of S 
and T. Hence Equiv(S,7) © £(4,¥) is nonempty if and only if S and 
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T are equivalent. Its elements are linear bijections V:1 — ) satisfying 
T,V = VS, for all a € A. 

*; henever we speak of a representation T of an algebra A without spec- 
ifying the linear space on which the maps {T, : a € A} act, we will denote 
this “near space by 47. From now on we will speak of the dimension of 
XT 23 the dimension of T. 

Te left regular representation (cf. Definition 1.2.1) L of an algebra on 
its urderlying linear space is an example of a representation. A subspace 
£ of an algebra .A is L-invariant (i.e., invariant under the left regular rep- 
resentation) if and only if it is a left ideal. Our next results will show that 
this example is particularly important. 


Cons:ruction of New Representations from Invariant Subspaces 


If T is a representation of A on ¥ and ) is a T-invariant subspace, then 
ar Taly (2) 


is a representation of A on ¥. This representation is called the restriction 
of T io and is denoted by T”. (In this case T” is also called a subrep- 
resentation of T.) There is another notion of restriction which one must 
carefv:lly distinguish from this one. If B is a subalgebra of A and T is a rep- 
resen:ation of A on 4’, then the homomorphism a > T, can be restricted 
to B. When we need to distinguish these two notions of restriction we will 
call the first (where each T, is restricted to )) the restriction of the repre- 
senta‘ion T, and we call the second (where the map T itself is restricted to 
B) the restriction of the homomorphism T. 

G ven a representation T of A on 4 and a T-invariant subspace ) 
there is another natural, and even more important, way to construct a new 
representation. For each a € A, define Yel y by 


TX (n+) =Tax+YV Vat+yex/y. (3) 


Since ) is T-invariant, T;*/” is a well defined element of £(¥/)). Thus 
a+ Ti’ is a representation of A on 4 /¥. It is called the reduction 
of T by Y. We will use L4/* to denote the reduction of the left regular 
representation L by a left ideal £. 


Internal Models for Cyclic Representations 


The last construction gives a standard model for all cyclic representa- 
tions as shown in the following proposition. This result seems to have first 
apnee“ed explicitly in Jacobson [1956]. For unital algebras, the result can 
be stated without mentioning modular ideals and in that form it was known 
much varlier. 
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4.1.2 Proposition Let .A be an algebra and let T be a representation of 
Aon xX. Then T 18 cyclic if and only if T is equivalent to LA/* for some 
modular left ideal L of A. If z is any cyclic vector for T, then L can be 
chosen as 

L= {ae A: Taz =O}. 


Proof Suppose z is any vector in Y. Then £ = {ace A: Tyz = Of isa 
left ideal. Now assume that z is a cyclic vector. Then there is some e € A 
satisfying 7.z = z. Clearly e is a right relative identity for £, so that £ is 
modular. For a € A, let U(a+ £) = Tz. This is well-defined by the choice 
of £ and hence is a linear injection of A/L into 4’. It is surjective since z is 
a cyclic vector. Finally it is easy to check that T,U = U ee © holds for all 
a€ A. Thus U is an equivalence. This completes the proof of the necessity 
of the condition. 

Now suppose £ is a modular left ideal with right relative identity e. 
Then L2/£(e + £) =a+C holds for all a € A. Hence e + £ is a cyclic 
vector for L4/£. Since equivalence preserves cyclicity, this completes the 
proof of the sufficiency of the condition. oO 


Irreducthle Representations 


Having obtained a model for each cyclic representation we now turn to 
the problem of picking out the irreducible representations. They are special 
cases of cyclic representations. 

The next theorem, which is essentially due to Jacobson [1945a], shows 
that any irreducible representation is equivalent to L4/™ for a maximal left 
ideal MA. However, modular ideals had not yet been introduced by Irving 
E. Segal [1947a] and the satisfactory result just quoted made it difficult 
to see that theory should be based on only certain distinguished maximal 
left ideals. (If M is a maximal left ideal, then it is easy to see that LA/M 
is either irreducible or trivial. The latter case is equivalent to A? C M. 
Thus if L4/ is irreducible, there is a maximal modular left ideal M’ 
with L4A/ equivalent to LA/M.) Although Segal [1947a] and Einar Hille 
{1948] use modular ideals cleverly in close proximity to their discussion of 
the irreducibility of L4/M for M a maximal left ideal, they seem to have 
overlooked the fact that M{ may always be chosen modular. Hence again it 
seems that the next theorem first appeared in full generality in Jacobson’s 
book {1956}. 


4.1.3 Theorem Let A be an algebra and let T be a representation of A 
on the linear space X. Then the following are equivalent. 

(a) T is irreducible. 

(b) Every non-zero vector in X is a cyclic vector, and X is not zero- 
dimensional. 
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(c) There is a maximal modular left ideal L so that T is equivalent to 
LAE, 


Proof (a) => (b): The set {z € ¥ : Taz = {0}} is a T-invariant subspace 
and hence equals {0} or 4’. Since T is nontrivial this subspace is {0}. For 
any z € ¥,Tyz = {Taz : a € A} is a T-invariant subspace and hence equals 
{0} or 4. For each non-zero z € ,T4z equals 4 so z is cyclic. 

(b) => (c): Proposition 4.1.2 shows that T is equivalent to L4/* for some 
modular left ideal £. If £ is proper but not maximal choose a proper left 
ideal K with K properly including £. Then K/L is a non-zero and proper 
LA/£-invariant subspace. This is impossible since every non-zero element 
of K/L is a cyclic vector for LA/© by the equivalence of L4/“ and T. 

(c) = (a): If £ is a maximal left ideal and is an L4/¢-invariant 
subspace of A/L, then {a € A:a+ZL € Y} must be a left ideal of A which 
includes £. Hence Y is either {0} or A/L. Thus if £ is modular, both L4/£ 
and its equivalent representation T are irreducible. Oo 


Decomposition of Representations 


©-ppose T is a representation of an algebra A on a linear space Y which 
satisives 
X=YVoz (4) 
where Y and Z are both T-invariant. When this happens the pair (), Z) is 
said to decompose T. In this case the reduction of T by ) is equivalent to the 
tesiziction of T to Z. Given a T-invariant subspace J, only in very special 
cases will there be a T-invariant subspace Z so that (Y, Z) decomposes 
T.’ Obviously irreducible representations are indecomposable. The next 
Speoram. will state an interesting and useful intermediate condition. The 
shecvem is essentially due to Issai Schur [1905] and is one of the oldest 
results in this whole theory. It was stated in the present form in Albert’s 
soole [1939]. 


4.1.4 Theorem Let T be an irreducible representation of an algebra A 
on a linear space X. Then 


(Ta) = {S €L(X): ST, =T,S, a € A} (5) 
is a division algebra. If (T.4)' is a division algebra then T is indecomposable. 


voc; Suppose S belongs to (T4)’. Then S2# is a T-invariant subspace. 
Sines SX is {0} if and only if S is zero, SV equals ¥ for all non-zero S. 


Thus every non-zero S € (74) is invertible in £(7’), and its inverse must 
beioag to (T4)’, so (T4)' is a division algebra. 

Suppose the representation is decomposable. Then the projections onto 
tine ewo subspaces both belong to (T:4)’ since the subspaces are invariant. 
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However these projection operators are nontrivial idempotents, and thus 
(T4)' is not a division algebra. QO 


The usual representation on C"(n > 2) of the algebra of strictly lower 
triangular n x n matrices is an example of a representation which has a 
nontrivial invariant subspace but no nontrivial decomposition. In this case 
(T4)' is not a division algebra. If one represents the algebra of all N x N 
matrices which have only finitely many non-zero entries on the vector space 
of all complex sequences, it is not hard to see that the commutant is just 
C and hence is a division algebra, but the subspace ) of all sequences with 
only finitely many non-zero entries is an invariant subspace (which does 
hot give rise to a decomposition). Thus we have seen that none of the 
implications in the theorem are logical equivalences. In Volume II we will 
see a theory in which the corresponding concepts are all equivalent. 

If T is a representation of an algebra A on 1’, then the decomposition of 
@# by the T-invariant subspaces ) and Z corresponds to an internal direct 
sum decomposition of th > corresponding A-module. We will briefly indicate 
the construction of the corresponding external direct sum. Suppose S and 
T are representations of A on ¥ and Z, respectively. Then we define a 
representation S @T of Aon )@ Z as the linear extension to all of ¥@ Z 
of the following expression: 


(S@®T)a(y@z)=Say@Toz Vae Aye; ze Z. 


Clearly this can be extended to define the direct sum of a finite number of 
representations. If {T* : a € A} is an infinite family of representations of 
an algebra A on linear spaces {4% : a € A}, then we define an algebraic 
direct sum 2,7 of {T* : a € A} on the direct sum (cf. Definition 1.4.2) 


(®acaT*)q(Bacat*) = Bacal er 
where a € A is arbitrary and a+> 2° is any function in [],¢44%q which is 
equal to zero except for a finite set of a € A. 

If {T° : a € A} is an infinite family of representations of A on Banach 
spaces {V° : a € A}, then it is sometimes desirable to define the topolog- 
ical direct sum of the representations on the topological direct sum of the 
representation spaces {7° : a € A}. This is not always possible but when 
we need the construction we will discuss it. 


Intertwining Operators 


We will also state a variant of the first portion of the last theorem. Let 
A be an algebra and let S and T be representations of A on linear spaces ¥ 
and ), respectively. We wish to consider the set of intertwining operators 
of S and T consisting of all linear maps V: 4 — Y which satisfy: 


TaVx=VSqr zeX; a€A. 


“5 Ideals and Representations 445 


This is obviously a linear space under pointwise operations. 


4.1.5 Proposition All non-zero intertwining operators between irreducible 
representations are equivalences. 


Preaf We use the notation established just before the statement of the 
pro-vosition. It is enough to show that each non-zero element is a bijection. 
Hov ever (just as in the proof of the last theorem) if V is a non-zero inter- 
twit ing operator, then VV is a non-zero T-invariant subspace of Y which 
muert equal Y, and ker(V) is a proper S-invariant subspace of 1 which must 
equ::l {0}. ag 


Ideals and Irreducible Representations 


Next we investigate the connection between irreducible representations 
and ideals. These results were at least essentially known to Jacobson when 
he wrote [1945a). 


4.1.8 Theorem Let T be an irreducible representation of an algebra A 
on ¢: linear space X and let T be an ideal in A. 

‘a) The restriction of the homomorphism T to T is either trivial or an 
irreducible representation of I. Furthermore every irreducible representa- 
tion of I arises in this way. 

(b) If Z C ker(T) holds, then 


Tait =Te WaAEA (6) 


defies an irreducible representation T of A/T. Furthermore every irre- 
ducrble representation of A/T arises in this way. 


Proof (a): The set {x € ¥ : Tzx = {0}} is a T-invariant subspace and 
hence must be {0} or ¥. If it is ¥, the restriction of the homomorphism 
T te T is trivial. If it is {0}, then for each non-zero z € ¥ the T-invariant 
subspace Tzz must be 4. Hence the restriction of the homomorphism T 
to T is an irreducible representation by Theorem 4.1.3(b). 

'Jow suppose T is an irreducible representation of Z. If zé€ V,b,d€Z 
and a € A satisfy T,z = 0, then TyT.52 = Taasz = TaaTbz = 0 holds. Thus 
{Ty,z : a € A} is included in the T-invariant subspace {x € ¥ : Trx = {0}}, 
which must equal {0}. Hence we can choose any z € 7 \ {0} and use 


T.Thz=Twz WaeA, beT 


to define T, uniquely on X = Tzz. Clearly the restriction of the homo- 
ior hism 7 to Z is T and T is an irreducible representation of A. This 
proves that every irreducible representation of Z arises by restricting the 
hox omorphism of some irreducible representation of A. 


4146 4: Ideals, Representations and Radicals 4.1.7 


(b) Clearly T is well-defined and hence is an irreducible representation 
of A/T when Z C ker(T). On the other hand, if T is an irreducible repre- 
sentation of A/T and y:.A > A/T is the natural map, then T is obtained 
in the indicated way from the irreducible representation T'o y of A. Q 


Primitive and Prime Ideals 


We comment on the history of the next definition. Jacobson [1945a] 
introduced the term “primitive algebra” defining it to be an algebra in 
which {0} satisfies condition (a) of our Theorem 4.1.8. In the same place 
he introduced the concept and notation of the quotient Z : A of an ideal. 
The term “primitive ideal” was introduced by Jacobson also but in {1945b]. 
Prime ideals were defined by Wolfgang Krull [1928], cf. Neal H. McCoy 
{1949]. We have remarked earlier on the origin of the word “ideal” from 
the concept of an ideal number in an algebraic number field. These were 
introduced in order to restore unique factorization, and thus the concept of 
a prime ideal was associated with the very origin of ideal theory. 

The reader should note that primitive ideals are defined in an asym- 
metrical fashion. Since representations correspond to multiplication on the 
left, a primitive ideal is not necessarily primitive (although it is an ideal) 
in the reverse of the algebra. This is the reason for the asymmetry of the 
notion of quotient introduced in the next definition. 


4.1.7 Definition An ideal is called primitive if it is the kernel of some 
irreducible representation. A proper ideal Z is called prime if whenever Z, 
and Z, are ideals satisfying Z,Z2 C Z, then either J, C J or Jz CI. The 
set of primitive ideals of an algebra A will be denoted by II, and the set 
of prime ideals by Py. 

If C is a left ideal, then the set 


L:A={aeA:aAC L} (7) 


is called the quotient of CL. 


In Chapter 7 we will introduce a topology on the sets 4 and Pa, and 
thereafter they will be considered to be topological spaces. If Z is any ideal 
of A the symbols h"(Z) and hP(Z) denote the sets 


AN(Z) ={PeM,:IC P} 
AP (I) ={Pe Pa: TCP} 


which are called the Aulls of Z in Il4 and in Pa, respectively. These hulls, 
which will be the closed sets in the topology introduced in Chapter 7, will 
be studied in more depth there. 

It is easy to see that the quotient £: A of £ is a (two-sided) ideal. If 
CL is a modular left ideal with right relative identity e, then any a € L: A, 
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satisfies a = ac ~— (ae — a) € £L. Hence £: AC C£ holds. We refine this 
observation in the following theorem, which is essentially due to Jacobson 
[{£45a], although of course he did not mention modular ideals. 


4.7.8 Theorem Let A be an algebra. 

{a) An ideal P of A is primitive if and only if it has the form L: A 
for some maximal modular left ideal £L. In this case P is the largest ideal 
included in L. 

{b) A primitive ideal is prime. (In fact, if A is the completion of a 
normed algebra B, then the intersection of a primitive ideal of A with B is 
a prime ideal of B.) 

(c) A primitive ideal P satisfies P =M{L: L is a maximal modular left 
idea. satisfying P = L: A}. 

{d) An element a € A is quasi-invertible if and only if it is quasi- 
invertible modulo each primitive ideal. 

‘ (a) If I is an ideal of A, then the map P > PNT is a bijection of 
I, \ AM(Z) onto Iz and the map P + P/T is a bijection of h"(Z) onto 
Lays. 


Procf (a): Suppose P is the kernel of the (non-trivial) irreducible repre- 
sentetion T: A + £(¥). Choose z € ¥ \ {0} and define £ by C= {ae A: 
7,4 = 0}. Then CL is a maximal modular left ideal and T is equivalent to 
L4/ as shown in Proposition 4.1.2 and Theorem 4.1.3. Clearly P is the 
kernel of LA/£ and this kernel is £: A. We have noted £: AC £. Any 
ideal ZJ C £ clearly satisfies ZA C £ and hence is included in £L: A. 

{s): Since £: AC £ holds for any modular left ideal £, we know that P 
is ‘included in N{L : £ is a modular left ideal with P = £ : A}. To prove the 
cepz¢site inclusion suppose ? is the kernel of the irreducible representation 
T: A — £(#) and a belongs to A\P. Then Tz is non-zero for some z € V. 
Th:s a does not belong to £ = {a € A: T,z = 0}. However, we have just 
news that £ satisfies P = £L: A. 

Cy): We will show that if P is a primitive ideal of A then PMB satisfies 
a condition formally stronger than our definition of a prime ideal of B. 
Suppose £, and £2 are left ideals of B satisfying £,£2 C P = L: A, where 
£ is a maximal modular left ideal of A. Note that £ is closed by Theorem 
2.4.7 and hence P = L: A is also closed. Since B is dense in A, the closures 
Lr end Ly of L; and Le are left ideals in A. If £2 is not included in £: A, 
then £2A + £ properly contains the maximal left ideal £. This implies 
A=LZA+L. Thus L)A = LILZA+ LYLE PA+CL = C implies 
Ly Cc L:A=P. 

(d): If a is quasi-inveritible in .A it is certainly quasi-invertible modulo 
each primitive ideal. In order to establish the converse, we will assume that 
a € A is quasi-invertible modulo each primitive ideal of A. First we show 
teat a has a left quasi-inverse. Suppose not. Then Theorem 2.4.6 shows 
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that a is the right relative identity for some maximal modular left ideal, £. 
By assumption a is quasi-invertible modulo the primitive ideal £: A. Let 
6 be a quasi-inverse for a modulo £: A so that b— ba+a = boa belongs to 
L:ACE. Since 6 — ba belongs to £ this implies a € £ which contradicts 
our choice of £. Therefore a has a left quasi-inverse. 

If we denote the left quasi-inverse of a by b, then b+ P must equal 


(a+P)? for each primitive ideal P. Hence 6 has a left quasi-inverse modulo’ 


each primitive ideal. The argument just given shows that 6 has a left quasi- 
inverse. Hence b is quasi-invertible and a is its right quasi-inverse, so a = b? 
is quasi-invertible. 

(e): Theorem 4.1.6(a) shows that the map P + PMT is a surjection 
of I, \ h"@(Z) onto Mz. In order to show that it is an injection, suppose 
Pi, Po € Way \AM(Z) C Pa\ h?(Z) satisfy P) AZ = P2NT. Then Pot C 
P, NI C Po andT Z P2 imply Py C Po. A similar argument gives Pz C P 
so that the map is a bijection. Theorem 4.1.6(b) shows that the map 
P ++ P/T is a surjection of h"(Z) onto I14,z, and this map is obviously an 
injection. EB 
Primitive and Marimal Modular Ideals 

The next result was noted by Jacobson {1945b} for unital algebras. 


4.1.9 Theorem A mazimal modular ideal is primitive. Hence every 
proper modular ideal is included in some primitive ideal. In a commutative 
algebra every primitive ideal is maximal modular. 


Proof If M is a maximal modular ideal, then by Theorem 2.4.6 there is 
a maximal modular left ideal £ which includes M. Then MAC MCL 
implies M C £: A. Hence maximality implies M = £: A. Thus M is 
primitive by Theorem 4.1.8. The second statement now follows by Theorem 
2.4.6. If £ is a maximal modular left ideal in a commutative algebra, then 
it is a maximal ideal so that LC £: A (which is clear for any two-sided 
ideal £) implies £ : A = CL. Since any primitive ideal has the form £: A 
for some maximal modular left ideal, this proves the last statement. O 
Prime Ideals 

We will have much more to do with primitive ideals than with prime 
ideals, but the next theorem, which is due to McCoy [1949], will find a use. 
Note that it shows that the condition established for primitive ideals in the 
proof of Theorem 4.1.8(b) is not properly stronger than the definition of a 
pmme ideal. 


4.1.10 Theorem The following conditions on a proper two-sided ideal P 
tn an algebra A are equivalent. 

(a) P is prime. 

(b} For alla, b€ A,aAbC P impliesa € P orbEP 


4.1.20 Ideals and Representations 449 


(c) For all ( left / right ) ideals £, and Lz of A, LiL2 © P implies 
Ly C P or Lo C P. 

Furthermore if I is an ideal of A, then the map P — POT 1s a bijection 
of Pa\ hP(Z) onto Pz and the map P+ P/T is a bijection of h? (I) onto 
Payt. 


Pro,’ (a) => (6): The inclusion aAb € P implies AaAAbA C P. Since P is 
prim . we conclude that either AaA C P or ABA C P. If the first inclusion 
holds, then (A!aA!)* C AaA C P. However, since P is prime this implies 
a € Ala A! C P. If the second inclusion holds, the analogous argument 
gives 6 A'bA! CP. 

(b) = (c): Suppose £; £2 C P holds but Le is not included in P. Choose 
b€ Lo \P. Then any a € L£; satisfies aAb C £L;L2 C P. Thus (b) implies 
a é F’ since b ¢ P. Hence CL, is included in P. 

(c) => (a): Obvious. 

Finally we prove the last sentence. If P is a prime ideal of A which 
does not include Z, then PMT is a proper ideal of J. Suppose Z; and Z2 
are iceals in Z satisfying Z,Zz2 C PNT. Since P is a prime ideal of A and 
satisfies (ZZ,)(ZZ2) € P, either ZZ; C P or TZ, C P must hold by (c). 
Similerly since either Z(Z;A!) = (ZZ,)A! C P or T(Z2A!) = (IIz)A' CP 
holds and Z C P does not, either J; C PNT or Zz C PNT holds. Thus 
PNT is a prime ideal of TZ. 

In order to prove that P + PMT is a surjection onto the set of prime 
ideals of Z, suppose that P is a prime ideal of Z. Let P be the ideal of A 
defined by P = {a € A: ZaZ ¢ P}. Since P is prime we conclude P = {a € 
A:TaCP}. The inclusion P C PNT is obvious. To obtain the opposite 
inclvzon, note that any b € PMT satisfies Z(bZ!) = (Ib)! C PT! = P. 
Since P is a prime ideal of Z this implies b € bZ'! C P. In order to see that 
P is :, prime ideal of A, let Z; and Z2 be ideals of A satisfying Z;Z2 C P. 
Then (ZZ,)(ZZ2) C TZ,Z2 C P implies either JZ, C P or TI2 C P since P 
is a p-ime ideal of Z. Hence either Z; C P or Zz C @B holds, so that P is a 
prime ideal of A which clearly does not include Z. The proof of Theorem 
4.1.8{2) shows that P +» PNT is injective on P4\h?(Z), so it is a bijection. 

Lei yp: A A/T be the natural map. The map P — ¢(P) is clearly 
an in‘ection of h?(Z) into the set of prime ideals of A/Z since A/T and 
(A/P}/~(P) are isomorphic. Similarly it is immediate that the map P + 
y'(47) sends the set of prime ideals of A/Z into h(Z). Hence these two 
invers maps are bijections. QO 


Uliragrime Algebras and Ideals 


The concept we discuss next was introduced recently by Martin Math- 
ieu [1989] and it is not yet clear what role it will play in the theory. It can 
be thought of as a metric adaptation of criterion (b) of Theorem 4.1.10. 
The term “ultraprime” comes from the theory of ultraproducts (cf. Defi- 
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nition 1.3.8) which is a branch of model theory sometimes associated with 
nonstandard analysis. We shal] not investigate these roots but will use 
Mathieu’s characterization as a definition. This stems from work of Gunter 
Lumer and Marvin Rosenblum [1959]. 


4.1.11 Definition A normed algebra A is called an ultraprime algebra 
if there exists a positive constant k satisfying 


[LoRel] > klloll lel = Vbc Ee A. 


A constant k for which the above condition holds is called an ultraprime 
constant for A. 

A closed ideal Z of a normed algebra A is said to be an ultraprime ideal 
of A if A/T is an ultraprime algebra in its quotient norm. 


To paraphrase this definition, a normed algebra A is ultraprime with 
a (positive) ultraprime constant k if for any b,c € A there is some a € A 
satisfying 

|bac|| > I}6l| [lal lel. 

To further simplify we often restrict a, or 6 and c, or all three to have norm 
1. Note that the supremum of all ultraprime constants need not be an 
ultraprime constant. A (necessarily closed) ideal P is an ultraprime ideal 
of a normed algebra A if there is some positive constant & such that for 
any b,c € A there is some a € A satisfying 


\|bac + Pll > kilb+ Pil lla + Pll llc + PI 


Obviously an ultraprime ideal is a closed prime ideal. Unfortunately, not 
all primitive ideals are ultraprime ideals (Pere Ara and Mathieu [1991]). 
An example is the ideal {0} in the algebra Bys(H) of Hilbert-Schmidt 
operators. (Let b = c be a projection onto an n-dimensional subspace.) 

If X is a normed linear space, any (necessarily primitive) subalgebra A 
of B(*¥) which includes Br(%) is an ultraprime algebra and any positive 
number less than 1 may be used as an ultraprime constant. To see this, 
let S,T € A of norm 1 and 1 > € > O be arbitrary and choose x € A) 
and z* € XY to satisfy {|S(x)|| > 1~e and ||T*(z*)|| > 1-—e. Then 
|S xz @ x* T|| = ||S(x) @ T*(x*) || = ||S(a)I| |T*(z*) I > 1 — €)?. 

George A. Willis [1989b| shows that for a discrete group G, é'(G) is 
ultraprime if and only if G is an ICC-group (i.e., a group in which all 
conjugacy classes except {e} are infinite). As we shall see, any prime com- 
mutative normed algebra (not isomorphic to C) is an example of a prime 
but not ultraprime algebra. 


4.412 Ideals and Representations 451 


4.2.12 Theorem Let A be a normed algebra. 

(a) A is an ultraprime algebra if and only if one (hence all) of its dense 
subalgebras is an ultraprime algebra. Hence the completion of an ultraprime 
normed algebra is ultraprime. 

(b) If A 1s an ultraprime algebra, then all of its ideals are ultraprime 
algebras. 

(c) A is an ultraprime algebra if and only if A! is an ultraprime algebra. 

(d) If A is an ultraprime algebra, then its center is trivial. 


Proof (a): Let B be a dense subalgebra. If B is an ultraprime algebra with 
an ultraprime constant k and b,c € A are arbitrary with norm 1, choose 
b’, c’ and a in B satisfying ||b’|| = 1, |le’!| = 1, ||b—b'|| < &/3, lle-ce'|| < k/3 
and ||b’ac’|| > klla||. Then bac = b'ac’ +(b—b')ac+b’a(c—c’) implies ||bac|| > 
Ib'¢e'||—||(b—b’)ac|| —||b’a(c—c’) || > kllal|—(&/3)|la|—(*/3) lal] = (&/3)|a]). 
Hence A is ultraprime. 
Conversely, if A is an ultraprime algebra with an ultraprime constant 
i and b,c € B are arbitrary, choose a € A satisfying ||bac|] > k|ld|| ||a{| [lcll. 
By approximating a by an element in B, we see that B is an ultraprime 
algebra. 
1 (b): Since A is an ideal of itself, it is enough to consider an arbitrary 
idea] TZ in an ultraprime algebra with an ultraprime constant k. Let b,c € T 
be arbitrary with norm 1. Then we can find a € A of norm 1 satisfying 
[bac|| > &. Again we can choose d € A of norm 1 satisfying {|bacdcl| > 
. ki|bac||. Hence acd € T satisfies ||b(acd)c|| > k||bac|| > k?. Hence Z, an 
arbitrary ideal, is an ultraprime algebra. 
‘c): If A} is an ultraprime algebra, then A is also by (b). Suppose A is 
2, nonunital ultraprime algebra with ultraprime constant k. We give A! the 
norm ||A + al] = [A] + |lal| as usual. Let » +5 and v +c inA! be arbitrary 
and choose a € A to satisfy ||bac|| > k|ldI| |la|| |lell. Then we also have 
ilba{j lel > lll {lal licll so [bal] > &{]b]| |lal] and similarly {/ac|] > k|lal| IIcl]. 
Hence the inequality 


(4+ daly +c)|| 2 |lmacl] + |lvbal] + |]bacl| 
> hile + dl] [lal] lv + ll 


shows that A! is ultraprime. 

(d): The center Az is called trivial if it is zero- or one-dimensional. If 
Az is not trivial, Proposition 2.5.12 shows that it has a topological divisor 
of zero. Suppose c € Az and the sequence {ba}nen © Az satisfy |lel| = 1, 
lb, i} = 1 for all n € N and b,c — 0. Then any sequence {an}nen C A of 
“orm 1 elements would satisfy b,a,c — 0 which contradicts the ultraprime 
craracter of A. Bo 


Mathieu {1989] shows that a normed algebra is ultraprime if and only if 
xis, hence every, ultrapower is a prime (or, equivalently, an ultraprime) 
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algebra. He uses this to prove several of the above results and also that 
every matrix algebra M,,(A) over an ultraprime algebra is ultraprime. 

We now indicate the construction of the normed symmetric algebra of 
quotients of an ultraprime normed algebra. For details, see Mathieu [1991]. 
We could carry out the construction as a direct limit, but we will proceed 


in another way. Mathieu [1989] constructs a larger one-sided algebra of 
quotients, but we judge the symmetric version to be of more general interest. 
It generalizes the double centralizer algebra. 

Let A be an ultraprime normed algebra with k as an ultraprime con- 
stant. Consider the set ¥ of triples (Z, L, R) where Z is a non-zero ideal and 
L, R:I — A are continuous linear maps satisfying the double centralizer 
equation: 

aL(b)= R(a)b Va,beT. (8) 
Thus these maps satisfy L(ac) = L(a)c and R(ba) = bR(a) for alla € Z and 
b,c € A by the argument of Theorem 1.2.4, since even in a prime algebra 
the annihilator ideals are zero. (Note that the results of Proposition 1.2.3 
are also available.) We introduce an equivalence relation on F by 


(Z,L, R) ~ (2',L', R') @ Lor = L'|rnr and Rirar = R'|anr. 


Because A is a prime algebra, no product or intersection of non-zero ideals 
is the zero ideal. Also if there is any non-zero ideal K C TMT’ on which L 
agrees with L’ and R with R’, then (Z, L, R) and (Z', L’, R’) are equivalent. 
This establishes the transitivity of the equivalence relation. Denote the 
equivalence class of (Z, L, R) by |Z, L, R]. As aset, let B be the set of these 
equivalence classes of triples. The algebra operations on B are defined by 


(Z,L, R) + (0, L', BR’ (TNT, L+L',R+ RP 
NZ, £, Ry [Z,AL,AR) 
[I,L,R)-(Z',.L',R') = [Z7'T'T, LL’, R’R). 
For any triple (Z, L, R) in F and b,c € Z, we can find a € A satisfying 
WI NLU Wall ell > {6L(ac)| = ||A(b)acl| > k||-R(6)|| [lal] [Ich 
which implies ||Z|| > k|| Al]. Similarly we find ||R|| > k||L||. Again, for any 
pair of equivalent triples (Z, 1, R) ~ (Z',L', R’) and any b€ J andc ET’, 
we can find an a € A satisfying 
IL’ Well Mal tell > L’(bac)|] = |L(bac)|| = ||L(b) acl 
k||L(6)|\ llal! llelh 


IV 


which implies ||L’|| > kl|L||. Obviously, ||R’|] > kl|RIl, Z|] > kI|L’|| and 
|R|| > kl] R’|| also hold. Hence if we define a norm on B by 


{(Z,£, R] || = inf{max{||L'|, ||R'll} + (Z,L,R) ~ (TL, RY}, 
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we Co get an algebra norm rather than just a semi-norm. Finally, we can 
de&: 2 a homeomorphic isomorphism of .A into B by a++ (A, La, Ra). We 
wil! state the resulting theorem, but leave the rest of the details to the 
reader who may consult Mathieu [1991]. 


4.1.23 Theorem Let B be the normed symmetric algebra of quotients as 
defined above. Then B is a unital ultraprime normed algebra containing a 
hom:omorphic and isomorphic image of A. It is the largest normed algebra 
extension of A satisfying: 

(a) For each b € B there is a non-zero ideal TI of A satisfying bI C A 
and TbC A. 

(b) If b € B and a non-zero ideal T of A satisfy bI = {0} or Tb = {0} 
then b = 0. 


If A is an algebra, then an operator T: A — A is an elementary operator 
if it has the form T = S0"_, La,Re, for some n € N and a;,b; € A. 
There is an obvious homomorphism @ of A @.A® (where AF is the reverse 
algebra of A) onto the algebra E£(.A) of elementary operators on A. Usually 
this 1omomorphism has a nontrivial kernel. Ultraprime normed algebras 
provide an exception. The elementary proof is given in Mathieu [1989]. 
(See Erling Stormer [1980] for related interesting ideas.) 


4.1.24 Proposition Let A be an ultraprime normed algebra. With the 
notation introduced above, 6 is an isomorphism of A® A® onto E&(A). 


Ideais and Arens Multiplication 


The following results of Paul Civin and Bertram Yood [1961] describe 
the behavior of ideals in relation to the Arens products on the double dual 
algebra. Nilpotent ideals are introduced in Definition 4.4.1. 


4.1.15 Proposition Let A be a Banach algebra and let T be a ( left / 
right / two-sided ) ideal of A. Let I be the weak* closure of x(Z) in A**. 

(a) T ts a ( left / right / two-sided ) ideal of A** with respect to both 
Arens products. 

(b) If Z is a proper modular ideal, T is also a proper modular ideal with 
respect to both Arens products. 

(c) If I is a primitive ideal, T is included in a primitive ideal of A** 
with respect to both Arens products. 

(c) If Z is nilpotent, T is nilpotent with respect to both Arens products. 


Prac, (a): We consider only the case in which T is a left ideal since the other 
cases are similar. Let ( f = lim«(aa) / g = limx(bg) ) be an arbitrary 
elersent of ( A** / I ) with ( aq / bg ) elements of ( A / Z ) and the 
limi. ‘a the weak* topology. We use the continuity properties (14) and (15) 
from Theorem 1.4.2. Consider the first Arens product and a fixed a. Then 
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K(@q)g = limg x(a,bg) belongs to I. Hence fg = lima «(aq)g also belongs 
to Z. For the second Arens product, f o «(bg) = limg &(aq6g) belongs to 
T, so f og = limg f o «(bg) also belongs to Z. 

(b): Again we consider only the case in which Z is a proper modular left 
ideal with right relative identity e. We may suppose |le|| = 1. Clearly «(e) 
is a right relative identity for Z, so it only remains to show that it is not 
in Z. The proof of Theorem 2.4.7 shows that the distance from e to (the 
norm closure of) Z is at least 1. Thus the Hahn—Banach theorem gives an 
w € At satisfying w(e) = 1 and w(Z) = {0}. Thus x(e) is not in Z as we 
wished to show. 

(c): Theorem 4.1.8(a) shows that there is a maximal modular left ideal 
£ of A satisfying J = £: A. By what we have just proved, there is a 
maximal modular left ideal M of A** which includes 2. The argument 
given in the proof of (a) shows that the primitive ideal M : A includes T. 

(d): Suppose Z satisfies J"? = {0}. We will show that TZ satisfies 
pa {O}. Let fi, fe,...,fn be arbitrary elements in T. For each j = 
1,2,...,n, suppose f; = lima,, holds in the weak* topology with each 
@jq in A. Consider the first Arens product first. For any choice of in- 
dices «(@14(1))(@2q(2)) ++ (@(n—1)a(n—1))fn is zero since it is the limit of 
®(@1a(1))*(@2a(2))* > -(@(n—1)a(n—1))4(@na) = 9. Similarly, for any choice 
of indices, &(@14(1) )&(@2a(2)) *** K(@(n—2)a(n—2))fn—1 fn is zero since it is the 
limit of K(@,0(1))&(@20(2)) °° *K(@(n—2)a(n—2))K(@(n—1)a) fn = 0. Obviously 
we can proceed in this way until we finally conclude f, fo--- f, = 0. For 
the second Arens product we simply work from left to right instead of from 
right to left. B 


Irreducible Representations and Double Centralizer Algebras 
4.1.16 Proposition Any irreducible representation of an algebra A has a 


unique extension to a representation of the double centralizer algebra D(A). 
This extension 1s also irreducible. 


Proof Let T: A — CL(4) be an irreducible representation. For z,y € V and 
b,c € A, suppose Tic = T.y. Then any a € A and (L, 2) € D(A) satisfy 


Ta(Trioyt — Trey) = Tar(eyt — Tar(cyy = Tray ~ Tria)c¥ 
= Tr(a) (Tht = T.y) = 0. 


The irreducibility of T implies Ty(4)z = T1(cyy. Therefore we may define 
T: D(A) _ L(x) by T(1,R)Z = Trc)y for any Z€ & and (L, R) € D(A) 
where z = T-y. (When convenient, we could also write T(z,p)t = T1(e)Z 
where x = T.z.) This obviously defines a representation extending T, since 
it is well defined by the calculation above. It is also clear that any extension 
of T would have to agree with T. Finally, T is irreducible since it extends 
an irreducible representation. oO 


44.17 Ideals and Representations 455 
Modules, Normed Modules and Bimodules 


We close this section by formally defining modules and describing the 
‘dens fication between the theory of representations and the theory of mod- 
ules mentioned in the introduction. 


4.1.17 Definition Let A be an algebra and let ¥ be a linear space. Then 
& is called a left A-module if there is a fixed representation T: A + L(4) 
and %1(z) is denoted by az for alla € A and a e€ 4. If A and X are 
doth normed and the representation T: A — B(%) is continuous, then the 
corresponding module is called a normed left A-module. The norm of T 
(as e. bounded linear map from A to B(%)) is called the the bound of the 
normed module XY. In the above situation, if both A and 4 are complete, 
the left module is called a left Banach module. 

If ¥ is a linear space and S: A > £(2’) is a fixed anti-representation of 
A on % with its action denoted by za = S,(z) for alla € A and z € %, then 
X is called a right A~module. Normed right A-modules and right Banach 
A-medules are defined analogously to left ones. 

If ¥ is both a left and a right A-module, and if the two module actions 
satisfy 


a(xb)=(az)b  Va,be A, rex 


shen it is called an A-bimodule. (This means that the related representation 
ond amtirepresentation have commuting actions.) If both module actions 
are ~ormed module actions, then the bimodule is said to be normed. The 
larger of the bounds for the left and right module actions is called the bound 
fer the bimodule action. If, in addition, both A and 4 are complete, the 
bimocule is called a Banach bimodule. 


Note that a left A-module is a linear space 4 with an action of A, 
denoted by juxtaposition, and satisfying 


(a+b)zx=axr+bz; a(x+y) = az + ay; 


(Aa)z = X(ax) =a(Azr); and (ab)x = a(bzr) 


for all a,b € A, x,y € XY and A € C. For right modules,the very last of 
these conditions must be replaced by z(ab) = (za)b for all a,b € A and 
rEX, 

If T: A — L(#X) is any representation, it defines a left A-module struc- 
ture on 4’. Conversely, if ¥ is a left A-module, then the map T: A > L(4’) 
Gefined by 

Ta(x) = ax VacecAzrEerx 


ig ¢ reoresentation of A on 4’. Clearly these are inverse constructions. All 
she te-minology for representations is extended to modules in the obvious 
way. 
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A left A-module action of a normed algebra A on a normed linear space 
X defines a normed left A-module if there is some finite constant M satis- 
fying 
jazi] < Mal {|x| VaeA cer. 
The infimum of all constants M having the above property is the bound of 
the normed module 1. 


4.2 Representations and Norms 


Definitions 


We now introduce norms into these purely algebraic considerations. The 
reader may wish to compare the following definitions with those given in 
Definition 4.1.1. Although both irreducible representations and topologi- 
cally irreducibie representations have been studied since the beginning of 
Banach algebra theory, sometimes no distinction in terminology was made. 
As we will see in Chapter 9 of Volume IT topological irreducibility plays a 
key role in the representation theory of *-algebras while irreducibility is nor- 
mally more important in cther contexts. The terminology we adopt seems 
to have been first used systematically in Rickart’s important book [1960]. 
Some authors use “algebraically irreducible” or “strictly irreducible” for 
what we call simply “irreducible”. Sometimes they then use “irreducible” 
for what we are calling “topologically irreducible”. The same remarks hold 
for “cyclic” and “topologically cyclic”. The other terminology of this defi- 
nition also seems to have been standardized by its use in Rickart’s book. 


4.2.1 Definition Let T be a representation of an algebra A on a normed 
linear space V. Then T is called: 

(a) Normed if T, € B(4) for each a € A. 

(b) Topologically cyclic if there is a vector z € A (called a topologically 
cyclic vector) such that T4z = {T,z : a € A} is dense in ¥. 

(c) Topologically irreducible if {0} and ¥ are the only closed T-invariant 
subspaces, and T is not trivial. 

(d) Topologically equivalent to a representation S of A on a normed 
linear space ) if there is a homeomorphic linear bijection U (called a topo- 
logical equivalence) of X onto Y which satisfies 


SU =UT, WaceA. (1) 


If (A,o) is a semi-normed algebra then a representation T of A is called: 
(e) Continuous if it is normed and continuous as a map from (A,c) to 
B(x). 
(f) Strongly continuous if a> T,z is continuous as a map from (A, c) 
tu .v for each fixed zr € ¥, 
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We will informally record a number of simple consequences of this defi- 
nitic a. Note that it is easier for a representation on a normed linear space 
to 3 topologically cyclic or topologically irreducible than to be cyclic or 
irrecucible, but that it is harder for it to be topologically equivalent to 
another representation than to be equivalent. 

1° T is a normed representation, it is obvious that the closure of every 
T-invariant subspace is T-invariant. 

é.ny restriction of a normed, continuous or strongly continuous represen- 
taticn has the same property. Reduction by a closed T-invariant subspace 
also preserves each of these properties. 

Yat A be a spectral normed algebra and let £ be a modular left ideal of 
A. hen L4/£ will be irreducible if and only if £ is maximal. However it is 
also easy to see that L4/£ will be topologically irreducible if and only if £ 
is maximal among closed ideals. Since the two concepts (irreducibility and 
topological irreducibility for L4/“) agree for any closed left ideal such as C, 
then L4/* is topologically irreducible if and only if it is irreducible. We will 
find the same result in some other contexts, notably for *-representations 
of C*-algebras, but the two concepts do not usually agree. 


Strongly Continuous Representations 


Note that a continuous representation of a semi-normed algebra on a 
norixed linear space is always normed and strongly continuous. The con- 
verse is not always true. However, the uniform boundedness principle gives 
a simple result in that direction for Banach algebras. 


4,2.° Proposition A normed strongly continuous representation of a 
Bancch algebra on a normed linear space is continuous. 


Proo; Let T be a strongly continuous normed representation of a Banach 
alget -a A on a normed linear space 4. Apply the uniform boundedness 
princ‘ple to {S, : x € %,} where (as usual) 4, is the unit ball of ¥ and 


S,(a) = T(z) Vae A rEX. 


Strong continuity shows that each linear map Sz, is continuous from A to 
*. The fact that T is normed shows: 


[Sz (a)ll = [Toxl| < lToll lel < Fall Vae Are. 
Hence, there is some M satisfying 
Sel <M VrEeay 
whic implies 


\|Tal] = sup ||Ta(x)\] = sup ||Sz(a)|| < M|lal} 
rea ZEA, 
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so that 7 is continuous. 3) 


We now obtain the analogue of Proposition 4.1.2 which first occurred 
explicitly in Rickart [1960]. Closely related results were discussed in Segal 
{1947a] and Hille [1948]. Note that the next two results deal with cyclic 
rather than topologically cyclic representations. 


4.2.3. Theorem Let T be a strongly continuous, cyclic representation 
of a semi-normed algebra (A,a) on a normed linear space X with cyclic 
vector z. Then L4/© is equivalent (under a continuous equivalence) to T 
where L is the closed modular left ideal L = {a € A: Taz =O}. [fA isa 
Banach algebra and X is a Banach space then L“/* and T are topologically 
equivalent, 


Proof The proof of Proposition 4.1.2 shows that the map U: A/L — 2X 
defined by U(a + CL) = Taz establishes an equivalence between L4/ and 
T. If T is strongly continuous then C is certainly closed so the quotient 
semi-norm o’ is a norm. Let M satisfy ||Tz|| < Mo(a) for all a € A. Then 
||U (a+ Ll)|| < Mo’(a+). Thus U is continuous. Suppose in addition that 
A is a Banach algebra and 7 is a Banach space. Then A/C is a Banach 
space under its quotient norm. Since U: A/£L — 4 is a continuous bijection 
it is a homeomorphism and hence a topological equivalence. o 


Proposition 4.2.2 recorded that the uniform boundedness principle shows 
that a normed strongly continuous representation of a Banach algebra is 
continuous. In the following corollary, which does not seem to have been ex- 
plicitly noted before, we do not require that the representation be normed. 


4.2.4 Corollary Any strongly continuous cyclic representation of a Ba- 
nach algebra on a Banach space is continuous. Any equivalence between two 
strongly continuous cyclic representations of a Banach algebra on Banach 
spaces is a topological equivalence. 


Proof The first statement follows from the last statement of Theorem 
4.2.3 since L“/“ is obviously continuous. To prove the second statement, 
suppose T: A — £(4) and S:A — L(y) are strongly continuous cyclic 
representations of the Banach algebra A on the Banach spaces ¥, ¥. Let 
U: X — ) be an equivalence. Let z € ¥ be acyclic vector for T. Then Uz 
is a cyclic vector for S and we may define £ by £ = {a € A: Taz = 0} = 
{a € A: S,Uz = 0}. Theorem 4.2.3 asserts that the maps a+ £1 Taz 
and a+ £L— S,Uz are topological equivalences. Thus T,z + S,Uz is a 
topological equivalence. However, this map is just U since S,Uz = UTgz 
holds for all a € A. Oo 


In Corollary 4.2.16 results similar to those of the above corollary will be 
obtained again under different hypotheses using the much deeper Theorem 
4.2.15. 
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Topologically Irreducible Representations 


he next result contains a partial analogue of Theorem 4.1.3 and Propo- 
sition 4.1.5. Conclusion (a) is an exceptional result because it draws an 
algebraic conclusion from a partly topological hypothesis. 


4.2.5 Proposition Let T be a normed representation of an algebra A on 
a_normed linear space X. The representation T is topologically irreducible 
if and only if every non-zero vector z € ¥ is a topologically cyclic vector. 
If these conditions hold, then: 

{a) The kernel of T is a prime ideal. 

(bo) The restriction of the homomorphism T to an ideal T of A is either 
trivial or topologically irreducible. 

(c) IfZ is an tdeal included in ker(T), then 


Tag=T, WacA 


defines a topologically irreducible representation of A/T. Every topologically 
irreducible representation of A/T arises in this way. 


Proof The equivalence of the two conditions is proved as in Theorem 4.1.3 
using the easy fact that the closure of a T-invariant subspace is T-invariant. 
‘a): To prove this statement, suppose £, and Cz are left ideals satisfying 
£:£ C ker(T) and Lz Z ker(T). Then Y = span(Tz,%) is a nontrivial 
T-invariant subspace. Hence ) is dense in 7. Let @ belong to £;. Then 
£,L2 C ker(T) implies T, ¥ = {0}, and this implies T, = 0 since ¥ is dense. 
Therefore C, is included in ker(T). This proves that ker(T) is prime. 
:(b): The set {x € ¥ : Tzx = {0}} is a closed T-invariant subspace and 
hence must be {0} or ¥. If it is 7, the restriction of the homomorphism 
fT to TZ is trivial. If it is {0}, then for each non-zero z € A the closed 
T-invariant subspace (Tzz)~ must be 4’. Hence in this case the restriction 
of 423 homomorphism T to Z is topologically irreducible. 
- {c): Clearly the two sets of operators {T, : a € A} and {Tryt:at+Te 
A/T} are equal when T and T satisfy the equation in (c). Hence if either 
set is topologically irreducible, the other is also. Oo 


Note that the proofs of (b) and (c) above are essentially the same as 
the proofs of (a) and (b) of Theorem 4.1.6. However, we cannot extend the 
second sentence of Theorem 4.1.6(a) to the present situation. Here is the 
UrOUae. 

« Sippose Z is an ideal of A and T:Z — £(%) is a normed topologically 
izrecccible representation of Z on A. Then {x € X : T,(z) =0 for b € T} is 
a closed T-invariant subspace which must be {0}. Suppose by, b2,...,b, €Z 
and 2), 29,...,2n € AX satisfy yej=o Tb; 23 = 0. Then any a € AanddeZ 
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satisfy 


nm n n 
Ta s- Tab; 2) = >= Téas, 24> Tua > Th, a> 0. 
j=0 j=0 j=0 
Hence 57} 2o Tab, 2; belongs to the subspace which we have just shown to 
be {0}. Therefore we may define T € £()), where Y = span(Tz), by 


T.(> Tp, 2) = Lo Tan2s VaeA; nEN; b; ET; 2, EX. 
=0 i= 


Clearly T is a topologically irreducible representation of A on Y which ex- 
tends the restriction of the representation T to Y. In general there seems 
to be no reason for T, to be a bounded operator on Y and hence no way 
to extend T to be a normed representation of A on 4. (If Z is an approx- 
imately unital Banach algebra, T is continuous and 1 is a Banach space 
then Corollary 5.2.3 gives an easy proof that the extension is possible.) 
However, we do not actually know of any topologically irreducible normed 
representation T of an ideal TZ in an algebra A which cannot be extended 
to a normed representation of the whole algebra A. Of course, the most 
interesting counterexample would have A a Banach algebra, T closed, the 
representation space a Banach space and T continuous. 

Topologically irreducible representations are not well understood and 
they can behave very badly. For instance let T € B(A’) be one of the oper- 
ators without invariant subspaces discussed before Definition 2.8.8. Then 
the identity representation of the commutative unital subalgebra A of B(1) 
generated by T is a continuous topologically irreducible representation. The 
inclusion A C A’ shows that this representation has a nontrivial commutant 
which is not a division algebra by the Gelfand—-Mazur Theorem (Corollary 
2.2.3). Compare Schur’s lemma (Theorem 4.1.4). 

A normed representation T of an algebra A on a normed linear space 
& is said to be topologically completely irreducible if for any S € £(4’), any 
€ > O and any elements x, 22,...,2,, € X there exists an a € A satisfying 


Taz} —Saj||<e Wg =1,2,...,n. 


It is not known whether continuous topologically irreducible representa- 
tions of a Banach algebra on a Banach space are topologically completely 
irreducible. For some partial] results in this direction involving the existence 
of finite-rank operators, which are due to J. M. G. Fell and J. Dixmier, see 
Example 4.8.8. See also Wieslaw Zelazko [1991]. 


Spectral Semi-norms and Norms on Representation Spaces 


We now investigate some of these concepts for spectral semi-normed 
algebras and spectral algebras. The following result is implicit in Irving 
Kaplansky [1947a], Segal {1947a] and Hille [1948]. 
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4.2.’ Proposition A primitive ideal in a spectral semi-normed algebra 
is closed. 


Proof Suppose P is a primitive ideal in a spectral semi-normed algebra 
(A,o). Theorem 4.1.8(a) shows that there is some maximal modular left 
ideal C satisfying P = £: A. Theorem 2.4.7 shows that C is closed. The 
definition of £ : A now shows that P is closed. BC 


Vie next generalize Theorem 4.2.3 and also restate the conclusion in a 
way that will be useful. Theorem 4.2.8 will then show that this generalized 
theorem applies to irreducible representations of spectral semi-normed al- 
gebres. The following two results are due to Rickart [1950] in the case of 
Banech algebras. 


4.2.7 Theorem LetT be a cyclic representation of a semi-normed algebra 
(A,o) on a linear space X. If z is a cyclic vector for T and if {ae A: 
T,2 = 0} is closed then 


jzl|, =inf{o(a):a€ A,Taz=z} VarEr (2) 


defines anorm on X such that T is a continuous representation on (4%, || - ||_) 
satis; ying ||Tall. < o(a) for alla € A. If A is a Banach algebra, then 
(4, || {|,) #8 @ Banach space. If in addition X is already a Banach space 
unde> some norm || - || and T is strongly continuous with respect to || - ||, 
then i - || and ||- ||, are equivalent. 


Proof Let L= {a € A: Tz = 0}. Then || - ||, is simply the quotient norm 
of A/£ transferred to 1 by the equivalence established in Proposition 4.1.2. 
The ‘nequality ||Tal|, < o(a) is a restatement of the fact that L4/“ is a 
contractive representation. It follows immediately that || - ||, is complete if 
A is a Banach algebra. The last statement is now an immediate consequence 
of the second sentence of Corollary 4.2.4. BD 


4.2.8 Theorem Let (A,c) be a spectral semi-normed algebra, and let T be 
an irreducible representation of A on a linear space X. Any non-zero vector 
z € 2” satisfies the hypotheses (and therefore the conclusion) of Theorem 
4.2.7. 


Proof Theorem 4.1.3 shows that z is a cyclic vector and its proof shows 
that * = {a € A: T,z = 0} is a maximal modular left ideal. Hence CL is 
closec by Theorem 2.4.7. Thus Theorem 4.2.7 applies. Oo 


Sezal proved essentially the next result in {1947a]. 


4.2.€ Corollary If A is a Banach algebra, then each primitive ideal of 
A is he kernel of some continuous irreducible representation of A on a 
Banach space. 
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The following result of Larry Schweitzer [1992] will be used later. 


4.2.10 Theorem Let A be a spectral normed algebra. Let B be a normed 
algebra and let p:B — A be a continuous injective homomorphism onto 
a dense subalgebra of A. (A might be the completion of B.) Then the 
following are equivalent: 

(a) y(B) is a spectral subalgebra. 

(b) The closure p(L) in A of every maximal modular left ideal L in B 
satisfies: 


{be B: y(b) € p(L)} =C. 


(c) For any irreducible representation T of B there is a representation 
S of A and a linear injection V:X¥7 > X° satisfying: 


VTr=SpyVce VbEB red. 


When these conditions hold: 

(d) The closure in A of the image under ~ of each proper modular ideal 
of B is a proper modular ideal of A. 

(e) The representation S can be taken to be irreducible. 

(f) The linear map V is continuous and V(AT) is dense in X% in the 
norms introduced in Theorem 4.2.7 for the representation spaces X7 and 
x. 

Before giving the proof of this theorem we wish to point out explicitly 
that we will use weaker hypotheses than given in the formal statement of 
the theorem. For all the results except (f) it is enough to assume that A is 
a topological algebra with an open set of quasi-invertible elements. For the 
whole theorem it is enough to assume that B is a topological algebra. In (f) 
the norm on 47 can be considered as arising from either the norm giving 
the topology of B if there is such a norm, or from the norm induced by y 
from A. We preferred to use norms as usual in the formal statement, but 
we will use these weaker hypotheses to generalize some results in Volume 
II. In many applications B is actually a dense subalgebra of A. 


Proof We will actually prove this result under the above weaker hypotheses 
which were originally used by Schweitzer: Let A be a topological algebra 
with Ajg open and let B be a topological algebra. We will use L to denote 
the closure in A of y(L). 

(a) => (b): Let e be a right relative identity for £ in 8. By Theorem 
2.4.6(b) we conclude that {e — 6 : b € £} is disjoint from Byg. Since 
Age 9 p(B) = v(Bgg) and Agg is open, Agg is disjoint from {y(e) — 6: 
6 € £}. Hence £ is a proper subset of A. Also it is easy to check that 
L= {b€ B: p{d) € L} is a left ideal in B. It is also a proper subset by the 
density of ¢(8) in A. (Up to this pomt the argument does not depend on 
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the maximality of £.) Thus £ is a proper left ideal in B including £ which 
rust therefore equal £ by maximality. . 

(2) = (ec): (Condition (b) is now interpreted to say that £ equals C.) 
Let 7 be an irreducible representation of B on X and choose a non-zero 
z€ -. Define C = {b € B: Tz = 0}. Then C is a maximal modular left 
idea! in B and the map 6+ £ +> Tyz provides an equivalence between L5/ 
and ¥ by the proof of Proposition 4.1.2. Now use the notation already 
established. Note that £ is a proper modular left ideal in A by the density 
of (B) in A. Hence we can take S to be the representation LA/ £ on A/L 
and V to be the (well-defined) map 


Taz + p(d) + £ 

for alld € B. 

(c) > (a): Suppose y(e) € AggNy(B) but the quasi-inverse c of y(e) in 
A is not in y(8). Then e is not left quasi-invertible in 8 since its left quasi- 
inverse would have to have ¢ as its image under y. Thus by Theorem 2.4.6 
there is a maximal modular Jeft ideal C in B with e as its right relative 
idextity. Since L/* is an irreducible representation of B there must be 
ser22 7epresentation S of A and an intertwining map V:B/L > 2X as 
Cescribed in (c). Let z = V(e+ L) which is non-zero by construction and 
roves 


Soeyt = VLB/F(e + L) = V(ee + L) = V(e+ Ll) =z. 


Now we have a contradiction: 


2 = Sye)t = SoG yey% — Sez = $2 — Sz = 0. 


To prove the last statement in the theorem we may use all three condi- 
tions and the construction in the paragraph above. Thus conclusions (d), 
{3} amd (f) follow easily. oO 


Strict Density of Irreducible Representations 


The next theorem, which was proved in the case of Banach algebras by 
Rickart {1950], is an important consequence of Schur’s lemma (Theorem 
4,2.4) and the Gelfand-Mazur theorem (Corollary 2.2.3). 


4.2.32 Theorem Let T be an irreducible representation of a spectral 
algebra A on a linear space X%. Then 


(Ta) ={SEL(X):ST,=T,S ac A} 
is the set of complex multiples of the identity map on %. 


Proof Choose a spectral semi-norm o on A. Let z € ¥ be non-zero and 
let ||. j, be as defined in Theorem 4.2.7, Suppose S belongs to (T4)’, 
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Then for r = Taz we get Sx = ST,z = T,Sz which implies |{Sz||, < 
Tall, Sz, < e(a)lSzl|,. Taking the infimum over @ with z = Tyz, we 
see that ||Sz||_ < |jz{{,||Szl|, so S is continuous. Hence by Theorem 4.1.4, 
(T,)' is a normed division algebra with J as identity. Therefore Corollary 
2.2.3 shows that (T4)’ equals CI. Oo 


4.2.12 Definition A representation T of an algebra A on a linear space 
# is called strictly dense if whenever x, Z2,...,Zn is a finite list of linearly 
independent vectors in Y and yj, y2,---, Yn is a list of vectors in ¥ there is 
an element a € A with Taz, = y; for j =1,2,...,n. 


The definition can be rephrased by saying that, for all n € N, Ty is n- 
fold transitive on linearly independent sets of vectors in V. The left regular 
representation of the quarternions (a real rather than complex algebra) is 
irreducible but not 2-fold transitive, and hence not strictly dense. However, 
for (complex) spectral algebras we have the following remarkable theorem. 
This important result, which was mentioned in the introduction to this 
section, is due to Rickart [1950]. A version for a closed irreducible algebra of 
operators on a Banach space was obtained by Yood [1949]. The refinement 
stated second in the theorem is due to Allan M. Sinclair [1976] for Banach 
algebras. The result was known earlier for C*-algebras. Recall that a 
functional algebra is simply a spectral normed algebra in which the analytic 
functional calculus is preserved. 


4.2.13 Theorem Any irreducible representation of a spectral algebra is 
strictly dense. If T is an irreducible representation of a functional algebra 
A and 2),Z2,...,2n and y),Y2,---,Yn are both finite lists of linearly inde- 
pendent vectors in X, then there is an element a € A satisfying Teax; = yj 
for j =1,2,...,n. 


Proof Let T be an irreducible representation of a spectral algebra A on 
a linear space Y. We use induction on n > 2 in the following statement: 
For any list 2,,22,...,2n of n linearly independent vectors, we can find 
ana € A satisfying T,2, = 0 for 7 = 1,2,...,n—1 and Taz, # 0. First 
we show that the statement is true for n = 2. Suppose not. Then there 
are linearly independent vectors y, z € A such that for alla € A, Tay = 0 
implies T,z = 0. For any x € ¥, choose b(x) € A so that Ty2)y = x and 
define S: 4 — ¥ by Sz = Tyz)z. Then S is well-defined by the assumption 
on y and z. Thus S is linear. 

We now show that S belongs to (T4)’. For any a € A and z € 4, 
b(Taz) = ab(r) follows from T,Ty2)y = Taz. Hence, STax = Tyy2)z = 
TaTy2)2 = TaSx shows S € (T4)’. Theorem 4.2.11 now shows that S must 
be just multiplication by some scalar, \ € C. Then Tz = SThy = ATyzyy 
holds for all 6 € A. However this implies T4(z — Ay) = {0} and hence 
z = Ay. This contradicts the independence of y and z and shows that the 


I ee 
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statement holds for n = 2. 

Now assume the statement for some n > 2 and let x,22,...,2n41 
be a list of n + 1 linearly independent vectors. Choose a € A satisfying 
Tat; = Tatg =... = Totn_, = O and Tyrn4, ¥ 0. If Taz, is zero, then 
a has the desired property. If Taz, and Tyz,,41 are independent, choose 
c= Aso that T. Tyr, = 0 and T,Tatn41 # 0. Then ca has the desired 
property. 

Thus we may suppose Ty2n41 = ATaZ%n for some A € C. Choose b in 
A satisfying Thx, = Ty22 Sse = Tytn-1 = 0 and Ts(tn41 = Atn) # 0. 
If Tz, is zero, then b has the desired property (since Tyz,4, # 0). If 
Tyx,, and ThT,4, are independent, then a c € A can be chosen as before so 
that cb has the desired property. Thus we may suppose 7p2,41) = UTptn 
for some pp € C. Clearly pz does not equal 4. Choose d € A satisfying 
Tai:2n = TgZ,. Then a — db has the desired property since T,-ab2n41 = 
ATacn — TaTotn41 = ATaln — TaTypz, = (A-p)Tar, # 0. This completes 
the ‘aduction. 

Mow suppose 2),22,...,Z, are linearly independent and 4, y2,..., Yn 
are arbitrary. By what we have just proved we can find a; € A satisfying 
Ty,2; # 0 and T,,2; = 0 when i ¥ j for j = 1,2,...,n. Use the irreducibil- 
ity ef T to find b; € A satisfying T,,T.,2; = y; for j = 1,2,...,n. Then 
4 = @) + boag + +++ + baa, satisfies Taz; = y; for j = 1,2,...,n. Thus T 
is strictly dense. 

¥inally we turn to the second statement. Let Y be the subspace spanned 
by 21,22,...,Zn and 1, Y2,.--,Yn- Since ) is finite-dimensional and the 
lists are each linearly independent, there is an invertible linear operator 
which takes each x; into the corresponding y;. But an invertible linear 
operator on a finite-dimensional space can be written in the form e4 for 
some linear operator A on Y. The first part of this theorem shows that 
there is some a € A with T,z; = Az, for j = 1,2,...,n. Theorem 4.2.8 
shows that there is some norm on 4 relative to which the representation is 
normed and continuous. Hence T.« has the desired effect. QO 


Tre following technical result will be used later. 


4.2..4 Corollary Let T be an irreducible representation of a complex 
Banech algebra A on a linear space X. If {2n}nen 18 @ sequence of linearly 
indey endent vectors in X, then for any p € N there is an elementa ce A 
such that TaZm is zero for 1 <m <p and the set {Taz : q > p} is linearly 
indez “ndent. 


Proo; By Theorem 4.2.13, we can successively choose ap41,@p42,.-. such 
that jan|| < 27", 


Ta, 1 =7™%,7%2=-:°= Ta,En-1 = 0, 


e! 
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and 
Ta, tn ¢ span{T,, £1, Ts, Z2,---, Ts, 2n} 

all hold where 6, is defined by 6, = api1 + Gpy2 +--+ + @n-1- Let a 
be or p414n- Give 4 the complete norm described in Theorem 4.2.7 
so that T becomes continuous. Then T,2m = eas 41 Za,2m = 0 holds 
for m < p and Taz, = eae Tu, fq = Depry Tanhq = Ta, tq + Th, 2a 
holds for g > p. Also Tax, = De eee Ta, Tk = pS ak Ae Tate Ty oth, 
holds for any p < k < qg. Hence Taz, = Ta, 2, + T,%q is independent of 
{Tote : 15k Sq-1} = {Th re: 1 Sk <q-—1} forall g>p. a 


Continuity of Irreducible representations 


We now derive the most important consequence from this circle of ideas. 
The following result is a slight restatement of Barry E. Johnson’s main re- 
sult in [1967a]. This was the final step in his original proof of the uniqueness 
of the Banach algebra topology of a semisimple Banach algebra (Corollary 
2.3.10). We will discuss this and other important consequences and exten- 
sions in Section 6.1. Our proof is essentially Johnson’s original one. 


4.2.15 Theorem Let A be a Banach algebra. Any irreducible normed 
representation of A on a normed linear space is continuous. 


Proof Let P be the kernel of the irreducible normed representation 7 of 
A on a normed linear space VY. Then P is primitive and hence closed by 
Proposition 4.2.6. Thus we may, and do, replace A by A/P and assume that 
T is faithful. To avoid double subscripts we then consider A as embedded 
in B(4) as an irreducible algebra of operators with elements A, B,C, etc. 
However we shall continue to use {| Aj] to represent the norm of A as an 
element of A. By Proposition 4.2.2, it is enough to show that T is strongly 
continuous (i.e., for each 2 € ¥, A — Ar is continuous on A). 

If 4 is finite-dimensional, then A C B(%) is also finite dimensional. 
Hence the linear map A — Az would be continuous on A for each z € 1. 
Thus we may assume that 2 is infinite dimensional. Furthermore, the 
commutator A’ of A in B(X) is CI by Theorem 4.2.11. Thus we may 
choose a sequence {Zn }nen Of vectors in XY which are linearly independent 
over A’ and satisfy ||z,|| = 1 for alln EN. 

Suppose z € is an element such that the map A+ Az is continuous 
on A. Then for each fixed B € A, the map At+ AB +» ABz would be 
continuous for all A € A. However, the irreducibility of T shows {Bz : 
B € A} = & for any non-zero z € Y. Thus either the map A+ Ax is 
continuous on A for all x € ¥ or it is discontinuous for all non-zero z € 7. 
By deriving a contradiction from the second possibility we will establish 
the theorem. 

Assume A+ Az is discontinuous for each non-zero z € ¥Y. We first 
show that for each K > 0,¢ > 0, and m € N there is an A € A satisfying: 


4, 2.16 Representations and Norms 467 


(a) [|All <¢; 

(b) Az, = Arg =-+- = Azp-1 = 0; 

(c) ||Azm|| > K. 

Let K, € and m be fixed for the rest of this paragraph. Let M, be 
the set {A € A: Ax, = 0}. Then each M,, is a maximal modular left 
ideal of A. Define R and L by R = M,N M2N---NMy-_; and L= 
R+Mym. Theorem 4.2.13 shows that there is an element B € A satisfying 
Bz, = Bry =--+ = Bry_, = 0, Brm = Im # 0. This element B belongs 
to R CL but not to M,, so that the maximality of M,, implies £ = A. 
Thus addition defines a continuous linear map of R @ M,, onto A. By the 
cfen mapping theorem there is a constant 6 > 0 such that for any B € A 
satisfying ||B|| < de there will be elements A € R and C € My, satisfying 
B= A+C and |/Al] < ¢,||Cl] < ¢. Since A + Az is discontinuous, we 
can choose an element B € A satisfying ||B|| < Se and ||Bz,|| > K. Now 
choose A and C as just indicated. Then A satisfies (a), (b), and (c) (since 
Cm = 0) as required. 

_ By induction we can choose a sequence {A,}nen of elements of A sat- 
isfying: 

(a’) ||An|| < 27; 

(b’) Any = Anza =-+- = Agty_) = 0; 

(c’) [Anznll > 2 + ||Aitn + +--+ An-1%nll. 

Define By € A by Be = >... An. Since each A,, belongs to the closed 
ideal M,, for all n > k, By belongs to M,. Thus for each k € N, we get 


Boel] = ||Aire + Arte +--+ Are + Bere| 
> \Anael| — || Arve +--+ An—1zell 
> k=ki|lax. 


Ecwever, Bo is a bounded operator since T is a normed representation. 
This contradiction establishes the theorem. 0 


4.2.16 Corollary Let A be a Banach algebra. 
(a) If T: A — L(X) is an irreducible representation on a linear space, 
then X has a unique Banach space topology relative to which T is normed. 
(b) An algebraic equivalence between two normed irreducible represen- 
tations of A on Banach spaces is a topological equivalence. 


Proof (a): Theorem 4.2.8 gives such a Banach space norm on ¥. If ¥ 
has any Banach space norm relative to which T is normed, Theorem 4.2.15 
shows that T is continuous. Hence Theorem 4.2.8 shows that the given 
complete norm is equivalent to the one assigned by construction (using any 
non-zero z € 4). 

(b): Theorem 4.2.15 shows that the representations are continuous. 
Hence Corollary 4.2.4 applies. B 
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Characterzzations of Commutative Banach Algebras 


We will now show the power of Sinclair’s refinement in Theorem 4.2.13 
by giving Jaroslav Zemanek’s remarkably simple proof [1982] of spectral 
criteria for commutativity (or more precisely, almost commutativity) in 
Banach algebras. A number of results equivalent to those in Theorem 
4.2.18 were obtained in Theorems 2.4.11 and 3.1.5 for spectral algebras. 
Recall that if a functional algebra A is nonunital, the exponential function 
is defined in A!. 


4.2.17 Theorem Let A be a functional algebra. For any a € A, consider 
¢(a) = sup{p(a — e~°ae) : b € A}. 


The following three conditions are equivalent for anyce A 

(a) ¢(c) is finite. 

(b) ¢(c) =0. 

(c) c+ Ay, is in the center of A/A,. 
If in addition to these conditions the spectral radius of c is zero, then c is 
in the Jacobson radical of A. 


Proof (a)=>(c): We may assume ¢(c) < 1. Let T be an arbitrary irreducible 
representation of A. If A is nonunital, T can be extended to A! by Tis = 
AI +T, for all A+a € A!, We want to show T, = AT; = AI. If not, there is 
some vector z in the representation space with T.2 = y linearly independent 
from z. By Theorem 4.2.13 we can therefore find b € A satisfying T,»x = © 
and Tay = x+y. We conclude 


Te e-b cebD = Te-0(Terc_ces(£)) = T.-»(z) = x £ 0. 


However, this implies that 1 belongs to the spectrum of c — e~*ce?, con- 
tradicting our assumption. 

(c)=>(b): If (c) holds, then c — e~’ce® belongs to the Jacobson radical 
so its spectral radius is zero. 

(b)=>(a): Obvious. 

The final remark follows since the Jacobson radical of the set {a € A: 
a + A, is in the center of A/A,s} is the subset of elements with spectral 


radius zero. Oo 


4.2.18 Theorem The following conditions are equivalent for a functional 
algebra A. 

(a) The spectral radius is uniformly continuous on A. 

(b) A is almost commutative. 


Proof (a)=>(b): Choose an ¢ > 0 so that for any two elements a,c € 
A, ||a — cl] < © implies |p(a) — p(c)| < 1. Then any a,b € A satisfy 


|p(a — e~Pae’) — p(a)| = |p(a ~e °ae”) — p(e~*ae*)| < |lalle~* 


ne 
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which implies ¢(a) < p(a) + €7'|la|]| < 00. Hence (b) holds by the last 
theo-em. 

{>)=>(a): By Theorem 3.1.5, the spectra] radius is an algebra semi-norm 
which is certainly less than or equal to the norm of the functional algebra 
A, s‘nce that norm is spectral. Hence we conclude |p(a) — (b)| < p(a—b) < 
la - 8l| for all a,b € A. a] 


“emanek’s [1982] paper includes many other simple consequences of 
Theorem 4.2.17. Let us denote the set of topologically nilpotent elements 
in a Banach algebra A by A:y. We know this set includes the Jacobson 
radical of A. If Ay is closed under either sums or products then it is closed 
under both and thus equals the Jacobson radical which is also closed in the 
norm. Similarly an element b € A belongs to the Jacobson radical if and 
only if it satisfies b+ Arw © An. 

We give another important consequence of Theorem 4.2.11, which can 
also be obtained from Theorem 4.1.9 and Proposition 2.4.12. 


4.2.19 Theorem Every trreducible representation of a commutative spec- 
tral algebra is one-dimensional. 


Procf (First Proof) Let T be an irreducible representation of the commu- 
tative spectral algebra C on a linear space ¥. Then Te is commutative 
and hence satisfies T; ¢ TZ. Since Theorem 4.2.11 asserts that the lat- 
ter space is CJ, and since Te is irreducible, we have Tc = CI and * is 
oneé- limensional. oO 


Procf (Second Proof) Use the same notation. Theorem 4.1.9 shows that 
ker(“") is a maximal modular ideal in C. Proposition 2.4.12 shows that 
C/kor(T) is isomorphic to C. Hence again T is one-dimensional. o 


I, seems to be unknown when the above result holds for topologically 
irrecucible representations in place of algebraically irreducible representa- 
tions. In Volume II we describe a special case in which this is true. 


Representation on Reflexive Banach Spaces 


he extended left regular representation shows that any Banach alge- 
bra 1as a faithful (even isometric) representation on a Banach space, and 
Corollary 4.2.9 shows that any primitive Banach algebra has a faithful con- 
tinuous irreducible representation on a Banach space. Representations on 
vefexive Banach spaces are rarer, but we can elucidate when they occur. 
The results in this subsection are due to Nicholas J. Young {1976] and Sten 
Kaijser [1981]. We begin with a construction which will yield all normed 
irre: ucible representations of a Banach algebra on a reflexive Banach space. 
It generalizes the Gelfand-Naimark-Segal construction which will be stud- 
ied in Section 9.4 of Volume II. 
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4.2.20 Definition Let A be a Banach algebra and let w be a linear 
functional on A. Let ( A, / JA) be the ( left / right ) ideal 


(A, = {be A:w(ab)}=0 ae A} /wA={bE A:uw(ba)=0 ae A}). 
Define a norm on ( A/A, / A/wA ) by 


([lb+ Aull, = sup{lw(ab)| sae Ai} / 
b+ All” = sup{|w(ba)| : a € Aj} ). 


Denote the contractive ( representation / anti-representation ) of A on 
( A/A, / A/wA) ) induced by the ( left / right ) representation of A on A 
by ( LY / R® ). Denote the completion of ( (A/Au, Il Il,) / (A/wA, Il - HI") ) 
by ( 4” / Y” ) and the extension by continuity of each ( LY / RY ) to 
( ~ / y ) by ( LY / Re ). Finally, in order to obtain a representation 
from R®, we let R“*:.A — B((}”’)") be defined by RY* = (RY)*. 

Call w ( left / right ) autoperiodic if ( 4%” / Y” ) is reflexive. A linear 
functional which is either left or right autoperiodic is called autoperiodic. 


Young shows that autoperiodic linear functionals are weakly almost pe- 
riodic (defined before Theorem 1.4.11). He characterizes when w € Aj 4p 
is ( left / right ) autoperiodic in terms of a geometric condition on the 
weak closure of ( {aw : a € Aj} / {wa : a € A;} ) and in terms of the 
equality of the mixed limits of certain double sequences He also gives a 
number of examples and determines the autoperiodic linear functionals in 
a few cases. For instance, if A = C(©) where 2 is a locally compact Haus- 
dorff space, the left (= right) autoperiodic functionals on A are those of 
the form: f + 5°"_,a,f(w;) for n € Nia; € C and w; € 2. In other 
words, the set of left autoperiodic functionals in this case is just the linear 
span of the Gelfand space [.4. However, the most important examples of 
autoperiodic functionals arise as follows. 

Using the notation of Definition 4.2.20, suppose that A is unital. Let 
z € X” be the element 14A,,. Then z is clearly a topologically cyclic vector 
for L”. Moreover, a+ A, +> w(a) defines a continuous linear functional on 
A/A,,, 30 there is an element z* € 1" satisfying 


wa) = z*(Le(z)) Vac A. 


(These ideas were already included in the important paper Bonsall and 
Duncan (1967].) We now show that in the present context there is a much 
stronger converse. 


4.2.21 Theorem Let A be a Banach algebra and let T: A — B(A) be 
an irreducible normed representation of A on a reflexive Banach space ¥. 
Choose non-zero vectors z € X% and 2* € X* and define w € A* by w(a) = 
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z*(¥4(z)) for alla € A. Then w is right autoperiodic and satisfies YY = 
A/.A (i.e., no completion is necessary). Furthermore, the map V: A/A — 
2° <ofined by 
V(a+ JA) = T(z") VaeA 

is @ well-defined homeomorphic linear isomorphism and its adjoint is a 
lopoingical equivalence between T and R**. 

Hence every irreducible normed representation of a Banach algebra A 
on a reflexive Banach space ts topologically equivalent to R”* for some right 
autoperiodic functional w € A*. 


Proof Theorem 4.2.15 shows that T is continuous. Let £ be the left ideal 
{6 € A: Ty(z) = 0}. In Theorem 4.2.3, we have already noted that 
A/£ with its quotient norm is homeomorphically linearly isomorphic to 
4. Hence for c* € X* the expression x* ++ sup{|z*(Tb(z))| : 6 € Ai} is 
equivalent to the original norm. So 


ila -- All|? = sup{|w(ab)| : b € Ay} = sup{|V(a + wA)(Te(z))| b € Ai} 


shows that V is a well-defined homeomorphic linear isomophism. Thus 
its range is norm closed. Therefore, its range (which is clearly a linear 
subspace) is both weakly closed and weak = weak* dense. This implies 
thet A/ A = Y” is a reflexive Banach space, so w is right autoperiodic. 

It only remains to show that V* is an equivalence between T and R**. 
“he Sollowing calculation, which holds for all a,b,c € A, proves this: 


V*(Ta(Th(z)))(e+wA) = V(e+wA)(Tao(z)) = 2*(Teav(z)) 
= V(ca+ ,A)(To(2)) 
= V"(To(z))(Ra (c+ wA)) 
= RY (V"(T(z)))(e+wA). 9 


Dssentially the following result was obtained by Kaijser [1981] as well 
es Young [1976]. Although their proofs differ, both involve the theorem on 
weakly compact operators of Davis, Figiel, Johnson and Pelczynski (Diestel 
end Uhl [1977], VIII4.8). Because of the technicalities involved, we give 
only 2 sketch of the more difficult direction in Young’s proof. 


4.2.22 Theorem A normed algebra A has a { faithful continuous / iso- 
metric ) representation on some reflexive Banach space if and only if the 
weakiy almost periodic functionals of norm 1 on A ( separate the points of 
4. / cetermine the norm of A). 


Proof Suppose T:A — B(4%) is a ( faithful continuous / isometric ) 
representation of A on a reflexive Banach space 7’. Choose norm 1 vectors 
z € ¥ and z* € X*. As before, define w € A* by w(a) = z*(T,(z)) for 
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alla € A. Then w is weakly almost periodic by direct application of the 
definition since bounded subsets of reflexive spaces are weakly compact. As 
z € & and z* € AY vary, this collection of weakly almost periodic function- 
als of ( bounded norm separates the points / norm at most one determines 
the norm ) of A. 

(Sketch.) In order to prove the converse, Young shows how weakly 
almost periodic functionals can be approximated by autoperiodic ones using 
the construction of Davis, Figiel, Johnson and Pelczynski already cited. We 
have shown how to obtain a representation on a reflexive space from an 
autoperiodic linear functional. The direct sum of all these representations 
on the f-direct sum of the reflexive spaces then provides the ( faithful 
continuous / isometric ) representation needed to complete the proof.. O 


We now turn to Kaijser’s approach in terms of factoring a weakly com- 
pact map through a reflexive space. 


4.2.23 Theorem Let A be a unital Banach algebra and let w € A* be 
a weakly almost periodic linear functional. Then there is a representation 
T’ of A on a reflexive Banach space Z”, and topologically cyclic vectors 
z’ € Z” and z”* € Z”* satisfying 


le" Je" <llwl)] and w(a)=2°(Te2") vaeA (3) 


Proof Theorem 1.4.11 shows that the map P,,: A > A*, defined by P,,(a) = 
aw for a € A, is weakly compact. Hence the last theorem in 1.7.8 shows 
that there is a reflexive Banach space Z”, a map S € B(A, Z”) with range 
dense in Z“ and an injective map Q € B(Z”, A*) satisfying P,, = QS, 
HS] = Poll = lw] and ||Q|| < 1. If, as usual, L and R represent 
the left and right regular representations of A on itself, then P” inter- 
twines L and the representation a — (R,)* of A on A* in the sense that 
P,,(La(b)) = (Ra)*(P.,(5)) holds. Hence by the result already cited, there 
is a representation T” of Aon Z™ satisfying S(ab) = S(Lq(b)) = T#(S(b)), 
Q(T? (z)) = (Ra)*(Q(z)) and hence gw = P,,(ab) = Q(T#(S(b))) for any 
a,b € A. Thus we have 


w(cab) = apw(c) = Q*(«(c))(T7(S(b)))  Va,bce A (4) 


Taking z” = S(1) and z”* = Q*(x(1)), gives the desired result. The 
injective map Q is the dual of Q* o« which therefore has dense range in 
Z“*. This shows that both these vectors are topologically cyclic. qa 


4.2.24 Corollary Let A be an Arens regular unital Banach algebra. Then 
there 1s a homeomorphic faithful representation of A on a reflexive Banach 
space Z. Moreover the Arens representation of A** on Z is also faithful 
and homeomorphic. 
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Proof For each w € A* of norm 1, construct the representation T’ on 
2” as in the theorem. Consider the é?-direct sum of these representations 
on ths £?-direct sum Z of the family Z”. For each a € A, there is some 
w of i0rm 1 satisfying ||al] = w(a) = z”*(TY(z”)) < ||T?|| < [Tal]. This 
shows that the continuous representation T is homeomorphic and faithful. 
For te Arens representation T? of Definition 1.4.14 and f € A**, we find 
YH > sup((I*)} : w € At; lull = 1} > supfl2#*(T)}(2")] : w € 
Ar; juwll = 1} > sup{|f(w)| sw © A% lol] = 1} = [fll where 2 and 2* 
are ¢cfined as in the theorem relative to each particular w. Thus T? is also 
home morphic and faithful. oO. 


Injective Banach Algebras 


This notion was introduced by Grothendieck and has been put in a more 
mode-n setting by Kaijser [1976], which is our main reference. For each w 
in the dual Banach space of a Banach algebra A, the map P,:A— A* 
defined by P,{a) = aw was introduced before Theorem 1,4.11, and uniform 
alge’: as were defined following Proposition 3.1.8. Integral operators were 
discugsed in §1.7.12 and the injective tensor product in Section 1.10. See 
also Anna Maria Mantero and Andrew Tonge [1979]. 


4.2.25 Definition A Banach algebra A is said to be ( injective / geomet- 
rically injective ) if it is unital and its multiplication defines a ( continuous / 
contractive ) map from A® A with its injective tensor norm into A. 


9° course, multiplication always defines a continuous map with respect 
to the projective tensor norm on A® A. It is easy to see that A is { in- 
jectiv> / geometrically injective ) if and only if for each w € A* the map 
P,, is an integral operator and the map w+ P,, from A* to B;(A, A*) is 
( con‘inuous / contractive ). Kaijser gives a new proof of Grothendieck’s 
criter‘on that A is injective if and only if for every Banach algebra & the in- 
jective tensor product A®B is a Banach algebra under the product induced 
by the products in A and B. 


4.2.23 Theorem Every injective Banach algebra has a faithful represen- 
tatior as a norm-closed subalgebra of B(H) for some Hilbert space H and 
hence 1s Arens regular. 

Buery geometrically injective Banach algebra is a uniform algebra and 
hence is commutative and semisimple. 


Proof (Sketch of the first portion) Injective maps such as P,, can be fac- 
tored through a Hilbert space, just as weakly compact ones can be factored 
through a reflexive space. The analogue of the last theorem in §1.7.8 still 
holds. Hence the proofs of Theorem 4.2.23 and Corollary 4.2.24 do not 
need any essential change. Oo 


474 4: Ideals, Representations and Radicals 4.3.1 
4.3. The Jacobson Radical 


This section studies the most important of all radicals, the Jacobson 
radical. In the introduction to this chapter we explained that represen- 
tation theories ordinarily cannot provide information on perfectly general 
mathematical objects but that the pathological portion can often be neatly 
split off. The Jacobson radical is the intractable portion of an algebra rel- 
ative to irreducible representations. This radical was briefly introduced in 
Chapter 2 (Definition 2.3.2) since it plays a fundamental role with respect 
to spectral theory as well as representation theory. It was also pointed out 
in Chapter 3 that the Gelfand radical introduced there equals the Jacobson 
radical, at least for spectral algebras which are commutative modulo either 
of these radicals. 

The next definition is due to Jacobson (1945a], although he used prop- 
erty (b) of our Theorem 4.3.6 as his definition. 


4.3.1 Definition The radical, or Jacobson radical, of an algebra A is 
the intersection of the kernels of the irreducible representations of A. It is 
denoted by A;. An algebra is said to be semisimple if its radical is zero 
and is said to be Jacobson-radical if it equals its Jacobson radical. 


In this definition we are following the common convention that the in- 
tersection of an empty family of subsets of a set is the set itself. Thus 
an algebra is Jacobson-radical if and only if it has no irreducible represen- 
tations at all. We could rephrase the definition by saying that A, is the 
intersection of all the primitive ideals of A. Of course the Jacobson radical 
is an ideal. We shall see that semisimple algebras are comparatively well be- 
haved. (The fundamental theorem of spectral semi-norms (Theorem 2.3.6) 
was an early example of this.) The next theorem shows how to construct a 
(largest) semisimple quotient algebra from any algebra. 


4.3.2 Theorem Any algebra A and any ideal T of A satisfy: 
(a) Z7 =TNAJ. 
(b) ZG Ay implies (A/Z)) = Aj/T. 
(c) A/Z semisimple implies A; = T,. 

Thus in particular A, is radical and A/Ay is semisimple. 


Proof (a): Theorem 4.1.6(a) asserts that the irreducible representations of 
an ideal of A are precisely the restrictions to the ideal (of the homomor- 
phisms) of the irreducible representations of A. This implies 7; = 7M Ay 
and hence (Ay)y = Ay. (b): Theorem 4.1.6(b) asserts that if Z is an 
ideal of A which is included in Aj, then the irreducible representations of 
A are precisely those which can be written as T o y for some irreducible 
representation, T, of A/Z where y: A — A/T is the natural map. This 
shows (A/T), = A,/Z and hence (A/As)7 = {0}. (c): If A/Z is semi- 
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simple, Theorem 4.1.8(e) shows J = M{P : P € A™(Z)} which implies 
Ty =INA; =P: Pe Ma} = Ap. oO 


a3 immediate consequence of this theorem is the following simple but 
usefu! result. 


é.£.8 Corollary Any algebra A satisfies: A; =(A!),. 


Proof The theorem gives Ay = (A!),M.A. If the algebra is unital there 
is rething to prove, so we assume otherwise. Since \ + a ++ \ defines an 
irrecucible representation of A! on C with kernel A, we conclude (A!) ; C A 
which implies Ay = (A!)yN A= (A!)). oO 


Quasi-regular Ideals 


The following definition is due to Reinhold Baer [1943]. The idea stems 
from Sam Perlis [1942]. 


4.3.4 Definition A one-sided ideal or ideal is called quasi-regular if it 
contains a quasi-inverse for each of its elements. 


Because a one-sided ideal or ideal is a spectral subalgebra, it is quasi- 
regular if each of its elements has a quasi-inverse in any algebra in which it 
is embedded. Note also that a one-sided ideal or ideal C of an algebra A is 
auasi-regular if and only if it satisfies 


Spa(a) = Spc(a)= {0} Vael. 


on 


"he aquations obviously imply that £ is quasi-regular. To see the opposite 


imelication note that 
ATA ELC AG Vael; AEC \ {0} 


implies Sp4(a) C Spe(a) © {0}. If A is not unital these inclusions are 
odvieusly equalities, but if A is unital then 1 does not belong to LC Agg 
so thet Sp,(a) equals {0} in this case also. 

The first result in the following lemma is due to Baer [1943]. The second 
is due to Jacobson [1945a]. 


4.3.5 Lemma A left ideal is quasi-regular if every element is left quasi- 
invertible. An element which belongs to a quasi-regular left ideal belongs to 
every orimitive ideal. 


Prcof Suppose C is a left ideal and every element of L is left quasi-invertible 
(t:e-, has a left quasi-inverse). Let b be the left quasi-inverse for a € A. 
Then o = ba — a belongs to £. Thus } has a left quasi-inverse c as well as 
ig right quasi-inverse a. This implies c = co (boa) = (cob)oa=a. Thus 
a is quasi-invertible with quasi-inverse b. Hence C is quasi-regular. 
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To prove the second statement suppose that an element a does not 
belong to some primitive ideal. Then there is an irreducible representation 
T satisfying T, # 0. Choose z € X7 satisfying T,z # 0 and then choose 
be A satisfying T,T.z = Thaz = z. If c is a left quasi-inverse for ba then 
co (ba) = 0 holds and so Toz = Teo(payz = Tez + Thaz — TeThaz = 2 is 
a contradiction. Thus if an element a does not belong to some primitive 
ideal, then ba is not quasi-invertible for some b € A and hence a does not 
belong to any quasi-regular left ideal. Oo 


Diverse Characterizations of the Jacobson Radical 


In the next theorem (a) and part of (d) are due to Hille [1948], while (b) 
and (c) are due to Jacobson [1945a]. In [1947a] Segal defined an algebra to 
be weakly semisimple if the maximal modular left ideals have intersection 
{0}. He was apparently unaware of Jacobson’s paper [1945a]. Part of this 
theorem was already obtained in Theorern 2.3.3. 


4.3.6 Theorem Let A be an algebra. 

(a) The Jacobson radical is the intersection of all mazimal modular left 
(or right) tdeals of A. Hence it is the same in the reverse algebra. 

(b) The Jacobson radical is a quasi-regular ideal which includes all quasi- 
regular one- or two-sided ideals of A. 

(c) The Jacobson radical ts the set 


{ae A: Ala Agc}. 


(d) The Jacobson radical is the largest ideal T satisfying any (hence all) 
of the follounng equivalerit conditions 


Spajr(at+Z) C Spa(a) C Spajr(a + Z) U {0} VaceA; 
Aqgg = {a@€ A:a+Te (A/Z)qc}; 
Sp(a + b) = Sp(a) Vac A;beET, 
Sp(b)= {0} VobeT; 
p(a + b) = p(a) Vac Abel, 
p(b)=0 Vober. 
(e) Any spectral subalgebra B of A satisfies BN A; C By. 


Proof We first prove (c), (b) and the first sentence of (a); the latter two 
only for left ideals. Theorem 4.1.8 shows that the intersection A, of all 
the primitive ideals of A equals the intersection of all maximal modular left 
ideals of A (even if one, and hence both, of these families is empty). Lemma 
4.3.5 shows that every quasi-regular left ideal is included in the intersection 
A, of all the primitive ideals. If e € A is not left quasi-invertible, then 
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there is a maximal modular left ideal C with e ¢ £ by Theorem 2.4.6. 
Thus e does not belong to A; by what we have already shown. Now the 
first sentence of Lemma 4.3.5 shows that A, is quasi-regular. Clearly any 
element belongs to a quasi-regular left ideal if and only if it belongs to 
the get defined in condition (c). Thus we have established (a), (b) and 
(c) except that we have not yet shown that A, is the intersection of all 
maximal modular right ideals and contains all right quasi-regular ideals. 
However, (A + b)a € Aga is equivalent to a(A + b) € Agg by Proposition 
2.1.8. We conclude Ay = {a € A: aA! C Agg} = {a € A: a belongs to 
some quasi-regular right ideal}. This completes the proof of (b) and shows 
that the radical of the reverse of an algebra is the same as the radical of 
the s gebra itself. This fact completes the proof of (a) also. 

{c): This was proved as Theorem 2.3.3(c). 

(c): This follows from (b) since BQ A is a quasi-regular ideal of B. O 


As remarked after the definition of quasi-regular ideals, an ideal or one- 
sided ideal is quasi-regular if and only if each element has spectrum equal 
to {@°. Hence if the set of elements with spectrum {0} is an ideal, then that 
ideal is the Jacobson radical. (Usually, however, there are many elements 
with spectrum {0} not contained in the Jacobson radical. The various 
nilne ent elements in a full matrix algebra are examples.) As noted below, 
commniutative spectral algebras always have the property that the set of 
elements with spectrum {0} is an ideal. An algebra, A, with this property 
has the further remarkable property that any subalgebra, B, satisfies By C 
A,B and any spectral subalgebra, B, satisfies By = Ay B. 

Algebras which have no non-zero elements with spectrum {0} form an 
extreme case. Commutative semisimple spectral algebras are an example. 
For finite dimensional algebras the Wedderburn structure theorems show 
that any algebra satisfying this condition must be commutative. However, 
we wil give a family of infinite-dimensional noncommutative Banach alge- 
bras satisfying this condition in Example 4.8.5. Any subalgebra of such an 
algebra is semisimple. 


4.3.7 Corollary Every one-sided identity in a semisimple algebra is a 
two-r'ded identity. 


Proc, Suppose A is an algebra and e is a right identity for A. Then the 
sat 7 = {ey—y: y © A} satisfies AZ = {0} and ZA C Z so that it is 
a qutsi-regular ideal in which each element satisfies hb’ = —b. Hence TZ is 
incli::ed in A . If A is semisimple, then T is zero. Oo 


. 3 will now record the beautiful way in which norms, spectral norms 
and complete norms relate to the Jacobson radical. The next four corollaries 
are @.:e to Jacobson [1945a] in the complete case. A one- or two-sided ideal 
TZ in «, semi-normed algebra is called topologically nil if every element a € A 
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satisfies a°°(a) = 0. (This concept is also due to Jacobson [1945a] who 
called these ideals generalized nil ideals.) In a spectral semi-normed algebra 
this is equivalent to Sp(a) = {0} for all a € Z. Thus in this case an ideal is 
topologically nil if it is quasi-regular. 


4.3.8 Corollary Let (A,o) be a semi-normed algebra. Then o®(a) = 0 
holds for each a € Aj so that the Jacobson radical is a topologically nil 
ideal. 


Proof This follows immediately from Theorems 4.3.6(b), 4.1.6(b) and 2.2.2. 
G 


The second statement in the next corollary was obtained independently 
by Max Zorn and Einar Hiile about the same time (cf. Hille [1948], pp. 475, 
476) as Jacobson [1945a]. 


4.3.9 Corollary The Jacobson radical of a spectral semi-normed algebra 
(A,o) is a topologically nil ideal which contains every topologically nil one- 
sided ideal or ideal. It also equals the set 


{a € A: lim o((ab)") = 0 for all bE A}. 


Proof The first statement follows immediately from Theorems 4.3.6(b) 
and 2.2.5 and the remark following Definition 4.3.4. To prove the second 
statement we note that a € A, and b € A! imply ab € A, which implies 
0 = 0 (ab) = limn-..0(o((ab)"))!/". Hence limn., o((ab)") = 0 holds for 
any a € A; and be A!. Conversely, if 7(a) > 0 holds for a € A, then 
limy—.o0 o(ab)” = 0 fails for any b =  € C satisfying |A| > 0 (a)~!. Thus 
a ¢ A, implies that lim,_.,. o(ab)” = 0 fails for some b € A}. a 


The following simple results are of tremendous importance, so we repeat 
them despite their earlier appearances in Chapters 2 and 3. 


4.3.10 Corollary The Jacobson radical of a spectral semi-normed algebra 
is closed. Hence a spectral semt-norm on a semisimple algebra is a norm. 


Proof Theorems 4.3.6(a) and 2.4.7 prove the first statement. The second 
is an immediate consequence of the first. Oo 


4.3.11 Corollary The Jacobson radical of an almost commutative spectral 
algebra equals the Gelfand radical. 


Proof Recall that an algebra is almost commutative if its quotient modulo 
its Jacobson radical is commutative. Theorem 3.1.5 shows that the state- 
ment of this corollary is equivalent to almost commutativity for a spectral 
algebra. We record this fact again here for completeness. Oo 


4,2,52 The Jacobson Radical 479 
Jacoxson Radical and Idempotent Elements 


“; the next proposition we collect some results on the Jacobson radical 
e.* idempotent elements. Result (c) is due to Kaplansky [1949a]. A pe- 
rusai of the proof of Theorem 2.5.14 shows that (c) remains true for unital 
spectral semi-normed algebras. The proof of (d) is a slight modification of 
an argument due to Joseph H. Maclagan Wedderburn [1907]. He made no 
topological assumption on A but assumed that A, was a nilpotent ideal. 
(Nilpotent ideals and nil ideals will be defined below.) Whenever Aj, is nil, 
the power series used in the proof terminate, so that no limits are involved 
in summing them. Since the existence of these limits is the only issue in the 
proo’, this result holds for functional algebras as well as Banach algebras. 
Result (e) was obtained by Chester Feldman [1951]. It will be used later 
(Teorem 7.1.3) to prove one of the main results of his paper. 
4.£..2 Proposition Let A be an algebra. 

‘s) Ay contains no non-zero idempotents. 

(9) Any idempotent e in A satisfies 


(eAe); = eAeN Ay = eAyze. 


Hence, the Jacobson radical M,(A)y of ann x n matrix algebra over a 
unital algebra A is just Mn(A). 


Eet A be a Banach algebra. 

(c) Every element of A; is a two-sided topological divisor of zero. 

(d) Any idempotent in A/A; can be written as e+ Az, where e is an 
idemnotent in A. 

fe) Any finite or countable set of orthogonal idempotents in A/Ay may 
be written as {e+ A;:e € E}, where E is a set of orthogonal idempotents 


a 
mm Ai. 


Proof (a): If e is an idempotent element in Aj, then it is quasi-invertible 
anc. hence e + ee? = e(e + e4) = e(ee?) = ee? implies e = 0. 

(9): Proposition 2.5.3(e) gives eAeM Ay C (eAe)y. Let a € A’ and 
b & (eAe), be arbitrary. Then ab = aeb holds and eaeb € (eAe)y has a 
quasi-inverse c in eAe. We have co ab = ab + c — cab = aeb + c — ceaeb = 
( — e)aeb + co eaeb = (1 ~— e)aeb. However (1 — e)aeb has square zero so 
that it is quasi-invertible. Hence ab is left quasi-invertible. Since a € A’ 
was arbitrary we conclude that b belongs to Ay by Theorem 4.3.6(c). This 
cenciudes the proof of the first equality since b € (eAe); was arbitrary. 
The inclusion eA ze C eAeM A, is obvious and any b € eAeN Ay satisfies 
3 = 2be € eAye. The remark about matrix algebras now follows from 


fe): Corollary 4.3.8 and Theorem 2.5.14 show that each element of Aj 
is either a two-sided topological divisor of zero or is invertible in eAe for a 
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suitable proper idempotent e. However, the latter condition is impossible 
since it would imply that A, contains the idempotent e. 

(d): Let a + A; be idempotent. We will actually show that there is a 
(necessarily unique) idempotent e in the smallest closed spectral subalgebra 
of A containing a (e.g., it is in the double commutant {a}” of {a} in A) 
satisfying e+ A; =a+ Ay. Define j by j =a? -—a € Az. Then —47(1 — 
(~4j)*) = 6 is defined and belongs to. A; {a}”. Thus b satisfies {|b|| = 0 


so that the series 
foe) 


Le (2) 
k=1 
converges absolutely to an element c which belongs to both Ay and any 
closed spectral subalgebra of A containing a, and which satisfies 4c?+4c = b. 
Define e by e = a+ 2ac~cea+Aj. Then we get 


e-e = a? +4a*c* +c? + 4a%c— 2ac — 4ac? —a-2act+e 
= pt 47+? 4+4je+ce=j+jb+4-'d 
= j-(4j +1)j(1 — (-47)%) = 0. 


(e): Suppose that {a, + Ay : 1 < 7 < n} is a set of orthogonal 
idempotents in A/Ay. By induction using (d) we may assume that a 
set {e; : a < j < n—1)} of orthogonal idempotents have been found 
satisfying e; + Ay = a; + Ay. Define an idempotent e € A by e = 
PEC, e,, Then the orthogonality of {aj + Ay : 1 < 7 < n} implies 
(1 -—e)a,(1 —e) + Ay = Gy, + Ay. Let en be the idempotent constructed 
as in (d) from (1 — e)a,(1 — e). The construction gives an element in the 
closed spectral subalgebra (1 —e)A(1—-e) of A. Hence {e;:1<j <n}isa 
set. of orthogonal idempotents satisfying e, + Ay =a; +Ay forl<j<n. 
Clearly the argument covers the case of a countably infinite set of orthog- 
onal idempotents. o 


The perturbation set P(S) of a set S in an algebra A is the set 
{a € A: a+S C S}. Clearly this set is always closed under addition. 
Suppose A is unital and S = Ag. Since Ag is closed under multipli- 
cation by non-zero numbers, a € P(Ag), 6 € Ag and »A # O implies 
Aa +b = A(a + A~'b) € Ag. Hence P(Ag) is a linear subspace. If ev- 
ery element of A can be written as the sum of invertible elements, then 
P(Ag) is an ideal. To see this, consider a € P(Ag), b€ Ag andce A 
with c = 5°"_, c; where the c; are all invertible. Then ac, +b = (a+bc; *)c; 
is invertible for each j, so ac; and hence ac = ))"_, ac; belong to the pertur- 
bation set. Since multiplication from the left works similarly, P(Ag) is an 
ideal of A as claimed. We wish to work in not necessarily spectral algebras, 
0 we must consider the perturbation set of AZ, in A: P4(AG) = ANP(AL). 
The next result is due to Arnold Lebow and Martin Schecter [1971] for uni- 
tal Banach algebras. See also Jiirgen Schulz [1985]. 


a a 
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4.2,.3 Proposition In any spectral algebra A, the Jacobson radical is 
the perturbation set in A of the group Al, in the unitization: 


Ay = {ae A:at+AQC AG}. 


Proof Denote the perturbation set by P = P4(AG). The third condition 
unde: Theorem 4,.3.6(d) shows A, C P in any algebra. Since the spectrum 
is bo-unded in a spectral algebra, any element is the sum of the two invertible 
elem :nts A and —(A—a) for any 4 with absolute value strictly greater than 
p(a). Hence the perturbation set P is an ideal by the argument given above. 
In this case, Theorem 4.3.6(d) shows P = Aj. Oo 


T. Keith Carne [1981] studies irreducible representations of general al- 
gebra tensor products and gives conditions for their semisimplicity. The 
nuclearity (Definition 1.10.23) of the tensor norm is a key factor. This im- 
proves previous results of Bernard R. Gelbaum [1962], Kjeld B. Laursen 
{1970] and Jun Tomiyama [1972]. 


4.4 The Baer Radical 


We will now turn to the study of another radical—the Baer radical. It 
is of -auch less importance in our theory mainly because it is not necessarily 
close} in spectral normed algebras. Nevertheless the algebras for which this 
radical is zero have a number of useful properties. 


Definitions 


The terms “nilpotent” and “nil” introduced in the next definition were 
used »y Wedderburn [1907], and Gottfried Kéthe [1930], respectively. Kothe 
provided an example which showed that they did not coincide. The concept 
of a nil ideal was exploited by Elie Cartan [1898]. The term “semiprime” 
was ‘ntroduced by Masayoshi Nagata [1951], but the concept was already 
considered by Baer [1943]. 

i should be noted that, unlike primitive ideals, all the concepts pre- 
sented here and for the rest of this section are invariant under reversal of 
the crder of multiplication. Thus, anything proved for left ideals will hold 
(pert aps with an obvious reflection in the statement) for right ideals. 


4.4.1 Definition Let A be an algebra. Then A is called: 

(2) nil if each element is nilpotent (i.e., for each a € A there is some 
n & N satisfying a" = 0); 

(b) nilpotent if there is some n € N satisfying A” = {0} (i.e., there is 
some n € N such that for any a;,a2,...,4n € A the product a,a2---an is 
ZeTO}, 

{c) semiprime if it has no non-zero nilpotent ideal. 
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An ideal Z of A is called nil or nilpotent if it is nil or nilpotent when it 
is considered as an algebra in its own right. However, an ideal Z of A is 
called semiprime if A/Z is semiprime. 


The two systems for applying the above terms to algebras and to ideals 
are slightly confusing, but we are following well established tradition. The 
terms “prime” and “primitive” are applied to algebras and ideals according 
to the same system as “semiprime”. One must be careful to note that a 
semiprime ideal of an algebra is not usually semiprime when considered as 
an algebra in its own right. 


Nil and Nilpotent Ideals 


In Theorem 4.4.11 below we will give results of Sandy Grabiner [1969] 
and Peter G. Dixon (1973b] which assert that a nil Banach algebra is nilpo- 
tent and a semiprime Banach algebra has no non-zero nil one-sided ideals. 
Most of the following results can be found in Cartan [1898] and Wedderburn 
{1907}. 


4.4.2 Proposition Let A be an algebra. 

(a) If A is nil or nilpotent, then every subalgebra of A and every homo- 
morphic tmage of A has the corresponding property. 

(b) If A has an ideal I such that I and A/T are both nil or beth nilpo- 
tent, then A has the corresponding property. 

(c) The sum M of all the nil ideals 1s a nil ideal and A/M has no 
non-zero nil ideals. 

(d) The sum of a finite set of nilpotent ideals is nilpotent. The sum of 
all the nilpotent ideals is a nil ideal which contains every nilpotent one-sided 
ideal. 

(e) If some ideal J of A has a non-zero nilpotent ideal, then there is a 
non-zero nilpotent ideal of A. Hence any ideal of a semiprime algebra is a 
semiprime algebra. 


Proof Both (a) and (b) are obvious. (c) and (d): First we note that the 
sum of two nil or nilpotent ideals has the corresponding property. Suppose 
J, and TZ, are both nil or both nilpotent ideals in A. Then (Z; + Z2)/Z, is 
isomorphic to Z2/(Z; Zz) which is nil or nilpotent by (a). Thus (b) shows 
that Z, + Zp is nil or nilpotent since both (Z; + Z2)/Zi and Z, have the 
corresponding property. By induction both these properties are preserved 
under finite sums of ideals. If an element a € A belongs to the sum of all 
nil ideals, then a belongs to the sum of finitely many nil ideals and hence 
is nilpotent by what we have just proved. Hence the sum of all nil ideals is 
nil. Since the sum of all nilpotent ideals is an ideal included in the sum of 
all nil ideals it is a nil ideal also. 

Let M be the sum of all nil ideals. We will show that A/M has no 
non-zero nil ideals. If J is the preimage in A of a nil ideal of A/M, then 
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Fig and M are both nil so Z is nil by (b). Therefore Z is included in M 
by che definition of M. Thus A/M has no non-zero nil ideals. 

Sinally, we note that the last claim of (d) follows from the fact that any 
nilpotent one-sided ideal is included in some nilpotent two-sided ideal. For 
instance, if £ is a left ideal satisfying C" «= {0}, then C is included in the 
idea! £.A! which satisfies (CA!)" = £(A!L)"-1A! CL" A} = {0}. 

(e) Let VV be a non-zero nilpotent ideal of J. The ideal M = A'NA! 
of 4 satisfies M3 C INI CN. Thus M is nilpotent, since AV is nilpotent. 
The last sentence follows immediately from the first. Oo 


The sum of all the nil ideals of an algebra is called the nil radical. This 
was the first radical considered for algebras. It was introduced by Cartan 
[1898]. We denote the nil radical of an algebra A by Ani. Proposition 
4.4,2(c) shows 


2 (A/Ani)nit = {0} and (Anit) nil = Anil- 


These are the two most basic properties which any radical should possess. 
For finite-dimensional algebras nil ideals are nilpotent. Wedderburn [1907] 
introduced and concentrated on the nilpotent ideals. Their theory is un- 
fortunately even harder than the theory of nil ideals to generalize beyond 
finite-dimensional algebras and algebras with the descending chain condi- 
tion on left ideals (where again nil ideals are nilpotent). 


Semivrime Ideals 


The next results are mainly due to Nagata [1951]. The only nontrivial 
step is the proof that each semiprime ideal satisfies (e). This theorem is 
very similar to Theorem 4.1.10. 


4.4.3 Theorem Let T be an ideal in an algebra A. The following are 
equivalent: 

(a) Z is a semiprime ideal of A. 

‘(b) aAa CZ implies a € T for alla € A; 

“(c) If M ts an ideal of A, then M? C TZ implies M CT. 

(dc) If L is a one-sided ideal of A satisfying L" C T for some positive 
iniéger n, then L satisfies LC T. 

(e) I is the intersection of some set of prime ideals of A. 


Proof (a) => (b): If aAa C T holds, then (A'aA'/Z)? equals {Z} in A/T. 
Thus (AlaA!)/Z = {TZ} holds in the semiprime algebra A/Z. However, 
this implies a € Z. 

‘>’ => (c): If M? C Z and a € M hold, then aAa C M? C T implies 
aéZ, Since a € M was arbitrary, M is included in T. 

(c} = (d): Let £ be a left ideal satisfying £" C I. Then CA! is an ideal 
csvieling (LA!)" C £°A! C TA! = I. Suppose that m is the smallest 
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integer satisfying (CA!)™ C Z. If m > 1 held, then ((LA!)™~!)? CZ 
would hold. Then (c) would imply (CA!)™~' C Z. This contradiction 
shows m = 1s0 £G LA! CT holds. 

(d) = (a): We must show that A/T has no non-zero nilpotent ideals. If 
(N/TZ)" is the zero ideal (i.e., it equals {Z} in A/Z), then A is included 
in Z. This implies NW C Z so that A//TZ already equals {Z} in A/T. 

(e) => (c): If M? C N{P. : a € A} holds for any set of prime ideals 
{Pa : a € A}, then for each a € A,M? C Py implies M C Py by the 
definition of a prime ideal. Hence M is a subset of N{Pa : a € A}. 

(b) = (e): If (e) is false there is an element a, which belongs to the 
intersection of all the prime ideals of A which include Z}, but a, does not 
belong to Z. We can inductively choose ay, € an,—;Aan_1\Z by (b). Define 
S as the set {a, : n € N}. Consider the family of ideals which include 
TZ but do not intersect S. It contains J. When this family is ordered 
by inclusion, Zorn’s lemma shows that it has a maximal element which 
we will call P. We want to show that P is prime. This will prove the 
implication (b) = (e) by contradiction since the choice of a; then shows 
that a, € S belongs to P. Suppose a, b € A do not belong to P. We will 
show aAb Z P and thus establish that P is prime by Theorem 4.1.10(b). By 
maximality of P there are elements a;, a; € S satisfying a; € P + AlaA! 
and a; € P + A'bA'. By symmetry we may suppose i < j. This implies 
4,41 € aj;Aa, C (P+ AlaA!)A(P + A'bA!). If P includes aAb, then the 
last expression would be included in P. However, a;41 € S does not belong 
to P. Hence aAbd is not included in P so P is prime. As remarked above 
this shows (b) => (e). Oo 


Note that property (d) in the last theorem shows that a semiprime alge- 
bra has no non-zero nilpotent one-sided ideals. This is one of the conditions 
originally considered by Baer [1943] in his definition of radical ideals. 

We now prove another easy proposition which includes results needed 
later. Similar statements hold for prime ideals instead of semiprime ideals. 


4.4.4 Proposition Let A be an algebra and let Z be an ideal of A. 
(a) If P is a semiprime ideal of T, then P is an ideal of A. If in addition 
I is a semiprime ideal of A, then P is a semiprime ideal of A. 
(b) If P is a semiprime ideal of A, then PNT is a semiprime ideal of T. 
(c) If P is a semiprime ideal of A which includes T, then P/T is a 
semiprime ideal of A/T. 
(d) If P is a semiprime tdeal of A/T, then its complete preimage in A 
ts a semiprime ideal of A. 
Proof (a): If P is any ideal of Z, then PA and AP are ideals of Z. (The 
following calculations show this for PA : PA C Z;T(PA) = (IP)A C 
PA,(PA)I = P(AT) C PA. Note also (PA)I = P(AT) € PI C P.) 
However we have (PA)? = P( APA) C PI C P and similarly (AP)? C P. 
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Hence if P is a semiprime ideal of Z, then P includes PA and AP so P is 
an ideal of A. 

TTow assume that Z is a semiprime ideal of A and let P be a semiprime 
idea_ of J. Then we have just shown that P is an ideal of A. We will use 
Theorem 4.4.3(c) to show that P is a semiprime ideal of A. Suppose NV is 
an ideal of A satisfying VW? ¢ P. Then NV? C PC Z implies NV C Z. Hence 
N is an ideal of Z. Since P is a semiprime ideal of J which includes N® it 
includes V’. Hence P is a semiprime ideal of A. 

(b): We will use Theorem 4.4.3(c) and (d). Suppose A is an ideal 
of I satisfying N? C PMI. Then AWN is a left ideal of A satisfying 
(AL) = AAN(AIN)AIN C AINTAIN = AIN(IAN)N C AININ C 
AIN? C APM) CP. Since P is a semiprime ideal of A it includes 
N CAIN. Since N is an ideal of ZT we conclude VN C PNT. This proves 
that PZ is a semiprime ideal of Z. 

(c): Suppose A is an ideal of A/Z which satisfies VW? C P/T. Let M be 
its complete preimage in A. Then M? is included in P + ZI = P. Since P is 
a semiprime ideal of A we conclude M C P and hence N = M/T C P/T. 
Theerem 4.4.3(c) shows that P/T is semiprime. 

(d): Let M be the complete preimage in A of P and let VV be an ideal 
of A satisfying N* C M. Then (N/Z)? C M/I = P implies N/I C P 
since P is a semiprime ideal of A/Z. Hence N is included in M. Therefore 
M is semiprime. Qo 


Reinhold Baer [1943] called any ideal Z of an algebra A a radical ideal 
if Z iz a nil ideal and A/Z contains no non-zero nilpotent one-sided ideals. 
He proved that the intersection of all radical ideals is a radical ideal (now 
callec the Baer lower radical) and the sum of all radical ideals is a radical 
idea} (now called the Baer upper radical). He made the easy observation 
that the Baer lower radical is (in our terminology) simply the intersection 
of the semiprime ideals since this intersection is automatically nil. 


The Baer Radical 


The following definition is due to McCoy [1949]. Jacob Levitzki [1951] 
and Nagata [1951] independently showed that the ideal defined here, which 
McCoy called the prime radical, coincides with the Baer lower radical. We 
follow Nathan J. Divinsky [1965] in calling this simply the Baer radical. 
Theorem 4.4.6 below shows that this agrees with Baer’s original definition. 


4.4.5 Definition The Baer radical, or prime radical, of an algebra, A, 
is the intersection of all the prime ideals of A. It is denoted by Ag. The 
algebra is called Baer-radical if it equals its own Baer radical. 


Tc agree with systematic usage we should call an algebra Baer-semisimple 
if its 3aer radical is zero. However, the next result shows that the term 
semip-ime already covers this situation. (Nagata [1951] invented the term 
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semiprime to signify that such an algebra could be written as a subdirect 
product of prime algebras. He suggested the term semiprimitive to replace 
Jacobson semisimple. His systematic notation has not been adopted by 
others.) 

The (easy) fact that the Baer radical (as defined here) is semiprime was 
noted by McCoy [1949]. The fact that it is the smallest such ideal was 
proved by Nagata [1951]. The following theorem shows that Ag is Baer’s 
original lower radical. 


4.4.6 Theorem The Baer radical of an algebra is a semiprime nil-ideal 
which w included in every semiprime ideal. Hence the Baer radical is {0} 
if and only if the algebra is semiprime. The Baer radical of a commutative 
algebra is the set of nilpotent elements and hence is the nil radical. 


Proof The fact that the Baer radical is a sciuiprime ideal which is included 
in every semiprime ideal is an immediate consequence of Theorem 4.4.3(c¢). 
Since {0} is a semiprime ideal if and only if the algebra is semiprime, 
the second sentence follows from this. Proposition 4.4.2(c) shows that the 
sum, M, of all nil ideals (the nil radical) is a nil, semi-prime ideal. Hence 
Proposition 4.4.2(a) shows that the Baer radical is nil since it. is included 
in M. 

If A is commutative the set A’ of nilpotent elements is clearly an ideal. 
It includes Ag by the first result of this theorem. If this inclusion were 
proper, A/Ag would include the non-zero nilpotent ideal A1b/Ap for some 
be N\Ap. Since A/Ag is semiprime, we conclude that NV equals the Baer 
radical. o 


Having characterized the Baer radical as an intersection of ideals and 
characterized the algebras with the smallest possible Baer radicals, we turn 
our attention to the Baer radical itself and characterize it as a sum of ideals. 


4.4.7 Theorem An algebra is Baer radical if and only if every non-zero 
homomorphic image of it has a non-zero nilpotent ideal. The Baer radical 
of any algebra is a Baer radical ideal which includes all Baer radical ideals 
and all one-sided nilpotent ideals. 


Proof Let A be an algebra. By the last theorem Ag is the smallest ideal of 
A such that A/Ag is semiprime. Hence A= Ag holds if and only if every 
non-zero homomorphic image of A contains a non-zero nilpotent ideal (i.e., 
is not semiprime). 

Theorem 4.4.6 shows that Ag is a semiprime ideal of A and that (Ag)p 
is a semiprime ideal of Ag. Hence Proposition 4.4.4(a) shows that (Ag)s 
is a semiprime ideal of A. Theorem 4.4.6 then shows Ag C (Ag). Since 
the opposite inclusion is trivial, Ag is a Baer radical ideal. 

Now suppose Z is any Baer radical ideal of A. If Z is not included 
in Ag, then Z/(ZM Ag) is a non-zero homomorphic image which must 
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contain a non-zero nilpotent ideal by the first statement of this theorem. 
However T/(ZM Ag) is isomorphic to (J + Ag)/Agp which is an ideal of the 
sextinrime algebra A/Ag and hence contains no non-zero nilpotent ideal 
by Froposition 4.4.2(e). This contradiction shows that J (which was an 
arbitrary Baer radical ideal) is included in Ag. Finally Proposition 4.4.2(d) 
shows that Ag includes all one-sided nilpotent ideals since it includes all 
Baer radical ideals and hence all nilpotent ideals. a 


Note that the first sentence of the last theorem shows how to character- 
ize Baer radical ideals in terms of nilpotent ideals. One might be tempted 
to continue the process and define a new concept by the same construc- 
tion starting with Baer radical ideals. However, an application of Theorem 
4.4.3{e) shows easily that we simply get the concept Baer radical again 
by this construction. This remark is due to Adam Suliiski, Robert F. 
V. Anderson, and Divinsky [1966] whose work suggested the treatment of 
Theorem 4,4.7 above. 

Next we prove the analogue of Theorem 4.3.2. The two assertions in the 
last sentence have each been proved already (in Theorems 4.4.6 and 4.4.7 
respectively) but are included for comparison. Property (a) was established 
by McCoy {1949}. 


4.4.8 Theorem Any algebra A and any ideal Z of A satisfy: 
(a) Tg =IN Ag. 
(bh) Z C Ap implies (A/Z)p = Ap/T. 
(c) A/T semiprime implies Ap = Tp. 

Thus in particular A/Ag is semiprime and Ag is Baer radical. 


Proc; The proof of Theorem 4.3.2 may be copied, merely substituting 
“orim.o” for “primitive” and “the last sentence of Theorem 4.1.10” for “The- 
orem 4.1.8(e)”. We give alternative proofs for (a) and (b) also. 

(a): Proposition 4.4.4(b) shows that JM Ag is a semiprime ideal of Z. 
Hence Theorem 4.4.6 implies Tg CIN Ag. 

‘"o prove the opposite inclusion, suppose a is an element of Z\Zg. Then 
there is a prime ideal M of Z which does not contain a. Define S to be the 
set J \ M which contains a. Consider the family of ideals of A which do 
not intersect S. This family is not empty since {0} belongs to it. Zorn’s 
lemma applies to this family when it is ordered by inclusion and gives a 
maximal element P. We repeat the argument given in the proof of Theorem 
4.4.2 (b)=>(e), which shows that P is a prime ideal. Suppose b; and b2 are 
any elements of A satisfying b1,b2 ¢ P. Then the maximality of P gives 
elements c, and cz in S satisfying c; € P+A'b;A! for j = 1,2. This implies 
1 Aco C (P + Alb, A!) A(P + Alb2A!) C P. However this contradicts the 
fact that c,Zc2 has nontrivial intersection with S. Hence P is a prime ideal 
which does not include a. Since a was an arbitrary element of J \ Zp and 
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since JN Ag equals N{7 NP : P is a prime ideal of A}, we conclude that 
IM Ag is included in Ig. This proves (a). 

(b): Proposition 4.4.4(c) and (d) prove 


(A/Z)B N{P : P is a semiprime ideal of A/T} 
A{P/TZ : P is a semiprime ideal of A} 


Ap/T. oO 


tl 


The following two conditions which imply that an algebra is semiprime 
may have some interest. The second condition significantly strengthens 
Yood [1972], Corollary 2.7. 


4.4.9 Proposition An algebra is semiprime 1f either: 

(a) It has a separating family of topologically irreducible normed repre- 
sentations; or 

(b) It ts a dense subalgebra of a semiprime topological algebra. 

In fact, the intersection of a closed ( prime / semiprime ) ideal of a 
topological algebra with a dense subalgebra is a ( prime / semiprime ) ideal 
of the subalgebra. 


Proof (a): This follows from Proposition 4.2.5 and Theorem 4.4.3(a). 
(b): This follows from Theorem 4.4.3(b). 
The last remark follows from Theorem ( 4.1.10 (b) / 4.4.3(b) ). oO 


The intersection of the kernels of the continuous topologically irreducible 
representations of an arbitrary Banach algebra A would seem to be an 
interesting object. It is a closed semiprime ideal, but not much more seems 
to be known about it. 

The following result is chiefly of interest to us through its use in Theorem 
4.4.11. It shows that a nil algebra with a uniform bound on the degree of 
nilpotency of its elements is nilpotent. It is due to Nagata [1952]. Graham 
Higman [1956] gave a more general version. The simpler proof which we 
use here is due to Philip J. Higgins and appears in Jacobson [1964]. 


4.4.10 Proposition Let A be an algebra. Let n be an integer such that 
a” = 0 holds for alla € A. Then A is nilpotent and satisfies AN = {0} 
where N = 2" — 1. 


Proof The proof is by induction on n. The case n = 1 is trivial. Let a” = 0 
hold for all a € A. For a, b € A and 4 € C, the polynomial p(\) = (a+ Ab)” 


vanishes identically. Hence the coefficient g,(a,b) = baa aJba"-J—! of X 
is zero for a, b € A. For all a, b, c € A, we see 


n-] 


n-ln-1l 
0 = Sasararit = 5 Fatevartryns 
3=0 k=0 j=0 
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n-l 
= S- akegn(b,a"~*-?) = a”! can (b, 1) = na! cp!” 
k=0 


We conclude a"~!ch"-! = 0 for all a, 6b, cE A. 

Let N be the ideal which is the linear span of {ab"~!c: a,c € Al,be 
A}. Then we have just shown WAN = {0}. Also each a +N € A/N sat- 
ishes (a + V)"—! = A. By induction we may assume (A/M)™ = NM where 
M =2"-!~—1. Thus AM C WN holds and this implies AN = AMAAM C 
NAN = {0}. This proves the proposition. a 


Nil end Nilpotent Ideals in Banach Algebras 


In the next theorem (b) is due to Grabiner [1969]. Conclusion (c) and 
the first sentence of (a) are due to Dixon [1973b] with proofs based on that 
of the previous reference. The second sentence of (a) is due to Grabiner 
[1976]. Conclusion (d) is an easy consequence of (b). From (c) we conclude 
that the Baer radical is the smallest interesting radical for Banach algebras. 
Note that a Banach algebra is Jacobson semisimple if and only if it has no 
non-zero topologically nil ideals and it is semiprime if and only if it has no 
non-zero nil (equivalently, nilpotent) ideals. 


4.4.41 Theorem Let A be a Banach algebra. 

(a) Every nil left ideal of A is included in a sum of nilpotent ideals. 
Every finitely generated nil left ideal is included in a nilpotent ideal. 

(b) If A is nil, then it ig nilpotent. 

(c) The Baer radical of A equals both the sum of all the nilpotent ideals 
of A and the sum of all the nil left ideals of A. Hence Ag is the nil radical 
of A and A/Ag has no non-zero nil left ideals. 

(cd) The Baer radical is nilpotent if and only if it is closed. 


Proof (a): Without loss of generality we may assume that A is unital. 
For each b € A let Ab and AbA be, respectively, the principal left ideal 
and ‘he principal ideal generated by 6. If Ab is nil we will show that 
AbA is nilpotent. Hence any nil left ideal £ is included in the sum of the 
collection {AbA : b € £} of nilpotent ideals. If £ = Ab; + Abz +-+--+ Abn 
is a iinitely generated left ideal, then it is included in the nilpotent ideal 
Ab, A + Abo A +--+ +Ab,A which is nilpotent by Proposition 4.4.2(d). 
Assume that Ad is nil. For each n € N define S, to be the closed set 
{a € A; (ab)” = 0}. Since Ab is nil, A equals US%_,S,. The Baire category 
theorem shows that there is some S, with nonempty interior. Thus for 
some ag € A and some € > 0, ((ag + a)b)” = 0 holds for all a € A,. Let 
aé&.i, and w € A* be arbitrary. Since the polynomial w(((ag + Aa)b)") 
is zero for all A € C with |A] < e, it is zero for all A € C. Since w was 
arbit ‘ary ((ag + Aa)b)” is zero. Hence ao + Aa belongs to S, for all a € Ay 
and .,€ C. In other words S, = A and each element ab of the principal 
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left ideal Ad satisfies (ab)” = 0. Proposition 4.4.10 now shows that Ab is 
nilpotent. Since (Ab)” = {0} implies (AbA)" C (Ab)*.A = {0}, ADA is 
also nilpotent. 

(b): For each n € N let S,, be the closed set {a € A: a” = 0}. Since 
A is nil, it equals Ut_,S,. Hence by the Baire category theorem there is 
some dg € A and « > 0 satisfying (a9 + a)” = 0 for all a € A,. Arguing 
as before, we conclude A = S,. Proposition 4.4.10 shows again that A is 
nilpotent. 

(c): Theorem 4.4.7 shows that Ag is a nil ideal which includes the 
sum of all nilputent ideals. Hence (a) shows that Ag equals the sum of 
all nilpotent ideals which equals the sum of all nil left ideals. Proposition 
4.4.2(c) shows that A/A,g has no non-zero nil ideals. 

(d): If Ag is closed, Theorem 4.4.6 and (b) above show that it is nilpo- 
tent. If it is nilpotent then there is some N satisfying Ag C {a:a% = 0}. 
Hence the closure of Ag is included in the same set and is thus nilpotent. 
Hence Ag is closed by Theorem 4.4.7. Q 


4.5 The Brown-McCoy or Strong Radical 


We will now discuss one more radical. This radical was defined by 
B. Brown and McCoy [1947] and is sometimes called the Brown—McCoy 
radical. Segal [1941] defined a unital algebra to be semisimple if its maximal 
ideals had intersection {0}. Later [1947a], he changed the term to strongly 
semisimple. Brown and McCoy originally defined this radical in terms of 
G-regular ideals which we introduce with a different name in Definition 
4.5.5. Michael J. Meyer [1992d] establishes some deep analogies with the 
Jacobson radical. 

This radical is closed in spectral algebras and is quite well behaved in 
Banach algebras. However, it is of less importance in functional analysis 
than the Jacobson radical. The Jacobson radical] of familiar Banach alge- 
bras is usually a pathological portion. This is not true of the strong radical. 
For instance, if H is a separable Hilbert space, then the strong radical of 
B(H) is the ideal of compact operators. 


4.5.1 Definition Let A be an algebra. The intersection of all maximal 
modular ideals of A will be called the Browun-McCoy radical, or strong 
radical, of A and will be denoted by Ay. An algebra is called strongly 
semisimple if yy is zero and is called Brown-~McCoy-radical if Ayy equals 
A. The set of maximal modular ideals of an algebra A will be denoted 
by Ey. If Z is a subset of A, then h=(Z) will denote the hull of I in Ey: 
hE(T) = {ME Ey: ICM}. 


We follow our usual convention on the intersection of an empty family 
of sets, so that Ay, is A if and only if A has no maximal] modular ideals. 
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Then an algebra A is a Brown—McCoy radical algebra if and only if it has 
no maximal modular ideals and hence, by Theorem 2.4.6, if and only if it 
hes ro modular ideals at all. 

We need a simple result analogous to Theorem 4.1.8{e) and the last 
sentence of Theorem 4.1.10. 


€.5.2 Theorem Let A be an algebra and let I be an ideal of A. The 
map 


Mr MNT 


is @ d¥jection of 4 \h=(Z) onto Bz and the map M1 M/T is a bijection 
of h=(Z) onto ZB a/r. 


Proof Let M be a maximal modular ideal of A which does not include T. 
Then I +M equals A by maximality. Thus Z/(MNMZ) which is isomorphic 
to (+ M)/M = A/M is a simple unital algebra. Hence MMT is a 
maximal modular ideal of I. The last sentence of Theorem 4.1.10 shows 
that Mt MNT is injective. 

Now suppose M is a maximal modular ideal of J. Let y: I ~ Z/M 
be the natural map and let e € Z be a relative identity for M so that 
w{e} is the identity element in Z/M. Consider the map 7: A > T/M 
defined by ~(a) = (eae) for all a € A. It is easy to check that w is 
a homomorphism. For instance for a, b € A, we have (ab) = y(eabe) = 
p(ea}p(be) = (ea) p(e)(be) = pleae)p(ebe) = v(a)v(b). Also y maps A 
onto T/M since any a € T satisfies y(a) = p(eae) = y(e)y(a)p(e) = y(a). 
Thus the kernel of ?, {a € A: eae € M}, is a maximal modular ideal of 
A, and its intersection with Z is just M since ¢ is just %[z. Therefore the 
map M++ M/T isa surjection of =, \ h=(Z) onto Zz. 

For M € h=(Z) it is obvious that M/Z is a maximal modular ideal 
of “2 with relative identity e + J when e is a relative identity for M. 
if y: A — A/T is the natural map, then N + p7'(N) for N € Ey/z is 
obviously an inverse for M ++ M/T (for M € h3(Z)) so that both maps 
are D‘jections. Oo 


The following result is the analogue of Theorems 4.3.2 and 4.4.8. It was 
essentially proved by Brown and McCoy [1947]. 


4.5.2 Theorem Any algebra A and any ideal T of A satisfy: 

(2 Im =IN Am. 
, .(b) ZC Ay implies (A/T) um = Am /T. 

(c) A/T strongly semisimple implies Au = Im. Thus in particular 
A/Am is strongly semisimple and Ay is Broun-McCoy radical. 


Proof The proof of Theorem 4.3.2 may be repeated, merely replacing “prim- 
itive” by “maximal modular” and “Theorem 4.1.8(e)” by “Theorem 4.5.2”. 
ie 
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The following simple but important result was noted by Segal {1947al 
for complete algebra norms. 


4.5.4 Theorem The strong radical is closed in any spectral or weakly 
spectral norm. 


Proof This follows from Theorem 2.4.7 and Proposition 2.2.17. D 


We now give some characterizations of the strong radical similar to the 
characterizations of the Jacobson radical in Theorem 4.3.6 and Proposition 
4.3.13. They are due to Brown and McCoy [1947] and Michael J. Meyer 
(1992d]. Definition 2.1.19 introduced the notion of weakly invertible el- 
ements, but we deferred defining “weakly quasi-invertible elements”. By 
the general convention on the use of the prefix “quasi-”, an element a € A 
should be weakly quasi-invertible if 1— a is weakly invertible in A!. Weakly 
quasi-invertible elements were called G-regular by Brown and McCoy [1947] 
who used the criterion of Theorem 4.5.7 as the definition of their radical. 


4.5.5 Definition An element a in an algebra A is called weakly quasi- 
invertible if the ideal 


Z(a) = {(b-ba) + (c-ac)+ Site — dyae;) : 
i=1 


né€N,d,c,dj,e;€ A for i1=1,2,...,n} 


is all of A. The set of such elements is denoted by Aygg. An ideal is called 
weakly quasi-regular if each of its elements is weakly quasi-invertible. 


4.5.6 Proposition The following are equivalent for an element a in an 
arbitrary algebra A. 

(a) a is weakly quasi-invertible. 

(b) a belongs to Z(a). 

(c) 1— a is weakly invertible in 4’. 

(d) a is not the relative identity for any maximal modular ideal of A. 


Proof Let 7 be the ideal of A! generated by 1 — a so (c) is equivalent to 
J = A!. It is easy to check that J = I(a) + C(1 — a). Note also that a is 
a relative identity for an ideal if and only if the ideal includes Z(a). 

(a) = (b): Obvious. 

(b) > (c): Since 1-—a € J, (b) implies 1=1—a+ae J. 

({c) => (d): If a is the relative identity for a maximal modular ideal M 
of A, then Z(a) C M impiies J C M+C(1—a)# Al. 

(d) => (a): Theorem 2.4.6(d) shows that a is a relative identity for 
some maximal modular ideal which includes Z(a) whenever Z(a) is a proper 
subset of A. Qo 
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4.5.7 Theorem Let A be an algebra. Then the strong radical Ay is 
a weakly quasi-regular ideal of A which includes all weakly quasi-regular 
ideals of A. Hence it is the largest ideal I satisfying any (hence all) of the 
following equivalent conditions 


Sp r(a +I) C Sp3(a) C Sp4)r(a +Z)U{O} VaeEAd; 


a+TZ € (A/T)wqc 4 € Awga VYacA,; 
Sp3(b+a)=Sp*(b) Vbe Asa eT; 
Sp°(a)= {0} VaeT; 
p°(b+ a) = p*(b) VbeA;aeT; 
p°(a) =0 VaeT. 


Proof Ifa is an element of a weakly quasi-regular ideal Z, then every 
element in A'aA! C TZ is weakly quasi-regular. Thus an element a € A 
belongs to some weakly quasi-regular ideal if and only if A'aA? is a weakly 
quasi-regular ideal. Therefore the theorem will be proved if we can show 
that a € A belongs to Ay if and only if A'aA? is a weakly quasi-regular 
ideal. 

Suppose A!aA! is not weakly quasi-regular. Then there is some b € 
A'aA! which does not belong to Z(6). Thus 7(d) is a proper modular ideal 
and by applying Zorn’s lemma to the set of ideals including Z(b) but not 
containing b we see that 6 is the relative identity of some maximal modular 
ideal M. Thus 6 does not belong to M and hence b does not belong to Ay. 
However this implies a ¢ Am since a € Ay would imply b € A!aA! C Ay. 

Conversely, suppose A'aA! is a weakly quasi-regular ideal of A and M 
is a raximal modular ideal of A. Then (A/M)(a + M)(A/M) is a weakly 
quasi-regular ideal of A/M. However since A/M is simple, either a belongs 
to M or (A/M){a+M)(A/M) equals A/M. The latter is impossible since 
1 € A/M cannot be weakly quasi-regular. Thus a belongs to M. Since M 
was an arbitrary maximal modular ideal of A, a belongs to Ay. 

A non-zero number 4 € C belongs to the strong spectrum if and only 
if \~'a is weakly quasi-regular. If an element a belongs to a weakly quasi- 
reguler ideal, then Aa is weakly quasi-regular for all \ € C, so Sp*(a) = {0}. 
This, cogether with the arguments in the proof of Theorem 4.3.6, establishes 
the second sentence. oO 


4.5.8 Proposition in any spectral algebra A, the strong radical is the 
perturbation set in A of the set Alg of weakly regular elements in the 
unitization: 


Am ={a€A:atAlg C Adc}. 
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representation. An algebra A is called simple if it has no ideals except {0} 
and A. Obviously an algebra is both unital and simple if and only if {0} 
is a maximal modular ideal. Simple unital algebras are the constituents of 
the subdirect product decomposition of strongly semisimple algebras. 

Recall that Corollary 4.3.10 asserts that any spectral semi-norm on a 
semisimple algebra is a norm. Theorem 4.5.7 shows that the same is true for 
a strongly semisimple algebra. Hence without loss of generality we speak 
of spectral norms instead of spectral semi-norms in the next theorem. 


4.6.1 Theorem An algebra A is semiprime, semisimple, or strongly 
semisimple if and only if it is isomorphic to a subdirect product of prime 
algebras, primitive algebras, or simple unital algebras, respectively. If A is a 
spectral normed algebra which is either semisimple or strongly semisimple, 
then the subdirect product representation may be chosen normed with the 
isomorphism contractive. 


Proof Let {I* : a € A} be the set of prime, primitive, or maximal modular 
ideals of A depending on whether .A is semiprime, semisimple, or strongly 
semisimple. Then M{Z* : a € A} is {0}. So the map a++ @ where a@(a) = 
a+Z* is an isomorphism of A onto a subdirect product of {A/I* : a € A}. 
This proves the necessity of all the purely algebraic conditions. If A is a 
spectral normed algebra, then each Z® in the decomposition by primitive or 
maximal modular ideals is closed. Thus a + 4 is a contractive isomorphism 
onto the normed subdirect product when each A/T® has its quotient norm. 

Suppose A is a subdirect product of {A® : a € A}, where each A® is 
a prime algebra, a primitive algebra or a unital simple algebra. Then the 
ideals T* = {a € A: a(a) = 0} satisfy A* = A/Z* and Nacal® = {0}, so 
that A is semiprime, semisimple, or strongly semisimple respectively. This 
proves the sufficiency. oO 


A Subdirect Product Representation for Double Centralizer Algebras 


We remark on an alternative direct product decomposition in terms of 
snmple unital direct factors which is sometimes available. Let A be an 
algebra and let Z be an ideal of A. Theorem 4.5.2 shows that the map 
Mrs MOT isa bijection of 24 \ k=(Z) onto Sz. If M is any ideal in 
Ez let M € Ey \ h=(Z) be the corresponding ideal satisfying MNI = M. 
Since M is maximal and does not include Z we have A/M = (M+Z)/M ~ 
I/MOI =T/M. Hence the direct factors in Tries, \nz(r)(A/M) are 
isomorphic to the corresponding direct factors in [] yes, (Z/M). Therefore 
there is a homomorphism of A into [] 42, (A/M) with kernel Nmee;M = 
Oiez \n2(z)™- This is a subdirect product decomposition of A over a 
smaller space of maximal modular ideals. In general the kernel of the 
representation will be larger. 
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Now replace A and Z in the last paragraph by D{A) and A, respec- 
tive.y, where A is a strongly semisimple algebra. Theorem 4.5.8 shows 
Amez.M = NGez,,4\n2(4)/ = {0} 80 that the subdirect product de- 
composition is now an isomorphism. Hence we have established the first, 
portion of the next result. 


4.6.2 Corollary If A is strongly semisimple, then there is a natural 
isomorphism of D(A) onto a subdirect product included in Iles, (A/M). 
This subdirect product is given explicitly by: 


(L, R) + (M+ L(em)) V(L,R)€ D(A);MeEz, 
where for each M € Ey en, is a relative identity for M. 


Proof It only remains to justify the explicit formula. The calculation 
a((i. R) — L(eay))b = a(L(b) — L(eyy)b) = R(a)(b— end) € M for all 
a, b = A shows that (L, R) = L(e) + ((L, R) — L(em)) is a decomposition 
of (L,R) € D(A) corresponding to D(A) = A+M. This shows that the 
subd rect product decomposition is given by the indicated formula. i) 


A Ci aracterization of Spectral Algebras 


We wish to improve Theorem 4.6.1 to give a characterization of spectral 
algetras. For this we need to introduce a definition. 


4.6.2 Definition Let A be a subdirect product of algebras {A®% : a € A}. 
Then A is called ample if an element a € A is quasi-invertible whenever 
a(c) ‘s quasi-invertible in A® for each a € A, 


4.6.4 Theorem The following are equivalent for an algebra A. 

(a) A is a spectral algebra. 

(t) A/ Ay can be embedded as a dense subalgebra of a semisimple Banach 
algebra B such that the spectral radius of A/A, is the restriction of the 
spectral radius of B. 

(c) A/A, is isomorphic to an ample, normed, subdirect product of 
strict'y dense spectral normed algebras of bounded operators on normed lin- 
ear s.;aces. 


ee (a) => (b): Let o’ be an arbitrary Spesral semi-norm on A. Theorem 
2.2.14 (d) and Corollary 4.3.10 show that o’ induces a spectral norm |||-|{{ on 
A/A;. Let (A, I{}-I|]) be the completion of (A/A,, |||-|[|). Let: A A/Ay 
and y: A > A/Aj, be the natural maps. Any a € A satisfies Py(ayy(a) = 
Ille(a3|!°° = p-z(e(a)) so we simply write p(y(a)) for the spectral radius of 
y(a). Define o: A Ry by o(a) = inf {|||~(a) + d]||:b € Ay}. Clearly o is 
an a:cebra semi-norm on A. (In fact it is the quotient norm of A/A; pulled 
back so A through y and y.) Each a € A satisfies o(a) > p(W(p(a))) = 
p(y(a}) = p(a) by Theorem 4.3.6(d). Hence o is a spectral semi-norm. 
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A second application of Corollary 4.3.10 shows that a induces a norm on 
A/Ay. The completion of A/Ay in this norm is clearly A/Aj. This is the 
semisimple algebra B of (b). By Theorem 4.3.6(d) and previous remarks 
we get p(y(a)) = 99/4, (¥((a))) = pa(v(p(a))), where Pl yi 4) is now the 
embedding of y(A) = A/A, into B. 

(b) => (a): Corollary 2.5.10 shows that A/A, is a spectral algebra. 
Theorem 4.3.6(d) shows p4(a) = p4;4,(a+Ay) < |la+ As] < l\al| for any 
a é A. Hence A is a spectral algebra by Theorem 2.2.5. 

(a) => (c): Consider the subdirect product decomposition for A/Ay 
described in Theorem 4.6.1. Choose a spectral semi-norm o on A. For each 
primitive ideal P,o induces a spectral norm on A/P by Proposition 4.2.6 
and Theorem 2.2.5. Let P be the kernel of the irreducible representation T 
on 4. Then T is strictly dense by Theorem 4.2.13 and 4 can be normed so 
that T is a continuous representation by Theorem 4.2.8. Theorem 4.1.8(d) 
shows that the subdirect product decomposition is ample. 

(c) = (a): The norm |lal] = sup{|la(a)|| : @ € A} of A defined by 
any ample, normed, subdirect product decomposition is a spectral norm by 
Theorem 2.2.5 since ||a|| < 1 implies a € Aga. a 


4.7 Categorical Theory of Radicals 


We will now investigate some more fundamental common properties of 
all radicals. A number of general theories of radicals have been advanced: 
e.g., Shimshon Amitsur [1952], Vladimir A. Andrunakievit (1961), Divinsky 
[1965], Gray [1970], Aleksandr Gennadievié Kuro8 [1953], Adam Sulihski 
[1958}, Barry James Gardner [1989]. The theory which most conveniently 
covers the three radicals introduced in this section and the radicals which 
will be introduced in Volume II is that of Mary W. Gray {1970}. In order to 
give this theory we must introduce a small part of the language of categories 
and express some of the results of this section in that language. Many 
aspects of the subject will be ignored. However, we wil] show that several] 
of the categories which we study in these notes are semiabelian. This type 
of category was introduced by Gray in part to give a setting for a very 
general theory of radicals [1967], [1970]. For further information on the 
more traditional approach to radicals of algebras and rings, see Divinsky 
[1965]. 

We give only a superficial introduction to category theory in func- 
tional analysis here. For more details see Boris Samuilovi¢ Mitjagin and 
Albert Solomonovié Svarc [1964], Sten Kaijser [1976], A. W. M. Graven 
[1979], Yurif Vasilyevié Selivanov [1978], Michael Grosser [1979a], Johann 
Cigler, Viktor Losert and Peter Michor [1979], Michor [1978] and Alexandr 
Yakovlevié Helemskii [1989b]. 
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4,7.. Definition A category C consists of: 
(a) A class C of objects. 
(b) For each ordered pair (A, B) of objects from C a set Homa (A,B). 
(c} For each ordered triple (A,B,C) of objects from C a map (called 
composition) 


(0): Home(B,C) x Home (A, B) — Home (A,C). 


These are subject to the following restrictions: 

(d) Each ordered quadruple (A,B,C,D) of objects from C and each 
yp € Homo(A, B),~ € Home (B,C) and 6 € Home (C, D) satisfy 00 (po 
py) = Gop)oy. 

(e) For each object A in C there is an element J4 € Home(A, A) such 
that each object B in C, each y € Homa(A, B) and each  € Homa (B, A) 
satis; 

T~aop=wy and gol,=y. 

An cbject 0 in a category C is called a zero object if for each object A in C, 
Home (A, 0) and Homo(0, A) are both singletons. If (A, 8) is an ordered 
pair cf objects in a category C, an element @ € Homc(A,B) is called 
az iscmorphism if there exists an element 6-! € Homg(B, A) satisfying 
6-!08= 1, and 9067! = Ig. Objects A and B are said to be isomorphic 
if Hom@(A, B) contains an isomorphism. 

‘Tee elements of Home(A, B) will be called morphisms. 


*xom now on we write Hom(A, B) instead of Homc(A, B) if there is 
ne danger of confusion. It is convenient to insist that the sets Hom(A, B) 
in a given category be disjoint. We make this requirement (although our 
notation for zero-maps is at variance with it). Thus for any » € Hom(A, B) 
ance 3 € Hom(C,D), yo wp is defined (uniquely) if and only if D = A. 

2n all the categories which we will consider, the class of objects will be 
so large that it is a proper class rather than a set, the objects themselves 
will be sets (with additional structure) and each set Hom(A, B) will consist 
of maps with domain A and range in B. Composition of functions will agree 
with composition as defined in the category. These are the most commonly 
consicered types of categories. All our categories will also contain zero 
obiects. 

Tt is easy to see that for each object A in any category there is only one 
zieciect in Hom(A,.A) with the properties of I4. Furthermore, if A and 
B aze objects and 6 € Hom(A,B) is an isomorphism, then @~! is uniquely 
cetermined and is also an isomorphism. 

“rilarly any two zero-objects in a category are isomorphic. Thus there 
will be no confusion if we denote every zero object by 0 and also use the 
symbai 0 to denote the unique element of Hom(0,A) and Hom(A,0) for 
ail £ ‘2 the category. Finally, if A and B are any two objects in a category 
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and f € Hom(A,B) can be written as f = 000 for 0 € Hom(A,0) and 
0 € Hom(0,B), then we denote f by 0 also. Then 0 € Hom(A,B) is 
uniquely determined independent of the choice of zero objects used in its 
definition. The notation has the advantage of making fo0 = 0 and 0of = 0 
hold whenever the composition is defined. 

We will now introduce the examples with which we are mainly concerned 
in this chapter. In each case we define Hom(A, B) for an ordered pair (.A, B) 
of objects, merely by a qualitative description of the kind of maps which 
belong to Hom(A,B). If these maps are identified (as usual) with their 
graphs in the Cartesian product A x B, then the sets Hom(A, B) will not 
be disjoint. Disjointness may be achieved by an easy indexing scheme but 
we ignore this technicality. 


4.7.2 Definition The following table describes seven categories. 


Symbol Objects Morphisms 

A algebras homomorphisms 

SA spectral algebras homomorphisms 

SSA __ spectra] semi-normed algebras continuous homomorphisms 
NA normed algebras continuous homomorphisms 
BA Banach algebras continuous homomorphisms 
GNA _ normed algebras contractive homomorphisms 
GBA Banach algebras contractive homomorphisms 


These categories are called, respectively, the category of algebras, the cate- 
gory of spectral algebras, the category of spectral semi-normed algebras, the 
category of normed algebras, the category of Banach algebras, the geometric 
category of normed algebras, and the geometric category of Banach algebras. 


Example 4.8.11 will show a substantial difference between the topolog- 
ical and geometric categories of Banach algebras. We now introduce cate- 
gorically defined kernels, cokernels, images, and coimages. The verifications 
which are left to the reader are all easy. 

A monomorphism k in a category is simply a morphism which can be 
cancelled from the left of an equation (ie, kof =kog=> f=g). A 
subobject in a category is an equivalence class of monomorphisms, where k, 
and kz are equivalent if there exist morphisms f and g satisfying k, = k20f 
and ky = k; og. In particular a subobject is not an object in the category, 
and although it corresponds to a monomorphic image of an object it need 
not itself correspond to any object. For instance, the embedding of C'((0, 1]) 
in L'({0,1}) defines a subobject of Z'({0, 1]) in each of the two categories of 
Banach algebras listed in the last definition. However, since the image of 
C({0, 1]) is not closed in L'((0, 1]) it does not correspond to any object in 
these categories. This complicates the application of this definition to such 
examples as the category of Banach algebras. 
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iat ky and kp be monomorphisms representing two subobjects R, and 
R. Then Re is said to include R, if there is a monomorphism k satisfying 
kgo. = k,. A subobject is said to be a zero subobject if one (and hence all) 
of its representing monomorphisms is a zero morphism. 

‘ morphism f is said to have a kernel if there is some monomorphism 
k satisfying: 

(a) fok=0; 

(b) If g is any morphism satisfying f o g = 0, then there is a unique 
morphism A satisfying koh = g. 

The subobject which is the class of all monomorphisms equivalent to 
k (wich is also the class of all monomorphisms satisfying (a) and (b)) is 
called the kernel of f. 

fn all of the categories listed in Definition 4.7.2, every morphism has 
a kernel and the kernel of f € Hom(A,B) is simply (the subobject rep- 
resected by the injection into A of) the set theoretic kernel ker(f) of f. 
Thue in the first three categories any ideal is a kernel and in the last four 
categories any closed ideal is a kernel. 

An epimorphism u in a category is a morphism which can be cancelled 
from the right of an equation (i.e, fou =gou=> f = g). Note that in the 
last five categories listed in Definition 4.7.2 any morphism with dense range 
is an epimorphism. A quotient object is an equivalence class of epimorphisms 
where u; and u2 are equivalent if there exist morphisms f and g satisfying 
uy = foug and u=gouy. 

A morphism f is said to have a cokernel if there is an epimorphism u 
satisfying: 

(a) uo f =0; 

(b) If g is any morphism satisfying go f = 0, then there is a unique 
morphism A satisfying hou = g. 

The quotient object which is the class of all epimorphisms equivalent 
to u {which is also the class of all epimorphisms satisfying (a) and (b)) is 
called the cokernel of f. 

ty the categories A and SA, the cokernel of f € Hom(A, B) is repre- 
sented by 

B++ B/ ideal generated by f(A). 


In the categories SSA, NA, BA, GNA and GBA, the cokernel of f € 
Horr (A,B) is represented by 


B+ B/ closed ideal generated by f(A). 


A morphism f is said to have an image if there is some monomorphism 7 
satic_ying: 

(: ) There is a morphism g satisfying io g = f; 

 ) If j is a monomorphism such that there is a morphism A satisfying 
joh = f, then there is a monomorphism k satisfying j ok =1. 
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The subobject which is the class of all monomorphisms equivalent to 
t (which is also the class of all monomorphisms satisfying (a) and (b)) is 
called the image of f. 

In all of the categories of Definition 4.7.2, the image of f € Hom(.A, B) 
is represented by the map 


A/ker(f) — B 


induced by f. 

A morphism f is said to have a coimage if there is an epimorphism u 
satisfying: 

(a) There is a morphism g satisfying gou = f; 

(b) If v is an epimorphism such that there is a morphism h satisfying 
hov = f, then there is an epimorphism w satisfying wov = u. 

The quotient object which is the class of all epimorphisms equivalent 
to u (which is also the class of all epimorphisms satisfying (a) and (b)) is 
called the coimage of f. 

The coimage of f € Hom( A,B) in all of the categories of Definition 
4.7.2 is represented by the natura] morphism 


A+ A/ker(f). 


4.7.3 Definition A category with a zero object is called semiabelian if: 
(a) Every morphism may be factored into a representative of its coimage 

followed by a representative of its image, and 
(b) Every morphism has a cokernel. 

A category with a zero object is called cosemiabelian if it satisfies (a) and 
(c) Every morphism has a kernel. 


4.7.4 Proposition All of the categories of Definition 4.7.2 are both semi- 
abelian and cosemiabelian. 


Proof This follows from the remarks above. a 


A category B is called a subcategory of a category C if every object 
of B is an object of C, any ordered pair (A,B) of objects of B satis- 
fies Homp(A,B) C Home (A,B) and Homp(A, A) contains the identity 
IT, € Homo(A,A). A subcategory B of C is called full if it satisfies 
Homp(A, B) = Homce(A, B) for all ordered pairs (A, B) of objects of B. 
For instance, SBA is a subcategory of N, A,SNA, and BA, and it is a 
full subcategory of SNA. 

In the following theorem we use the notation Ag to represent a sub- 
object of an object, A. Recall that by definition Ag is not an object but 
an equivalence class of monomorphisms. However, in all of the cases under 
discussion here, Ag is easily and naturally associated with a definite object. 
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4.7.8 Definition Let C be a semiabelian category. A radical subcategory 
ef © is a full subcategory R satisfying: 
‘e) If A is an object in R and i € Hom(Z, B) represents the image of 
fj a«tom(A, B), then TZ is an object in R; 
(5) If A is an object in R and k € Hom(R, A) represents the kernel of 
jf ¢ Xom(A,B), then R is an object in R; 
(c) For each A € C, there is unique subobject Ap of A which satisfies: 
(c1) Ag is a kernel; 
‘(c2) Ag is represented by a monomorphism with an object of R as 
domain; 
(c3) Ag includes any subobject of A which is a kernel and is also 
represented by a monomorphism with an object of R as domain; 
(c) If u € Hom(A, B) is a representative of the cokernel of a represen- 
tative of Ap, then the subobject Bp is the zero-subobject of B. 


What we call a radical subcategory here (following Gray {1967]) corre- 
sponds to a hereditary radical in the terminology of some writers. See, for 
instance, the excellent book {1965} by Divinsky. 


4.774’ Theorem The full subcategory defined by the condition that all its 
oies's satisfy (A = Ay; A = Am) 18 @ radical subcategory of each of 
‘nz categories A, SA, SSA,BA, and SBA. The full subcategory defined 
by tne condition A = Ag is a radical subcategory of each of the categories 
A, SA, and SSA. 


Proof To prove (a) in the definition of a radical subcategory, note that 
T can be chosen as A/ker(f) for all of the categories we are considering. 
Hence (a) follows from Theorems 4.3.2, 4.4.8, and 4.5.3. Similarly, to prove 
{b} one notes that R may be taken as ker(f) which is an ideal of A. The 
ser? three theorems complete the argument. The subobject Ap of (c) is 
represented by Ay — A,Am — A and Ag — A in the three cases under 
discussion. Thus (c;) follows from Corollary 4.3.10 and Theorem 4.5.4 and 
the fact that A ;, Ass, and Ag are always ideals. Finally (c2), (c3), and (d) 
follow from Theorems 4.3.2, 4.4.8, and 4.5.3. Oo 


In NA and GNA, A;, Ag and Ay are not necessarily closed so that 
A/A;,A/Ag and A/Ay are not normed algebras. 


4.8 History of Radicals and Examples 


4.8.2 History of Radicals 


Because of the central importance of radicals in the theory of algebras, 
72 wil! discuss their history in detail. In order to simplify the discussion as 
anvca as possible, we will concentrate on radicals of algebras, mentioning 
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only briefly the important advances which related solely to the extension 
of the concepts from algebras to more general rings, and we will omit any 
discussion of radicals other than those considered in this work. For infor- 
mation on them, see Divinsky [1965]. We will also transpose notation and 
terminology to agree with that used in this work whenever it is convenient. 
In particular, we make operators act on the left and speak of left modules 
although many authors have used the opposite convention. 

Again we emphasize the root idea of radicals. When trying to establish 
a structure theory for a wide class of abstract mathematical objects, such 
as algebras, it is usually necessary to discard certain pathological cases. It 
frequently turns out, as it does in the case of algebras, that in each object 
the pathological part can be excised by judiciously choosing the kernel of 
a morphism which contains the pathology and studying only the image of 
that morphism which is healthy. The trick is to identify the pathology so 
that: (a) the above construction is possible; (b) a significant theory can be 
developed for the images; and (c) the excluded kernels are not too large, 
t.e., they do not contain the really interesting examples. 

It is a curious historical fact that the strategy just outlined was first 
applied to a class of non-associative algebras-—-the Lie algebras. These 
algebras arise naturally in the study of differentiable groups initiated by 
Sophus Lie. They were first seriously studied by Wilhelm Killing [1888] 
although the term “Lie algebra” was not introduced until 1933 in lectures 
by Hermann Wey] at the Institute for Advanced Study. Killing’s work, 
although very powerful, was not rigorous and his proofs were not accepted 
by most contemporary mathematicians. In his thesis [1898], Elie Cartan 
gave rigorous proofs of Killing’s ideas and extended them to a theory in 
which the radical of a Lie algebra plays a central and very explicit role. 
(For a Lie algebra, the radical is the sum of all solvable ideals which is 
itself a solvable ideal. The quotient modulo this ideal has no non-zero 
solvable ideals.) One of his most notable contributions was the discovery 
of what has come to be called “Cartan’s criterion”——that a Lie algebra is 
semisimple if and only if its Killing form is nondegenerate. The thesis gave 
a complete classification of complex simple Lie algebras (slightly correcting 
Killing’s results) and showed that any complex Lie algebra in which the 
radical is zero is the direct sum of (finitely many) simple Lie algebras. The 
term semisimple (halbeinfach) had been introduced by Killing to describe - 
a Lie algebra which is the direct sum of simple Lie algebras. 

In (1898] Cartan applied the theory of radicals, which had been so 
successful in his treatment of Lie algebras, to the treatment of finite di- 
mensional real or complex associative algebras. The distinction between 
algebras which contained quarternionic components and those that did not 
was at the forefront of hi, discussion and makes it look somewhat odd to 
the modern reader. Furthermore, Cartan did not use the recently devel- 
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oped idea due to Theodor Molien [1893] of an algebra A/T defined as the 
quotient of an algebra A modulo an ideal J. However, except for these 
points the results will look familiar to any mathematics graduate student. 
He shows ((1898b], pp. 57-59) that every algebra decomposes into a di- 
rect ©am of a nil ideal and a semisimple subalgebra where again the latter 
term signifies a direct sum of finitely many simple unital algebras. Fur- 
thermore, all of the simple summands are full matrix algebras over R, C or 
H (the quarternions). (The last part is not expressed quite so explicitly, 
and the quarternions cause considerable difficulty.) This is the full set of 
struc ure theorems usually called the “Wedderburn structure theorems”. 
Cart: showed the power of the concept of a radical for associative alge- 
bras snd also set the theory of finite-dimensional associative algebras over 
the ral and complex fields on a very firm footing indeed. 

Jcseph H. Maclagan Wedderburn’s fundamental paper [1907] general- 
ized whe structure theorem just given to finite-dimensional algebras over 
arbit. ary fields. (Wedderburn had just completed a definitive study of the 
finite fields.) The paper is important for many reasons, one of which is 
that ‘t seems to have been much more widely read than Cartan’s paper. 
It is 1 very modern paper which can be read without any culture shock 
by a »resent-day mathematician. The methods are much more general and 
abstr :ct than those used previously, and he uses Molien’s [1893] idea of 
quotient algebras very effectively. He shows quite directly that there is a 
largest nilpotent ideal (this result is of course special to finite-dimensional 
algebras) and that the quotient modulo this ideal has no non-zero nilpotent 
ideals. He uses these properties to define the term semisimple. 

Wedderburn does not use the term radical, but it was apparently stan- 
dard “xy the time of Leonard Eugene Dickson’s book [1927]. Of course the 
term arose from the fact that the radical either consists of the set of roots 
of zex > (if it is thought of as a nil ideal) or is the ideal root of the zero ideal 
(if it is thought of as a nilpotent ideal). 

These results were so impressive that many mathematicians tried to 
exten] their validity. After Emmy Noether had introduced the idea of chain 
condi ions on ideals of a ring, Emil Artin {1926] proved that a ring satisfying 
both she ascending and descending chain conditions on left ideals satisfies 
the Wedderburn structure theorems. Later C. Hopkins [1939] showed that 
the descending chain condition implies the ascending chain condition so 
thal only the former is needed. Artin’s result, with this improvement, 
is frequently called the Artin-Wedderburn theorem. This success further 
encoi raged mathematicians to try to extend these results to more general 
tings. For instance, see Kothe [1930]. It gradually became apparent that 
the definition of the radical for more general rings was the central problem. 
For rings satisfying the descending chain condition, the largest nil ideal 
(called the nil radical) is nilpotent and satisfies various other properties 
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which make it the obvious choice to play the role of a radical. However, 
for more general rings, including infinite-dimensional algebras, the various 
desirable properties of the nil ideal belong to different ideals, each one of 
which can be considered as a radical in some situations. 

Reinhold Baer [1943] proposed to call an ideal Z of a ring A a radical 
ideal if Z were nil and A/Z had no non-zero nilpotent left ideals. He showed 
that any ring contained a largest and a smallest radical ideal. (The latter 
is the Baer lower radical introduced in Definition 4.4.5.) He showed by 
example that not every intermediate ideal has to be a radical ideal. He 
also observed (although he attributes this to the referee) that the largest 
or smallest radical ideal of A/Z is zero when T is, respectively, the largest 
or smallest radical ideal of A. From his definition it is obvious that Z itself 
is its own largest or smallest radical ideal. Baer’s largest radical ideal had 
been considered previously by Kéthe (1930a] and Hans Fitting [1935]. 

Sam Perlis [1942] showed that the nil radical of a finite-dimensional alge- 
bra is the largest quasi-regular ideal of the algebra. Baer [1943] introduced 
the term “quasi-regular ideal” and showed that in any ring the sum of all 
quasi-regular ideals is a quasi-regular ideal, and that the quotient modulo 
this ideal has no non-zero quasi-regular ideals. However, Nathan Jacobson 
{1945a], in a paper the great importance of which was immediately recog- 
nized, showed that a significant theory could be based on the use of this 
ideal as a radical. Indeed, except for the role played by modular ideals, 
Jacobson’s original paper, together with his paper [1945b], contains the 
complete theory very much as it is known today. Jacobson noted that his 
radical agrees with the nil-radical in rings satisfying the descending chain 
condition on left ideals, and agrees with the Gelfand radical for commuta- 
tive Banach algebras. 

Several of the results on the Jacobson radical were obtained indepen- 
dently and simultaneously by Max Zorn and Einar Hille, cf. Hille ([1948], 
pp. 475-6). Hille had access to preliminary versions of Irving E. Segal’s 
paper [1947a] in which modular ideals were first defined (with the name 
regular ideals). He seems to have been the first mathematician to recog- 
nize the important connections between modular ideals and the theory of 
the Jacobson radical. Most of these connections are presented in his book 
(Hille [1948]). However, an exposition of the theory containing all elements 
of our present day theory does not seem to have been given until the book 
of Jacobson [1956]. 

We have already mentioned the important references relating Baer’s def- 
inition of his lower radical to the prime radical defined by McCoy [1949]. 
These are Jacob Levitzki [1951] and Masayoshi Nagata [1951]. A transfi- 
nite construction of the Baer radical due to Baer [1943] was considerably 
simplified and generalized in Sulinsky, Anderson and Divinsky [1966]. In 
ring theory the Baer radical is associated with a successful structure the- 
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ory due to Alfred W. Goldie [1960] for rings satisfying the ascending chain 
condition, 

‘Dae strong radical was defined by B. Brown and Neal H. McCoy [1947] 
and [1948], while strong semisimplicity was independently introduced by 
Segal [1941], (1947a]. 

The discovery of these and many other radicals for rings suggested cre- 
ation of a general theory of radicals. This was carried out in different ways 
ing. sumber of papers which were mentioned preceding Definition 4.7.1. 
The book by Divinsky [1965] summarizes a number of these theories. How- 
ever, we have found that the theory due to Mary W. Gray [1970] is most 
auitaole to the application which we wish to make throughout this work. 
‘yee radicals satisfying her definitions are called hereditary radicals by most 
autaers. Some non-hereditary radicals for rings have been widely consid- 
erec. The distinction relates to property (a) of Theorems 4.3.2, 4.4.8, and 
4.5.3 which is not enjoyed by non-hereditary radicals. For further discussion 
see 2 vinsky [1965], especially page 125. 


azainples 


“ia collect. several interesting examples which illustrate the theory of 
the chapter. Our first examples show that the Jacobson, Baer, and strong 
radicals are all distinct. 


4.8.2 @xample We have already remarked that when -7V is an infinite- 
dimensional Banach space, the algebra B4(*’) of approximable operators 
is a semisimple (even primitive) Banach algebra which is Brown-McCoy- 
radical. This algebra has many other desirable properties illustrating the 
general fact that Brown—McCoy-radical algebras, unlike Jacobson-radical 
algebras, are often well behaved from the analysts’ viewpoint. Similarly 
Bi?) is semisimple and primitive, but B4(7¥) is included in B(4)y. 
Apart from a few examples, Jacobson-radical algebras received little 
attention until the 1980s. Even now, little seems to be known about non- 
commutative Jacobson-radical algebras. However, the 1981 conference held 
in Long Beach, California sparked renewed interest. Examples 3.4.15 and 
©.4.1& deal with radical Banach algebras, but we will have relatively more 
to say about them, so we will simply list a number of additional references: 
Greiner [1971], [1973], [1974], [1981], [1983], Jean Esterle [1981a}, [1981b], 
‘Sronbaek [1982a], [1983], Bachelis [1983], Bade {1983}, Laursen {1983b], 
Grabiner and Thomas [1985]. 


‘¥/2 mention two more examples of semiprime Banach algebras which 
are .scobson-radical. 


ss 3.¢ The Disc Algebra under Convolution This example and some 
vaxtets are mentioned in Georgi Evgenyevié Silov ({1947a], p. 104) and 
Hille ({1948], p. 478). Let the underlying Banach space of A be the same as 
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the disc algebra (§3.2.13), but let multiplication be defined by convolution 


» I 
fala) = f f-watudu= f £20 ~s)g(r)rds. 
0 rf) 
Then any f € A satisfies 
1 
If?) = If * FO) < J WFIPIAlds = {FIP 1A 
0 
and hence by induction satisfies 


3 
If7(A)| < / WF WF At 2 (nv — 2)1)7 Als" -2ds 
0 


fia? 
(n-1)! © 


This shows that each f € A is topologically nilpotent which implies A = 
Aj. On the other hand the Titchmarsh convolution theorem ({1926], p. 286) 
shows that A has no non-zero divisors of zero so that it has no non-zero nil 
(or nilpotent) ideals and hence is semiprime. For further details and some 
generalizations see 3.4.18 above and Grabiner [1974]. 


4.8.4 Another Jacobson-radical Semiprime Algebra This example 
is due to Dixon [1973b}. It is separable and possesses a bounded approxi- 
mate identity (see Chapter 5 for the definition) so that it satisfies Graham 
R. Allan’s [1972] criterion for possession of a discontinuous functional calcu- 
lus (Theorem 3.4.9 above). The algebra .A is the set of (almost everywhere 
equal equivalence classes of) measurable functions on (0, oo[ satisfying 


Ifill = fe“ irolat < 00 
0 


with convolution multiplication 


feo(t)= [tera — s)ds. 
0 


Arguments similar to those given abuve show that each element is topolog- 
ically nilpotent and that there are no non-zero divisors of zero, so that A is 
Jacobson-radical and semiprime. The sequence of functions {rx{9,n-1) }nen 
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(where yg is the characteristic function of some subset S of the real line) 
form an approximate identity for A. 

43 noted earlier, sets of nonsynthesis in commutative algebras give rise 
to radical quotients: Gregory F. Bachelis [1983]. 


4.8.£ The Algebra of the Free Semigroup on Two Generators 
Let 2 be an arbitrary nonempty set. A word formed from X is a finite 
sequence w = 2122---2p of elements x; from X where the x; are not 
necessarily distinct. The length of a word w, denoted by n(w), is the length 
of the sequence of symbols (i.e., n(a122‘+:2%p») = p). We allow the empty 
word @ with length n(0) = 0. The unital free semigroup FS(X) generated 
by X is the collection of all words from X made into a semigroup by the 
juxta vosition product: 


(4122 eee Zp)(yiye wee Yq) = 21%Q°°: Lpyiye eee Yq: 


Clearly the empty word is an identity element in this semigroup and the 
length function is additive 


n(wz) = n(w) + n(z) Vw, z € FS(X). 


The get X is called the alphabet for FS(X). It is clear that the cardi- 
nal o’ X determines FS(X) up to isomorphism of semigroups. Thus we 
write FS(n) for FS(X) if X has cardinal n € N. For n > 1, FS(n) is 
noncemmutative. Clearly FS(X) is countable if and only if X is finite or 
countably infinite. For n > 1, S(n) includes a subsemigroup isomorphic 
to any other countable unital free semigroup. (To see this, one chooses two 
distinct elements x,y from the alphabet of F.S(n) and then considers the 
subsemigroup generated by a suitable subset of {zy*a : k € N}.) Hence, 
in a certain sense, all countable unital free semigroups are equally com- 
plicated. For simplicity and definiteness we will concentrate attention on 
FS(2; although the reader can extend most of the results to other cases 
withcut difficulty. 

Fer the rest of this example (except Proposition 2), we use F'S(2) to de- 
note “S({z,y}). It is sometimes convenient to have a particular sequential 
order ng for F.S(2). We define {wp}pen to be the sequence 


0,0, y,27, cy, yz, y’*, 2°, 2’y,cyzr, cy’, yr’, etc. 
80 thst znZy—1 ‘+2221 = Wp is equivalent to 
p=it > 21+ So 2k. 
z= z= 
Note that n(wp) = [loga(p)] holds and that wpw, = w, is equivalent to 
r= 2"(p—1)+q= 2"p+ (q- 2") 
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where n = n(wg) is the largest integer satisfying 2” < q. In particular wpw, 
comes before w,w, in the sequence if the indices satisfy p < r and q < s 
(unless p = r and gq = s). 

Now let S be any semigroup. Let Ag(S) be the set of functions f: 5 4 C 
which are zero except at a finite number of elements of S and let A(S) = 
£!(S) be the set of functions f: 5 — C satisfying 


IIfll, = >_If(s)| < co. 


ses 


Then Ag(S) and A(S) are both algebras under the convolution product 


feg(s)= S> f(u)g(v). 


Furthermore (A(S), || - |],) is a Banach algebra and Ag(S) is a dense sub- 
algebra so that A(S) can be identified with the completion of the normed 
algebra (A9(S), || - {],). We call Ag(S) the algebraic semigroup algebra of S 
and A(S) the ¢!-semigroup algebra of S. Note that the convolution product 
is obtained by identifying a function f with the formal sum )0,¢g f(s)s. 
We will represent the elements of A(S) by such formal sums whenever it is 
convenient to do so. 

We denote Ao(FS(2)) and A(F'S(2)) by Ap and A, respectively, in the 
rest of this example (except the last Proposition). The following result 
gives the most interesting property of the Banach algebra A. The author 
learned this result from William L. Paschke in 1972. 


Proposition 1. The Banach algebra A has no non-zero divisors of zero 
and no non-zero topologically nilpotent elements. 


Proof Suppose f and g are non-zero elements of A and p and q are the 
smallest indices satisfying f(wp) # 0 and g(w,) # 0, respectively. Then 
f+ g(wpwa) = f(wp)g(wa) # 0 shows that f +g is not zero. Furthermore 
for any n EN, 

WFP’ > LF (wp i!” = LF (wp)| 
implies p(f) > |f(wp)| > 0. Hence f is not topologically nilpotent. Q 


Clearly the center of A is the set of multiples of the identity element. 
Although A is highly noncommutative it does have a large set 4 of algebra 
homomorphisms onto C. For any word w € F'S(2), let nz(w) and n,(w) 
be the number of occurrences of z and y, respectively, in w. For any 
(A, 4) € Dx D\ {(0,0)}, the function +: — C defined by 


i) 0° 
ral Gata) = Jagd") yrabon) 
n=1 n=1 


History of Radicals and Examples 511 


Delongs to [4 and it is easy to see that these are the only elements of Ty. 

ruce A. Barnes and John Duncan [1975] show that every element of A 
which is not in the center has connected spectrum with interior. A stronger 
result was proved for elements of Ap by Abdullah H. Al-Moajil [1975]. See 
also'Duncan and Williamson [1982]. The first reference cited also contains 
the following result. 


Proposition 2. Let A be the £!-semigroup algebra of the free group on 
{z, :n € N}. There is an unbounded linear functional on A which is 
bounded on each commutative subalgebra. 


co’ Let B be the closed subalgebra generated by all words of length at 
ieasi two. By choosing a Hamel basis we may define a linear functional w 
se satisfy 


win) = n 
w(B) = {0}. 


Clee:ly w is unbounded on A. Let C be a commutative subalgebra of A 
and choose an element c = S>7ntn + d of C with 7, € C,d € Bandc 
not cqual to d. (If no such element exists there is nothing to prove.) If 
a= >> On2n + b with a, € C and b € B commuting with c, then it is easy 
to:see that )> an2_ and }>yn2n commute so that Qn%m = Yn@m holds for 
alin, m € N. Hence there is some ( € C satisfying }> a@ntn = B >> Ynn- 
Hence the estimate 


lw(a)| = |w(S > antn)| = [Bw(S> n2n)| 
= 18>> ntall(lo(d> m2n)I/I Smeal) 
= do anzall(w(c)|/ >- bnl) 
rea = (lw(c)l/ > brabdilal 
snows that w is bounded on C. Q 


4.8.6 Noncommutative Semiprime but Jacobson-radical Banach 
Alesbras The following examples which are weighted cross products are 
vaxe:: from Julian M. Cusack [1976]. They seem to have been suggested by 
Rudi A. Hirschfeld and Stefan Rolewicz [1969] and by weighted semigroup 
algebras as described on p. 8 of Bonsall and Duncan [1973b]. 

“et A be a Banach algebra, let S be a semigroup and let W be a real 
valued weight function on S satisfying: 


‘) W(s)>0 ses 
"se &>) W(st) < W(s)W(t) Vs, te S. 
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We use £!(5,.A, W’) to denote the Banach space of all functions from S into 
A which are finite with respect to the norm: 


fll = So IF (s)|IW(s) < 00. 


a€S 


This is a Banach algebra under the convolution product 


feg(s)= So f(r)g(t) Vi ge O(S, AW) 8 ES. 


rt=s 


Let V be a semigroup homomorphism of S into the group of isometric 
automorphisms of A. Define a twisted convolution product on £1(S, A, W) 
by 
fev gls, = D> f(r)V,g(t). 
rl=s 

Since each V,. is an isometry, the norm is still submultiplicative for this 
product, and since it is an automorphism the usual calculation establishes 
the associative law. We denote ¢'(S,A,W) with this new product by 
£(5,A,W,V). 

For any t € S and a € A, denote the function s ++ 6,,a by k(t,a). These 
elements satisfy 


k(t, a) *y k(r,b) = k(tr, aV,(8)) Vt,rEeS;a,beA 


and hence their linear span is a dense subalgebra of £1(5, A, W,V). 


Proposition With the notation as given, €1(S,A,W) and £'(S, A, W, V) 
are Banach algebras. If W satisfies the two additional conditions: 

(c) W(st) = W(ts) Vs,tes; 

(d) limW(s")/"=0 VseES; 
in addition to (a) and (b), then ¢!(S,.A,W,V) is Jacobson-radical. 


Proof It is enough to show that each k(t,a), t € S,a € A, belongs to 
the Jacobson radical. Hence we will show that for any f € £'(S,A,W,V), 
t € S, and a € A, the element g = f *y k(t, a) is topologically nilpotent. 
Denoting the nth convolution power by g” we find 


9(s)= D> f(r)V-(a)  VseS 
rt=s 
(where ¢ occurs only in the summation index) and 


g" (4) = e g(81)V.,9($2) ty Vevea “fn 9(3n) VseE S; n> 2. 


4184 ana 
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From this we obtain 


S~ Ilo" (s)|IW(s) 


ses 
SoC SS TPC SS dees) lial) we) 
8GS 8183:-8,=aj=i rjyt=s, 


By ¢ nditions (b) and (c) on W we have W(s) < W(t") []5_, W(r;) which 


gives: 


lla" I 


lA 


lig" < fel"weyso SS Ti r3)I|W(r3) 


sES rytrat-ryt=s 
< jall"we")I FI". 


Hence assumption (d) shows that g is topologically nilpotent so that k(t, a) 
belongs to the Jacobson radical. Oo 


A 


Cearly this algebra is noncommutative if S or A is noncommutative or 
V is nontrivial. 

Now let F.5(2) be the free semigroup on two generators described in the 
last example. For each word s € FS(2), define W(s) by W(s) = (n(s)!)~? 
wher: n(s) is the length of s and define V, to be the identity map on C. 
Then @)(FS(2),C,W,V) is a noncommutative radical Banach algebra by 
the r°sults we have just proved. Arguments similar to those given in the 
iast example show that ¢!(F.S(2),C, W, V) has no non-zero divisors of zero. 
Hence: it is prime (and thus a fortiori semiprime). 

A rother class of examples starts with a unital, prime commutative Ba- 
nac:: algebra A and a nontrivial isometric automorphism V of A (e.g., 
take A to be the disc algebra A(D) discussed in §3.2.13 and define V by 
V(f)‘A) = f(€) for some fixed £ € T \ {1} and all A € D). Let S be the 
semigroup N of natural numbers and define W and V by W(n) = (n!)~! and 
V, = V". Consider the Banach algebra ¢)(N,.A,W,V). If f and g are two 
non-72ro elements in this algebra with m and n, respectively, the smallest 
integ -rs in N at which each is non-zero, then f*yg(n+m) = f(n)V"f(m) is 
non-vero. Hence ¢!(N, A, W,V) is another noncommutative radical Banach 
alget-a with no non-zero divisors of zero. 

Te last example constructed by this method has non-zero nilpotent 
elements although it is still a semiprime, Jacobson-radical Banach algebra. 
Let $ be N and let A be the algebra C([-1, 1]). Define W and V by W(n) = 
(n!)~* and V, f(t) = f((-1)"t) for alln EN, f € A, and ¢ € [-1, 1]. 

In order to show that the algebra £'(N,A, W,V) is semiprime, we will 
show that if f *y g *y f = 0 holds for all g then f is zero. Suppose f is 
nun-, ro and let n be the least integer at which it is non-zero. Using the 
functions k(s,a) introduced earlier, we get f *y k(m,1) *v f(2n +m) = 
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f(n)V"t™ f(n) = 0. By choosing m to be 1 or 2, we get the contradiction 
f(n) = 0 since f(n)? = 0 holds. Hence the algebra is serniprime. However, 
we note that k(1, f) has convolution square zero if f satisfies f(t) f(—t) =0 
for all t € [-1, 1]. 


4.8.7 A Jacobson Semisimple Banach Algebra with a Dense Nil 
Subalgebra We use the terminology introduced in Example 4.8.5. Let S 
be the free unital semigroup with generators {z, : n € N} and let A = A(S) 
be its é'-semigroup algebra. Let I be the closed ideal of A generated by 
the set of words z,;,2,,---2,, in which z, occurs more than p times, where 
p is defined by p = max{ij,t2,...,i,}. Let B be A/T and let By be the 
dense subalgebra of B which is the image of Ag = Ao(S) under the natural 
map of A onto B. 

If a € Ap equals )>7_, a,w, and p is the largest index of any z; occur- 
ring in any of the words w,;, then a%?t! belongs to Z. Hence Bg is a nil 
algebra. 

To show that B is semisimple we show that for each non-zero element 
b € B there is some product bd which is not topologically nilpotent. Let 
b= S032, agtvg + I be an expansion of b as a series of words w, in S and 
assume a,w, ¢ I. For simplicity we call such an expression an infinite 
linear combination of words. Let p be larger than the index of any z,; 
occurring in w,. Define d to be S7p2.9 27*2p44+Z. The element (bd)” will 
be an infinite linear combination of words of the form 


Wy, Tp+k, WyaTptky © Wj, Tptky- 


A word of the above form with each j, equal to one will be called special. 
We wish to show that there is no cancellation between special words and 
other words of the above general form, and we consider two cases. First, 
suppose one of the words w,, contains an z, with r > p. Then the total 
number of letters z, with r > p occurring in the general form would be 
at least n + 1, and since each special word contains exactly n such letters 
no cancellation could occur. Second, suppose no w,, in the general form 
contains an z, with r > p. Then equality forces each w,, to be w;. Since the 
special words are obviously distinct for different choices of p+ky,...,pt+kn 
we see that there is no cancellation. Now consider the special word with 
the k, chosen by 

ki = max{q: p’ divides 7} 


~ that this special word docs not belong to TZ. For mn = nyp! + --> | 
mp t+ no with 0 <n, < p,k, equals an s satisfying 0 < s < gq exactly 
Ns t+ roi (p — 1) + nNo42(p — l)p +--+ + mg(p — 1)p%"*"! times. Hence 
the coefficients of the special word with this choice of kj is 2~”|a,|" with 
r = (p—1)7?[ng(p* - 1) +--+» + n:(p— 1] < (p - 1)7!n. From this we 
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obtain the estimate 
II(ba)" 27" > 2-Day | 


which proves that bd is not topologically nilpotent. Hence the perfectly 
arbitary non-zero element 6 does not belong to A, so A is semisimple. . 


4.8.5 Topologically Nilpotent Banach Algebras These were intro- 
duced by J. K. Miziolek, T. Milldner and A. Rek {1972] as a class of topo- 
‘ogicei algebras. Recently their study was revived by Peter G. Dixon [1991] 
and sontinued by Dixon and Vladimir Miiller {1992], Dixon and George A. 
Willis [1992]. We briefly introduce the subject and refer the reader to the 
-rigttal papers for more detail. In particular, we omit most statements 
abot actual rates of decrease contained in the original papers. 


Defnition A Banach algebra A is said to be topologically nilpotent if 
lim sup{||a,a2 + @_l|}/" :aj € A, for j = 1,2,...,n} =0. 
n~—oo 


It is called uniformly topologically nil if 


: nijl/n . a 
Jim sup{||a Pr :ae Ay} = 0. 


The following implications are obvious 


topologically nilpotent = uniformly topologically nil (1) 
=> Jacobson radical. 


The next theorem combines results from Dixon [1991] and Dixon and Miiller 
[1992]. Note that (f) is simply the assertion that A is uniformly topologi- 
calty ail with a particular rate of decrease. 


Theorem The following are equivalent for a Banach algebra A. 
(a} A is topologically nilpotent. 
(b) Every sequence {an}nen C A) satisfies lim, [la,a---a,||!/" = 0. 
(c) For every closed ideal T of A, I and A/T are topologically nilpotent. 
(d) For some closed ideal T of A, I and A/T are topologically nilpotent. 
(e) For every element a € A, there is some finite constant C = C(a) 
satisfying ||a"||!/" < Cn-32"/" for alln EN. 
(f) There ia some finite constant C satisfying 


i 


sup{|ja"||!/":ae€ Ay} <Cn3?7"/" Wn EN. 


If A is commutative, these are equivalent to A being uniformly topologically 
mul, but there are noncommutative Banach algebras for which this fails. 
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The implication (e) => (f) depends on a Baire category argument, but 
the rest of the proof is a series of careful estimates. Perhaps the most 
interesting is the proof that in a commutative algebra uniform topologically 
nil implies topologically nilpotent. The proof depends on writing a,a2--- dn 
as an n-fold contour integral of the polynomial (A,;a; + A2@2+---+Anan)” 
divided by (A,A2---An)?. The rate of decrease in (e) and (f) comes from 
keeping track of the constants in a proof of the Nagata-Higman theorem. 
The given rate can presumably be greatly weakened, but the negative result 
at the end of the theorem shows that not every rate will give the result. 
Condition (e) makes it easy to see that in (c) A/T is always topologically 
nilpotent. 

Here are some explicit examples. Consider the Banach space C((0, 1)) 
of continuous complex valued functions on the unit interval with the supre- 
mum norm as a Banach algebra C under cut-off convolution: 


feg(t)= | fle)g(t-s)ds  V f,g EC. (2) 


A slight variation of the proof given above in Example 4.8.3 shows that any 
functions f,, fo,..., fn which are bounded in absolute value by 1, satisfy 
Wi * fa*---* falloo < 1/(n — 1)!. Hence C is topologically nilpotent. 

For the second example, simply alter the Banach space to be L}({0, 1)) 
but continue to use cut-off convolution defined by (2) as multiplication, and 
let f, be 2* times the characteristic function of [0,2,], then ||f_ = 1||1 = 1 
for all k, but ||f; * fo *--: * frill: = 1 for all n. Thus this algebra is not 
topologically nilpotent. 

Next, consider the £} semigroup algebra .A defined for the semigroup S 
generated by {u, : n € N} with the relations uju; = 0 unless j = i+ 1. 
The relationship ||u,u2--+un|| = 1 shows that A is far from topologically 
nilpotent. Dixon and Miiller [1992] show that any element a € A, satisfies 
jja"|| < 1/n!, so that A is uniformly topologically nil (with a rather slow 
rate of decrease). 

As one would expect, it is hard to factor elements in topologically nilpo- 
tent Banach algebras. Because of the Cohen factorization theorem (The- 
orem 5.2.2), this is related to the nonexistence of bounded approximate 
identities. We will give a complete self-contained proof of a striking non- 
factorization result from Dixon [1991] and derive a corollary from Dixon 
and Willis [1992]. Corollary 8.1.3 below inspired this result. 


4.8.9 Theorem Let A be a topologically nilpotent Banach algebra and let 
T: A — B(X) be any continuous representation of A on a non-zero Banach 
space X. Then Ta(¥) 4 X. In particular, A? # A. 


Proof Assume to the contrary that T4(¥) = 4. Then the map T from 
the projective tensor product A@X to # defined by T(}0°, a; @ z;) = 
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Dey Ta;(zj) for aj € A, 2; € X and Y=: IIa;]| [|z3|| < 00 is a continuous 
aurjestive linear map between Banach spaces. The open mapping theorem 
and " “heorem 1.10.8 give a constant K such that any z € ¥ can be written 
as r= 0, Ta, (7,) for 0%, |Hasll [lz5l] < A]lz]|. Iterating this construc- 
tion dy applying it to ea. Ta,(z;) instead of z, and applying induction, 


allows us to write for any n € N 
fore) n \ 
Sy (it Ts: J z;) where )> (LL ts. [xsl] < K"llzIl- 
j=1 j=! \k=1 


Denote the nth supremum in the definition of topological nilpotence by 
S(n) so that lim S(n) = 0. In the display above we write []j_, Ta,,, a8 
Ta, ;¢2,;--an,; Which gives the estimate 


co 
DENI Nar,302,5 +++ @n,sll 25 


I|z|| < 
j=l 
co 
Ss SOMUTWS()* lar 5 Na25ll +++ Hans Mes 
j=1 
< |ITWN(S(@)K)" IIzIl- 
For any non-zero 2, this is a contradiction, since S(n) — 0. a 


4.8.19 Corollary Let A be a commutative Banach algebra. If its Jacobson 
radical is both modular and topologically nilpotent, then A is unital if and 
only i° A? = A. 

In particular, uf A has a topologically nilpotent ideal of finite codimen- 
sion, chen A is unital if and only if A? = A. 


Proof Any unital algebra A obviously satisfies A? = A. Suppose Ay is 
modular, Proposition 4.3.12(d) shows that an idempotent e may be chosen 
for its relative identity. Consider the algebra direct sum decomposition: 
A = Ae®A(1 —e). If the second ideal is zero, e is a multiplicative identity 
for A. Otherwise A(1—e) is meluded in A, so it is topologically nilpotent. 
The tleorem shows (A(1 — e))? # A(1 — e) so we conclude that A? = 
(Ae)?  (A(1 — e))? is a proper subset of A. 

If * is any ideal of finite codimension, the Wedderburn theorem (The- 
orem 3.1.1) shows that there is an ideal J including Z so that A/7 is 
semisi:nple and hence unital. Furthermore, 7/T is finite-dimensional and 
radica. so that it is nilpotent. Hence, it is easy to see that 7 = Ay is 
topolc sically nilpotent. Hence we are in the situation already considered.O 


4.8.2” Differences between the Topological and Geometric Cate- 
gories of Banach Algebras In the geometric category if 
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is an exact sequence, y must be an isometry and C must carry the quotient 


norm. 
The following result is called the short five lemma. Let 


be a commutative diagram with exact rows. If 6, and 03 are isomorphisms, 
then 62 is also. 

In the topological category of Banach algebras this was proved infor- 
mally just before Theorem 1.1.16. However, it fails in the geometric cat- 
egory of Banach algebras as shown by the following easy example due to 
Robert C. Busby [1971a]. In the above diagram let A= A~ =C =C~ =C 
and B = B~ = Cx C. Let the vertical maps be the identity maps 
and y:(A) = ¥i(A) = (A,0) and g2(A,z) = Y2(A,u) = uw. The norm 
on C is of course the absolute value, and the norms on B and B~ are 
A w)ll, = IAL + lal and |(A,)]. = max{lAl,|al}, respectively. In the 
geometric category, it is clear that 62 is not an isomorphism although all 
the hypotheses are fulfilled. 


5 


+. 2 9roximate Identities and Factorization 


Many Banach algebras which occur naturally are not unital. However, 
“7+ > of them do contain a sequence or net of elements which behaves like a 
:x-i'slicative identity in the limit. Perhaps the most elementary example 
‘a ti algebra Co(R) of continuous functions vanishing at infinity on the real 
ine. Choose a sequence of functions {f,}nen € Co(R) each with values in 
the unit interval (0,1] and with f, having the value 1 on all of [-n,n]. A 
mozient’s thought shows that any function g € Co(R) satisfies 


lim fng =9 
n—o0o 


where the limit is in the norm ||-||.. of Co(R). The Fejér kernel, introduced 
in §1.8.15, provides another interesting example of the same phenomenon 
in £1, C, AC or C’, as defined there. 

This chapter treats such approximate identities. The first section pri- 
marily shows the relationship between various possible definitions. The 
main result may be informally summarized as saying that the weakest defi- 
nition implies the strongest. Section 5.1 also provides additional examples. 

in a unital algebra every element a has the trivial factorization a = 
la = al. Paul J. Cohen showed in [1959a] that every element in an algebra 
with a suitable approximate identity can also be factored. Allan M. Sin- 
clair ([1978], [1979] and [1982]) showed the existence of a highly structured 
analytic semigroup of divisors. Sections 5.2 and 5.3 give versions of this 
theory. Section 5.3 also considers factorization results which depend only 
on separability of the algebra rather than the existence of an approximate 
identity. 


‘, 5.1 Approximate Identities and Examples 


'n this Section we will discuss various definitions of approximate iden- 
tities. We also introduce the strict topology and show that a nonunital 
Banach algebra A which has an approximate identity is dense in its double 
centrelizer algebra in the strict topology. As a consequence, the double 
cextralizer algebra is the completion of A in the strict topology. We begin 
by, defining an approximate identity. For a more complete discussion of the 
maverial in this section, see Robert S.Doran and Josef Wichmann {1979]. 
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In the literature, the terminology for approximate identities is some- 
what variable. We will use the strongest common condition as a definition 
and then show that various, apparently much weaker, conditions imply the 
existence of a bounded approximate identity in this strong sense. Recall 
that the weak or .A*-topology on a normed linear space A is the weakest 
topology in which each element of A* is continuous. 


5.1.1 Definition Let A be a normed algebra. A ( left / weak left \ 
approzimate identity for Ais a net {ea }aca C A such that, for each a € A, 
{ea@}aea converges in the (norm / weak topology ) toa. A ( right / weak 
right )} approximate identity is defined similarly and a ( two-sided / weak 
two-sided ) approximate identity is a net which is both (a left and a right / a 
weak left and a weak right ) approximate identity. An approximate identity 
{ea}aea © A (of one of these types) is said to be bounded by M € R, if 
the set {|lea|| : a € A} is bounded by M and is said to be bounded if it is 
bounded by M for some M € R,,. Similarly, an approximate identity is said 
to be countable or commutative if {e, : a € A} is countable or commutative, 
respectively. If the net is a sequence, the approximate identity is said to be 
sequential. 

A normed algebra is said to be approzimately unital if it has a bounded 
two-sided approximate identity. 


It is obvious that an approximate identity of any type is a weak ap- 
proximate identity of the same type. Approximate identities which are 
not bounded are not particularly useful. See Dixon {1992] for some of the 
pathology in incomplete normed algebras. If any type of approximate iden- 
tity for a non-zero algebra is bounded by M, then it is clear that M is 
greater than or equal to 1. We will use this observation without comment 
in this section. 

Approximate identities were apparently first considered explicitly by 
Irving E. Segal [1947a], who proved that any norm-closed self adjoint subal- 
gebra of the algebra of bounded linear operators on a Hilbert space contains 
an approximate identity. The group algebra L'(G) for any locally compact 
group also contains an approximate identity; special cases of this fact were 
used informally long before abstract approximate identities were defined. 
See, for instance, Hermann Wey] and F. Peter [1927], John von Neumann 
{1934], and Andre Weil {1940]. 

An approximately unital algebra A obviously shares some of the proper- 
ties of a unital algebra. For instance, the regular homomorphism of A into 
D(A) and both the left and right regular representations are homeomorphic 
isomorphisms. If A has an approximate identity bounded by M, we see 

llal| 


Wy SWeell < lal vaeA 


and similarly for R,. Hence if M = 1, the three maps just mentioned are 
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isometries. Also, any element belongs to the closed principal (right / left 
/ two-sided ) ideal it generates. Similarly, we will show that any maximal 
left ideal in an approximately unital Banach algebra is closed. This is true 
in ¢ unital algebra because the ideal would then be modular. 

‘n a unital algebra, every element a is trivially a product: a = la = al. 
Fron the beginning, approximate identities have been used to extend this 
useful result which is no longer trivial if the algebra is only approximately 
unital. We will pursue this in the next two sections after showing some other 
properties of approximate identities. We begin by showing how weaker 
conditions imply the existence of approximate identities. 


Equivalent Conditions 


in the next theorem, part (b) is due to Peter G. Dixon who has made 
a penetrating study of related results and counterexamples {1973a]. The 
proof given for (b) shows that a Banach algebra with a bounded left approxi- 
mate identity and a right approximate identity has a two-sided approximate 
identity. Such an algebra need not have a bounded right or two-sided ap- 
proximate identity, but a neat uniform boundedness argument shows that 
all sequential right approximate identities must be bounded. There is also 
a Banach algebra with a left and a right approximate identity (even with 
other desirable properties) but with no two-sided approximate identity. In 
the same paper, norms of approximate identities are studied. Part (c) was 
discovered independently by Mieczystaw Altman [1972] and Joseph Wich- 
man {1973], and part (f) is essentially due to Teng Sun Liu, Arnoud van 
Roo'j and Ju Kwei Wang [1973], Lemma 12. Barry E. Johnson [1972a], 
Proposition 1.6, gave a proof for (e) which was actually strong enough to 
establish (c). 


5.1.3 Theorem Let A be a normed algebra. 

(1) There is a ( left / right) approximate identity for A of and only if for 
ever: € > 0 and every finite subset {a1,42,...,@n} of A there is an element 
e € .4 satisfying ( lea; — a;|| < € / |laje — a;|] <e€) for j =1,2,...,n. 

(>) If A has both a left and a right bounded approximate identity with 
bounds M and N, respectively, then it has a two-sided bounded approximate 
identity with bound MN+M+N. 

(:) The following condition implies that A has a { left / right ) ap- 
prox: mate identity bounded by M: 

There is a number M € R, such that, for every a € A and 
every € > 0, there is ane € A satisfying |le|| < M and 
{ |lea — al] <e / |lae — al] <e ). 

(ci) The following condition implies that A has a bounded two-sided 
approrimate identity: 

There is a number M € Ry such that, for every a € A, there 
are elements e,,e2 € A satisfying: 
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liex|| < M, |leal] < M, |lera — al] <, and |laez — all <e. 

(e) If A has a bounded weak { left / right / two-sided ) approrimate 
tdentity, then it has a bounded approrimate identity of the same type. 

(f) A closed commutative subalgebra C of A includes a bounded left ap- 
prozimate identity for A if for eacha € A there is a bounded net {€a}aca © 
C (with both the net and the bound possibly depending on a) such that 
{eaa}aca converges to a in the weak topology. Similar statements hold 
for right and two-sided approrimate identities for A included in C. 


Proof (a): Suppose the “left” hypothesis holds. Let A be the set of finite 
subsets of A ordered by inclusion. For each a € A, choose e, € A so that 
lea — al] < n~! holds for all a € a where n is the number of elements in 
a. Now it is clear that {ea}aca is a left approximate identity for A. The 
converse is obvious. By symmetry, the same construction is possible if we 
replace “left” by “right”. 

(b): Let {ea}aca and {fa}sen be, respectively, a left and a right 
bounded approximate identity for A with bounds M and N. Let A be 
A x B ordered by setting (a, f) > (a’, 8’) ifa > a’ and @ > p'. Define 
a net {gs}sca by setting g(4,a) equal to fgoe,. An elementary calcula- 
tion shows that {gs}sea is a two-sided bounded approximate identity with 
bound MN +M+N. 

(c): We have assumed that for any a € A and any e > 0 there is an 
e € Asatisfying |le|| < M and ||(1—e)a|| <. Let {a1,a2,...,a,} bea finite 
set in A and let € be a positive number. Successively choose €;, €2,...,€n 
in A satisfying ||e;|| <M and 


ite = e,)(1 << €;-1)° us a = e;)a;|| < é(2(1 + Myenst4)~? 


for j = 1,2,...,n. Define f € A by 1 — f = (1—e,)(1 — en-1)--- (1 — e1). 
Then for any j between | and n, we have 


Ifa, — a,|| (1 — f)a,|l 
(Ch = en) (1 -— en-1) +++ (1 = e741) )[(1 - 3) +++ (1 — en) a5] 
(1+ M)"~7|[(1 ~ e;)-+-(1 — ex)aj|| < e(2(1 + M))~?. 


1A 


Choose e € A satisfying 
llell <M and lef — fl < e(2max{lla,|| : j= 1,2,...,n}+1)7?. 
Then for each j between 1 and n, these inequalities give 


llea, aj] < fle(fa; - a;)Il + IIef - fajll + fa; - all 
M\\fa, — a5|| + llef — fil lajll + fas — yl 
Me(2(1+ M))7} + 27'e + €(2(1+ M))"! =e. 


AIA 
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The proof of (a) now establishes (c) since eg can be chosen with norm 
bcunded above by M. 

‘c}: Results (b) and (c) together imply (d). 

(e): Let {€a}aea be a bounded weak left approximate identity. Since 
the norm closure of the convex hull C = co{e,a : a € A} is closed in the 
weak topology (Dunford and Schwartz [1958], Theorem V.3.13), it contains 
a, Since C = Ca where C = co{eg : a € A} is bounded by the bound for 
{ea}aea, (e) follows from (c). The other cases are similar. 

(f): As in the proof of (e), we may assume that for each a there is a 
bounded net {ea}aea € C such that e,a converges in norm to a. For each 
n €N, let A(n) be the closed set A(n) = {a € A: there exists a net in C 
sounded by n which converges to a in norm}. Since A equals U%,A(n) 
and each A(n) is norm closed, the Baire category theorem asserts that some 
A‘*"> includes an open ball. The set {a — a2: a1,a2 € A(N)} includes a 
sig dorhood of zero and is closed under scalar multiplication, so it must 
equal A. For any a; — a2 € A with a;,a2 € A(N), let {ea;}aca satisfy 
“im: iboag —a;|| = 0 for j = 1,2. Then {eq1 °€a2}aca C C is a net bounded 
oy N*+2N which satisfies lim (Cat © €a2)a — al] = 0. Hence, (c) shows 
that 4 has a bounded approximate identity and the proof of (c) shows that 
it mney be chosen in C. The proof for right approximate identities is similar. 
Use (%) for two-sided approximate identities. a 


If D is a dense set in an algebra A with a ( left / right / two-sided ) 
approximate identity or bounded approximate identity, then each element 
in this approximate identity can be approximated by an element in D giving 
an enproximate identity in D. Hence any separable approximately unital 
normed algebra has a countable bounded two sided approximate identity. 
This is an important result since Sinclair’s theorem (Theorem 5.3.2) shows 
that much more is true in this case. Dixon [1987] shows that a left, right or 
two-sided approximate identity in a Banach algebra can be approximated 
by another of the same type in which all elements have their spectrum as 
close ‘as desired to the unit interval (0, 1] in C. 

The following result is due to Hans Reiter [1971]. 


3.2.3 Proposition Let Z be a closed ideal of a normed algebra A. 

(a) If A has ( left / right / two-sided ) bounded approrimate identity, 
then A/T has an approrimate identity of the same kind. 

(d) If Z has a ( left / right / two-sided ) bounded approrimate identity, 
then A has a { left / right / two-sided ) bounded approzimate identity if 
and only if A/T has a bounded approrimate identity of the same kind. 


Proof (a): If {ea}aea is any kind of approximate identity in A, it is obvious 
that fe, +Z}aea is an approximate identity of the same type in A/T with 
“s+ otient norm. 
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(b): For the converse we will use (c) or (d) of Theorem 5.1.2. We 
consider the typical case of left approximate identities. Let M be the bound 
for the approximate identity in J. Let « > 0 and a € A be arbitrary. Using 
the approximate identity in A/Z with bound N, we can find an e in A 
and a 6 in TZ satisfying |je|| < N and |jea —a+ 6|| < «/(2M + 2). Using 
the approximate identity in Z, we can find f € A satisfying ||f|| <M and 
\|f6 — b|| < ¢/2. This gives 


a — (f ce)all < [I(f - l)(ea—a+4)[| +e/2<e. 


Since ||f 0 e|| is bounded by MN + M +N, this verifies the hypotheses of 
Theorem 5.1.2(c). The case of right approximate identities is similar and 
then Theorem 5.1.2(d) handles the two-sided case. a 


Dixon and George A. Willis [1992] prove an interesting result on approx- 
imately unital extensions which is quite unrelated to the last proposition. 
See Example 4.8.8 for the definition of topological nilpotence. A topologi- 
cally nilpotent ideal is never approximately unital. 


Proposition Let A be a commutative Banach algebra satisfying A? = A. 
Then A is approrimately unital if and only if it has some topologically 
nilpotent ideal I with A/T approzimately unital. 


It is easy to see that a direct product of finitely many Banach algebras is 
approximately unital if and only if each factor algebra is. The same result 
holds for tensor products. Richard J. Loy first established a similar result 
in (1970b] and the following proposition is due to James R. Holub [1972]. 


5.1.4 Proposition Let A and B be Banach algebras and let A@q_ B be their 
complete algebra tensor product with respect to a reasonable norma. Then 
A @o B ts approrimately unital if and only if A and B are approrimately 
unital. 


Proof The result actually holds for bounded one-sided approximate iden- 
tities. We will give the proof for left identities. 

First suppose {ea }aca and {f3}see are bounded left approximate iden- 
tities in A and B with bounds M and N, respectively. Let A be Ax B with 
the usual product order. We will show that {e, @ fahapyea is a bounded 
left approximate identity for A®, B. For any t = }),_, a; @ b; in the 
algebraic tensor product, we get 


t-(ea@falt = DS (a, — eaa;)@b; +) a; @ (b; — fab;) 
3=1 j=l 


— Sola, ~ eaa;) ® (b; - fabs), 


3=1 
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and hence 


n 


a(t — (€a® fa)t) < S o((a; — €aa;)@b,) + ofa; @ (b; — fab;)) 
j=1 


j=l 


+) a((a; — eaa;) ® (b — fab;)) 


j=l 


n n 
Yo Has — eas {jl + D0 las lbs — Faby 
gal j=i 


IA 


n 
+} lla; — eaas|l los — fabs). 


j=l 


This estimate shows that {e4 ® fg}(a,a)ea is an approximate identity 
bounded by MN in the algebraic tensor product. However, A @, B is 
just the completion of this algebraic tensor product in the norm a, so that 
we heve a bounded approximate identity on the complete tensor product. 

Conversely, suppose {€a}aca is an approximate identity for A @, B. 
Let w be an arbitrary element of A* and consider the function w @/ of the 
algebraic tensor product A® B into B. This linear map is continuous in 
the injective tensor norm and hence in @ so we extend it to the complete 
tensor product. For any a,c € A, recall the notation ,w(a) = w(ac) and 
note 


((cv ®I)(a@b))\(d) = (WOI)((a@b\(c@d)) Va,ceEAsbdeB. 


Linea:ity and continuity allow us to replace a@b by any tensor t € AQ, B. 
Choore w and c so that w(c) = 1 = ||w| ||cl| so that we get 


(w @ I)(ea)(4) = (w @ I)(€a(c ® d)) 


for al: d € B and eg in the approximate identity. This shows that {(.w ® 
I)(e, }aea is a bounded approximate identity for B. Obviously, A and 
rig. pproximate identities can be handled similarly. oO 


The trict Topology and Double Centralizers 


. will now introduce the strict topology. It was first defined by R. 
Creigi:ton Buck {1958] for the special case of C,(2.) C C(M), where 2 is a 
locally compact space. The general definition given here is due to Robert 
C. B.sby [1968], who also proved Propositions 5.1.6 and 5.1.7. See also 
Dona! | Curtis Taylor [1970]. 


5.1.6 Definition Let A be a normed algebra and let Z be an ideal in A. 
The 3 rict topology of A defined by Z is the topology defined by the family 
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of semi-norms {.g, pp : b € Z} defined by 


rela) = |Ibalj, 
po(a) = |{abll 


VaceA, 


Thus, a net {a,}aca in A converges to a € A in the strict topology 
defined by T if and only if lim ||ba, — bal| = lim ||a,.6 — ab|| = 0 holds for all 
b¢€T. Clearly, the strict topology is locally convex. It is Hausdorff unless 
there is a non-zero element a € A such that ab = ba = 0 for all 6 € T. 
It is also clear that the multiplication of A is continuous in each variable 
separately in the strict topology. 


5.1.6 Proposition Let A be a Banach algebra with a two-sided approxz- 
imate identity. Then all double centralizers are continuous so Dg(A) is a 
Banach algebra which equals D(A) as an algebra. Furthermore, A is dense 
tn D(A) in the strict topology of D(A) defined by A. 


Proof The first result follows from Theorem 1.2.4. Let {ea}aca be a 
two-sided approximate identity for A. If d € D(A) and ; € A, then deg 
belongs to A for each a € A. Also both A,(d — deg) = ||(ad) — (ad)eq|| and 
Pa(d — deg) = |\da — degal| < ||d]| |la — ae converge to ae 


A net {@a}aca in a topological vector space A is called a Cauchy net 
if, for every neighborhood U of zero in A, there is an a) € A such that 
Gq € dg, +H for all a > ag. A net with a limit is always a Cauchy net. A 
topological linear space is said to be complete if each of its Cauchy nets has 
a limit. Given any Hausdorff locally convex topological linear space A, it is 
possible to construct a complete Hausdorff locally convex topological linear 
space A in which A is a dense linear subspace. Then A is unique up to 
linear homeomorphism leaving A invariant and is called the completion of 
A. It turns out that if A is a Banach algebra with a two-sided approximate 
identity, then D(A) is the completion of A in the strict topology. 


5.1.7 Proposition Let A be a Banach algebra with a two-sided approzi- 
mate identity. The strict topology on A defined by A is inherited from the 
strict topology A defines on D(A). Furthermore, D(A) is the completion 
of A in this strict topology. If the two-sided approzimate identity has norm 
one, then A; is dense in Dg(A); so that Dg(A); is the completion of Ay. 


Proof The first statement is obvious. In order to prove the second state- 
ment, Proposition 5.1.6 establishes that it is enough to show that D(A) is 
complete in the strict topology defined by A. Let {(L°, R%) }aca © D(A) 
be a Cauchy net in the strict topology. Then for any a € A,(L°, R®)a = 
L°(a) and a(L°, R®) = R°(a) form Cauchy nets in the norm topology of A. 
Denote their limits by L(a) and R(a), respectively. Then for any a, b € A 
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we have aL(b) = lim aZ°(b) = lim R%(a)b = R(a)b. Hence, Theorem 1.2.4 
shows that (Z, R) is a double centralizer. Clearly, {(Z°*, R®)}aea converges 
to (4, 2) in the strict topology. Hence, D(A) is complete in the strict topol- 
ogy defined by A. The final remark follows from the proof of Proposition 
5.1.6. a 


Approximate Identities and Arens Multiplication 


Recall the definition of the two Arens multiplications given in Section 
1.4. Part of the following result was first noted by Paul Civin and Bertram 
Yoe2 {1961], Lemma 3.8. Also recall that a mixed identity for A** is a 
rignt ‘centity for the first Arens product which is also a left identity for the 
second Arens product. 


5.1.8 Proposition Let A be a Banach algebra. 

(a) A has a bounded ( left / right / two-sided ) approximate identity if 
and only if A** has a ({ left / right / mized ) identity for the ( second / 
first / both ) Arens multiplication(s). 

(b} If e € A** is an identity for the ( first / second) Arens multiplica- 
tion, then e is also a { left / right ) identity for the ( second / first) Arens 
muitipsication, and the canonical image in A** of any bounded weak ( left 
/ riait) approximate identity for A converges to e in the weak topology. 


Proof Theorem 5.1.2 shows that a normed algebra with a bounded ( left / 
right / two-sided ) weak approximate identity has a bounded approximate 
identity of the same kind. Suppose {ea}aea is an arbitrary subnet of a 
bounded weak left approximate identity for A. Alaoglu’s theorem shows 
that a subnet {x(e,)} er of {x(ea)}aca converges to some e € A** in the 
wes’ .cpology where « is the natural map. Any a € A and w € A’* satisfy 
wc) = lim w(e,a) = lim qw(e,) = e(qw) = we(a). Therefore, any f € A** 
anc ut € A® satisfy e- f(w) = f(we) = f(w). Hence, e is a left identity for 
<¢sscend Arens multiplication. If A** has an identity for the second Arens 
mltislication, e must be this identity. In this case, the canonical image 
of any Sounded weak left approximate identity converges to e in the weak 
topciegy, since we have shown that some subnet of an arbitrary subnet 
converges to e. An entirely analogous argument shows that the canonical 
image in A** of a bounded weak right approximate identity for A has a 
subnet converging to some right identity for the first Arens multiplication. 
Sirilar’y, if A** has an identity e for the first Arens product, the net itself 
converges to e. 

Conversely, suppose A** has a left identity element e for either Arens 
muitipiication. Since «(A,) is dense in (A**), in the A*-topology, there is 
a voumled net {ea}aca such that {x(ea)}aca converges toe. Allw € A* 
andc © A satisfy lim w(ega) = lim K(eqa)(w) = lim K(eq) (aw) = e(aw) = 
feu uit = en(a)(w) = e- n(a)(w) = n(a)(w) = w(a). Hence {ea}aca is a 


‘ 
hares 
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bounded weak left approximate identity. Similarly, if e is a right identity 
element for either Arens multiplication, then it is the limit of the canonical 
image in A** of some bounded weak right approximate identity for A. O 


5.1.9 Approximate Identities in Group Algebras We now dis- 
cuss approximate identities in L'(G) where G is a locally compact group. 
Certain concrete approximate identities were considered long before the ab- 
stract definition was introduced. In 1.8.15 we showed that the Fejér kernel, 
for example, is an approximate identity for L'(T). 

We will now construct a simple two-sided approximate identity bounded 
by one in L}(G). For terminology, see Section 1.9. Let U be the collection of 
all compact neighborhoods of the identity in G ordered by reverse inclusion. 
For each U € U, let ey te A(U)~} times the characteristic function of U. 
Then each ey belongs tu L!(G) and satisfies ||ey ||, = 1. Hence, {eu }ueu 
is anet in L}(G) bounded by one. Theorem 20.4 in Hewitt and Ross [1963] 
asserts that, for any « > 0 and any f € L!(G), there is a neighborhood 
V € U satisfying ||, f — f\|, < € for allv € V. Hence if U EU satisfies 
U CV, then Fubini’s theorem gives 


| | AU)“'f(v tu)dv— f(u)|du 
ii (uu)? i luf(ts) ~ f(u)|dv du 


MU)? / / lof (u) — f(u)|du du 
UG 


leu * f — fll; 


1A 


au)? i} lof - flav <e. 
U 


For any ¢ > 0 and any non-zero f € L}(G), the same theorem guarantees 
the existence of a V € U satisfying both ||f, — f||, < ¢/2and |A(v)~!-1| < 
é/(2\|f\l, +1) for all vy € V. Then for any U € U satisfying U C V, Fubini’s 
thevrem gives 


ifetuS Hl, / | i A(U)“1A(v)~! f(uv-)dv — f(u) du 


G U 


frort [acts — f(u)|dv du 
G U 


\A 


Uy? / / |A(v)" fo(u) — f(u)|du dv 
UG 
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< \U)- ‘} \ / |A(v) “1 f.(u) — fo(u)|du 


ay Lfolu) ~ f(u) lau ) dy 


= uy ; (\4()-* = fell + Ife ~ fls)dv <e. 


U 


Hence, {ey }yey is a two-sided approximate identity bounded by one. 

We have constructed the simplest approximate identity bounded by one 
for L'(G) when G is an arbitrary locally compact group G. However, 
certa'n special approximate identities may prove useful in various circum- 
stances. First, we mention another one which can be defined for any locally 
compact group G. Let V be the collection of all compact symmetric (2.e., 
u € V <u! € V) neighborhoods of the identity in G. For each V € Y, let 
fv be aA 1/2 times the characteristic function of V. Then define ey to be 
fvil fv so that {ev }vey is a net of elements of norm one in L}(G). Ar- 
guments entirely similar to those given above show that this net is again a 
two-» ded approximate identity bounded by one. It has the advantage that 
its el ments are invariant under the natural involution on L'(G), which will 
be in roduced in Volume II. 

Scme groups G have approximate identities in the center of L!(G). 
These are called central approrimate identities. 


Definition Let G be a locally compact group. A subset of G is said to be 
invariant if it is invariant under all inner automorphisms. The group G is 
said to have ( an invariant neighborhood / small invariant neighborhoods ) 
(denoted by ( G €{IN] / G €[SIN] )) if ( it has / included in every neigh- 
borhcod of the identity it has } a compact neighborhood U of the identity 
whick is invariant. 
Prog dsition Denote the class of locally compact abelian groups by [A], 
the class of compact groups by [K], the class of discrete groups by [D] and 
the class of locally compact unimodular groups by [Um]. Then these classes 
satisfy 

[A] U [K] U [D] € [SIN] ¢ [IN] ¢ [Um]. 
The algebra L(G) has a central approrimate identity (which may be chosen 
to be of norm 1) if and only if G €[SIN]. 


Proof If G is abelian, every neighborhood of the identity is invariant. If 
G is compact, the remark after Theorem 4.9 in Hewitt and Ross [1963] 
shows that G belongs to [SIN]. If G is discrete, {e} is a compact invariant 
neight-orhood of e. Thus the first inclusion holds. The second inclusion is 
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obvious. Suppose U is a compact invariant neighborhood of e in G. Then 
A(U) is finite, non-zero and satisfies 


MU) = [san = [tar =A(u)A(U) WueG 


where f is the characteristic function of U. This gives the final inclusion. 

We shall only establish that L}(G) has a central approximate identity 
of norm 1 when G €(SIN]. (The opposite implication is proved in Robert D. 
Mosak [1971}.) Let U¢ be the set of all compact invariant neighborhoods of 
e ordered by reverse inclusion. For each U € U/, let ey be A(U)~! times the 
characteristic function of U. Since this choice of U/ is cofinal in our earlier 
choice, {ev }}vcu is an approximate identity. To see that it is in the center, 
let f €¢ L'(G) and u € G be arbitrary and consider 


eu*f(u) = [ eutweys(o)dv = [seule so )du 


[ievraoyso- dv —— [mse eu (oudv =f *ey(u). 
0 


Many other relations are known between these and other classes of lo- 
cally compact groups. A locally compact group G is said to belong to 
[FC]~ if each of its conjugacy classes (C, = {u~'vu : u € G} for v € G) 
has compact closure, and to belong to [FIA]~ if the closure of the group 
of inner automorphisms of G is compact in the topological group Aut(G) 
of all homeomorphic isomorphisms of G. (The natural Braconnier topol- 
ogy of Aut(G) is described in Hewitt and Ross [1963], 26.3. It is a slight 
variation on the compact open topology.) Since the closure of a conjugacy 
class is included in the continuous image of the closure of the group of inner 
automorphisms, the inclusion [FIA]~ C [FC]~ is clear. An easy argument 
(which we omit) also shows [FIA]~ C [SIN]. The following important the- 
orem was proved by Siegfried Grosser and Martin A. Moskowitz in [1967]. 


Theorem A locally compact group belongs to [FIA]~ if and only if it 
belongs to both [FC]- and [SIN]. 


The Freudenthal-Weil theorei (cf. e.g., Grosser and Moskowitz [1967], 
Theorem 4.3) asserts that a connected group lives in [SIN] if and only if 
it belongs to the class [MAP] introduced in §3.2.17 above, and that such 
4 group is necessarily homeomorphically isomorphic to the direct product 
of R” and a compact group for some n. (It is immediately obvious that 
such a direct product belongs to both [MAP] and [SIN].) We mention also 
the inclusion [FC]~ C [IN] and refer the reader to Grosser and Moskowitz 
[1971a] Palmer [1978] and Volume II of the present work for detailed refer- 
ences, examples and many related results. 
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5.1.10 The semigroup algebra L'(R,) This algebra plays a special 
role relative to the theory of Section 5.3, so we will also discuss it briefly. 
31 /. '3 a Banach algebra with a countable approximate identity bounded 
by 1, then there is contractive homomorphism of L!(R,) into A and the 
cencrete analytic semigroup of L1(R,) is mapped onto the more abstract 
»8.z7Lic semigroup of A constructed in Section 5.3. From another vantage 
noin., 21(IR,) has the same relationship to the classical Laplace transform 
«> ~'™) has to the Fourier integral transform and L'(T) has to Fourier 
ezr'es. More specifically, in each of these three cases the Gelfand transform 
car bv identified with the classical transform mentioned. This example is 
releted to Examples 3.4.10, 4.8.3 and 4.8.4. 

4s a Banach space, L}(R,) is the usual space of equivalence classes of 
absolutely integrable functions on R, = {0,00{ with respect to Lebesgue 
meesvre. The norm of f € L'(R,) is given by ||f|], = fo° |f(t)|dt, and the 
conye.ution product of f,g € L'(R,) by 


fr g(t) = [ f(t s)g(s)ds  VtERy. 


A change of variables shows that L1(IR;) is commutative. 

. Let H represent the open right half plane {A € C : Re(A) > 0}. By 
identivying the closed right half plane H with the Gelfand space of L'(R,) 
under the map A+ +, defined by 


nln = ff " f(teMdt = V Fe L(Ry) 


we soe that L1(IR4) is semisimple but nonunital. We also see that under this 
identi‘ication the Gelfand transform f of f € L'(IR,) is just the Laplace 
transform: C(f)(A) = f(ya), as already claimed. The Laplace transform 
C(f) is analytic on H as well as continuous on all of A. 

The proof given in Example 3.4.10 shows that the sequence of functions 
{en}acn (where e,(s) equals n for s < 1/n and equals zero for s > 1/n) is 
@ sequential approximate identity of norm 1 for L}(R,). The Titchmarsh 
convolution theorem [1926] shows that L'(R,) has no non-zero divisors of 
zero. Johnson {1964a] extended Wendel’s theorem to identify the double 
centratizer algebra of L'(R,) as the convolution algebra M(R,). As a 
Banach space this is the linear space of complex regular Borel measures on 
Ry with the total variation norm. The convolution product is given by 


prev(E) = J [xe +t)du(s)dv(t)  V Borel sets E. 


’ The basic analytic semigroup of L'(R4,) is closely related to the gamma 
function: 


ais as 


ray= t—te*dt WAEH 
0 
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(which is most famous for extending the factorial: [(n +1) = n!). For each 
A € H, define e(A) € L'(R,) by 


e(A)(t) =P e*/T(A) VEE Ry. 


Sinclair [1982] proves that this is an analytic function which is also a semi- 
group with interesting growth conditions. If \ € H converges to 0 in any 
reasonable way, then e(\) becomes an approximate identity. For related 
results see Grabiner [1981], Dales [1983] and Dales and McClure [1987]. 


5.1.11 C*-algebras are Approximately Unital C*-algebras were 
defined in §1.7.17. Proofs of all the following remarks will be found in 
Volume II. The functional calculus introduced in Example 3.4.17 is the 
chief tool in the proofs. 

In a C*-algebra A, the set Ay, of hermitian elements (i.e., those elements 
h € A satisfying h* = A) plays the role of the set of real numbers in the 
complex numbers. Each hermitian element has its spectrum in R. (The 
converse is only true in the commutative case.) The set A, of hermitian 
(or, equivalently, normal) elements with spectrum in R, then plays the role 
of non-negative real numbers. These elements are actually called positive 
elements. In particular, the set of positive elements defines a partial order 
on Au: 

h<ek @& k-hE€ Ay. 


In a nonunital C*-algebra A, it turns out that A, MA, is an approximate 
identity (obviously bounded by 1) in its own order. This approximate 
identity consisting of positive elements is attractive because of its natural 
order. 

In the case of separable C*-algebras, it is easy to choose a sequential ap- 
proximate identity. Johan F. Aarnes and Richard V. Kadison [1969] proved 
that any separable C*-algebra has a commutative approximate identity. We 
will use Sinclair’s analytic semigroup construction in Section 5.3 to show 
that any separable approximately unital Banach algebra also has a com 
mutative sequential approximate identity. 


5.1.12 Approximate Identities in Bx(4’) Let A be a Banach space 
which is not finite-dimensional. Then the ideals Br (4), Ba(¥) and Bg (4) 
of finite rank, approximable and compact operators, respectively, are all 
nonunital. The following results are from Dixon [1986] and Niels Grgnbaek 
and George A. Willis {1993]. In the latter paper, versions of some of the 
results are stated for any subalgebra of By (4’) which includes Br(4). See 
Definition 1.1.17 and §1.7.7 and compare Doran and Wichmann [1979], §30. 
We say that a normed algebra A has a ( left / right ) approrimate unit if for 
every a € A and every € > 0 there is an element u satisfying ( ||ue —e|| < 
/ \leu — el| < € ). Theorem 5.1.2(c) shows that if there is a uniform upper 
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bound for the norms of the elements u in a left or right approximate unit, 
the the algebra has a bounded approximate identity of the same type, but 
th’. ails if there is no such upper bound. 


Theorem Let ¥ be a Banach space. 

(a) Br(4) always has a left and right approrimate unit. 

(>) There is an example of a Banach space X for which neither Ba(¥) 
nor 3x(¥) has a left approximate unit. 

(2) ( Br(¥) and B4(4) have / Bx (4) has ) a left approximate identity 
if & has the ( approzimation property / compact approximation property ). 

(4) ( Br(¥) and Ba(X) have / Bx (4) has ) a bounded left approrimate 
identity if and only if X has the ( bounded approrimation property / bounded 
compact approximation property ). 

(e) (Br(A) / Ba(X) / Bx(¥) ) has a bounded right approximate iden- 
tity {f and only if it has a bounded two-sided approximate identity and this 
occurs if and only if the identity operator in B(X") can be approrimated 
in the Grothendieck topology by the adjoints of operators in some bounded 
subset of ( Br(X¥) / Ba(X) / Bx(%) ). If X has a shrinking basis, then 
the associated sequence {P,} of basis projections in Bp(¥) is a bounded 
two-sided approrimate identity for each of these algebras. 


Procf (a): The collection of ail finite-dimensional projections can serve as 
the <pproximate unit. 

(2): The example is Szankowski’s subspace of é! from [1978]. Details 
are given in Dixon [1986], §3. 

(:): We use the criterion of Theorem 5.1.2(a). Let Ki, Ko,...,Kn be 
an a“bitrary finite set of operators in ( Br(V) / Ba(¥) / Bx(4X) ). Then 
Uj_. T;(41) is compact so under our hypotheses, for any € > 0, we can find 
an operator EF € ( Br(X) / Ba(¥) / Bx(%) ) satisfying ||EK,; — K;|| < 
as we wished to show. 

(d): The existence of the bounded approximate identity follows from our 
last argument and Theorem 5.1.2(b) since the operator & can be chosen of 
bounded norm. 

The converse is an easy consequence of the proposition in §1.7.10. The 
existence of a bounded approximate identity with bound B in one of these 
algebras immediately implies that for any « > 0 and any finite subset 
{r1,%2,---,2n} Of & there is an operator T in the algebra, satisfying ||T'|| < 
Bed ||T2; — 2;|| < € for j = 1,2,...,n. 

{:): The Banach space adjoint operation provides an injective isometric 
anti-aomomorphism of B(4’) into B(A*) which sends Br(4) into Br(4’*) 
anc 3x (A) into Bx (A). Hence each of the algebras in (e) has a bounded 
tigh’ approximate identity if and only if the algebra of all its Banach space 
rc ts in Bx (A") has a bounded left approximate identity. The argu- 
ie". 3 given in the proof of (d) establish the equivalence of the existence of 
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these bounded left approximate identities and the corresponding approx- 
imation properties on 1°. However, these approximation properties on 
#° imply the corresponding approximation properties on ¥ and hence the 
existence of bounded left approximate identities for the original algebras. 
Now apply Theorem 5.1.2(b). a) 


5.2 General Factorization Theorems 


We use the next simple proposition in both Theorem 5.2.2 and 5.3.2. 
It has been stated in a very general way to cover any possible application. 
We denote the closed linear span of a subset S in a normed linear space by 


apan(S). 

5.2.1 Proposition Let A be a normed algebra with a bounded ( left / 

right / two-sided ) approrimate identity {ea}aca. Let T"),T),..., 7) 

be continuous ( representations / anti-representations / representations and 

anti-representations ) on normed linear spaces X!, X7,..., 4", respectively. 

Consider {a),a2,...,@)} C A and for each j = 1,2,...,n, arbitrary finite 

sets {21,252,---,23q,} © Span(T4%?). Then for any positive number e, 

there is an ag € A such that 

( leaa; — a;|| < € Vj =1,2,...,p / la; €q — a;|| <€ Vj =1,2,...,p / 
leaay — ay|| < € and |laje,—a,||<e Vj =1,2,...,p) and 

W725" — jl <€ Vj=1,2,...,n; k=1,2,...,9; 
hold for all a > ag. 


Proof Suppose the approximate identity is a left one bounded by M. First, 
we choose a representation T: A — B(4) and x € span(T4%) from among 
all the given data. Since z is in Spaii(7T.47’), we can choose b; € A and 
xz, € X sothat ||z—}05", To, x5] < €(2+2M||T||)~'. To simplify notation, 
denote the difference z — i To,2; by z. Choose ag € A so that a > ag 
implies |leab, ~ b,{] < €(2||T | oye, Ilzyil + 1)~! for 7 = 1,2,...,m. Then, 
for a > ag we have 


IIT-.,(z)ll + S> Te, To, 25 — To, 25|l + || - zl 


7=1 


< We Mel + DoW, 0, deal + Hell 
+1 


|Te.z — =| 


IA 


< (ITM + 1e(2 + 2M|TI|)~" 


+ elTI(2UTI Sizes + 1)7? D> Ilz, I] =. 
j=1 


j=1 
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Tf the approximate identity is right or two-sided, the argument for an anti- 
repzezentation would be similar. 

‘he approximation was achieved simply by choosing a large enough ao 
to exproximate a finite list of elements from A sufficiently well. Obviously, 
givezi a whole list of representations and vectors, we will still only have to 
epproximate a (larger) finite list of elements from A. Since {ea}aca is a 
net, this can be done. oO 


‘2 a normed algebra A has either a left or a right approximate identity, 
Sho: aach element a € A is the limit of a net (actually a sequence) of prod- 
ucts of elements in A. Paul J. Cohen [1959a] proved that every element 
in 2. “3anach algebra with a bounded approximate identity is actually the 
=rocuct of two elements (rather than just the limit of products) and that 
these elements can be chosen to satisfy useful additional conditions. We 
sne!! prove a version of this result discovered independently by Edwin He- 
witt (1964) and by Philip C. Curtis, Jr. and Alessandro Figa-Talamanca 
[1966]. This version of the theorem is usually stated for Banach modules. 
Since we usually use the language of representations rather than the equiv- 
aler; language of modules, we use it here also. A number of simpler proofs 
nave been offered for theorems similar to Theorem 5.2.2. However, none 
of ‘2em establishes a sharp bound for jal]. (See Miecstaw Altman [1971], 
Visstimil Pték [1974] and Sidney L. Gulick, Teng Sun Liu and Arnoud van 
Rooij [1967].) A simpler proof of the full results has been given by Paul J. 
“eos's [1964] when the approximate identity is two-sided and bounded by 
1. See also Section 5.3 below, Doran and Wichmann [1979], Ptak [1979a] 
and Florian A. Potra and Ptak [1984], Chapter 8. 


5.2.2 Theorem Let A be a Banach algebra with a ( left / right ) approzi- 
mate identity bounded by M. Let T be a continuous ( representation / anti- 
representation ) of A on a Banach space ¥. Then for each y € span(T4%) 
and each € > 0, there are elements a € A and z € X which satisfy: 
» (a) y=Taz; 

{b) lal] <M; 

(c) lly—-2ll<e; 

(a) ze (Tay). 
Hence, the set {Taz : a € A,z € X} ts precisely the closed linear subspace 
BRT 4X) of X. 


' it is enough to prove the first case, since it gives the second when 
esnosod to the opposite algebra. 
‘’o make A’ into a Banach algebra by defining the norm as follows: 


|A+al|=|Al +a] vVA+ae Ad. 


Vis ‘define a representation of A! on 4 which extends T, and which we will 
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denote by T again, by 
Tigat=ATH+ Tar VWrAtaecAs ren. 


Note that the norm ||7'|| of the bounded linear map T: A! — 2 is the 
maximum of 1 and the norm of the original map T: A > . 

It is convenient to use P to denote the number 2M(1+2M)~!, Note 
P <1, P=2M(1— P) and 2M = P(1- P)"!} =O, Pr. 

The idea of the proof is to construct a convergent sequence of invertible 
elements 6, = P"™ +a, in A!. Then we set a = limb, = lima, € A 
and z = lim Ty_y where d, = b;!. Thus {Tay} converges even though 
{|]Ta,, ||} approaches infinity. 

Let {ea}aea be a left approximate identity for A bounded by M. We 
use € to denote the set {eg : a € A}. We will always denote elements of 
E by “e”, often with some subscript. For any e € &, Proposition 2.2.9(e) 
shows that P + (1 — Pe is invertible in A}. We will denote its inverse by 
Cc, 4.€., 

c=(P+(1-P)e) Vec€. (1) 


Proposition 2.2.9(f) also shows 
c—P'€Aand |e] <2P° Vee€. (2) 
Hence any e € € and any a € A satisfy: 


llell lla — (P + (1 — P)e)alh 


lca al] < 
< 2P73(1- P)lla — eal. 


Thus, the net {ca}aca © A! satisfies the defining properties of a bounded 
left approximate identity in A except that the elements c, are in A! instead 
of in A. It is easy to check that the proof of Proposition 5.2.1 remains 
valid, so that for any finite sets {a;,@3,...,@n} C Aand {y1, ya,..-,Y¥m} © 
span(T47) and any 6 > 0, there is an e € € such that 


\\ca; —a;||< 6 


j= 
é 3 
Ty) -wll<d j= (3) 


hold simultaneously. 

Let y € Span(T4%¥) and « > 0 be arbitrary. These will remain fixed 
throughout the rest of this proof. We will inductively choose elements 
én € E so that b, = P" + (2M)~! S"P_, P*e, satisfies 


bn € (A')e (4) 
and so that the inverse d,, of b,, satisfies 


Ta, ¥ ~ Ta, ,yll < 27"€ (5) 
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for all n > 1, where dp = 1. 
Ve choose e; so that 
Tey ~ yl < 2eNe: 

Then, 6} = P + (2M)~!Pe, = P+ (1— Pe, is invertible with c) = d) 
as its inverse. Thus, e; satisfies (4) and (5). Now suppose €1,€2,...,€m 
have Seen chosen satisfying (4) and (5). We will use (3) to find em41 € € 
which satisfies (4) and (5). Let § and & be the positive numbers 6 = 
(27+ 17 I(2P—"|Iyl]+[ldmf])+1)~*e and 6 = min{||dm||-1, 6(|}¢m |? +6)~*} 
so ||dm||26’(1 — 6’)~! < 6. The inequalities of (3) show that we can find 
€m+1 © € so that the following inequalities hold: 

\lcna1€k ~exll < & k=1,2,...,m 

IZenn¥-yll < 6 
We show first that b,,,) is invertible. We have 


Cm+ibmat — bm = Cmer(P™ + (2M) P™t en 41) 
+(2M)7! S > Prem+1€k — pm — (2M)"} >> Prer 
k=1 


k=1 
Peas tlhsk (l= Plena) =P" (7) 


+(2M)~* } > P¥(cm+1€k — ek) 
k=1 


(6) 


(2M)"! s P¥ (em41€k eal ek) 
k=1 


which gives 


m 
llem416m41 — bmi] <(2M)~* }> PS’ < 6' < |Idml|-*. 
k=1 
The induction hypothesis shows that 6,, is invertible with inverse dy. 
Henc2, Proposition 2.2.9(b) shows that ¢m16m41 is invertible and its in- 
verse satisfies 


\l(Cm415m41)7! — del] < {ldml|?6°(1 -— 8’)! < 6 (8) 


Thus €m41 Satisfies (4). We now check (5). Using (8), (6) and the definition 
of 6 we get 


Denard ~ Ta, ¥ll esate cal ee: Tan yll 


SW icemssbme1)~?—den|omar Yl + | Tam (Tomei ¥ ~ ¥)Il 
S [IT Il Ncm+1bme1) > — deal} Iemma lly 

+([T Il ll@mll [Zener ¥ — ull 
< |T(62P~* yl] + lidmlld) = 27", 
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This completes the proof of (5) and hence the inductive construction of the 
en € E. 

We now construct the elements a € A and z € span(T.4¥) which satisfy 
(a), (b), (c), and (d) of the theorem relative to our choice of y € span(T.47) 
and € > 0. For m > n, (5) gives 


Tay -Taulls S> Way -Tarull< > ake <2-"e. 


k=n41 k=n+1 


Hence, {Tz,y}nen is a Cauchy sequence. Denote its limit by z. Then using 
the case n = 0 in the above inequality, we get ||y — z|| < ¢. Since each 
e, € € has norm satisfying |le,,|| < M, the series 


ao 
(2M)-'S> Pre, 
n=1 


converges. Denote its sum by a. Then a is also given by a = limy—.oo bn. 
Since T is continuous, we see y = limp—.oo Th, Ta, y = Taz. Thus, a and z 
satisfy conditions (a) and (c) of the theorem. We also have 
llal| < (2M)~! $7 Pllenil < (2M)~"P(1 — P)"'M = M, 
n=1 
so a Satisfies (b). 

Finally, lim T.. y = y shows that y belongs to (T4y)~. Since each d,, 
belongs to A!, Ty, y also belong to (T4y)~. Therefore z = limpo. Ta, y 
belongs to (T4y)~. This completes the proof of (d). 

The last sentence follows immediately since we have shown that any 
y € spani(7T4%’) has the form 7,2 for some a € A and z € ¥. Oo 


We have proved Theorem 5.2.2 for factoring single elements. However, 
in some applications it is necessary to deal with the simultaneous factoriza- 
tion ef more than one element. The first extensions of this sort were given 
independently by Nicholas Th. Varopoulos [1964a] and Johnson [1966], both 
of whom used their extensions to prove important theorems which we will 
present later. They proved the “algebra” (rather than the “representation” ) 
form of Corollary 5.2.3(c) below. The form we give was first established 
by Marc A. Rieffel [1969a], whose proof we use. The “algebra” form of 
Corollary 5.2.3(b) was established by Ian G. Craw [1969] for Fréchet alge- 
bras. Corollary 5.2.3(a) is a slight extension of his result in the Banach 
algebra case. Similar results have also been obtained by Heron S. Collins 
and William H. Summers [1969]. 


5.2.3 Corollary Let A be a Banach algebra unth a ( left / right ) ap- 
prommate identity bounded by M. Let T be a continuous ( representation 
/ anti-representation ) of A on a Banach space 2X. 


* 
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(a, If S ts a countable union of compact subsets of Span(T 4%), then 
there is anaé A so thatS CTX. 

“3 If S is a compact subset of span(T.4%’) and « ts a positive num- 
ber, inen there is an element a € A and a continuous function z:S + X 
satisfying: 

(01) y=Tozly) Vy ES; 
(ba) |lall < M; 

(bs) lly-z(yl<e VWyES; 
‘ba) z(y)€ (Tay)™ Vy eS. 

fc) If {yn}nen ts @ sequence in span(T4%) converging to zero, and € is 
G@ pesitive number, then there is an element a € A and a sequence {zn}nen 
conyerging to zero and satisfying: 

(cy) Yn = Ta2n VneN; 
(co) llall <M; 

(es) |lyn—2nl] <e VWneEN; 
{c4) 2n € (Tayn) = Vn EN. 


Proof We will prove (b) and then use this to prove (c) and (a). 

“s*: Let S be a compact subset of span(T.,.’) and let Y be the set of all 
corsituous functions f:S — A’. We make ¥ into a Banach space by using 
te'rsvise linear operations and the norm 


fll = sup{Ilf(s)ll : s € S}. 
Nedn« a representation T of A on ) by setting 
(Tof)(s)=Ta(f(s)) VaEeA feyses. 


It is clear that T is bounded with |/T| = ||7'Il- 

We now apply Theorem 5.2.2 to A, Y, and T. We choose y € J to be 
the ‘centity function y(s) = for all s € S. We must show y € span(7'4)). 
"or ary € > 0, choose a finite cover B(s,,¢/2), B(s2,¢/2),..., B(sK,€/2) 
gi & by ¢/2-balls and a partition of unity 91, 92.-.,g« subordinate to this 
cov2:. (That is, fork = 1,2,...,K, gx: S — [0,1] is continuous, and satisfies 
gx(s) = 0 for s ¢ B(s,,€/2) and Se, gx = 1. Cf. Rudin [1974].) Then 
from the approximate identity, choose e, satisfying ||T., 5% — $x|| < €/2 for 
k= 1,2,...,K. Thus, fx(s) = g¢(s)34 belongs to Y and 


= 
| 
“3 
a 

r 

= 
i 


K 
sup{|ls — >. gx(s)Te, Sxl} 
séS k=1 


lA 


K 
| sup{5 > gx(0)( lle — sel] + Hae — Te, onl)} 
9€S yay 


<_ sup{ 2m ge (8)é + a 0} <e. 


PES gay li<e/2 We~onll>e/2 
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Hence y € apan(T 4)). 

Now let € > 0 be arbitrary. Then we find a € A and z € ) so that 
T.z = y, |lal| < M, lly — zl] < € and z € (T4y)~. We get conclusion (b) by 
evaluating y and z at each point s € S in the expressions T4z = y, ||y—2z|| < 
e and z € Ty(y). 

(c): We specialize to the case where the compact set S is {yp : n-€ 
N}U{0}, where {y,, }nen is a sequence converging to yo = 0. We consider the 
subspace Z of ) consisting of all f € Y such that f(0) = 0. Clearly, this is a 
closed T-invariant subspace. Let T be the restriction of the representation 
T to Z. Apply Theorem 5.2.2 to A, Z and T. Again, we choose y € Z to 
be the identity function y(s) = s for each s € S. Let € > 0 be arbitrary. 
The theorem guarantees a z € Y such that Tz = y, |lal| < M, |ly — 2|| < e€ 
and z € (T,y)~. Set z, equal to z(yn) for each n. Clearly, z, satisfies the 
desired properties. This proves (c). 

(a): Suppose S is the union US_,S, where each S,, is compact. Since 
the norm is a continuous function, B, = sup{|{s{| : s € S,} is finite for 
each n. Somer the set S = U%,(nBn)-'S, U {0} where (nB,)~1S, is 
just {(nB,)~'s : s € Sa}. Then S is compact. (To see this, it is enough to 
check that each sequence in S has a convergent subsequence. If it contains 
a subsequence moving through the sequence of S,, we are done. If it does 
not, then there is a subsequence included in some (nBy)~'S,. Since this 
is a compact set, there is a convergent subsequence.) Apply (b) to S.  O 


5.2.4 Corollary Let A be a Banach algebra with a ( left / right ) approzi- 
mate identity bounded by M. If {a,},en 18 @ Sequence in A which converges 
to zero and € is a positive number, then there is an element e € A and a 
sequence {bn}nen in A converging to zero satisfying 

(a) (an =eb, / Gn = bre ) YneN 

(b) jell <M 

(c) {lan — ball <e VneN 

(d) ( bn € (Aan)~ / bn € (an.A)~ ) VneN. 


Proof Apply Corollary 5.2.3(c) to the left or right regular representation. 0 


We now state Cohen’s original (1959a] factorization theorem together 
with its converse, which is due to Altman [1975]. Note that not all of (b) 
is needed to establish (a). 


5.2.5 Corollary The foilowing two conditions are equivalent for a Banach 
algebra A. 

(a) A has a { left / right ) approrimate identity bounded by M. 

(b) There is a constart M such that for each a € A ande > 0 there are 
elements e € A and ( b € (Aa)~ / b € (aA)~ ) satisfying (a = eb /a= 
be ), flell < M and |la - || <e. 
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In particular, when these conditions hold, each element of A can be 
written as a product. 


Proo,; (a) > (b) Immediate from Theorem 5.2.2 or Corollary 5.2.4. 

(::) => (a) Given a € A and € > 0, choose e,b € A satisfying (a = 
eb / 1 = be ), |lel| <M and ||b — al] <e/M. Then |la — eal| = ||eb — eal] < 
llell ij » — al] < e. Hence (a) follows by Theorem 5.1.2(c). a 


C onverses of various forms of this theorem have been sought by a number 
c£+ “xers. Donald C. Taylor {1968], F. Dennis Sentilles and Taylor {1969} 
and .iu, van Rooij, and Wang [1973] found partial converses. William L. 
Pasc -ke [1973] showed by example that the converse of the final (weaker) 
steis nent in Corollary 5.2.5 is false. More recently, Dixon [1990] gave a 
four- jimensional algebra A in which every element may be factored since 
A is she direct sum of two algebras, one with a left identity and the other 
with a right identity, but which obviously lacks an approximate identity. 
He a.so noted the existence of (non-separable) commutative semisimple Ba- 
nach algebras with factorization but without even unbounded approximate 
ident'ties. However, he showed that every separable commutative Banach 
alge -a with ( left / right ) factorization of sequences converging to zero has 
a (pcssibly unbounded) approximate identity. By ( left / right ) factoriza- 
tion of seguences converging to zero, we simply mean that for any sequence 
{Gn },en G A converging to zero there is an element e € A and a sequence 
{on}nen © A converging to zero satisfying ( an = ebp / Gn = bne ). Ad- 
ditional results and examples on converses to the factorization theorem, 
partizularly for commutative algebras, are given in Willis (1992b]. 

Note that if a normed algebra A has a right approximate identity which 
is { . ounded by 1 / bounded / arbitrary ), then the left regular represen- 
tatic: of A is ( isometric / homeomorphic / faithful ). 

The factorization theorem gives new information on double centralizers. 
Thecrem 1.2.4 shows that, if A is a Banach algebra and Az 4 = Ara = {0} 
(e.g., if A is a semiprime Banach algebra), then any pair of maps L: A + A 
and ?:A— <A satisfying 


al({b)= R(a)b a,bEA 


will ave both L and & linear and continuous. Of course if A has a right 
appr ximate identity, then Az4 = {0}. We now establish an improvement 
of Theorem 1.2.4 which is due to Johnson [1966]. 


5.2.6 Proposition Let A be a Banach algebra with a bounded ( left / 
right ) approximate identity. Let (L / R): A— A be a map which satisfies 


{ L(ab) = L{a)b / R(ab) =aR(b)) Va, bEA. 


Ther. (ZL / R) is linear and continuous. Thus it is a ( left / right ) 
cen‘alizer, 
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Proof We prove only the first case since the second follows by considering 
the reverse algebra. Let a1, a2 € Aand X, 4 € C be arbitrary. By Corollary 
5.2.4, we can find elements e, b), b2 € A such that a; = eb; and ag = eb. 
Therefore, we get 


L(Aya, + A2@2) L(e(A, 8; + A2be)) = L(e) (Aid, + Aabe) 
Ai L(e)b, + Ag L(e)be = Ai L(eb:) + A, L(eb2) 


= A L(a1) + A2L (a2). 


Mt 


Nl 


Hence L is linear. Thus it is a left centralizer. 

We will now prove that L is continuous. Suppose {an }nen is a sequence 
in A which converges to zero. Corollary 5.2.4 shows that there is a sequence 
{b,}nen Converging to zero and an element e € A such that a, = eb, for all 
n. Thus, lim, L(an) = limp—oo L(ebn) = limp—oo L(e)byn = 0. Hence L 
is continuous. ia) 


Rieffel proved a module version in {1969a], but we shall not need his 
result. 


Marimal One-stded Ideals in Approrimately Unital Banach Algebras 


In a unital Banach algebra every one- or two-sided ideal is modular. 
Hence, Theorem 2.4.7 shows that every maximal one- or two-sided ideal is 
closed. Michael D. Green [1976] has shown that the same conclusion holds 
true in an approximately unital algebra, at least for one-sided ideals. This is 
an example of ways in which approximately unital algebras resemble unital 


algebras. 


5.2.7 Theorem Let A be a Banach algebra with a bounded { right / left ) 
approzimate identity. Then every mazimal ( left / right ) ideal is closed. 


Proof Consider the case in which M is a maximal left ideal. Let {bn }nen 
be a sequence in M converging to b € A. We wish to show be M. 

Let bp = 0 and consider the sequence {b — b,}neno which converges to 
zero. Corollary 5.2.4 gives a sequence {€n}ncno Converging to zero and an 
element d satisfying b — b, = €nd for all n € N°. To simplify notation write 
c = Co and for positive n c, = c — Cy, So 


bn = tnd, cy, — c and b = cd. 


Consider the left ideal £ = {a € A: ad € M}. Since it contains each 
€n, it is enough to show that CL is closed. We may assume that CL is not 
equal to A. The maximality of M shows that Ad + M equals A. Hence, 
we may write d = ed + m for some e € A and m € M. Then anyac A 
satisfies (a — ae)d = am € M. This shows that C is a modular left ideal. 
We will now show that £ is also maximal. If K is a left ideal which properly 
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inctudes £, then the maximality of MM implies A = Kd + M. As before, 
we may choose e € K satisfying e = ed + m for some m € M. Hence, any 
2: & A satisfies a= ae+(a—ae)&€ K+L=K. Since any strictly larger left 
ideal equals A, we conclude that M is a maximal modular left ideal and 
the-cfore closed by Theorem 2.4.7. o 


nal 5.3 Countable Factorization Theorems 


‘: this section, we prove an important theorem, due to Sinclair, about 
Bazach algebras with countable approximate identities. This theorem holds 
im e>y separable approximately unital algebra. We also prove some weaker 
factorization-like theorems which hold in any separable Banach algebra, 
wether or not it has an approximate identity. 

Tae main theorem (Theorem 5.3.2) is a simplified version of the main 
thecrem in Sinclair’s book [1982] which was based on his papers [1978] 
enc 11979]. By omitting a number of deeper properties, we are able to 
~3 x simpler induction argument as noted by Sinclair [1982]. Both the 
properties we prove and those we omit are useful, but Corollary 5.3.4 below 
is ¢ertainly the most important consequence of this theorem. For interesting 
applications of analytic semigroups in L(G) for a locally compact group 
see José E. Galé [1991]. 


5.8.. Definition Let A be a Banach algebra. Let H be the open right 
half plane {A € C : Re(A) > 0} and, for each a satisfying 0 < a < 7/2, let 
S(c:) be the sector 


S(a) = {X: |arg(A)|] < a; 0 < |A| <1} CH. 


A function e: H — A is called an analytic semigroup in A if it is an analytic 
function satisfying 


e(A + p) = e(A)e(z) VA, uw EH. 


An analytic semigroup is said to be bounded if for each a satisfying 0 < 
a </2, the set {|le(A)|] : A € S(a)} is bounded. 


Note that if e: H — A is an analytic semigroup, then {e(1/n)}nen is a 
seazential commutative approximate identity. If the semigroup is bounded, 
then this approximate identity is bounded by the bound for any sector S(a). 


5.3.2 Theorem Let A be a Banach algebra with a countable two-sided 
bounded approximate identity. Let ( T: A + B(X) / S:A — BY) ) be 
a continuous ( representation / anti-representation ). Then for any x € 
(Tye) and y € (Sa(Y)); there are: 

: bounded analytic semigroup e:H — A, 
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an entire function z:C + X with z(0) = z, and 
an entire function y:C — Y with y(0) = y 
satisfying: 

(a) Tecay(z(u+A))=2(u) VAEH pWEC 
Searlye+A))=y(u) VAEHpEC. 

(b) (e(A)A) = (Ae(A)) = A VACH. 

(c) z(A) € (Ta(z)y and y(A) € (Sa(y)y VA EC. 

(ad) For each a satisfying 0 < a < 1/2 anda€eé A, 


a= jim e(A)a a lim ae(A) 


when 2 is restricted to the sector S(a). 
(e) If the original approrimate identity has bound 1, then all positive 
real t satisfy |je(t)|| < 1. 


Proof We will inductively choose a sequence { f,}nen from an approximate 
identity for A with bound M. For each 4 € H, we will then construct an 
exponential element e,(A) € A! by 


én(A) = exp(A SU, -1)) (1) 


=1 
and define e(A), 2(A) and y(A) by — 
e(A) = lim en(A), 2(A) = lim T.,(-y)(z) and y(A) = lim T,,(_y)(y). 
n—00 n—00 n—o0o 


The convergence of these limits depends on the careful choice of f, so that 
for each n the “factor” exp; A( fn—1)) makes the elements which it multiplies 
very much smaller. (When the algebra is commutative, this really is a factor 
in the expression for e,,, but in the noncommutative case we must estimate 
how far it is from being an actual factor.) The limit of the sequence of 
exponentials is in A rather than A! since each e,(A) obviously has the 
form e,(A) = e~" +c, where c, is in A. The group properties of the 
exponential function yield the semigroup properties of e:H — A. 
Although the calculations involved are not really difficult, the notation 
is sufficiently complicated that we will state a purely computational lemma. 


5.3.3 Lemma Let A be a Banach algebra and let T: A — B(X) be a 
continuous representation or anti-representation. Let u+a€ A’, M ER,, 
f € Am and xz € & be arbitrary. To simplify notation, write N = M + 
llall + 1 and P = ||(f — 1)al + jla(f — 1)II.- 

{a) Allk EN satisfy 


(a+ f -1)* ~a* -(f -1)*| < N*P. 
(b) AUK EN satisfy 
Tyas yay (2) ~ Tya(z)|] < NTI (lelP + T(z) - 2)). 
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{:) AIA €C satisfy 
JeXlatF-) rhe ere = e(f-}) a 1] < (eX IA _ 1)P 
(d) For any positive B € R, there is a constant C, depending on |lall, 
( 
B and M, such that any \ € BC, satisfies 
Jere te+F-1) _ eXlute)y < eReQAu) (elAl(M+1) 14 CP). 


‘») For any positive B € R, there is a constant D depending on |lal|, 
\u|, 3 and M such that any \ € BC, satisfies 


'|Texp(a(u+a+ f—1)) (2) a> Texp((u+a)) (Zl < D((\\z\|P + Tz = zl). 


Prooj (a): Expanding (a + (f — 1))* without using the commutative law 
gives 


\A 


Sets -1s-"((5) -1)P 


k-1 
k-1-j a1(* 
< Dietary (i) 
< (jal + M+ 1)*P = NEP. 


(a -- f — 1)* — a* — (f — 1)*]| 


(2): Since N is greater than both 1 and ||f — 1], (a) gives 


Zass—1ye(t) — Ton(z)h ST p—rye(2)ll + IIT I MLN P 
S |TYN*A | Tp(x) — all + ITI lallw*P 
S N* ITI (lzI\P + IT (2) - 2). 


‘ ): Expanding the three exponentials and using (a) gives 


jeer —¢et _ ef-) + 1]] 
— [Al* 
< SA ia+s—1t a -(f-1)44 


py le ee 
< SOT N*P=(e 1)P. 


(4): By using (c) at the first inequality, we get 
oMatat f-1) & eX(uta))| a eRe(A#) || eX(o+F—1) 2 e*|| 


eRe) (JeAU—D — 1 4 (e% —1)P). 


\A 
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Hence, we may choose C = eN? — 1. 
(e): Expand the exponentials in series to get 


WTexp(atutats—1)(2) —  Texp(a(u+ay)(2)Il 


) jAl* 
gl EL Tints (2) ~ Tor(2)l 
=1 


1A 


[o) k Ark 
ePlul 4 Ir (Ix |P + {IZy(x) — x) 
a: 


IA 


D((lz||P + [ITy(z) — 2])). 


where D = eB(N +4) 7]. oO 


We now resume the proof of the main theorem. Note that in (c), (d), and 
(e) of the lemma, the right hand side of the inequalities have factors of the 
form P = ||(f — 1)ai| + lla(f — 1){| or [[Z(x) — zl] which can simultaneously 
be made as small as we please by suitable choice of f from an approximate 
identity. This is the key to the construction. 

Let {gn : n € N} be a complete list of the elements in a countable 
bounded approximate identity. (We are not claiming that the approximate 
identity is sequential, so the order of this list is in no way related to the 
structure of the approximate identity as a net.) 

We will now inductively choose the sequence {fn }nen from this or an- 
other countable approximate identity bounded by M to satisfy the following 
five conditions for all A € nC): 


len—1(A) x e,(A)|| < e7 (e WRe(Ad( JAICM +) — [4 gFn-1) (2) 
s 


WZe, tay (2) -— Tega (ail <2" (3) 
Se,-1ayly) — Snay(yil << 27" (4) 
l€n-a(A)ge — en(A)gell < 27° When (5) 
lige €n—1(A) — geen(A)I] S$ 2°" VWken. (6) 


Consider the case n = 1. Define eo() to be 1 € A’. We use (d) and (e) 
in the lemma with p, a, and hence P all equal to zero. Then (d) shows that 
(2) holds no matter how we choose f;. Lemma 5.3.3(e) (with the indicated 
choices) and Proposition 5.2.1 applied to the representations T, S, L and 
R (where the latter two are the regular representations) show that we can 
choose f, from the approximate identity to simultaneously achieve (3), (4), 
(5) and (6). 

Now suppose we have already chosen fy, f2,---, fr. We will use (d) and 
(e) of Lemma 5.3.3 again, but this time with wp = —n anda = f + fot 
---+ f,. Then, as before, (d) gives (2) and we apply Proposition 5.2.1 to T, 
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S, L and R to achieve (3), (4), (5) and (6) simultaneously with (2). This 
completes the construction of the sequence of exponential functions e,. 
“asquality (2) shows that for any A €¢ H 


e(A) =1+ lim > (ex(a) ~ e4-1(4)) (7) 
St kml \ 


cerverges. For {A| < 1, it also gives the estimate 


elAl(Af+1) 7 Q7-1 
lle(A)Il < 1+ —eaneay + [gate Ray 


For A in the sector S(a), this estimate becomes 


elAl(M+1) _ 1 
lle(A)I| S 2+ [eel 
whici: has the limit 2+ (M + 1)/cos(a) as |\| approaches 0. Hence, e(A) is 
bounded in S(a@) for each 0 < a < 7/2. As noted earlier, e(A) is in A not 
just A! and the semigroup property follows from that of the exponential 
function. Moreover, our proof shows that convergence is uniform on any 
sector of the form {A : 0 < {A| < njarg(A) < a} for any n € N and 
0 < a < 2/2. Since every element of H is included in the interior of a 
sector of this type, e is analytic on H since it is the limit of the sequence 
of analytic functions e,,. 

{a): Equations (3) and (4) show that we may define 


2(A) = in Ten(—d) (x) and y(A) => jim Se,(—-a)(y) 


since these limits exist. Then property (a) of the theorem follows directly 
from the group property of the exponentials 1+ e,(A). 
iw: Similarly, inequalities (5) and (6) show that for all m € N the limits 


lim én(—A)gm and lim gnen(—A) 
n—-0o n—00 


exis. Let us temporarily call them h,,{A) and km(A), respectively. These 
furctions satisfy the analogue of condition (a) of the theorem. Hence for 
eack 4 € H and each m € N, we have g,, € e(A)A and gm € Ae{A). Let 
a € 4 be arbitrary. In the proper order of the approximate identity we 
have a = lim gna = limag,,, establishing (b). 

(c}: Proposition 5.2.1 shows that ( x / y ) belongs to ( (Ta(z)) / 
(S,ly)) ) since by hypothesis it belongs to ( (T4(4)) / (Sa(Y))-). Hence, 
Tentz) € (Ta(z)) and S.,(ay(y) € (Sa(y)) are both obvious and imply 
(c). 
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(d): Leta € A, 0< a < 7/2 and « > 0 be arbitrary. Define B to be 
sup{|le(A)|| : A € S(a)}. Property (b) allows us to choose an element c in 
A satisfying {ja — e(1)cl| < ¢/(2+2B). By the continuity of the function e 
on H, any 4 € S(q) sufficiently close to 0 satisfies 


lle(A)a — al] <_ [I(e(A) — 1)(a— e(1)e)I] + lle(A + Le — e(1)e| 
<_ (lle(A)l + Ne/(2 + 2B) +€/2 <e. 


Since € > 0 was arbitrary, this proves (d). 
(e): If the bound M of the approximate identity from which we chose 
the fn is 1, then for positive real t we get 


n n 
llen(t)ll < eM exp(t >> fell < e7™ exp(t D> [Ifell) <e"Me™ = 1. G 
k=1 k=] 


The following corollary summarizes the most important consequence of 
this theorem. See Sinclair [1982] for other consequences and additional 
properties which the analytic semigroup possesses if it is constructed by a 
still more careful induction. 


5.3.4 Corollary Any separable approrimately unital Banach algebra or 
any Banach algebra with a countable bounded two-sided approximate iden- 
tity has a commutative sequential two-sided approximate identity bounded 
by 1 in an equivalent algebra norm. If the original approrimate identity 
was bounded by 1, no renorming is necessary. 


Proof We have already noted that if a normed algebra is separable, then any 
bounded two-sided approximate identity can be approximated by elements 
in the countable dense set, thus giving a countable approximate identity. 
Now suppose A satisfies the hypotheses of Theorem 5.3.2. Let e-H — A 


be the resulting analytic semigroup, and let S be the restriction of this. 


semigroup to the sector S(a) for some 0 < a < 2/2. Apply Proposition 
1.1.9 to get an equivalent algebra norm in which S is in the unit ball. Then 
{e(1/n)}nen is a commutative sequential approximate identity bounded by 
1. If the original countable approximate identity was bounded by 1, result 
(e) of the theorem shows that no renorming is needed. a) 


Dixon [1973a] shows that even in a commutative algebra with a bounded 
(uncountable) approximate identity of bound M there may be no approxi- 
mate identity of norm less than M in any equivalent norm. He also exhibits 
an approximately unital Banach algebra which lacks any commutative ap- 
proximate identity and an incomplete nurined algebra with a sequential 
two-sided approximate identity but no commutative (even one-sided) ap- 
proximate identity. 
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Factorization in General Separable Banach Algebras 


We now wish to discuss some results of J. P. Reus Christensen [1976] 
and Richard J. Loy [1976] which give (among other consequences) a weak 
factorization theorem for representations of separable Banach algebras on 
separable Banach spaces. The proofs of the next two theorems depend on 
some simple results from the theory of analytic spaces. A topological space 
is called an analytic space if it is Hausdorff and is the continuous image of 
a separable complete metrizable space. The collection of analytic spaces is 
close 1 under forming continuous images, closed subsets, countable products 
and countable unions. Hence, the linear span of an analytic subset 9 of a 
tope gical linear space is analytic since it equals U2, {S oja1 AjZy ¢ Ay € 
C;2: € G}. We need two fundamental results about analytic spaces. 

Pettis lemma: If B is an analytic second category subset of a topological 
linea. space, then B — B includes a neighborhood of zero. 

Cpen mapping theorem: A continuous linear surjection of an analytic 
space onto a Banach space is an open map. 


For proofs of these results, see either Christensen [1974], the appendix to 
Treves [1967] or Dales [1993]. 

The next result is due to Loy [1976]. We will give some less abstract 
cOnsejuences after we prove the theorem. 


5.3.5 Theorem Let 4, 4%),...,%, and Y be Banach spaces with all but 
the last separable. Let T: X, x Xgx-++* Xp, — Y be a continuous multilinear 
map. Let Z be a closed subspace of Y which is included in the linear span 
of the range of T. Then there exists an integer m such that each z € Z 
can be written in the form 


m 
— 

z= ) T (215, £2j,-+-)2nj) 
j=l 


jor sv table 24; € Aj. Furthermore, the expression ||z||~ defined by 


j m m \ 
inf £7 Ulzayll Weayll + lengll s 2 = Do T(t1j,29)5---1tny)s Bay © Mi | 


\j=) j=) 


gives 1 complete norm on Z equivalent to its original norm as a closed 
subspace of Y. 


Prov! The continuity of T shows that there is a constant M’ satisfying 


lz] < M'llzllp WzeZ. 
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The product space 1, x %) x --- x 4, is analytic, and its injection into the 
algebraic tensor product @f_, 4%; is contmuous when the latter carries its 
projective norm 


m 
Iz] = wt (Stal Wrasll---engll : 


j= 
: \ 
re} t% @ Lai @ ++ @InjisME N3 24; EX). 
3=1 


Hence, the range {7; ® zg @-:- @ 2, : z, € A} of this map is an an- 
alytic set. Therefore, its linear span @7_,4, is analytic. Now T can be 
uniquely extended to a continuous map T: @".,4, — Y. Since Z is closed 
in }. T*(Z) is analytic and hence the open mapping theorem shows the 
existence of a constant M” satisfying 


J2ll> <M” Iz] VzeEZ, 
T 


Let Af = max{M',1+ A1"}. Now for each positive integer p, define a set 


Pp 


B, = {z2€Z:2= OSC apee yer ye 
j3=1 
Pp 
ay € Xs YS lizayll [leayll.-- lensll S$ Mllz{l}- 
j=l 


n 
Since B, is the continuous image of a closed set in 1 (]] +), it is analytic. 
jg=1 i=1 
However, Z equals U>° , B, so the Baire category theorem shows that some 
B, is second category. Hence, the Pettis lemma shows that B, — B, contains 
a neighborhood of zero in Z. However, Bag includes B, — B, and (like 
B, — B,) is closed under scalar multiples so we conclude Z = Bq. Hence, 
we have proved the theorem with m = 2g. Oo 


Next we interpret this as a factorization theorem. 


§.3.6 Corollary LetT be a continuous representation or anti-representation 
of a separable Banach algebra A on a separable Banach space 4’, and let Z 
be a closed subspace of Span{T,r :a € A;x € X}. Then a positive integer 
m and a real number M exist such that each z € Z can be written in the 
form 


m 
z= 5 To, Z; 
J=1 
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fora; € A and zx; € % satisfying 


ie] 


m 

> liasll llesll < Mle 

j=1 
roof Apply the theorem with 1%, = A, 4%, = 4 = y, Z = Z and 
T(a, x) = Tgz. 0 


The following remarks will be useful for our next application. Let A be 
an aigebra. Recall that 


A” = span{ || a; : a; € A} 
j=l 


is an ideal in A for each n = 2,3,... and that these ideals satisfy 
CA" C-.-CACAACA 


We will be interested in the case in which some A” has finite codimension 
in A. In this case, A? has finite codimension in A. Assume that A? has 
codimension p in A, and choose €1, €2,...,€p € A so that each a € A may 
be written in the form @ = S~f_, axa, + )0?_, A,e;, with g E N, A; EC 
aud a,,a, € A. Expand each a, and each aj, in the above expression into 
a similar expression. By collecting terms, we can write 


m Pp Pp P 
é¢= > bb), + De 5. rij ese; + > Ajej 
k=1 t=] jl j=l 
with A;, Ax; € C and by, b,, by € A. Proceeding in a similar fashion, we see 
that for any n, A” has codimension at most p + p? + ---+p"—}. Similarly, 
if A? has at most countable codimension, then A” has at most countable 
codimension for n = 3,4,... also. Hence A” has at most countable codi- 
mension for one integer n > 2 if and only if A” has at most countable 
codimension for all integers n > 2. 
Now we specialize the above considerations to separable Banach alge- 
bras and give a simple but fundamental result which combines work of 
Christensen [1976] and Loy [1976]. 


5.3.7 Theorem Let A be a separable Banach algebra in which A? has at 
mosi countable codimension for some integer p > 2. Then for each integer 
n > 2, A® is closed and has finite codimension in A. Furthermore, for 
each integer n > 2, there is a positive integer m = m(n) and a real number 
M = M(n) such that each element of A” can be written in the form 


m n m n 
Des [ais with a;; € A satisfying Il llas3|| < Mllall. 


g=11=1 j=1li=1 
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Proof By the remarks preceding this theorem, A” has at most count- 
able codimension for each integer n > 2. The subspace .A” in its relative 
topology is analytic since it is the countable union of the analytic spaces 
P= {ys j=: Qyk : ajn € A}. Let X be an algebraic complementary 
space for A” in A. Then 4% with its relative topology is analytic, since it 
is at most of countable dimension. Hence, the map 6: A” x X¥ — A de 
fined by 6(a,z) = a+ is a continuous linear bijection from the analytic 
space A” x X with its product topology onto a Banach space. The open 
mapping theorem shows that @ is a homeomorphism. Hence, if a sequence 
{bi }ken G A” converges to a € A satisfying a = b+ 2 with b € A” and 
xr € X, then z is zero and the sequence converges to b. Hence A”, and 
similarly 1, are closed in A. However, the Baire category theorem shows 
that a closed subspace of at most countable dimension of a Banach space 
is finite-dimensional. Hence, each A” has finite codimension and is closed 
in A. 

To obtain the remaininz results in this theorem, we apply Theorem 5.3.5 
with X%, = A, y = Z = A" and T(ai, a2,..., An) = €102°-- An. a) 


In Volume II we will actually need a slight extension of the above theo- 
rem which we will now state. Its proof is entirely similar and will therefore 
be omitted. 


5.3.8 Corollary Let A be a separable Banach algebra with center Az. 
If Az has countable codimension in A, then AzA” is closed and has finite 
codimension in A for all positive integers n. 


6 


Automatic Continuity 


t 


Intreduction 


iiais chapter discusses various linear maps between Banach algebras 
which preserve some aspect of the multiplicative structure. It investigates 
wher’ algebraic restrictions make these maps automatically continuous and 
when they can be described more precisely or explicitly than assumed a 
priori. The first two sections deal with automatic continuity of homo- 
morphisms. Jordan homomorphisms between associative algebras can be 
thought of as algebra homomorphisms which simply ignore noncommuta- 
tivity. Explicitly, a Jordan derivation is a linear map y:.A — B between 
algebras which satisfies 


y(ab + ba) = p(a)y(b) + p(b)p(a) Va,bEA. 


They are studied in Section 6.3. A derivation is a linear map 6 defined on 
an algebra A which satisfies the derivation equation 


6(ab) = 6(a)b+a6(b) Wave A. 


Sectic n 6.4 is devoted to the study of derivations and shows their several in- 
timat2 connections with homomorphisms. Finally, Section 6.5 deals briefly 
with Jordan derivations. 

Banach algebra theory is a hybrid between algebra and analysis. In 
the most favorable situations, analytic proofs can be used to establish that 
certain desirable topological or geometric conditions follow from purely al- 
gebraic hypotheses. A Banach algebra A is said to have a unique Banach 
alget: a topology if any two complete algebra norms on A are equivalent, so 
that the norm topology given by a Banach algebra norm is unique. An even 
more stringent condition is that A have a unique normed algebra topology 
in the sense that any two (not necessarily complete) algebra norms must be 
equivelent. Finite-dimensional Banach algebras have this property trivially. 
Meier Eidelheit [1940a] showed that for any Banach space 1, B(%) has a 
unique Banach algebra topology (cf. §1.7.15). Following Barry E. Johnson 
[1967], we will show in Corollary 6.2.8 that B(4’) has a unique normed 
algebra topology if ¥ is linearly homeomorphic to X @ 4. Israel Moiseevié 
Gelfand [1941a] showed that any commutative semisimple Banach algebra 
has a unique Banach algebra topology (our Corollary 3.1.11). 
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Charles E. Rickart made a penetrating study of the uniqueness of norm 
question [1950] and his results were completed by Johnson [1967a]. The 
resulting Johnson-Rickart theorem (Theorem 6.1.1) asserts that any semi- 
simple Banach algebra has a unique Banach algebra topology. This theorem 
includes the two earlier results mentioned above as well as many other par- 
tial results that were obtained before 1967. It is a cornerstone of general 
Banach algebra theory and will be used repeatedly in the sequel. We have 
already derived this result as Corollary 2.3.10 of the fundamental theorem 
of spectral norms, but because of its importance, we will also derive it, 
as Johnson did originally, from his theorem on irreducible representations 
(Theorem 4.2.15). This uniqueness of norm theorem shows that if a semi- 
simple algebra A has any complete algebra norm, then the Banach algebra 
topology can be described purely in terms of the algebraic structure of A. 
An actual description would be most interesting. 

Not all Banach algebras have a unique Banach algebra topology. A 
simple example can be obtained by the following rather silly construction. 
Let (¥, || - {|,) amd (¥, |] - |l,) be two Banach spaces which have the same 
algebraic dimension but are not linearly homeomorphic (e.g., €' and é?). 
Use Hamel bases for 4 and ) to define a linear isomorphism y of X onto 
y. Make 4 into a Banach algebra by defining all products to be zero. 
Then || -{|, and ||p(-)||, are two inequivalent complete algebra norms on 
*. A much more interesting example, which is due to the combined work 
of Chester Feldman [1951] and William G. Bade and Phillip C. Curtis, Jr. 
(1960b] is given in Example 8.1.5. This example is commutative and has 
a one-dimensional nilpotent Jacobson radical. Theorem 6.4.23 gives other 
algebras with inequivalent norms due to Richard J. Loy [1974a]. None of 
these counterexample algebras are semiprime. (Of course the Johnson— 
Rickart theorem shows that they are not semisimple.) Thus a number of 
authors have asked whether all semiprime Banach algebras have a unique 
Banach algebra topology. The answer is still unknown, but Julian M. Cu- 
sack [1976], [1977] has shown that the existence of a semiprime Banach 
algebra which does not have a unique Banach algebra topology implies the 
existence of other weird mathematical structures. (See Example 6.4.24 for 
a discussion of these results.) 

Let A be a Banach algebra under two norms || - ||, and || - ||,. If the iden- 
tity map from (A, || - ||,) to (A, {{ - [|,) is continuous, then the open mapping 
theorem shows that the two norms are equivalent. Hence if a Banach alge- 
bra fails to have a unique Banach algebra topology, then it is both the range 
and the domain of a discontinuous surjective isomorphism between Banach 
algebras. Conversely, if a Banach algebra is either the range or domain of 
a discontinuous surjective isomorphism between Banach algebras, then it 
can obviously be given two non-equivalent complete algebra norms (its own 
and the one induced by the isomorphism). Hence the question of whether a 
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Banach algebra A has a unique Banach algebra topology can be generalized 
by esking about the continuity of homomorphisms from A into, or onto, 
anovier Banach algebra or from another Banach algebra into, or onto, A. 
Positive results of this type are said to deal with the automatic continuity 
of the maps involved. Theorem 6.1.5 collects a large number of similar re- 
lationships between various uniqueness of norm and automatic continuity 
conditions and shows their logical relationships in a diagram. This shows 
the* the fundamental Johnson-Rickart result is implied by many conditions 
which have also been studied and shown to hold under various hypotheses. 
Following the statement of Theorem 6.1.5, we gather references to some of 
these results. 


€.: Automatic Continuity of Homomorphisms into A 


The next two sections contain several major results on automatic con- 
tinuity of a homomorphism y:.A — B between Banach algebras. In the 
present section we consider some general techniques and the results putting 
restrictions on the target algebra B. Theorem 6.1.3 states that any surjec- 
tive homomorphism of a Banach algebra onto a semisimple Banach alge- 
bra, is continuous. Corollary 6.1.14, which is due to Rickart [1950], states 
thet any homomorphism of a Banach algebra onto a dense subalgebra of 
a strongly semisimple Banach algebra is continuous. Corollary 6.1.15, due 
to Georgi Evgenyevié Silov {1947a], asserts that any homomorphism of a 
Banach algebra into a commutative semisimple Banach algebra is continu- 
ous. Theorem 6.1.18, taken from Nicholas P. Jewell and Allan M. Sinclair 
[1275}, is too complicated to state here, but shows that all surjective homo- 
=rerphisms of a Banach algebra onto certain radical Banach algebras are 
continuous. Example 6.1.19 gives algebras satisfying the hypotheses of this 
sheorem and related results. 

4. simple example shows that at least density of the range is necessary 
in t2e first, second, and fourth results mentioned above. Let A be any 
infinite-dimensional Banach space made into a Banach algebra by defining 
all products to be zero. Let w be a discontinuous linear functional on A. 
Then the map y: A - Mg defined by 


vla)=(§ °@) vaca 


is a discontinuous homomorphism into the finite-dimensional strongly semi- 
simple algebra M2. Note that this construction depends on nothing except 
‘no act that the matrix unit e;.2 (with a 1 in the first row and second col- 
umn) satisfies (e;,2)? = 0. Hence there is a discontinuous homomorphism 
*-t9 soy algebra with a non-zero nilpotent element. Recall that §3.4.20 
coniéins a discussion of the existence of point derivations. For certain in- 
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teresting and nontrivial commutative Banach algebras, discontinuous point 
derivations are easily constructed. We show there how this gives rise to dis- 
continuous homomorphisms into any unital normed algebra with a non-zero 
nilpotent element. 

It is unknown whether the hypothesis in Theorem 6,1,3 that the tar- 
get. algebra be semisimple can be relaxed to substitute semiprime for semi- 
simple. In fact we do not even know whether prime could replace semisimple 
in the hypotheses. Recall that Theorem 4.4.6 shows that a commutative 
algebra is semiprime if and only if it has no non-zero nilpotent elements. 
We have already raised the question of whether semiprime Banach alge- 
bras have a unique Banach algebra topology. See Cusack [1977] for further 
discussion of these questions. That paper shows that if any of the above 
questions have negative answers there is a topologically simple radical Ba- 
nach algebra. No such Banach algebra is known. 

There are a number of known results on uniqueness of norm and on 
automatic continuity of homomorphisms which we do not present in this 
section. Some relate to types of algebras which we have not yet studied. 
(Theorem 8.7.15 gives such a result.) Among results that assert that a ho- 
momorphism y: A -+ B between Banach algebras is continuous or “almost 
continuous” if A satisfies certain conditions, we will only give a few of the 
easiest. Also results on *-homomorphisms will be discussed in Volume II. 
However, many other important results will not be given anywhere in the 
work. We feel this omission is justified because H. Garth Dales, a preemi- 
nent expert in the subject of automatic continuity, is currently completing 
a monograph [(1994] on the subject. 

In his seminal paper [1950], Rickart introduced the fundamental notion 
of the separating ideal which is expounded in this section. He proved that 
strongly semisimple Banach algebras have a unique Banach algebra topol- 
ogy and conjectured that any semisimple Banach algebra has this property. 
He showed how to reduce this question to the question of whether all primi- 
tive Banach algebras have a unique norm topology. (It was this special case 
which Johnson [1967a] settled.) Rickart [1950) also showed that a primitive 
Banach algebra with minimal ideals has a unique Banach algebra topol- 
ogy. He remarked that the last two results had been noted independently 
by Irving Kaplansky [unpublished]. Finally Rickart noted the continuity- 
of-homomorphism results which corresponded to his uniqueness of norm 
results. In the interim between Rickart’s conjecture [1950] and Johnson's 
proof [1967a] that every semisimple Banach algebra has a unique Banach 
algebra topology, a number of partial results were obtained which have now 
been subsumed under the general theorem. We will not bother to refer to 
these results. For some related results, see the excellent short book by 
Sinclair [1976]. 
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Uniqueness of Norm 


\/Je begin this section with the most important automatic continuity 
result—-Johnson's uniqueness of norm theorem. The next three results, 
originally due to the combined work of Rickart {1950] and Johnson [1967a], 
were already stated as Corollarles 2.3.0 and 2.3.10 where they were derived 
from, the fundamental theorem of spectral semi-norms. We shall now de- 
rive j;hem, as Johnson did originally, from his result on irreducible normed 
repr¢sentations (Theorem 4.2.15). 


6.1... Theorem A semisimple Banach algebra has a unique Banach al- 
gebrc. topology. 


Proof This simply means that any two Banach algebra norms are equivalent 
so that the topologies they induce are equal. It is an immediate consequence 
of the next theorem. Oo 


6.1.2 Theorem Let (A, || -||,) and (A, || - ||2) be Banach algebras. Then 
the quotient norms induced by || - ||, and |} - |], on A/Asz are equivalent. 


Proof Again this follows from the next theorem. First set A equal to 
(A, || - ],) and B equal to A/A,j with the quotient norm defined by || - |l,. 
Ther: reverse the roles. o 


6.1.2 Theorem Let A and B be Banach algebras with B semisimple. Any 
surjective homomorphism yp: A > B is continuous. 


Prooj Suppose y: A — B satisfies the hypotheses but is not continuous. 
Then it is not closed so that there is a sequence {an}nen of elements in A 
whicl converges to zero but for which the sequence {y(an)}nen converges 
to a ron-zero element 5 € B. Since B is semisimple and b is not zero, there 
is some irreducible representation T of B satisfying T, 4 0. Theorem 4.2.8 
shows that 47 may be given a norm relative to which T is continuous. 
Since ¢ is surjective, T o y is an irreducible normed representative of A so 
that it is continuous by Theorem 4.2.15. Thus the continuity of T shows 
that the sequence {T(o,)}nen Converges to the non-zero operator J}, but 
the continuity of To y shows that Ty(4,) = (To y)a, converges to zero. 
This contradiction establishes the theorem. Oo 


The following is an elementary result related to Theorem 6.1.3. The 
Banach algebra version was noted by Rickart [1950]. 


6.1.4 Theorem Let A be a spectral normed algebra, and let B be an 
algebra. Let y: A — B be a surjective homomorphism. Then vy maps the 
closure of the kernel of p into the Jacobson radical of B. In particular, if 
B igs semisimple, then the kernel of ip is closed. 
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Proof Let £ be a maximal modular left ideal of B. The preimage of CL is a 
maximal modular left ideal of A and hence is closed in A by Theorem 2.4.7. 
Thus, y maps the closure of the kernel of y into £. Since £ was arbitrary, 
y maps the closure of its kernel into the Jacobson radical of B. QO 


Each of the following conditions has been studied and shown to hold 
for some significant class of Banach algebras. Recall that a norm ||| - ||| 
dominates a norm || - || if there is some finite constant M satisfying |la|| < 
M|||a\|| for all a € A and that two norms on the same linear space are 
consistent if the identity map between them has a closed graph. Conditions 
(d) and (e) are stated in the geometrical category of normed algebras while 
all the rest are stated in the (more fundamental) topological category. We 
give most conditions a brief name. 


6.1.5 Theorem The arrows in the diagram below show the implications 
known to hold among the following conditions on a Banach algebra (A, ||-||). 

(a) A has a unique algebra norm topology: The || - ||-norm topology ts 
the only algebra norm topology on A (i.e., any (not necessarily complete) 
algebra norm on A ts equivalent to the norm || - || and hence is actually 
complete). <=> Any injective homomorphism of A into a normed algebra 
is a homeomorphism onto its image (which is therefore closed). <=> Any 
isomorphism from a normed algebra B onto A is a homeomorphism (so, in 
fact, B is a Banach algebra). 

(b) The norm topology of A is minimum: The || -||-norm topology is the 
smallest algebra norm topology (t.e., any (not necessarily complete) algebra 
norm ||| - || dominates the norm || - ||). <=» Any injective homomorphism 
of A into a normed algebra is open onto its image. <=> Any isomorphism 
from a normed algebra onto A is continuous. 

(c) A has a unique Banach algebra norm topology: The ||: ||-topology ts 
the only Banach algebra topology on A (i.e., any Banach algebra norm on A 
ts equivalent to (or consistent with) the norm ||- ||). <=> Any tsomorphism 
of A onto a Banach algebra is continuous. <=> Any tsomorphism from a 
Banach algebra onto A is continuous. 

(d) The norm of A ts minimal: The norm ||-|| is minimal among algebra 
norms (i.e. any (not necessariuy complete) algebra norm ||| - ||| satisfying 
Hlall| < |lal| for alla € A, actually equals || - ||). <=» Any contractive 
injective homomorphism of A into a normed algebra is actually an isometry. 

(e) The norm of A is minimal spectral: The norm || - || ts minimal 
among spectral norms (i.e. any (not necessarily complete) spectral norm 
lil Ml satisfying j[lali| < |lal| for alla € A actually equals || - ||). <=> Any 
contractive tsomorphism of A onto a spectral normed algebra is actually an 
tsometry. 

(f) The norm topology of A is minimal: The || - ||-topology is minimal 
among algebra norm topologies on A (i.e., any (not necessarily complete) 
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algebra norm |||-||| whzch is dominated by ||-|| is actually equivalent to ||-||). 
<=> Any continuous injective homomorphism of A into a normed algebra 
“é sectally a homeomorphism onto its image (which is therefore closed). 

(g) A is permanently spectral: Any (not necessarily complete) algebra 
norm is spectral. <=> The range of any injective homomorphism into a 
Banach algebra is a spectral subalgebra. 

(h) Any algebra semi-norm on A is continuous. <=> Any homomor- 
phism of A into a normed algebra is continuous. 

(i} Any homomorphism from a Banach algebra into A is continuous. 

(?) Any homomorphism from a Banach algebra onto a dense subalgebra 
of 4. ¢s continuous. 

(k} Any surjective homomorphism from a Banach algebra onto A is 
continuous. 

(1) Any surjective homomorphism from a Banach algebra onto A has a 
closed kernel and thus defines an isomorphism from the quotient Banach 
algebra onto A. 

(m) Any algebra norm on A is continuous. <> Any injective homo- 
morphism of A into a normed algebra is continuous. 

(2) The norm || - || dominates every Banach algebra norm on A. <=> 
Every surjective homomorphism from A onto a Banach algebra is continu- 
ous. 

{9) Any two algebra norms on A are consistent with each other. 

(p) Any algebra norm is consistent with the complete norm || - ||. 

If A is also semisimple, then (c) and (k) hold, (g) implies (0) and hence 
(d)A(g) is also equivalent to (f)A(p), (f)A(o), (d)A(p) and (d)A(o). 


((a)A(h)) ((b)A(h)) > ((F)A(b)) 
(i) 


(a)<>((b)A(m)) <>((£)A \ h) | 
\\. Gj) 
((A)A(e)) ((e) ACB) Pai (m) (n) 
K)ea((e)A()) 


(4d) \ ((f) < 


(yf) »~ c () 
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Before giving the easy proof, we will gather references to examples satis- 
fying these conditions. Johnson [1967c] and [1969b] showed that condition 
(bh) holds for any unital C*-algebra without proper closed cofinite ideals, 
for B(¥) and for B(X)/Bx(%) if the Banach space 4 has a continued bi- 
section, and for Bx (4) if in addition By (2%) has an approximate identity 
(cf. Theorems 6.2.3 and 6.2.6 and Corollary 6.2.7). Theorem 3.4.18 (due to 
Bonsall [1954a]) and §1.7.15 (due to Yood [1958]) show, respectively, that 
any C*-algebra satisfies (d) and both B(2’) and Bx(#) (for any Banach 
space 1) satisfy (b). Hence C*-algebras without proper closed cofinite ide- 
als, B(¥) (for any Banach space X with a continued bisection) and By (#) 
(for any Banach space 4 with a continued bisection and the compact ap- 
proximation property (§5.1.11)) satisfy (a)A(h). Meyer [1992c] shows that 
the same is true for the generalized Calkin algebra B(4’)/Bx (4) for some 
classical sequence Banach spaces 1. Sandra B. Cleveland [1963] used the 
main boundedness lemma of Bade and Curtis to show that any C*-algebra 
actually satisfies condition (b). Dales [1989] and Angel Rodriguez-Palacios 
{1990} give distinct but closely related proofs which use the above rela- 
tively elementary property of C*-algebras and Corollary 6.1.12 to obtain 
Cleveland’s theorem much more easily. We give a version of this argument 
in Theorem 6.1.16. Cleveland’s result extends Kaplansky’s [1949a] discov- 
ery that commutative C*-algebras satisfy the stronger condition that any 
algebra norm actually majorizes rather than just dominates the C*-norm 
(our Theorem 2.4.15). In fact, Kaplansky’s result is used in proving (d) for 
arbitrary C*-algebras. 

Albrecht and Dales [1983] studied condition (n) and showed that (if one 
assumes the continuum hypothesis), it holds for a wide class of C*-algebras 
including the commutative ones for which (h) fails. Conditions (o) and (p) 
and results about them are due to Bohdan J. Tomiuk and Bertram Yood 
[1989] and Michael J. Meyer [1992a]. 

All those Banach algebras which we know to satisfy condition (c) also 
satisfy (k). These include all semisimple Banach algebras (Johnson [1967a] 
and Theorem 6.1.1 above) and various radical algebras of power series. 
Condition (e) was proved for approximate B#-norms (which need not be 
complete or spectral themselves a priori) by Smiley [1955] following work 
of Bonsall {1954a]. See Proposition 2.3.16. Since the complete norm on any 
C*-algebra and on any subalgebra of B(4’) which includes Br(2’) (for any 
Banach space 1) satisfies the approximate B*¥-condition and condition (b), 
it also satisfies (d)A(g). 

Condition (g) was proved for completely regular semisimple commu- 
tative Banach algebras by Rickart {1953] (our Theorem 3.5.17) and for 
semisimple modular annihilator normed algebras by Yood [1958]. Theo- 
rem 8.4.12 removes the condition of semisimplicity. Condition (g) holds for 
radical Banach algebras trivially as noted in Corollary 4.3.9. 
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Corollary 6.1.15 shows that semisimple commutative Banach algebras 
have property (i), as first noted by Silov {1947a]. Corollary 6.1.14 is Rickart’s 
result that strongly semisimple Banach algebras satisfy (j). In [1967b] 
Barnes showed that semisimple modular annihilator Banach algebras also 
satisfy (j). In Theorem 8.7.15 we obtain the same result for the wider class 
of seriisimple Duncan modular annihilator algebras. Theorem 6.1.4 has 
just given the elementary proof that semisimple algebras satisfy condition 
(1), bet this follows from (k) which they also satisfy. Theorem 6.1.18 gives 
the result of Jewell and Sinclair [1976] that a wide class of (often Jacobson- 
radice]) Banach algebras satisfy (k). Example 6.1.19 gives specific cases. 


ProofiFirst we establish the equivalence of the various alternate descriptions 
of the given conditions. 

(ai: Let y: A — B be an injective homomorphism into a normed algebra 
(B, ||- 8). Then |{la/{] = ||~(a)||g is an algebra norm on A and every algebra 
norm ‘arises in this way since we may take B to be A with a different norm. 
Let ~: B — A be an isomorphism of a normed algebra (B, || - ||g) onto A. 
Then |{|¥(b)||| = ||bllg defines an algebra norm on A and every algebra 
norm arises in this way since we may again take B to be .A with a different 
norm. Thus the three conditions agree. 

(b), (d), (e) and (f): The equivalence of the alternate conditions given 
in all these cases follows from the considerations introduced for (a). 

(c): In this situation, the open mapping theorem shows that the con- 
tinuous isomorphisms must be homeomorphisms. Note that we could get 
two more equivalent conditions by replacing “continuous” by “open” in the 
second and third conditions. 

(g): Theorem 2.5.15 gives this equivalence. 

(h): If y: A — B is an arbitrary homomorphism into a normed algebra 
(B, || - 1g), then ||[a{|| = |!}(a)||g is an algebra semi-norm on A and every 
algebra semi-norm arises in this way. 

(f)A(b) = (a): Condition (h) and the alternate condition under (f) 
immec iately imply the first alternate condition for (a). 

(f)A(m) <> (a): In one direction this is the same as the previous case. 
The fi:st alternate condition for (a) immediately implies (m) and the alter- 
nate condition for (f). 

(b) => (c): The second alternate condition should be used for both (b) 
and (c). 

(b) = (f): An injective homomorphism which is both continuous and 
open is certainly a homeomorphism. 

(f)\(p) > (g): This implication requires Proposition 6.1.9(b). Let | - | 
be an algebra norm on A. Let B be the completion of A in this norm and 
let yp: A— B be the natural embedding. Let @: A — B/B, be the induced 
map described and shown to be continuous in Proposition 6.1.9(b). The 
consistency of |-| and || -|| shows that ¢ is injective. Hence (f) shows that 
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% is a homeomorphism, 90 its dense range is closed, and thus equals B/B,. 
Since | - | majorizes the norm on B/By,, it is a spectral norm. 

(d) => (f): This implication was first noted by Rodriguez-Palacios [1990]. 


Suppose (A, || - ||) satisfies (d) and ||| - {|| is an algebra norm satisfying 
\\ja}|| < Mllal| for alla € A. Then the closed unit ball A; of A relative to 
{|| - ||| is a semigroup which is bounded relative to || - ||. Proposition 1.1.9 
gives an algebra norm @ equivalent to || - || in which every element of A; 
has norm at most 1. Thus o(a) < ||lal|| for all a € A together with (d) 
gives o(a) = ||lal|| for all a € A. Hence || - || and ||| - ||| are equivalent. 


(m) => (c): Use the first alternate condition for (c). 

(c)A(1) + (k): Let be a surjective homomorphism of a Banach algebra 
B onto A. Let Z be the kernel of y which is closed by (1). If 6 is the natural 
map of B onto B/T, then we can write y = yo where » is an isomorphism 
of B/T onto A. Then 7 is continuous since y and @ are. The implication 
in the other direction is immediate. 

The other implications ((a) > (b); (h) = (m); (bh) > (n); (i) > (j) > 
(k); (n) = (c); (m) = (p); (b) = (0) = (p) and (e)A(g) > (d) = (e) ) are 
even more trivial. 

If A is semisimple, Theorems 6.1.1 and 6.1.3 and Corollary 2.3.8 show 
that (c)} and (k) hold and (g) implies (0). The rest of the claims are now 
immediate. Li 


Here is another useful but almost trivial observation similar in spirit to 
the results of Theorem 6.1.5. It was noted by Albrecht and Dales [1983]. 


6.1.6 Proposition [fZ 1s a closed ideal of a Banach algebra A and there 
is a discontinuous homomorphism from A/T, then there is a discontinuous 
homomorphism from A. 


Proof Since the quotient map 8: A — A/T is open, y: A/T - B is contin- 
uous if and only if y o@ is continuous. a 


Separating Spaces 


Having restated, rederived, and investigated the relationship among 
these most fundamental results, we begin a more systematic study of au- 
tomatic continuity. We introduce a notion (due to Rickart [1950]) which 
will be our major device in this study. The normed linear spaces of the 
definition will usually be Banach algebras in our applications. However, 
we will also use the case in which they are Banach modules, i.e., Banach 
spaces together with a fixed continuous representation of a Banach algebra, 
and perhaps, a commuting continuous anti-representation also. 


6.1.7 Definition Let ¥ and ¥ be normed linear spaces and let y: ¥ —+ Y 
be a linear map. Define o,: ¥ — R, by 


og(y) = inf{lizl| + lly—-e(z)|:c ee} Vue y. 
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“aan o, is called the separating function of y. The seta 

xe = {rEX:o,(y(z)) =0} and 

Yo = {ye VY: og(y) = 0} 
ere called the separating spaces of y in X and J, respectively. 


if Shere is no possibility of confusion, we write o instead of o,. The 
following characterizations of the separating spaces are easy to grasp 


Yo = {ye J): there is a sequence {Zn}nen C ¥ 
satisfying lim z_, =O and lim y(tn)=y} (1) 
n—- oo nn 
ar a (Y,). 


6.1.8 Proposition Let X and Y be normed linear spaces, and let py: X 
Y be « linear map. 
{a) Then o is a semi-norm on ) satisfying: 


o(y) <llyll and o(p(z))<|lz| Vredr, yey. 


Hence X* and Yy, are closed linear subspaces of X and Y, respectively. 
Also o is a norm if and only if ¥, = {0}. 

(b) If S € B(X) and T € B(y) are bounded linear maps satisfying 
ypoS=T oy, theno satisfies 


ooT(y) < max{||SI}, [TI}o(y) Vyey 


which implies T(Y,) C Vy and S(X¥) C XP. 

(c) If W is another normed linear space and ~: W — &X is a bounded 
linear map, then the separating spaces satisfy Vpoy © Vo. 

(d) If ¥ = A andy = B are normed algebras and y is a homomorphism 
or anti-homomorphism, then they satisfy 


a(p(a)b) < o(b) max{\lalj, |lp(a)I|} VaeA bEeB 


a(bp(a)) < o(b) max{|al], p(a)||} Vae A; beB. 
Thus, AY is a closed ideal of A and B, is a closed ideal of p(A)~. If p(A) 
is dense in B, B, is a closed ideal in B. 


Proof (a): The statements about the separating function are easily verified 
and imply the statements about the separating spaces. 
(b): Any y € » satisfies 
a oT(y) inf{||Sz|} + lly — p(Sz)|| : 2 € X} 
inf{{[S|] zl] + ITI lly — (x) : z € X} 
max{||S\[, |T||}o(y). 


IA IA IA 
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This immediately implies o 0 po S(r) < max{||S||, ||Tl|}o o p(x) for any 
az € X. These two inequalities give the statements about the separating 
spaces. 
(c): We use the characterization displayed above in (1). If y belongs to 
Yow, then there is a sequence {wy}nen C W satisfying lim w, = 0 and 
n-7 


lim youwl(w,) =y. Then lim y(w_) = 0 shows that y belongs to ),. 
n— n—00 . 


(d): The two inequalities are special cases of the inequality in (b) when 
S and T are chosen from the regular representation operators La, Lyva), 
R, and Rg). The results about the separating spaces follow easily. a 


The following properties show the usefulness of the separating spaces. 


6.1.9 Proposition Let X and ) be ( normed linear spaces / Banach 
spaces ), and let yp: X — ) be a linear map. 

(a) Then, py ( has a closed graph / is continuous ) if and only if V, is 
{0} (or, alternatively, if and only if o is a norm). 

(b) The linear maps 9: X — Y/Y, and go: X/X*? — Y/Y, induced by 
yp always ( have a closed graph / are continuous ). 

(c) Let Z be a ( normed linear space / Banach space ), and let w: ) > Z 
be a linear map. Then Zyoy is the closure of (Vy). Furthermore, poy 
( has a closed graph / is continuous ) if and only if (,) ts {0}. If poy is 
continuous, then there is a constant M independent of Z and w satisfying 
Ivoyll < Mv. 


Proof (a): Display (1), after the definition, shows that is closed if and only 
if the separating space vanishes. The closed graph theorem gives continuity 
if the spaces are Banach spaces. 

(b): Let {zn}nen C ¥ be a sequence satisfying both lim z, = 0 and 
lim £(tn) = y+ Vy. Then there is a sequence {yn}nen © Vy satisfying 
lim(y(z,) — y — yn) = 0. Choose a sequence {zn}nen © * with |/zp|] + 
\l~(2n) ~ yn|| converging to 0. Then the sequence {zy — zn }nen Shows that 
y belongs to ¥,. Hence ¢ is closed. Thus it is continuous if the spaces 
involved are complete. 

(c): The inclusion ¥(¥,) C Zyoy is immediate from the definitions of 
Y, and Zyo,. Since the latter space is closed, we may take the closure of 
w(Y,) without altering the inclusion. We postpone the opposite inclusion 
until after we have proved the other results. 

If y oy has a closed graph, then Zy., = {0} implies ~(¥,) = {0} 
by the inclusion we just noted. Suppose, conversely, that 7(Y,) vanishes. 
Then yo y can be factored through the continuous map ¢ of conclusion 
(b): Pop = pog where p(y + ¥,) = v(y) for all y € Y. Thus po is 
continuous since both ~ and ¢ are. Furthermore, M may be chosen as |||. 

It only remains to show the inclusion Zyo, C (¥(V,))~. Let @ be the 
quotient map @:Z -+ Z/Zyy,)) . Then 80 ¥(¥,) = {0} implies that 
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80 wow has a closed graph. This in turn implies 6(Zy.,) = {O}. ve 
conclude Zyoy © (W(V_))7- 


We now give other technical results which will be used later. The first 
is due to Barnes [1967b]. 


6.1..0 Proposition Let A and B be Banach algebras and let y: A — B be 
a homomorphism. Every element of B, has connected spectrum containing 
zero. In particular B, contains no non-zero idempotent. 


Procf Suppose there is some a € B, such that S € Sp(a) is a nonempty 
oper and closed subset of Sp(a) which does not contain zero. Then we can 
choose an open set V C C satisfying dist(V,0) = 6 > 0 and VNSp(a) = VN 
Sp(a) = 5S. Hence Lemma 3.4.6 asserts that there is a neighborhood D of a 
such that each b € D satisfies 5 < p(b). However, since a belongs to B, there 
is a sequence {Gn}nen C A satisfying lim a, = 0 and lim y(a,) = a. This 
contradicts the inequality 0 < 6 < p(p(an)) < p(an) < |lan|| which holds 
for all sufficiently large n. (The penultimate inequality is just Proposition 
2.2.1(c).) D0 


The following theorem and corollary were first derived (but not explic- 
itly stated) by Bernard Aupetit in his important paper [1982a]. For Banach 
algebras they were explicitly stated by Garth Dales [1989] and Rodriguez- 
Palacios [1990], respectively, with proofs which are essentially due to Rans- 
ford [1989]. Both the theorem and its proof are small variations on the 
fundamental theorem of spectral norms (Theorem 2.3.6). Recall that Bin 
is the set of topologically nilpotent elements in B. 


6.1.°1 Theorem Let A and B be spectral normed algebras and let y: A 
B be a linear map which satisfies pg(p(a)) < pa(a) for alla € A (e.g. 
might be a homomorphism or anti-homomorphism). Then satisfies 


pa(e(a))? < pala)pa(y(a)-—b) VaeA: be By. 


12 Corollary Under the hypotheses of the theorem, 
p(A¥) = p(A) NB, C By. 


Proof The corollary follows by taking 6 = (a) in the theorem. Proposition 
2.2.1/c) gives the parenthetical remark in the statement of the theorem. 
The theorem is proved by a simple application of Ransford’s three circle 
theorem (Lemma 2.3.5). As noted after Theorem 2.2.14, for any e > 0 
Theorem 1.1.10(i) allows us to choose equivalent spectral norms satisfying 
llall < pa(a) + and |lp(a) ~ b| < pa(y(a) — b) +e. Let {an} be a 
sequence converging to 0 in the norm of A and also satisfying y(a,) — 6 
in the norm of B. For each n € N, define a polynomial in B by p,(A) = 
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(an) + —(a —a,). If we estimate the spectral radius of p,,() in the norm 
of B, we get 
PB(Pn(A)) < [A] [le(an)Il + Ile(@ — an)}- 


Using the norm in A, we get 


Pa(Pn(A)) < pa(Adn + (a — ay)) < (JA} + 1) [lanl] + lla}. 


Substituting these estimates into Lemma 2.3.5 with arbitrary positive R 
gives 


pa((a))? < ((R + 1)llanll + llall) (R7'le(an)ll + He(@ — an) Il)- 


When we first let n and then R approach oo we conclude 
ps(y(a))? < fall [e(a) — dl] < (ea(a) + €) (pB(y(a) — 6) + €). 


Since € > 0 was arbitrary, the proof is complete. QO 


It is unknown whether Corollary 6.1.12 can be improved to state that 
B; © Bin which would imply B, ¢ By by Corollary 4.3.9. In fact this 
improvement is logically equivalent to the conjecture that every homomor- 
phism with dense range of a Banach algebra into a semisimple Banach 
algebra is continuous. This conjecture combines the good features of The- 
orem 6.1.3 and Corollary 6.1.14. To see the equivalence, first suppose that 
B, C Bn always holds. Then B, would be a topologically nilpotent ideal 
and hence included in B; = {0} whenever y had dense range in a semisimple 
Banach algebra. Conversely, suppose the conjecture holds and y: A - B 
is arbitrary. Then the map of A into g(A)/p(A), would be continuaus so 
B, would be included in y(A) , and hence in B,y. Of course the improved 
result does hold in the case where y is surjective. This gives another proof 
of Theorem 6.1.3. We now derive additioual results. 


6.1.13 Proposition Let A and B be spectral normed algebras and let 
y: A B be a homomorphism or anti-homomorphism with dense range. 
(a) p(c) < a(c) for allc in the center of B. 
(b) B, C Bu. 
(c) Jf B is strongly semisimple, then y has a closed graph. 


Proof (a): Let c belong to the center of B. Theorem 2.4.3 implies: p(c) < 
Aip(a)) + ple ~ (a) < pla) + lle — p(a)ll < |lall + lle — (a)| for alla € A. 
Hence (a) holds. 

(b): Of course By, is the Brown-McCoy or strong radical of B. Let M 
be a maximal modular ideal of B. Then, B/M_ has an identity 1 which 
is in the center and satisfies pg/j4(1) = 1. Theorem 2.2.14 shows that 
B/M is a spectral semi-normed algebra. Consider the map y’:.A —~ B/M 
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v.22 is the composition of ¢ and the natural map of B onto B/M. Let 
a! be the separating semi-norm of this homomorphism. By part (a), 0’ 

725 identically zero. Since B/M is simple and (B/M),, is an ideal by 
Seoaition 6.1.8(d), o’ is a norm on B/M. Let b € B, and e > 0 be 
arbitrary. Then there is an a € A satisfying |lal| + ||(b — p(a)) + Ml < 
||c't -- ]b—p(a)|] < e. Since € > 0 was arbitrary, we conclude o’(b+ M) =0 
ana nence b€ M. Thus, B, is included in M. Since M was an arbitrary 
maximal modular ideal, we conclude B, C By. 

‘c): If B is strongly semisimple, then B, = {0} by (b). But this is 
exactiy the assertion that y has a closed graph. O 
Gaccitions on the Target Algebra 

The surjectivity of the homomorphism in Theorem 6.1.3 severely limits 


the application of that theorem. There are several cases where the hypoth- 
esis cf surjectivity can be relaxed. We give two. 


6.1.14 Corollary Let A and B be Banach algebras with B strongly semi- 
simple. Then, any homomorphism vy: A - B with dense range is continu- 
ous. 


Proof Proposition 6.1.13(c) and the closed graph theorem prove this. QO 


6.1.15 Corollary Let A be a Banach algebra and let B be a co:nmuta- 
tive semisimple Banach algebra. Then any homomorphism y: A — B is 
continuous. 


Proof We have already proved this result as Theorem 3.1.11, but we will 
give a different proof here. Any closed subalgebra of a commutative semi- 
simp!e Banach algebra is strongly semisimple by Theorem 4.5.2. Thus we 
apoly Corollary 6.1.14 to yp: A — y(A)~. a 


The next result was first established by Cleveland [1963] with a much 
‘nore difficult proof. Proofs similar to the present elementary proof were 
discovered by Dales [1989] and Rodriguez-Palacios [1990]. 


3 “38 Theorem The algebra norm topology on a C*-algebra (A, || - ||) és 
~xirdevum, that is, for any (possibly incomplete) algebra norm ||| - ||| on A 
there is a finite constant M satisfying 


lal] < Mijlall| VaeAd. 


roof Let B be the completion of (A, ||| - |||) and let yp: A — B be the 
emoedding homomorphism which is injective and maps onto a dense sub- 

algebra. Note that y(A) is a spectral subalgebra of B by Theorem 3.4.18 
.ait Froposition 2.5.15. Corollary 6.1.12 shows that A® is an ideal of A 
incivded in A;y. Hence .A® is included in the Jacobson radical of A which 
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is just {0} by Proposition 2.3.18. Hence the continuous homomorphism 
p: A — B/B, of Proposition 6.1.9(b) is actually injective. The algebra 
norm defined by a ++ |||2(a)||| satisfies {[|((a)III < [lIPIll lal] for all a © A 
and hence is equivalent to || - || by Theorem 3.4.18. However, this norm on 
A is certainly less than or equal to ||| - |||, so the conclusion follows. Oo 


We conclude this section by proving a rather technical criterion, due 
to Jewell and Sinclair [1976], for a Banach algebra to have a unique norm 
topology. Example 6.1.19 will show that this result applies to several in- 
teresting Banach algebras including the Banach algebra L}(0, 1) which was 
shown to have a discontinuous functional calculus in Example 3.4.10. The 
next lemma is a slight improvement of a lemma of Sinclair [1975]. Actually 
the original form of this lemma would suffice in the proof of Theorem 6.1.18, 
but we will use the present form of Lemma 6.1.17 again in Theorem 6.3.17 
to prove the continuity of all derivations of an algebra satisfying the hy- 
potheses of Theorem 6.1.18. In the reference already cited, Lemma 6.1.17 is 
also used to give additional proofs of Theorem 4.2.15 and Corollary 6.4.16. 

If X and ¥ are normed linear spaces, recall that £(4,) and B(4, y) 
denote the linear space of all linear maps of ¥ into Y and the normed linear 
space of all continuous linear maps of ¥ into Y, respectively. 


6.1.17 Lemma Let ¥ and ) be Banach spaces. Let {S,}nen © B(X) 
and {Ta}nen © B(Y) and p € L(X,Y) satisfy T,y - yS, € B(X,¥) for 
alln EN. Then there ts an integer N satisfying 


(T1T2---TaYp)” = (TiT2---TwVyp)> Vn 2. 


Proof First, we note that the identity 
TnaTn+1 ons Tne ia PSnSn41 ane Sm 


= YO MTs + Tea (The — PS) Sk 41 Sk 42 °** Sm 
k= 


proves that the operator on the left is continuous for each m. 
Proposition 6.1.8(b) shows 7,4, C Y, for all m € N. Hence 


(T,T2++:Tm4i Vy)” © (T1T2- ++ Tm¥p)~ 


tor all m € N. Suppose this inclusion is strict for infinitely many m. By 
our first remark, we may group the 7}’s and S,’s into finite products cor- 
responding to the intervals of constancy of (T,;T2---Tm¥,)~ and hence 
assume that the inclusion is strict for all m € N. By scaling, we may also 
assume |[5S,,|| < 1 for all m EN. 

For each m € N, let Qin: ¥ > Y/(T1T2-:-Tm¥,)~ denote the natural 
map. Proposition 6.1.9(c) shows that Q,,1\T2---Tmyp is continuous but 
QmT1T2--:Tm-1 is discontinuous for each m € N. 


6.1.23 Automatic Continuity of Homomorphisms into A 569 


Inductively, choose a sequence {Zp }nen satisfying {|z,,|| < 2~" and 


WGr.7 Ta: ‘Ta-192nl|—||Qn(TiT2 +++ Ty 9- 9S 89° Sn-1)]| 


n-1 


2>n+ lQne >. S1S2 +++ Sp—1Z¢| 
k=1 
+(llQn(TiT2 ++ Trp — pS1S2---Sn)|] + lQOnTiT2 sake T, ll) 


for al n € N. Let z denote 77°, 5:S2---Sk-12%. Since each tail of this 
series has norm at most 1, each n € N satisfies 


pz! > lQnezit 


n-1 


> [lQnpSi1S2°+-Sp-1Znl] — lQne > Sy S2++- Spi Tell 
k= 
(os 
f — |]QnpS1S2---S, > SnysSuea"Se-s24) | 2n. 
| k=n+1 
This contradiction proves the lemma. a 


6.1.18 Theorem Let B be a Banach algebra satisfying: 

(a) B has no non-zero finite-dimensional nilpotent ideals; 

(b) For each infinite-dimensional closed ideal I of B there is a sequence 
{bn}nen © B such that the sequence {(b1b2---bnZ)” knen of closed right 
ideals is constantly decreasing. 

Then any surjective homomorphism of a Banach algebra onto B is con- 
tinuous, so B has a unique norm topology. 


Proof The second portion of the conclusion follows from the first by The- 
orem 3.1.5. Let A be a Banach algebra and let y: A - B be a surjective 
homomorphism. Proposition 6.1.8(d) shows that B, is a closed ideal. It is 
enough to prove B, = {0} by Proposition 6.1.9(a). 

Sx »pose By, is infinite-dimensional. Choose a corresponding sequence 
{bn}n <n 88 in condition (b). Choose {an}nen C A satisfying p(a,) = bp 
for eath n € N. We obtain a contradiction by applying Lemma 6.1.17 to 
X= A, Y=B, vp = ¢, Tn(b) = bab for all b € B and S,(a) = aya 
for all a € A. Hence, B, must be finite dimensional. Then the spectrum 
of eac of its elements is a finite set. Proposition 6.1.9 then shows that 
each clement has spectrum equal to {0}. Since we are assuming that B, 
is finite-dimensional, this shows that B, is nilpotent. Hence, (a) gives 
B, = ‘0} as desired. (Section 1.6 contains the well known arguments that 
each element in a finite dimensional algebra has a finite spectrum and that 
such an element is nilpotent if its spectrum is {0}.) Qa 
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6.1.19 Examples Satisfying Theorem 6.1.18 We note that Theorems 
6.1.18 and 6.4.20 have the same hypotheses, so that our examples satisfy 
both. 

Let B be the Banach algebra L}([0,1]|) introduced in Example 3.4.10. 
Recall that multiplication is convolution 


feg(t)= / f(s)g(t-s)ds Vf, g eB; te 0,1] 
0 


and that this algebra is commutative and neither semisimple nor semiprime. 
Indeed its Baer radical Bg is dense. Furthermore, Theorem 3.4.9 shows that 
B does not have a unique functional calculus and does contain a discontin- 
uously embedded image of the disc algebra A(D). Hence B is a very badly 
behaved Banach algebra. Nevertheless it does satisfy Theorem 6.1.18. 
Example 3.4.10 shows that the closed ideals in B have the form 


Ig={f¢€B:f=0 ae.on [0,a]} Vae (0,1). 


All these ideals (except Zp = B) are nilpotent, but none (except Z; = 
{0}) are finite-dimensional, so B has no non-zero finite dimensional nilpo- 
tent ideals. Now let Z, be an infinite-dimensional closed ideal in B so that a 
is strictly less than 1. For each n € N, let 6, be the characteristic function 
of [1 — 2-"(1 — a), 1]. Then it is easy to see that 


(byb2 --- bn Za)” =TZy~2-2(1. a) 


is a Strictly decreasing sequence of closed ideals. Hence B satisfies hypoth- 
esis (b) of Theorem 6.1.18. We conclude that all homomorphisms of a 
Banach algebra onto B and all derivations of B (see Theorem 6.4.20) are 
continuous. Hence Kamowitz and Scheinberg [1969], whose results were 
originally stated for the continuous case only, give all the derivations of B 
and all the automorphisms in the connected component. 

John C. Tripp [1983] provides two attractively stated theorems more 
special than Theorem 6.1.18, which still cover most known examples. We 
omit the proofs. 


6.1.20 Theorem Let p: A — B be a homomorphism between Banach 
algebras. Then p is continuous if there is an element b € (A) which is 
not a left divisor of zero but satisfies (\-~_, b°B = {0}. 


6.1.21 Theorem Let B be a Jacobson-radical, semiprime, commuta- 
tive Banach algebra. Every homomorphism yp : A — B from another Ba- 
nach algebra A is continuous if and only if no element b € B satisfies 


Mpa b"B = {0}. 
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J .30rem 6.1.3 can be derived from Theorem 6.1.18. Obviously a semi- 
simple Banach algebra has no non-zero nilpotent ideals—finite-dimensional 
er otnerwise. Furthermore, by applying some of the considerations used 
in the proof of Theorem 4.2.15 to a closed infinite-dimensional ideal of a 
semisimple Banach algebra A, first under the hypothesis that it is not an- 
~iniic.ad by some infinite-dimensional irreducible representation of A and 
then, under the hypothesis that it is annihilated by all such representation, 
A cas be shown to satisfy the hypothesis of Theorem 6.1.18. For details 
see vewell and Sinclair [1976]. 

Let A C C|[t]] be a generalized Banach algebra of power series as de- 
scribed in §3.4.18. If Z is any non-zero ideal and a is a non-zero element 
of Z, then {at” : n € N} is a linearly independent set in Z. Hence A has 
no non-zero finite-dimensional ideals—-nilpotent or not. Suppose Z is any 
closed non-zero ideal. Then {t"Z~ } yen is a constantly decreasing sequence 
of closed ideals. Hence any such algebra satisfies the hypotheses of Theo- 
rems 6.1.18 and 6.4.20. The conclusions of these theorems are known to hold 
on somewhat more general algebras of power series including some which 
are “yéchet algebras rather than Banach algebras (Loy [1969], [1970a]). 

We remark here that Arens- Hoffman extensions (Example 3.4.13) are 
knows: to have a unique norm topology (David T. Brown [1966] and John 
A. Lindberg, Jr. [1971]). Other related results will be found in various 
exemples, particularly Theorem 6.4.23 and Example 6.4.24 and Loy [1983] 
(of. Lawrence Stedman [1983]). 

Many interesting results on continuity and compactness of module maps 
are xnown. We mention Gerhard Racher (1981a], Johnson {1985] and Willis 
[12892]. 


= 


2.°. Automatic Continuity of Homomorphisms from A 


Yor a homomorphism y:A — B, we now investigate conditions on the 
tizis'e. algebra A which make y automatically continuous. This theory is 
coxsjderably more complicated than the corresponding theory (discussed 
above) of conditions on the final algebra B. Since a comprehensive account 
of this theory will appear in H. Garth Dales [1994] about the same time 
that the present work is published, we will refer the reader to that account, 
Sinclair [1976] or other sources for a number of the more complicated facts. 
Hers cre will prove some basic results and outline the more recondite por- 
sions cf the theory. The following definition and proposition are essentially 
due tc Johnson [1969b]. 


6.2.1 Definition Let y: A — B be a homomorphism between normed 
elgey-2s, The { left / right ) continuity ideal ( Ii(p) / Ir(y) ) of ¢ is 
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( Ii(p) = {a € A: p(a)By = {0} } / Zr(y) = {a € A: Byy(a) = {0} } ). 
The two-sided continuity ideal T(p) of y is Ip(~) NIRr(y). 


6.2.2 Proposition Let y: A — B be a homomorphism between normed 
algebras. The continuity ideals are ideals of A. If A and B are Banach 
algebras, they satisfy 


T1i(v) = {a€ A:b+ (ab) is continuous from A to B }; 
Ir(y) = {a€ A:b+ ¢(ba) is continuous from Ato B}; and 
T(p) = {a € A:b++ (ab) and b+ (ba) 


are both continuous from A to B }. 


Proof Each continuity ideal is an ideal since B, is an ideal of y(A). The 
alternate descriptions of the continuity ideals follow by applying Proposition 
6.1.9(c) to the regular representation maps Ly(a), Ryia): B — B. a) 


We give two of Johnson's results ({1969b}, [1967c]) using these ideas. 


6.2.3 Theorem Let A be a C*-algebra. If A is unital and has no proper 
closed cofinite ideals, then any homomorphism y: A — B into a normed 
algebra is continuous. If A is not unital, the same result holds if the double 
centralizer algebra D(A) of A has no proper closed cofinite ideals. 

The proof of this depends on the following more technical theorem. It 
is enough to consider the case of double centralizer algebras since D(A) is 
always unital and it equals A if and only if A is unital. We use a variant 
of the left continuity ideal, introduced above, for this argument. 


6.2.4 Theorem Let A be a C*-algebra and let yp: A — B be a homomor- 
phism of A into a normed algebra B. Then the ideal 


i() = {d € D(A) : p(ad)B, = {0} for alla € A} 


has cofinite closure in D(A). 


The principal device in the proof of Theorem 6.2.4 is the following 
lemma. If the target algebra B of the homomorphism y:A — B is just 
a normed algebra, we may replace it with the closure of y(A) and then 
complete it. This does not affect any of our results, so we may always 
assume that B is a Banach algebra in which (A) is dense. 


6.2.5 Lemma Let yp: A — B be a homomorphism between Banach algebras 
and let Ti (yp) be the ideal defined in Theorem 6.2.4. If {fn}nens {9n}nen 


ee 
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are sequences in D(A) satisfying 


9Im9n = 0 YVm¢nEN and fagn=fn Vne€N, 


then fn € I1,(p) for all but finitely many n € N. 


Pre of If the result were false, we could choose a subsequence {fn }nen which 
was never in Z}(y), so we assume this for the original sequence. Define 


1 = {bE B: p(af,)b = 0 for all a € A} 


and denote the quotient map B — B/W, by #,. Proposition 6.1.9(c) shows 
tha. 7, 0y is discontinuous for each n. Hence we can find h,, € A satisfying 
lan < 27" llgn||~* and |l¥n o ¢(hn)|| > n. Define h to be the convergent 
series °°, gnhn. The calculation f,(h — hn) = fagnhin ~ fngn = 0 shows 
tha, y(h—An) belongs to W,. But this implies the contradiction |{p(h)|| > 
\Ien © Y(A)|| = ln © (hn)|| > n, establishing the lemma. D 


Pro of of Theorem 6.2.4 At the end of §1.7.17, we showed that the double 
centralizer algebra of a C*-algebra is again a C*-algebra. In order to sim- 
plify notation we will henceforth denote the ideal Z;,(y) by Z and D(A) by 
D. Any norm closed ideal in a C*-algebra (such as Z in PD ) is invariant 
under the involution so that the quotient algebra has an involution. In fact 
this quotient algebra is a C*-algebra again. (These standard facts can be 
found in any book on C*-algebras, and will be proved in the second volume 
of this work.) 

Let h = h* be an element of D. We showed in §3.4.17 that there is a 
functional calculus for h under which any continuous function in C(Sp(h)) 
acts on A. Call a point A € Sp(h) a discontinuity point if f(A) = 0 for all 
f € C(Sp(h)) for which f(h) belongs to Z. Suppose there were infinitely 
many discontinuity points. Then we could find a sequence {\,,} of distinct 
disc »ntinuity points with a discontinuity point Ap not in the sequence as 
its «nly limit point. By induction we could choose closed neighborhoods 
U, and V, of A, satisfying V, C U2 and U,NUm = 0. Choose fn, gn € 
C(£ »({h)) satisfying fn(An) #0, supp(fn) © Va» Inlv, = 1 and supp(gn) © 
U,,. The sequences {f,} and {g,} contradict the lemma, so we conclude 
that the set F of discontinuity points is finite. 

Since Z is an ideal in D, Z, = {f € C(Sp(h)) : f(h) € Z} is an ideal in 
C(Sp(h)) which contains a function which is non-zero at each A € Sp(h)\F. 
Thus Theorem 7.3.2 shows that Z, contains every function in C(Sp(h)) 
with support disjoint from F. (The ideal of such functions is denoted by 
J(H) = J(H, 0c) in that theorem.) 

Next we show that if k = k* belongs to D/T, then its spectrum is 
finite. Choose h = h* € D so that k = h+T. (This is possible since if 
k = a+T then we may take h = (a+a*)/2.) Let F be the finite set of 
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continuity points for h. Now we apply the functional calculus for continuous 
functions to h. For any Ap € C\ F we can find a continuous function f with 
F(A) = (A — Ao) 7! in a neighborhood of F. Then g(A) = (A— Ag) f(A) -— 1 
is zero in a neighborhood of F. Hence g(k) belongs to T so f(k) + Z is an 
inverse for k ~ Ag. Thus we have shown Sp(k) C F. 

The proof of the theorem is now completed by noting that a C*-algebra 
(such as D/7) is finite-dimensional if each of its elements has finite spec- 
trum. This result can be found in many books on C*-algebras and a proof 
is included in the second volume of this work. oO 


Proof of Theorem 6.2.3 We may assume that B is the closure of (A). 
By hypothesis, the closure of Z;(y) is either {0} (in which case D(A) is 
finite-dimensional so that the theorem is trivially true) or it is all of A. 
But this implies Z; (y) = D(A), so the identity element 1 of D(A) belongs 
to the ideal. But this implies B, is {0} which gives the desired result by 
Proposition 6.1.9(a). a 


The above result applies to B(71) for any Hilbert space 1. It also applies 
to By(H) since we showed in §1.7.14 that D(Bx(H)) = B(H). Proposition 
6.1.6 shows that it also applies to the Calkin algebra B(H)/Bx(H). We 
wish to extend these results to Banach spaces more general than Hilbert 
spaces. Stefan Banach [1932] noted on p. 245 that many classical Banach 
spaces V are linearly homeomorphically (or even isometrically) isomorphic 
to X@X. Whenever this is true, we can iterate the process to write 1 as the 
direct sum of 2” subspaces each isomorphic to 1 and hence to each other. 
Fix this continued bisection for the rest of the next proof. From it we can 
construct many sequences {E,},¢no of projections in B(”’) satisfying: (1) 
E = I and (2) for each n EN, E, = E,-1E, = E,En-, is an equivalent 
projection to E,_1 — E, by an element U, € B(¥) which is an isometric 
map of X onto itself. (We require E, = Uz'(E,-; — En)Un.) Any such 
sequence will be called a complete chain in the following proof. 


6.2.6 Theorem Let X be a Banach space satisfying X =X @X. Then 
any homomorphism :B(X) — B of B(X) into a normed algebra B is 
continuous. 


Proof As noted above, we may as well take B to be the closure of »(B(%)) 
in the completion of the original B. Lemma 6.2.5 can be modified to show 
that only finitely many complete chains can miss the left continuity ideal 
Tr(¢). We will call these complete chains exceptional. Note that when E, 
belongs to an ideal then the rest of any complete chain containing £,, must 
belong to the ideal. Conversely, if E,, does not belong to the ideal then at 
least one of E,4; and E, — En, must not belong to the ideal. Hence any 
projection from the continued bisection which is not in Z,(y) belongs to 
an exceptional complete chain. 
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Since there are only finitely many exceptional complete chains we can 
choose p so large that each exceptional chain has a distinct projection as its 
22 entry. Hence if E, comes from any complete chain at least one of Ep, 
ana Bp ~ Ep4i belongs to I,(y). However, if one does the other does also, 
so they both do. Now there are only 2? projections which can serve the 
vo.¢ +f Ep41 in any chain, so the sum of all of them is the identity operator 
7. This implies I € I_(y) which gives B, = {0} and y continuous. a 
8.2.7 Corollary Let X be a Banach space satisfying X¥ =X @X. Then 
ary .iomomorphism of the generalized Calkin algebra B(X)/BK(%) into a 
normed algebra is continuous. If By (4) has a bounded left or right approz- 
unei2 identity, then any homomorphism of Bx(X) into a normed algebra 
is_ £0" “tinuous. 


Proof The first result follows from Proposition 6.1.6. 

+The proof of the last theorem can be modified as in the proof of Theorem 
§.2.4 to show p(Bx(4))B, = {0}. Now for b € By, let {Kn} be a sequence 
in By (4) which bomncae, to zero and satisfies lim y(K,,) = b. The factor- 
ization theorem (Corollary 5.2.4) shows that (assuming a bounded left ap- 
proximate identity) we can find T and {L,} in Bx (4%) satisfying lim L, = 0 
anc. <, = TL, for all n. Proposition 6.1.9(c) shows that lim y(L,)+B, = 
so there are elements 6, in B, satisfying lim(y(L,) + bn) = 0. This gives 
b= lim y(Kp) = lim o(TL,) = lim g(T)(p(Ln) +n) = 9 which establishes 
our claim. Oo 


8.2.8 Corollary Let X be a Banach space satisfying X =X @X. Then 
any (not necessarily complete) algebra norm on B(4) is equivalent to the 
operetor norm and hence is actually complete. If Bx (*) has a bounded left 
er right approzimate identity, then the same result holds for Bx (*). 


Proof This is just property (a) of Theorem 6.1.5. Thus the corollary follows 
from the above results and the last. theorem of §1.7.15. a] 


Michael J. Meyer [1992c] extends the above corollary to certain Calkin 
algebras of classical Banach spaces. In [1989] Charles J. Read produced 
“se “rst example of a Banach space 1 for which a discontinuous module 
derivation and hence (Proposition 6.4.4) a discontinuous homomorphism 
form B(¥) into a Banach algebra could be constructed. His space was sim- 
iler to the James space 7, so it is of interest that George A. Willis [1993] 

‘tas shown that all homomorphisms from J are automatically continuous 
even though J does not satisfy the hypotheses of Theorem 6.1.18. If the 
continuum hypothesis holds, Dales, Loy and Willis [1992] produce a more 

. fundamental example of a Banach space ¥V for which there is a discontinu- 
ous homomorphisms on B(%) even though all derivations defined on it are 
continuous. We will discuss this unusual hypothesis below. 
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Homomorphisms from C(Q) 

Not surprisingly, the first attempts to prove the continuity of all ho- 
momorphisms from a Banach algebra A into another normed algebra were 
directed towards commutative algebras and, in particular, towards the al- 
gebra C(Q) of all continuous complex-valued functions on a compact Haus- 
dorff space 2. (The important paper by Gelfand and Naimark [1943] has 
a misstatement in Lemma 2 which, if accepted, would imply the continuity 
of such homomorphisms.) To avoid triviality, in the following remarks we 
will always assume that 1 is not a finite set. In [1949a] Kaplansky proved 
(Theorem 2.4.15 above) that any algebra norm on C(9) is necessarily larger 
than the uniform (or supremum) norm ||- ||... This result, together with the 
open mapping theorem, shows that any complete algebra norm is equiva- 
lent to the uniform norm. Hence C({) has an incomplete algebra norm if 
and only if it has an algebra norm inequivalent to || - ||... In 1948 Kaplan- 
sky asked whether all (not necessarily complete) algebra norms might be 
equivalent to |j - ||... In [1960] William G. Bade and Phillip C. Curtis, Jr. 
published a fundamental paper directed towards proving this. The basis 
of their technique was a “main boundedness theorem”, similar to Lemma 
6.2.5, which applied in any commutative Banach algebra. It shows inter 
alta that if py: A ~ B is any homomorphism from a commutative Banach 
algebra to a normed algebra, then for any sequence {en }nen of orthogonal 
idempotents (t.e., those satisfying en¢m = Samen) there is a constant M 
satisfying 

lo(en I< Mllen|? Vn EN. 

For semisimple completely regular commutative Banach algebras A, they 
showed that the discontinuity of any homomorphism from A wes concen- 
trated at a finite set F (called the singularity set of y) in the Gelfand space 
of A. In particular, y is continuous on the ideal of functions vanishing 
on F. They were able to construct discontinuous homomorphisms (using 
point derivations as in §3.4.16) on certain semisimple completely regular 
commutative Banach algebras, but remarked that they knew no discontin- 
uous homomorphisms when A = C(2). 

They showed that all homomorphisms from C(Q) are “almost” continu- 
ous in a rather technical sense which we will state after a bit of preparation. 
For any w € 92 we define the largest and smallest ideal corresponding to w. 
The traditional notation is 


Mo 
Je 
Our results in Example 3.2.15 show that cach M,, is a maximal ideal of 


C(f) and that every maximal ideal arises in this way from some w. Corol- 
lary 7.3.3 shows that .7,, is the smallest ideal which is included in M,, but 


{f €C(Q): fw) =0} and 
{f € C(Q) : f = 0 on some neighborhood of wh. 


t 
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in no other maximal ideal. If F is a finite subset of 2, let 
M(F) {fe Cc(Q): fw)=0 Vwe F} and 
D(F) = {f €C(Q): f is constant in some 
(variable) neighborhood of each w € F}. 


Then M(F) is an ideal and D(F) is a dense subalgebra of C(2). We now 
state (without proof) the main result of Bade and Curtis for a homomor- 
phisr: onto a dense subalgebra of a Banach algebra essentially as given in 
Sinclair [1976], Theorem 10.3. If yp: C(Q) — B is any homomorphism into a 
normed algebra B, then B may be taken as the completion of the closure of 
y(C(2)) in B, so this theorem makes no essential restriction on the range 
of the homomorphism. For hulls see Definition 3.2.5. 


6.2.8 Theorem Let 2 be a compact Hausdorff space and let yp: C(2) > B 
be a discontinuous homomorphism onto a dense subalgebra of a Banach 
algeba B with Jacobson radical By. Then: 

(a} The hull h(Z(y~)) of the continutty ideal T(p) of yp is a nonempty 
finite subset F = {w1,wo,...,wWn} of 2. 

(b) The restriction of ~ to the dense subalgebra D(F) equals the restric- 
tion to D(F) of a continuous homomorphism yp: C(Q) — B. 

(c) The range ¥(C(Q)) of w is closed, By = B,, Byy(Mr) = {0} and 
B is the Banach space direct sum (C(Q)) ® By. 

(d) The difference 0 = y — y:C(Q) — B when restricted to Mp is a 
homomorphism onto a dense subalgebra of By. 

(e) There are non-zero linear maps 6;,62,..-,9n:C(Q) — B satisfying 
0 = 6. +02 +---+6, such that for 7 = 1,2,...,n the restriction of 6; to 
Mag, 18 @ homomorphism into B. 

(<- The Jacobson radical By is the Banach algebra direct sum 


3y = @7.,8j(C(Q) where 8;(C(M)) Ox(C(M) = {0} for j #k. 


For j = 1,2,...,n, the direct summands satisfy 0;(C(Q))y(M.,) = {0}. 


Mcte that each of the non-zero homomorphisms 9;| Mo; is zero on the 
dense subalgebra 7,,, and hence is discontinuous. Thus this theorem shows 
that i! there is a discontinuous homomorphism from C(Q), then there is 
a discontinuous homomorphism from some M,, vanishing on J,, and with 
range dense in a radical Banach algebra. 

Jchnson [1976] extended the results of this theorem by considering the 
locally compact space 2’ = N\F and the algebra Co(2’) which is just the set 
of restrictions of functions in M . Each function in Co(2") has a unique ex- 
vension to a continuous function on the Stone-Cech compactification 6(’) 
of 2’. Since the discontinuous portion @ of the above homomorphism is a 
homomorphism on M,r, it can be re-analyzed as a homomorphism from 
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C(A(0’)). For each point w’ in 6(22’) \ 0’, let Z!, be the intersection with 
Co(2"') of the ideal 7... defined in C(G(M’)). He proved that the disconti- 
nuity of the original homomorphism can be confined to a finite set of ideals 
Tu for w’ € B(N’). 


Discontinuous Homomorphisms and the Continuum Hypothesis 


Until the beginning of 1976, it seemed that a slightly more subtle ap- 
proach might prove that all homomorphisms from any C({) were contin- 
uous. During 1976 Jean Esterle ([1977], [1978b], [1978c]) and H. Garth 
Dales ([1979a], [1979b]) (also see their joint announcement [1977]) inde- 
pendently constructed discontinuous homomorphisms from C({) for any 
infinite 2. Both their constructions, which took somewhat different ap- 
proaches, used the continuum hypothesis. This appeared briefly to be an 
artifact of their methods of proof. However in 1976, while their papers 
were being completed or awaiting publication, Robert M. Solovay used a 
construction due to an undergraduate at California Institute of Technology, 
W. Hugh Woodin, to show that there are models of set theory in which no 
discontinuous homomorphisms from any C({) exist. In these models, ev- 
ery algebra norm on C’(Q) is equivalent to the uniform norm. Woodin soon 
simplified and amplified the result. He wrote them out for his doctoral 
thesis at the University of California, Berkeley. Unfortunately, none of the 
origina] work was ever published, so the book by Dales and Woodin [1987] 
is the only accessible source. We refer the reader to that book for details 
of the information we are about to briefly summarize. 

First we need to address the seeming contradiction in the results we 
have just quoted. Gdodel’s incompleteness theorem shows that no system 
of axioms strong enough to define the positive integers can prove its own 
consistency. The standard axioms for set theory are named for Zermelo and 
Frankel and are denoted by ZFC. Despite Gédel’s result, it seems reasonable 
to hope that no inconsistent results will be derived from these axioms. 
(Like most mathematicians, I believe that even if such an inconsistency 
were discovered, logicians would quickly find a new fundamental axiom 
system.) Because of Gédel’s result, the best that can be proved for axiom 
systems which include ZFC is relative consistency. This simply means that 
if the new system leads to inconsistent results, then ZFC must already be 
internally inconsistent. These proofs are accomplished by a technique called 
“forcing” which was initiated by Paul J. Cohen. It essentially uses ZFC to 
construct a model that satisfies the axiom system in question. Thus if ZFC 
is consistent, so is the new system. 

Here is the example which led us into this discussion of logic. The count- 
ably infinite cardinal is denoted by No and it is elementary to show that 
the cardinal number of the set R of real numbers is 2%°, Thus this cardinal 
is called “the cardinal of the continuum”. It is easy to show that the cardi- 
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nei of the continuum is strictly larger than No. The continuum hypothesis 
(denoted by CH) is the statement that the cardinal of the continuum is the 
nex cardinal number after No. This next cardinal is denoted by 8i. The 
symbol ~CH stands for the statement “the continuum hypothesis is false” 
or équivalently “2° 4 Ny”. It is known that both of the axiom systems 
ZFC + CH (the Zermelo-Frankel axioms together with the continuum hy- 
potnesis) and ZFC + ~CH (the Zermelo-Frankel axioms together with the 
derial of the continuum hypothesis) are relatively consistent. Thus a math- 
ematician who “believes” (or at least accepts) the Zermelo-Frankel axioms 
is free to either believe the continuum hypothesis or believe its denial. In 
the first of these axiom systems, for every infinite compact set 2 there is 
a discontinuous homomorphism from C'({). However, one can construct a 
model which satisfies the second axiom system and in which no C(2) has 
a discontinuous homomorphism. We again refer the reader to the book by 
Dales and Woodin [1987] for details and to the forthcoming book by Dales 
{1994} for related results. We will leave the subject after making the one 
additional remark that, if AC stands for the axiom of choice, then all of the 
four axiom systems ZFC + AC + CH, ZFC + AC + —CH, ZFC + 7=AC + 
CE end ZFC + ~AC + —CH are relatively consistent. 

Cne unsettling conclusion of this discussion is that the fundamental 
avestion of the automatic continuity of homomorphisms from C(Q) is un- 
decidable in ZFC. Curiously, Theorem 6.2.3 settled this question positively 
for certain noncommutative C*-algebras, but it cannot be decided for any 
infinite-dimensional commutative C*-algebra. 


6.3. Jordan Homomorphisms 


¢ordan homomorphisms (under another name) were considered by Ger- 
man Ancochea [1942] and [1947]. Other early papers were by Kaplansky 
[1947b] and Loo-Keng Hua [1949]. In two fundamental papers [1950] and 
[1952] Jacobson and Rickart introduced the term “Jordan homomorphism” 
and made the first studies similar in spirit to the approach taken here. The 
name “Jordan homomorphism” comes from the generalization of quantum 
mechanical formalism introduced by Pascual Jordan [1932] and later stud- 
iec in a classic paper by Jordan, John von Neumann and Eugene P. Wigner 
{1934]. (See also Harald Hanche-Olsen and Erling Stgrmer [1984].) This 
genszalization is based on the “symmetrized” Jordan product 


aob=ab+ba 


wher2 a and 0 are elements of an associative algebra. A Jordan homomor- 
prise: is simply a linear map which preserves this product. 

Sur most definitive results on Jordan homomorphisms are in Volume 
<’ exe! deal with Jordan *-homomorphisms between C*-algebras and other 
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special *-algebras. Here we give a fairly detailed analysis of Jordan homo- 
morphisms between algebras and between Banach algebras. 

We list a few of the main results. If A and B are both commutative 
algebras, it is obvious that a Jordan homomorphism y: A — B is a ho- 
momorphism. Under suitable additional hypotheses, we show in Theorem 
6.3.4 that the same result holds if either A or B is commutative. The proof 
depends on results of Jacobson and Rickart [1950] and on a theorem of 
Zelazko [1968] which wes given above as Theorem 2.4.13. Theorem 6.3.7 
follows Herstein [1956] in showing that a Jordan homomorphism y: A — B 
such that (A) is dense in a prime topological algebra B is either a homo- 
morphism or an anti-homomorphism. See also Smiley (1957]. As a conse- 
quence, Corollary 6.3.8 asserts that the kernel of a Jordan homomorphism 
y: A — B is a closed ideal if A and B are spectral normed, B is semisimple 
and ,p(A) is dense in B. Sinclair [1970b] showed that a surjective Jordan 
homomorphism of a Banach algebra onto a semisimple Banach algebra is 
continuous. Civin and Yood [1965] obtained the same result when the image 
is merely dense in a strongly semisimple Banach algebra. Theorem 6.3.10 
gives both results. Finally, we give two results showing that under differ- 
ent hypotheses a Jordan homomorphism is the sum of a homomorphism 
and an anti-homomorphism. Theorem 6.3.11, due to Sinclair [1970b], ap- 
plies to surjective Jordan homomorphisms onto special semisimple algebres. 
Theorem 6.3.12, due to Jacobson and Rickart [1950], applies to Jordan ho- 
momorphisms of any full n x n matrix algebra for n > 1 over any unital 
algebra. This second result will be of fundamental importance in our later 
discussion of Jordan *-homomorphisms between Banach *-algebreas. 


6.3.1 Definition Let A and B be algebras. A map y: A — B is called a 
Jordan homomorphism if it is linear and satisfies 


y(ab + ba) = v(a)p(b) + p(b)p(a) VabEA. (1) 


For certain calculations with Jordan homomorphisms, it is convenient 
to use the Lie bracket notation: 


{a, b] = ab — ba VabeA. (2) 
We begin with some trivial algebraic identities which we need later. 


6.3.2 Lemma Let A and B be algebras and let :p: A — B be a linear map. 
All of the following conditions are necessary and the first two are sufficient 
for :p to be a Jordan homomorphism. 

(a) y(a?)= (a)? VaEeAd. 

(b) ya") = y(a)” Vac A, neEN. 

(c) plaba) = pla)p(djp(a) VabEeA. 

(d) p(abe + cba) = p(a)p(b)y(c) + vl(c)p(d)e(a) = Va, cE A. 
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(e) v[a,6]?) = [p(a),p(b)}P? Va,bEeA. 
(f) ¢([[a, b], c]) = {[p(a), p(b)], p(c)] Va,bcEA. 
(ge) (p(ab) — (a) 9(d))(p(ab) — plb)p(a)) =0 = VadbEA. 


Proof (a): If y is a Jordan homomorphism (a) is obvious. Conversely, (a) 
implies 


{ab + ba) = p((a + )?) — p(a?) — p(B?) = p(a)p(b) + (b) (a). 


(b’: The sufficiency of (b) is now obvious. If y(a™) = y(a)™ and 
p(a") = y(a)” both hold then we get 


gla” +”) = (1/2)p((a™ + a”)? — a?” — a”) = (a) (a)" = y(a)™*". 


By inc uction (b) holds. 

(c): Note 2y(aba) = y((ab + ba)a + a(adb + ba)) — (ba? + a2) = 
2p(a)o()p(a). 

(d}: This follows from (c) and abc + cba = (a + c)b(a + c) — aba — che. 

(e): This follows from (d) and [[a, b,c] = abc + cba — (bac + cab). 

(f). This follows from (c), the definition of a Jordan homomorphism 
and tke identity [a,b]? = a(bab) + (bab)a — ab?a — bab. 

(g): Using (a), (d), (a) and (c), we get: 


(p(ab} — p(a)y(b))(p(ab) — p(4)p(a)) 
=  y(abab) — y(ab)y(b)p(a) — p(a)p(b)p(ab) + y(a) y(b)*p(a) 
= (abab) — p(ab?a + abab) + y(ab?a) = 0. Qo 


6.3.3 Lemma Let A and B be algebras and let y: A — B be a Jordan 
homor.orphism. If e is an idempotent in A and a is an element of A, then 
p(e) is an idempotent and 

(a, ea = ae = p(a)y(e) = v(e)y(a) = (ea). 

(b) ea = ae =a > 9(a)p(e) = yle)p(a) = (a). 

(c) ea = ae = 0 = p(a)y(e) = ple) (a) = 0. 
In par icular if A has an identity element 1, then (1) is an identity element 
for the algebra generated by :p(A). 


Proof: By Lemma 6.3.2(a), y(e) is an idempotent. 

(a) Lemma 6.3.2(e) asserts 0 = |[yp(a),¢(e)], y(e)] and this implies 
p(a)y.e) — v(e)p(a)y(e) = v(e)p(a)y(e) — ple)p(a). Multiplying on the 
left by y(e) gives 0 = y(e)p(a)y(e) — v(e)y(a). Therefore, p(a)p(e) — 
p(e)p(a)p(e) = 0 80 y(a)p(e) = v(e)p(a) = yleae) = ple?a) = (ea). 
Thus (a) is proved. The rest of the statements in the proposition are now 
immediate. oO 


In the next result, (a) and (b;) are due to Nathan Jacobson and Rickart 
[195°], while (bz) is due to Wiestaw Zelazko [1968]. 
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6.3.4 Theorem Let A and B be algebras with B semisimple. Let y: A— B 
be a Jordan homomorphism. 
(a) For a, b € A,ab= ba implies y(a)p(b) = y(b)y(a) if either: 
(a,;) y(A) generates B as an algebra, or 
(az) B ts a topological algebra which is the closure of the subalgebra 
generated by (A). 
(b) Furthermore, p ts a homomorphism if either: 
(b,) A ts commutative and (a,) or (a2) holds, or 
(by) A is unital and B is a commutative spectral algebra. 


Proof (a): When a and b commute, Lemma 6.3.2(e) shows [p(a), o(b)]? = 0 
and lemma 6.3.2(f) shows [[p(a), 9(b)], y(c)] = 0 for any c € A. Thus 
{p(a), y(d)] lies in the center of B, so it is enough to show that the center Bz 
of the semisimple algebra B hes no non-zero nilpotent elements. Consider 


T = span{a + bc: a, c € Bz are nilpotent and b € B}. 


It is easy to check that this is a nil ideal and hence a quasi-regular ideal. 
Therefore J = {0} by Theorem 4.3.6, so there are no nilpotent elements in 
Bz except zero. 

(b): If (bi) holds, the conclusion follows immediately from (a) and the 
definition of a Jordan homomorphism. Suppose (bz) holds. Let + be an 
arbitrary element in [g. Theorem 2.4.13 shows that yoy is a homomor- 
phism. Since the elements of yg separate points in B, this implies that y 
is a homomorphism. a 


6.3.5 Proposition Let A and B be algebras and let y: A — B be a Jordan 
homomorphism. If a € A ts quasi-invertible, then —(a) ts quasi-invertible 
and its quast-inverse satisfies p(a?) = p(a)?. 


Proof We have 
pa) + Ww(a*) = yaa + ata) = p(a)p(a*) + y(a*)p(a). (3) 


Hence the proof will be complete if y(a) and y(a?) commute. Multiply- 
ing (3) on the left by y(a) then multiplying it on the right by y(a@) and 
subtracting the results gives 


(2p(a) — p(a)?)p(a*) = p(a*)(2p(a) — (a)?). (4) 
Note also 


Qp(a)?_ + yla)p(a’) + yla*)y(a) — y(a)?p(a*) — p(a%)y(a)? (5) 
= (2a? + aa’ + a%a — (a2a? + a%a”)) = 0. 
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Adding the right side of (3) to the left side of (5) gives 


2p(a)? + (2p(a) — y(a))p(a?) + y(a*)(2p(a) — y(a)?) (6) 
= (a) + 2(a%). 


Substituting (4) in (6) and dividing by 2 gives 


pla)? + (2p(a) — 9(a))p(a*) = y(a) + va’) 
= g(a)” + y(a*)(2p(a) — y(a)”). 


However this can be rewritten as 
p(a) o (a) o pa") = y(a) = p(a*) 0 (a) o (a). 
Hence we get 
p(a*) o pla) = y(a*) o y(a) 0 p(a) o y(a*) = v(a) o va’) 
which is equivalent to the commutativity we wished to establish. Oo 


Recall that an algebra A is called prime if {0} is a prime ideal. From 
Theorem 4.1.10 it follows that A is prime if and only if it satisfies one 
(hence all) of the following implications 


aib={0} > (a=Oorb=0) Va,bEd, (7) 
By = {0} => (Z = {0} or T = {0}) V ideals T,,T2 of A; (8) 
£2 ={0} => (L; = {0} or Lz = {0}) V left ideals £), £2 of A(9) 


A primitive algebra (i.e., an algebra in which {0} is a primitive ideal) is 
prime by Theorem 4.1.8. Condition (8) shows that a simple algebra which 
is not the one-dimensional zero algebra is prime. We need two other simple 
properties of prime algebras which we include in a lemma. 


€.3.¢ Lemma Let A be a prime algebra. 
(a} If elements u, v € A satisfy ucv + vcu = 0 for allc € A, then either 
u=Corv=0. 


' (0) If A is a topological algebra, every dense subalgebra is prime. 


Proof Replace c by due. Then uduev + vdueu = 0. However uev = —veu 
and udu = —udv so that —udveu — udveu = 0. Since d and e are arbitrary, 
uAvAu = {0}. Thus either u = 0 or uAv = {0}. In the latter case, either 
u= 0 or v=0 80 that (a) is proved. 

Suntement (b) follows immediately from Condition (7) above. Oo 


The next result is a fundamental result of Israel N. Herstein [1956]. 
We -"" use it later to obtain results on Jordan homomorphisms into more 
genere! algebras. 
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6.3.7 Theorem Let A and B be algebras with B prime. Let yp: A — B be 
a Jordan homomorphism such that etther: 

(a) p(A) = B, or 

(b) B is a topological algebra and ip(A) is dense in B. 
Then yp is either a homomorphism or an anti-homomorphism. 


Proof Let u = (ab) — y(a)p(b) and v = y(ab) — y(b)y(a). We will 
use various formulas from Lemma 6.3.2 to show that u and v satisfy the 
criterion of Condition (a) in the last lemma. For any c = y(d) in y(A) we 
have 


p(ab)p(d)ip(ab) + p(a)p(b) o(d)(b) o(a) 

~p(a)p(b) p(d)p(ab) — (ab) p(d)y(b) p(a) 

p(abdab) + y(abdba) — y(a)p(b)o(4)p(ab) — p(ab)p(d) 9(b)p(a). 
Similarly we have 

veu = (abdab) + p(badab) — (b)p(a)p(d)p(ab) — p(ab)p(d) (a) p(0). 
Therefore we conclude 


ucv+vcu = (2abdab + abdba + badab) 
~ [(p(a)p(b) + p(b)p(2))p(d)p(ab) 
+(ab)p(d)(p(a)p() + y(b)p(a))] 
= (2abdab + abdba + badab) 
~y|(ab + ba)d(ab) + (ab)d(ab + ba)} = 0. 


ucu 


If (A) is dense in the topological algebra B, the result above holds for all 
c € B. Hence by Lemma 6.3.6(a), either v or u is zero. 

For a € A, define H, = {b € A: p(ab) = p(a)p(b)} and K, = {bE A: 
yp(ab) = y(b)p(a)}. Then A is the union of the two linear subspaces 1, and 
Ka. Therefore either A = H, or A= Kg. Now let H = {a € A: (ab) =, 
p(a)y(b) for all b € A} and let K = {a € A: y(ab) = (b)y(a) for all b € 
A}. Again A is the union of the two linear subspaces and K, so either 
A=H or A=K. This proves the theorem. Oo 


6.3.8 Corollary Let A and B be algebras and let yp: A B be a Jordan 
homomorphism. Then ker(y) is an ideal if either 

(a) B is semiprime and y(A) = B, or 

(b) B ts a spectral normed semisimple algebra and y(A) is dense in B. 
Under either hypothesis, if A 1s spectral normed and B is semisimple, then 
ker(y) ts closed. 


Proof Let {P, : a € A} be the set of prime ideals of B. For each a € A, 
let wa be the natural map ~,:B — B/P, and let ya = Hao. Then by 
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the theorem, ker(y,) is an ideal for each a. Hence ker(y) = Nae a ker(pa) 
is an ideal. 

' B is a spectral normed semisimple algebra, we make the same ar- 
gument replacing prime ideals by primitive ideals. By Proposition 4.2.6 
each primitive ideal is closed. Hence each B/P,, is spectral normed and 
Pei.) is dense. Thus the argument is completed in the same way using 
the ¢iternative topological hypothesis of Theorem 6.3.7. 

Ii A is spectral normed and B is semisimple, each y, (with P. primitive) 
has : primitive kernel in A (if it is a homomorphism) or in the opposite 
algebra of A (if it is an anti-homomorphism). Since the opposite algebra is 
also epectral normed, each ker(yq) is closed. Hence ker(y) = Nae ker(Ya) 
is clc3ed. a 


6.3.€ Theorem Let A and B be algebras and let y: A — B be a Jordan 
home morphism with p(A) = B. 

(c) If ker(p) C Ay, then p(A,) = By. 

(t) If ker(y) C Ap, then p(Ap) = Bp. 

(c) If ker(p) C Am, then y(Am) = Bu. 


Proof (a): Let ¥:B — B/By be the natural map. Then ker(7y oy) = 
y”1(By) is an ideal by Corollary 6.3.8. Let 6:B — A/Ay be the map 
induced by p™! (i.e., if b = p(a), set 0(b) = a+Ay). It is well defined since 
ker(p) C Ay. It is easy to check that 6 is a Jordan homomorphism. Hence 
Proposition 6.3.5 and Theorem 4.3.6(b) show that 6(B,) = y~?(By)/Ay is 
a quesi-regular ideal. Thus each element a € y~'(A)) satisfies Spa/4,(a+ 
As) © {0}. By Theorem 4.3.6(d), this implies that Sp4(a) C {0} for each 
a € p-}(By). Hence p~!(By) C Ay by Theorem 4.3.6(b), so By C (Ay). 
However, Corollary 6.3.8 also shows that ker(@) = y(A,) is an ideal, and 
it is cuasi-regular by Proposition 6.3.5 so that y(A,) C By. 

(b): Let y:B — B/Bg be the natural map. Then ker(70y) = y~1(Bg) 
ig an deal by Corollary 6.3.8. Suppose a € A satisfies aAa C y~!(Bp). 
The: Lemma 6.3.2(c) shows y(a)By(a) C Bg so that Theorem 4.4.3(b) 
gives :p(a) € Bs. Hence by the same result A/p-}(Bg) is semiprime. 
‘Thus Theorem 4.4.6 shows y-1(Bg) D2 Ap s0 y(Ap) © By. Now con- 
vider he Jordan homomorphism 6:B — A/Ag induced by y~!. Then 
ker(9) = (Ap) is an ideal by Corollary 6.3.8 and it satisfles the condition 
of Theorem 4.4.3(b) as before so that Bg C y(Ap). 

(c’: Let {Ma : a € A} be the set of maximal modular ideals of B. For 
each c: € A, let ¥a:B — B/M, be the natural map and let ya = Pa oy. 
Then ach vy, is a Jordan homomorphism of .A onto a simple unital algebra. 
Hence each y, is a homomorphism or an anti-homomorphism by Theorem 
6.3.7. However, whenever Yq is an anti-homomorphism, if we merely replace 
B/7/, by its opposite algebra (which is also simple and unital) then each 
Ya May be considered as a8 homomorphism. Thus Ay = N{ker(y) : p 
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is a homomorphism onto a simple unital algebra } C M{ker(ya) : a € 
A} = N{y7(Ma): a € A} = yp (N{M, : a € A}) = y-1(By). Hence 


p(Au) © Bu. 
Now let 6: B — A/Am be the Jordan homomorphism induced by y™!. 
The same argument shows that By C ker(#) = y(Am). a] 


Part (a) of the next theorem is due to Sinclair [1970b]. Part (b) is due 
to Civin and Yood [1965]. 


6.3.10 Theorem Let A and B be Banach algebras and let yp: A — B be 
a Jordan homomorphism. Then ts continuous if either: 

(a) B ts semisimple and y(A) = B, or 

(b) B is strongly semisimple and :p(A) is dense in B. 


Proof (a): Let P be a primitive ideal of B and let y:B — B/P be the 
natural map. Theorem 6.3.7 shows that yo ¢ is either a homomorphism 
or an anti-homomorphism. If it is an anti-homomorphism, replace A by its 
reverse Banach algebra. Then 7 y is a homomorphism of A onto B/P so 
it is continuous by Theorem 6.1.3. 

We now show y is continuous by use of the closed graph theorem. Sup- 
pose {an}nen © A is a sequence converging to zero and {9(@n)}nen con- 
verges to b € B. Then {(p(an))}nen converges to zero by the continuity 
of =o y and converges to ~(b) by the continuity of the quotient map 1. 
Since y was the quotient map modulo an arbitrary primitive ideal, b is zero. 
Hence yp is continuous since it hes a closed graph. 

(b): Let MM be a maximal modular ideal of B, and let ~: B — B/M be 
the natural map. Then oy is a homomorphism or an anti-homomorphism 
as before. If it is an anti-homomorphism, we replace A by its reverse Banach 
algebra. Thus Woy can always be considered as a homomorphism. Its range 
is dense in B/M. Hence Corollary 6.1.14 shows it is continuous. The proof 
is finished by the same closed graph argument as before. Oo 


Part (a) of this theorem shows that the set of Jordan automorphisms 
of a semisimple Banach algebra A is a subgroup of B(A). Sinclair [1970b] 
shows that the connected component (in the norm topology) of this group 
consists of automorphisms. To obtain this, he uses a generalization to 
Jordan automorphisms of a theorem of Georges Zeller-Meier [1967] which 
we prove in the next section (Proposition 6.4.21). The generalization shows 
that each Jordan automorphism which is sufficiently close to the identity 
is the exponential of a Jordan derivation. Then Proposition 6.4.21 shows it 
lies on a norm continuous one-parameter group of automorphisms. Hence 
the subgroup generated by such one-parameter groups is a connected open 
(and hence closed) subgroup which must be the connected component of 
the identity. 

The next theorem is a slight generalization of a theorem of Sinclair 
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[197a]. Note that in this theorem conditions are placed on B in order 
4o show that a Jordan homomorphism y:A — B is the direct sum of a 
hemomorphism and an anti-homomorphism. In Theorem 6.3.12 we will 
reach the same conclusion from restrictions on A. 


3.5... Theorem Let A and B be algebras. Let B be unital and satisfy 
one of the following hypotheses: 

(a) B is semiprime and has no non-zero commutative prime algebra as 
a homomorphic image. 

(b) B is semisimple and has no irreducible representations with commu- 
caitu2 image. 

(c) B is strongly semisimple and has no non-zero commutative simple 
homomorphic image. 

If yp: A — B is a surjective Jordan homomorphism, then there is a direct 
sum decomposition B = T; ®I2 of B and surjective linear maps y;: A — T; 
for j = 1,2, such that yg; #8 a homomorphism, v2 t3 an anti-homomorphism, 
and 0 = pi + $2. 


Proot Let {Pa : a € A} be the set of prime, primitive or maximal modular 
ideals of B, depending on whether B satisfies (a), (b), or (c), respectively. 
ror each a € A, let yo be the natural map B > B/P,, and let ga = pa cy. 
Theorem 6.3.7 shows that each y, is either a homomorphism or an anti- 


is both a homomorphism and an anti-homomorphism. Let A, be the set 
of a € A such that ya is an anti-homomorphism and let A2 be the set of 
= € / such that y, is a homomorphism. We have seen that A is the disjoint 
unicr of A; and Ag. Let J; = N{P, : a € A;} for j = 1,2. Condition (a), 
(b), or (c) shows that Z; NZ2 = {0}. On the other hand, Z, + Z2 is modular 
sirc2 B is unital. If Z, + Z> is a proper ideal it is contained in a maximal 
modular ideal M by Theorem 2.4.6. Since a maximal modular ideal belongs 
to {Pa : a € A} no matter which of the three meanings this set has, this 
proves (by contradiction) that Z,; + Z,; = B so that we do have a direct 
sum decomposition. The direct sum decomposition of the identity element 
in B gives central idempotents p; and p such that Z; = p;B for j = 1,2. 
The maps y and %2 defined by y;(a) = pyy(a) and yo(a) = peyp(a) for all 
a € A obviously satisfy the conditions of the theorem. oO 


, ~Oue can easily prove (as in Sinclair [1970a]) that the decomposition 
given in the last theorem is unique. If the second half of conditions (a), 
(b}, end (c) are omitted, this uniqueness will obviously fail. However, 
Sincilzir gives an example to show that even the theorem fails without this 
rasuiiclion, We reproduce this interesting example. 

int € = C([-1,1)) and let D = {f € C: f(0) = 0}. Let A be the 
algebra of 2 x 2 matrices with entries from C on the principal diagonal and 
entries from D in the other positions. This is obviously an algebra under 
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the usual matrix operations. Let y:.A — A leave the principal diagonal 
entries fixed, but replace eech of the other two entries by a function which 
agrees with it on [1,0] but agrees with the opposite entry on [0,1]. It is 
clear that y is a Jordan isomorphism and a little calculation shows the lack 
of ideals with the properties of Z; and TZ. 

We now turn to a theorem which derives essentially the same conclusion 
as Theorem 6.3.11 from very different hypotheses. We begin by recalling 
some facts about matrix algebras. 

Given any algebra D, the family of n x n matrices with elements from D 
forms an algebra D® M,, under the customary matrix algebraic operations. 
It is natural to identify each d € D with the diagonal matrix with d in each 
position on the diagonal. We will assume from now on that D is unital. 
Denote the matrix with 1 in the ith row and jth column and zero in all 
other entries by EF) € D @ M,,.. These elements satisfy: 


EVE" = 6,E% V1<i,j,ke<n 

See =i (10) 
t=1 

dEY = EYd WdeD, 1<ij<n 


under the above embedding of D into D @ M,,. In fact it is easy to see 
that an algebra A is isomorphic to B @ M,, for some algebra B if and 
only if it contains a subalgebra D isomorphic to B and elements E” for 
1 < i,j <n such that these identities hold. (Theorem 1.1.20 contains an 
easier characterization.) In this case every element of A can be written 
uniquely as 


n 


>» 


t=1 


d,;; E” (11) 


2: 


for suitable d,, € D. It is easy to ee that such an algebra is isomorphic 
to the algebraic tensor product D@ M,, as a linear space with multiplication 
given by 


(dy @ by) (dz ® by) = di dz @ dy by V d,,d2. € D; by, bo € My. 


We say that A is an n x n matrix algebra over D when it is isomorphic to 
D®M,,. In this case, we usually consider D as embedded in A as indicated 
above. 

The following important theorem and its proof are due to Jacobson and 
Rickart [1950]. 


6.3.12 Theorem Let A and B be algebras, and let A be a fulln xn 
matriz algebra for n > 1 over a unital algebra D. Let y: A — B bea 
Jordan homomorphism ane assume that B ts the algebra generated by (A). 
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Then ‘there are orthogonal central idempotents g and go in B such that 9,B 
and g,B are full matrix algebras over y(D) and the maps y;:A — 9;B 
defined by p;(a) = gj; (a) are surjective for j = 1,2. Furthermore is a 
homomorphism, (p2 is an anti-homomorphism and y = 91 + 92. 
Proof Assume that D is embedded in A and let {E : 1 < i,j < n} 
be a system of matrix units for A satisfying (10). Throughout this proof 
we wil use Lemma 6.3.2 and Lemma 6.3.3 without always citing them 
specifically. For i 4 j, let E4’ = E* 4+ EY, Then (E%’)? = E%' and for 
dé D. [d, E¥"| = 0. Hence Lemma 6.3.3 shows that :(E*?’) is idempotent 
and {,(E%"), p(d)] = 0 for all d € D. Similarly p(E*) is idempotent 
and ly EB), o(d)] = 0. Hence all i and j satisfy [p(E*7),p(d)] = 0 and 
p(d&" ) = p(d)y(E"). For t 4 j, we have 
gp(dE¥) = p(dEYE + RUE d) 

= o(ao(B% p(B) + o(E)o(E")o(d) 

= 9(d)(p(E%) p(B) + o(E*) p(B) 

= o(d)p(EV EY + EE") = 9(d)p(E"). 
Since »ve have proved this for i = j already, we have 

y(dE*) = y(d)g(E”) = p(E*)p(d)  Vde D1 sign. 


Hencs, any element of A written as in (11) satisfies 


AS 3-4, B%) = >> Y vld,)o(E%). (12) 


t=1 j=1 #=1 j=1 
We now introduce two orthogonal sets of matrix units {g;; : 1 < i,j <n} 
and {hij :1< 1,7 <n} in B. For: # 7 define 
= p(E")p(E¥)p(B%) and hay = p(B") p(B) p(B"). 
(We ceSine 9;; and h;; alittle later.) Note that BY = BY BY F334 73 Ri ER 
implies . 
P(EY) = gig + hyi- (13) 
Lemma 6.3.3 gives 9, ;p(E??) = p(E™) gi; = gi; and hij p(E?) = p(E™)hy; = 
hz, 937° 9(E") = p(E”) gi; = hag p(E") = p(E%)h,, =0. We conclude 
93 = GE) o(B%) = gE) y( 5) 
hig = P(E? )p(E”) = 9(E”)p(E"). 
For 7 5, k, this shows 9:;9x¢ = 0. For i # j # k 4 i, it also shows 
I: 9% = (EM) (E”)gsn = o(E” gin = o(E”)o(E"*)o(E™) 
= (p(EY)p(E*) + o(E*)p(E”))p(E**) 
a p(E” EDF + E}* F )p(E*) 
= 9(E**)p(E*) = gir, 
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where we used Lemma 6.3.3 and E**E) = EVE** = 0 for the fourth 
equality. Thus, any i,j,k, é satisfy 


9:7 Gke = OjkGee- (14) 
Similarly, any 1, j,k, @ satisfy 
hishne = Ojnhie. (15) 
Now for each 1 choose j # i and define 
Gis = 91595: his = Aa hy: 


Then 9g,; is independent of the choice of 7 4 i since gic Gee = 9ij9jkGki = 
91393: when i # j # k #14. Similarly hj, is well defined. It is easy to check 
that (14) and (15) now hold for all choices of indices. Furthermore for j # 

p(E") = p( EY EY EN ES + EV EM E* ES) = gis gis + highgs = gis + his 
so that (13) hold for all choices of indices. 

We now prove that 9;;hxe = 0 for all choices of indices. Because of the 
definition of g,, and h,,, we may assume: # j and k # @. Thus gjhue = 
~( E*)ip( E??)ip(E**)p(E%). If 7 # k, the middle product is zero so we 
may assume j = k. Then gjhje = geihegahie = ~(EY)9(E)p(EY)hie = 
p(EY EE” hye = 0. 

Let 9: = SOL, gis and let go = Sop, hui. Since 1 = Dh, E™, equation 
(13) gives (1) = g1 + g2. Clearly g; and g2 are orthogonal idempotents 
which satisfy gp(E%) = p(E”)g1 = 9:3, 929(E*) = p(E")g2 = hyi, and 
[91,4] = [92,d] = 0 for each d € D. Hence g, and go are central. Using 
formula (12), we have 


eld. dodyE¥) = YO vldis)ous (16) 
i=] j=1 t=1 j=1 
92>. do dyE¥) = YOY vldisdhys. 


t 
W 


i=1 j=} j 


For a, 6 € D and i # j, we have (ab)y(E*) + y(ba)p(E?) = p(abE™ + 
baE) = y((aE" + bE%)*) = ((a)p(E”) + v(b)p(E*))? = (o(a)(gij + 
bya) + (b)(a5e + has))? = 9la)ol8)( ois + 4) + p(b)e(a)(935 + his). Mul- 
tiplying by g,, and h,;, on the right gives y(ab)gi; = y(a)p(b)gi; and 
y(ab)h;; = p(b)p(a)hi;. These formulas together with (16) show that yy 
and 2 satisfy the asserted conditions. oO 


Lie Homomorphisms 


In this section, we have studied homomorphisms preserving the Jordan 
product ao b = ab + ba for a,b in an associative algebra A. Along with 
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this symmetrized product, it is natural to consider the anti-symmetrized 
Lie product 
[a, 6] = ab — ba Va,beA 

and the Lie homomorphisms which preserve it. However, the most signifi- 
cazt results on this product require some sort of left-right symmetry in the 
algebra, such as that given by an involution. Since we are postponing the 
study of algebres with an involution until Volume II, we will postpone the 
Ciscv:s3ion of Lie homomorphisms. The reader may wish to consult papers 
by V/s!lace S. Martindale, III [1969], [1977] and Richard A. Howland [1969]. 
Hers i3 a typical result from the first reference. 


€.3..6 Theorem Let yp: A— B be a Lie isomorphism where A is unital, 
prime and has a nontrivial idempotent and B is unital and simple. Then 
vy is the sum p= wt where p is either an isomorphism or the negative 
of ar, anti-isomorphism and r ts a linear map into the center of B which 
sends all commutators to zero. 


See Civin and Yood [1965] for other interesting results on the Jordan 
and _.:¢ structure of Banach algebras. See also Rodriguez-Palacios [1979]. 


6.4 Derivations 


In our discussion of derivations we will use the language of bimodules, 
normed bimodules and Banach bimodules introduced in Definition 4.1.17. 
Vile avvays regard any algebra A as a bimodule under the regular mod- 
ute ac ion under which ab has the same meaning whether considered as a 
product in A, the left module action or the right module action. If A is a 
{ nor:zed algebra / Banach algebra ), this regular bimodule is a ( normed 
bimodule / Banach bimodule ). 


6.4.1 Definition Let A be an algebra and let 1 be an A-bimodule. A 
bimecule derivation of A into ¥ is a linear map 6: A — 4 which satisfies 


6(ab) = 6(a)b +.a6(b) a, bE A. 


The se’ of derivations of A into ¥ is denoted by A(A,.¥). If A is a normed 
aiza>'e, and ¥ is a normed A-bimodule, then the set of bounded derivations, 
A(A, ”) 1 B(A, #), is denoted by Ag(A, 4). 

When 4 is just the regular A-bimodule -A itself, we speak of an algebra 
derivation of A and denote the sets by A(A) and Ag(A). 


, Bimodule derivations arise naturally in a number of situations (cf. Ring- 
rose {1972a], Johnson [1972a]). In particular they are at the center of the 
cohomology theory of Banach algebras given in Volume I]. When no con- 
fusior is likely, we will usually shorten “bimodule derivation” and “algebra 
derivetion” to just “derivation”. 
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It is clear that A(A, 7) and Ag(A, ¥) are linear spaces under pointwise 
operations with the latter normed and complete under the norm of B(A, ¥). 
It is also trivial to check that both A(A) and 4,(A) are closed under the 
Lie bracket 

(61, 62] = 6162 — 66) V 5,62 € A. (1) 


Readers acquainted with Lie algebras will recognize these spaces as (often 
infinite-dimensional) Lie algebras. 

The following example 2xplains the term “derivation”. Let A be the set, 
C(R), of infinitely differentiable complex-valued functions on R made into 
an algebra by pointwise operations. Define 6: A — A by setting 6f equal 
to the derivative of f for any f € C(R). It was, of course, in this context 
that Gottfried Wilhelm Leibniz discovered the formula 


n 


ar(ab) = > (Z)"-*(a)st) (2) 


k=0 *, 


for repeated differentiation. Since the usual inductive proof depends only 
on 6 being a derivation, we will use Leibniz’ formula for derivations without 
further comment. 

The formula for the derivative of a polynomial allows derivations to be 
defined on algebras over any field, if the elements of the algebra can be 
interpreted as polynomials. A similar remark holds for algebras of formal 
power series over any field. We have little to say about these purely alge- 
braic types of derivations although they have important applications. Our 
next example, which is fundamental to our subsequent discussion, can be 
defined in any algebra. 


6.4.2 Definition Let A be an algebra and let ¥ be an A-bimodule. For 
any element z € 1, the map 6,: A — + defined by 


6,(a)=za-ar acA 


is called the inner derivation determined by x. A derivation 6 of A into 7 
is called an inner derivation if it is equal to 6, for some z € *. The set of 
inner derivations is denoted by A;(A, ¥). If 4 =A, we write A;(A). 


It is trivial to check that an inner derivation is a derivation. In fact, 
the set A;(A) of inner derivations is a Lie ideal of the Lie algebra A(A). 
This means that (6,6,] belongs to 4,(A) for ali 6 € A(A) and a € A and 
it follows from the useful formula 


[5,5] = 65 — 645 = 54a) a@€ Ab € A(A). (3) 


If A is a normed algebra and 4 a normed bimodule, then inner derivations 
are Clearly bounded. Hence for a normed algebra A, 4;(A) is a Lie ideal of 
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4z(v ). Note also that the map z r+ 6, is a linear map of % into 4;(A, X). 
The ‘-ernel of this map is the center Yz of © where the center of an A- 
bimo ‘ule is the set {a € ¥ : az = za for all a € A}, so that the center of 
the rcgular A-bimodule is just the usual center of the algebra A. 

We will show that all derivations on certain algebras are inner. For a 
coran.utative algebra the only inner derivation is the zero map. This special 
case wil! also prove important. 

We need to consider the separating space of a derivation. Proposition 
§.1.8(d) shows that the separating space B, of a homomorphism y: A — B 
is a closed ideal of ~(A) C B. More is true for derivations. 


6.4.2 Proposition Let 6: A — X be a bimodule derivation of a normed al- 
gebra A into a normed A-bimodule X. Then X5 is a closed A-sub-bimodule. 
If X is the regular A-bimodule A, then Ags is a closed ideal of A. 


Proof Suppose {an}nen CG A converges to 0 and {6(a,)} converges to 
a € 4s. Then the computation 


6(banc) = 6(b)anc + b6(an)c + band(c) > bre = WB CE A 
gives \he desired result. oO 
Homoamorphisms constructed from Derivations 


There are two major connections between derivations and homomor- 
phisms. We discuss the more elementary case first. Let A be an algebra 
and le: 4 be an A-bimodule. Then .A x 4 can be made into an algebra by 
pointv‘ise linear operations and the multiplication 


(a, x) (b, y) = (ab, ay + xb) Va,beEA; rye X. (4) 


We denote this algebra by A@® ¥. If A is a ( normed algebra / Banach 
algebra ) and + is a ( normed / Banach ) A-bimodule, then it is clear that 
these operations make A @ 4 into a { normed algebra / Banach algebra ) 
under the algebra norm 


(a, x)}] = Yall +ille}}] VaeA rer 
where ||| - ||| is the equivalent norm on % defined by 
lel] = sup{{{xl|, Jazi[, [[rbl|, {laxd||:a,6€ Al} Vaoe x. 


Note that A@ 4% is just the normed algebra semidirect product of the 
subalg:bra {(a,0) : a € A} which is naturally isometrically isomorphic 
to A end the ideal {(0,2) : s € 4} which is naturally homeomorphically 
linear’, isomorphic to 4 considered as an algebra with all products zero. 


5 
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6.4.4 Proposition Let A be an algebra, X an A-bimodule and A@X the 
algebra defined above. If 5: A — X is a derivation, then pp: A+ AGX 
defined by ys(a) = (a, 6(a)) is an injective homomorphism. If A and X are 
normed, then the separating spaces satisfy (A@ X),, = {0} @ Xs 80 that 
ye is continuous tf and only if 5 is continuous. Furthermore, 


llalls = |lal| + |]6(a)I]} VaeA 


is an algebra norm on A which is equivalent to the original norm (or, 
equivalently, continuous) if and only if 6 is continuous. 

Hence sf every injective homomorphism of a Banach algebra A into a 
Banach algebra is continuous, then every derivation of A into a Banach 
A-bimodule is continuous. 


Proof Straightforward. Q 


The last statement of the above proposition extends several of the re- 
sults in Section 6.2 about automatic continuity of homomorphisms to cover 
derivations. For instance, Theorem 6.2.6 shows that all homomorphisms 
from B(4’) are continuous when + is a Banach space linearly homeomor- 
phically isomorphic to V x 4. Hence, all derivations from B(2’) into Banach 
B(%)-bimodules are continuous when *% has this property. Dales, Loy and 
Willis [1992] give the first example of a Banach space ¥ for which B(¥) is 
known to have discontinuous derivations but no discontinuous homomor- 
phisms. (See §1.7.8 above, and compare Loy and Willis [1989], Read [1989] 
and Willis [1993].) 

Here is a very simple concrete construction of an inequivalent algebra 
norm using the process described in the proposition. Let A be the disc 
algebra of §1.5.2 with its usual supremum norm || - ||p on D. Then the 
second norm is just 


Iflls=Ilflb+If'Q)| VFEA. 


This norm arises by letting C be a Banach A-bimodule under the action 
frX = Af = f(1)A and considering the bimodule derivation 6(f) = f'(1). 
Later we will extend these remarks about inequivalent algebra norms to 
obtain two inequivalent complete norms on a commutative Banach algebra. 


One Parameter Groups of Homomorphisms and Derivations 


We now turn to the second connection between derivations and homo- 
morphisms. It only makes sense in the case of derivations with range in the 
original algebra which must be normed. The interesting case is that of a 
continuous derivation on a Banach algebra. 

Let A be a Banach algebra and let 6 be a derivation of A. If the series 
ye a (n!)~'6"(a) converges for all a € A (which is certainly true if 6 is 
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bounded), then we will denote the sum by e*(a). For any a, 6 € A and any 
A €C, Leibniz’ formula gives 


(ab) = yo ee) ->% = oul Woe moe) ©) 
ae yo kgn= a i A™6™(a) — aoe) 
ee —_ n—k! k! -> m! ar: 


= Majed). 


Thus for each 4 € C,e* is an automorphism which is continuous if 6 is. 

Ve will further investigate the case in which 6 is continuous. It is clear 
that : + e' is a continuous group homomorphism from the additive group 
of & ‘:to the group of automorphisms of A in B(A). In order to fully 
descri'32 this interesting situation we need more terminology. For related 
cones: 8 see Jerome A. Goldstein [1985]. 


$.4.5 Definition Let B be an algebra. A one-parameter group (of 
invertible elements) in B is a group homomorphism a from the additive 
group of R into the multiplicative group of B. If B is a topological or 
normec. algebra, the terms continuous one-parameter group and bounded 
one-parameter group have the obvious meaning. 

Let a be a one-parameter group in a topological algebra B. When the 
limit lizn;o(a; — 1)/é exists, it is called the generator of a. 


Ci course, B is unital if there is a one-parameter group in B. We have 
checked that if 6 is a continuous derivation of a Banach algebra A, then 
t +» e! is a norm continuous one-parameter group of automorphisms of 
A in 3(A). As arguments from elementary calculus should suggest, the 
generator of this group is 6. The case in which B is B(4) with its strong 
acca topology for some Banach space x is important. For our eas 


Banad! calgcbve. 


6.4.8 Proposition Let B be a Banach algebra and let a be a norm 
cent’nuous one-parameter group in B. 

(a) Then the generator of a exists. 

(b) Ei the generator is denoted by 6 € B, then it satisfies a, = e’ for 
allt eR, 

(c} Any 6 € B satisfies 6 = limy_o(e’ — 1)/t. 

Thus 6 + (t + e'*) is a bijection of B onto the set of norm continuous 
one-verameter groups in B. 


Pree; Since @ is norm continuous, there is some € > 0 such that |t| < ¢ 
implies ||1 — a|| < 1. For any such t the series —}>™,n7*(1 — a)" 
converges to an element that we denote by 6(t) = log(1—(1—az)) = log(a:). 
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We note that any ¢ € R and n € N satisfying |nt| < € must also satisfy 
6(nt) = log(ant) = log((az)") = n log(a,) = n6(t). Hence any m € N and 
any s satisfying |s| < € must also satisfy m~'6(s) = 6(m~'s). This implies 
6(rt) = r6(t) for any rational number r satisfying 0 < r < 1 and any ¢ 
satisfying |t] < ¢. However 6(-) is a continuous function of ¢ for |t| < € 
sitice ¢ ++ a; is continuous and the series defining 5(-) converges uniformly. 
Hence 6(st) = 36(t) holds for all s € [0,1] and ¢ satisfying |t| < ¢. Define 6 
by 6 = s~'6(s) for some (arbitrary) s €}0,¢[. This implies 


a= et? (6) 


for all ¢ €]0,e[. Now fo. any t € R,t/n belongs to ]0,¢[ for some n € 
N. Hence (6) holds for any t € R. Thus 6 = lim;oot7'(e% — 1) = 
limy.o t~ ! (az — 1) holds. 

For any 6 € B, we have 


‘ 


= ns n-2fn 
lim © + = tim (6+e5-! *)=a 
\ 


] 
= nl 
This, together with (6), proves that 6 + (t+ e*) is a bijection of B onto 
the set of norm continuous one-parameter groups in B. QO 


We mention a suggestive example for which continuity and convergence 
to the generator are not in the norm topology. Let A be C™(R) and let 
a:R — £(C™(R))g be the translation map defined by 


(a:f)(s) = f(t +s) VfeC™(R);s,teR. 


Then the generator (in a generalized sense) of a is the map 6 € £(C™(R)) 
defined by 


(6f)(s) = jim EFI SE) _ 9g) vac. 


Thus 6 is the ordinary derivative map given as our first example of a deriva- 
tion. This example points up the fact that Proposition 6.4.6 covers a very 
special case of a more general situation. In fact, the unbounded generators 
of groups and semigroups of operators continuous in the strong operator 
topology have received more attention than the norm continuous ones stud- 
ied here. We will not explore the more general situation here. 

We turn now to the analogue of Proposition 6.4.6 in which we are chiefly 
interested. 


6.4.7 Theorem Let A be a Banach algebra. If 5 is a bounded derivation 
of A, thent + e and t+ e*® are norm continuous one-parameter groups 
of automorphisms of A in B(A). If a is a norm continuous one-parameter 
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grour of automorphisms of A in B(A), then its generator is a bounded 
derivation of A. The maps 


6H (tr el) and a (generator of a) (7) 


are 7 utually inverse. They establish a bijection between Ap(A) and the set 
of no-m continuous one-parameter groups of automorphisms of A. 


Proof Calculation (5) shows that t + e’® and t 4 e* are norm continuous 
one-parameter groups of automorphisms of A in B(A). Suppose, conversely, 
that a is a norm continuous one-parameter group of automorphisms of A 
in 8(A) and that 6 is its generator. Then 6 is a bounded linear map and 
for any a, b € A, we get 
hd . ay (ab) —ab 
aad) = ji 2H 
= Timea ing OOO 4 tig, ES 
t0 t—0 t t—0 t 


= @6(b) + 6(a)b. 


Hence 6 is a bounded derivation. Proposition 6.4.6 shows that the maps of 
(7) ar2 mutually inverse. Thus they obviously establish a bijection between 
4z(.;) and the set of norm continuous one-parameter groups of automor- 
phisrs of A. oO 


6.4.8 Proposition Let A be a Banach algebra. Let a be an element of 
A. Anyt €R and any bE A satisfy 


etba (b) = e'*be—*2, (8) 


Con 2rsely, if t+ uz is a norm continuous one-parameter group in A and 
a € .A is its generator, then 6, is the generator of the norm continuous 


one-7 rameter group 
tre (6 _ upbu_.). 


Furthermore, the inclusions 
Sppa)(ba) © {A—Hw:A, HE Sp(a)} — and 
Sppay(aa) © {e**:d, we Sp(a)} 
hold ‘vhere ag € B(A) is the map defined by 
aa(b)=e%be-? VUE A. 


Proo} By induction one shows 


(5a)"(b) = : (-1)*(" \a"-*tak = VE A. 
» (pe 
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A calculation parallel to that given in (5) above gives (8), establishing the 
first statement. The second statement follows from the first, equation (6) 
and the uniqueness statement in Theorem 6.4.7. 

Finally, we turn to calculating the spectra. Note that the second in- 
clusion follows from the first together with the spectral mapping theorem, 
Theorem 3.3.7(b). Let a € A be arbitrary but fixed. Note that L, and R, 
commute where Z and A are the left and right regular representations of 
A. Then Corollary 3.1.6 and Propositions 2.5.3 and 2.5.2 give 


Sppa)(5a) = Sppcay(La — Ra) © Sppyay(La) — Spgyay(Ra) 
Spa(a) — Spa(a) 
{A- pw: A, we Spy(a)}. oO 


Having established the connection between bounded derivations and 
norm continuous one-parameter groups of automorphisms, we turn now to 
some simple properties of derivations before showing that any derivation of 
a semisimple Banach algebra is continuous. 


6.4.9 Proposition Let 6 be a derivation of an algebra A. Then 

(a) 6(e) = O for any central idempotent e. In particular 6(1) = 0 if 1 is 
an identity element in A. 

(b) 6 maps the center of A into itself. 

(c) If Z is any ideal satisfying I? =Z, then 6 maps T into itself. 
Proof (a): Any central idempotent e satisfies 5(e) = 5(e?) = d(e)e + 
e6(e) = 2e6(e). Multiplying by e and subtracting gives eé(e) = 0. Hence 
6(e) = 2e6(e) is zero. 

(b): Any central element z and any element a satisfy 

6(z)a = 6(za) — z6(a) = 5(az) — 6(a)z = af(z). 

(c): Finally if a belongs to J = Z?, then there are elements a;, 6; € I 

satisfying a = }°"_,a,6,. Thus 6(a) = 5° (0(a;)b; + a)6(b;)) belongs to Z 
j=l 

again. a) 

We mention an interesting connection between derivations and the func- 
tional calculus. Let 6 be a bounded derivation of a unital Banach algebra 


A. Let a be an element of A commuting with 6(a) and let f belong to Fa, 
so that f(a) is defined by the functional calculus. Then we get 


6(f(a)) = f'(a)6(a). 


To prove this, note first that any A € C \ Sp(a) satisfies 
6(1) = 6((A ~ a)(A-a)“") 
~6(a)(A ~ a)! + (A ~a)6((A - a)7) 


0 
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This implies 6((A — a)~!) = (A — a)~?6(a). Hence for any w € A*, we get 


W(6(I1@))) = Ripe w)( [| FAN(A~ a)~*ad), 


where Ré/,) is the adjoint of the right regular representation Rs(q) of 6(a). 
"xpanding the integrand in the neighborhood of each 4 € I’ and applying 
the ~esidue theorem and the Hahn-Banach theorem, we obtain the desired 
resuit. 

Let A be an algebra and let 6 be a derivation of A. Then 6 belongs to the 
algebra L(A) of linear maps on A. We may consider the inner derivation 
6s of L(A) determined by 6. For any a € A, L, and R, belong to L(A). 
The obvious computation shows 


6s(La) =Lsia) and 65(Ra) = Roa) a€ A. (9) 


This computation is the main part of the proof of the next simple result 
wrict: shows that any derivation of a “good” algebra A is “almost” an 
inne? derivation when extended to D(A). For some algebras which have 
outer derivations (e.g., simple nonunital C*-algebras) the “almost” can be 
drevned. In this case D(A) is an algebra with only inner derivations. 


6.4.10 Proposition Let A be an algebra and let 5 be a derivation of A. 
Let'0: A —+ D(A) be the regular homomorphism and let 6s; be the derivation 
on 2‘ A) defined by 


55(L,R) = (65L,5sR) = (6L- L6,6R-R6) (L,R)€ D(A). 


Then 6 satisfies 

(a) 906 = 8508. 

(b) 6 maps the annihilator ideal A, into itself. 

(c) When Ax vanishes and A is regarded as embedded in D(A), then 65 
‘is'a' derivation of D(A) which extends the derivation 6 of A. 

(d) If Aa = {0} and A? = A both hold, then the map 6 ~ 6g is a linear 
dijection of A(A) onto A(D(A)). 
Prooj Result (a) is a restatement of (3). Since ker(@) = Aa, (b) follows 
from {a). (The calculations 0 = 6(ab) = 6(a)b + a6(b) = a6(6) and 0 = 
4(b2,) = 6(b)a + b5(a) = 5(b)a for any a € A and b € A, prove (b) directly.) 
For any a, b € A and (L, R) € D(A), we get 


55(L)(ab) 5(L(ab)) — L(6(ab)) 
= 6(L(a)b) — L(6(a)b + 26(b)) 
6(L(a))b + L(a)6(b) — L(6(a))b — L(a)6(b) 


(SL — L6)(a)b = &s(L)(a)b. 


lI 
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Hence 6,(Z) is a left centralizer. Similarly 6;(R) is a right centralizer. With 
the same notation we also find 


abs(L)(b) a((6L — L6)(b)) = a6(L(b)) — aL(6(b)) 
= a6(L(b)) — R(a)6(b) + 6(R(a)b) — 6(aL(b)) 
= 6(a)L(b) — 6(R(a))b = R(6(a))b — 6(R(a))b 


= 5(R)(a)b. 


Hence 6s; maps D(A) into D(A). It is a derivation since it is the restriction 
of the inner derivation determined by 6. These facts together with (a) prove 
(c). 

Suppose A, = {0} and A? = A both hold. Regard A as embedded 
in D(A). Then any derivation of D(A) maps A into itself by Proposition 
6.4.9(c). Thus restriction to A maps A(D(A)) into A(A) and this map is 
the inverse of 6 + 6s. Hence the latter linear map is a bijection of A(A) 
onto A(D(A)). Q 


The next proposition is essentially due to Ivan Vidav [1955], Feliks 
Viadimirovié Sirokov [1956] and David C. Kleinecke [1957], independently. 


6.4.11 Proposition Let (A, ||-||) be a normed algebra and 6 a continuous 
derivation on A. If 6(a) commutes with a for some a € A, then ||5(a)||° = 
0. 


Proof For a,b € A suppose 6(a) = —6,(b) commutes with a. Then 
(6.)2(b) = 0 holds and thus Leibniz’ formula (2) shows 62(b?) = 2(6,(b))2. 
By induction, we will prove 62(b") = n!(6,(b))” for all n € N. Leibniz’ 
formula and the induction hypothesis give 


BE(B") = 6R(b"-*)b + nbg-*(b"-")6,(b) + 0 
= a(n — 1)!(6a(b))"~*)b + n((n — 1)!)(5a(b))"~ *a(b) 
= O+n!(6.(b))" and 

USo(a)ll = {I6a(b)|!°° = im]. (0)"|]/" 


j ty-1/n = 
Shim (nt)~1/" [[5a(b)|| = 0. 


Thus we have proved the proposition for any inner derivation 6). 

However if 6 is an arbitrary derivation of A and 6(a) commutes with a 
for some a € A, then (3) shows that 55(La) = Lia) commutes with Lg. 
Hence || L4(a){|°° = 0 holds by the first paragraph of this proof. This implies 


[15(a)I"° = 0, since |](6(a))"*4"—< |\(Leca))II" *16(a)|!"” holds. O 


The next important result is due to Isadore M. Singer and John Wermer 
[1955]. See also Kaplansky (1958a], {1958b]. As they noted, it implies that 


€.4.12 Derivations 601 


there is no complete algebra norm on C™(R). For an extension of this result 
see C 1ang Pao Chen [1978]. Marc P. Thomas [1988] verified their conjecture 
that ‘ 1e word “continuous” could be removed from the hypotheses. We will 
outlire his quite technical proof below. 


6.4.12 Corollary The range of any continuous derivation of a commu- 
tative spectral normed algebra is included in its Jacobson radical. 


Proof For a commutative spectral normed algebra, ||6(a)||°° = 0 implies 
that (a) belongs to Ay by Theorem 4.5.8. Oo 


T’:e original proof for Banach algebras given by Singer and Wermer 
[1955] is so attractive that we will give it here although it is leas elementary 
than “he proof above. After Proposition 6.4.16, we will indicate still another 
attractive proof which is due to Sinclair [1969]. 

Let 6 be a continuous derivation of the commutative Banach algebra A. 
Then e* is an automorphism for each \ € C by the calculation (5). Hence, 
if y is an element of I’, (i.e., any homomorphism of A onto C), then yoe*? 
is alsc an element of !.4. Theorem 3.1.5 shows that |y(e**(a))| < ||a|| holds 
for each a € A. Thus \ ++ 7(e**(a)) is a bounded analytic function, so 
it is a constant. This implies 0 = lim, A7![-y(e**(a)) — y(a)] = 7(6(a)). 
Since 7 € I\,4 was arbitrary, Theorem 4.5.8 implies that a belongs to Aj. 
Therefore y maps A into Aj. 

We remark that this proof for commutative Banach algebras can easily 
be ex‘ended to commutative spectral normed algebras. Suppose 6 is a 
bounded derivation on a commutative spectral normed algebra A. Let A 
be the completion of A and let 5: A -+ A be the extension of 6 by continuity. 
Clear y 6 is a derivation of A so that 6(A) C A; by the proof just given. 
Hence 6(A) is included in AN Ay. However AN A, is an ideal in A which 
consists of topologically nilpotent elements. Hence AM Ay C Ay holds by 
Theo: em 4.3.6(b). 

Tisomas [1988] settled the more than thirty year old conjecture of Singer 
and ¥/ermer [1955] that the last corollary remains valid even for not nec- 
essari:y continuous derivations. Martin Mathieu and Volker Runde [1992] 
show that if 6: A — A is a derivation on an arbitrary Banach algebra sat- 
isfying (a, 6(a)] € Az for all a € A, a centralizing derivation, then its range 
is in the Jacobson radical. See also Mathieu and Murphy [1992] and Yood 
(1984a]. 


6.4.13 Theorem Let A be a commutative Banach algebra. The range of 
any derivation 6: A — A is included in the radical of A. 


Outlie of Proof Since a derivation always sends idempotents to 0, we may 
assume that A is unital. In [1969a] Johnson showed that if this result fails 
for <> ommutative unital Banach algebra .A, then there is a finite nonempty 
set of orthogonal idempotents {e, €2,...,€n} such that the restriction of 5 
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to B = (1l—e; —e2—---—e,)A has range in B;. Moreover 5 sends each e,A 
into itself and each of these algebras has the form R! where R is a radical 
algebra. Hence, if the theorem fails, there is a derivation 6:R! — R} and 
an element 6 € R with 6(b) ¢ R. Thus 6(b) is invertible. Let its inverse be 
c. Then 6 = cé is a derivation on R! with 6(b) = 1 for some radical Banach 
algebra R and some b € R. It is enough to show that this cannot happen. 

In the notation of 3.4.10, let D = D(b,R') be the largest b-divisible 
subspace of R!. The proof shows that 6 is not nilpotent and that for 
some m € N the closure D of the ideal D coincides with the closure of 
b"™R! 4 {0}. The quotient algebra R!/D is isomorphic to the algebra 
C({[z]] of formal power series over a certain unital commutative algebra C. 
The isomorphism sends 6 to z and sends the derivation 6 to the ordinary 
derivative of the formal series. Thomas discovers intricate structure in this 
algebra which he calls recalcitrant systems. They preclude the possibility 
that 6(b) = 1, thus concluding the proof. See the original paper, Volker 
Runde [1990] and [1991] or Dales [1994] for full details. Oo 


The following important corollary is due to Singer and Wermer [1955] 
for bounded derivations. We prove the result for arbitrary derivations. It 
was first proved in this form by Johnson (1969a]. See also Curtis [1961] 
where it was established for completely regular algebras. 


6.4.14 Corollary Any derivation of a commutative semisimple Banach 
algebra is zero. 


Proof This follows immediately from Theorem 6.4.13 or from Corollary 
6.4.12 and Theorem 6.4.18. a) 


6.4.15 Corollary Let A be a Banach algebra with a semisimple center. 
Then any derivation is zero on the center. Hence any norm continuous 
one-parameter group of automorphisms leaves vach element of the center 


fired. 


Proof Proposition 6.4.9(b) shows that a derivation of A maps the center 
Az of A into itself. Hence the restriction of the derivation to Az is zero by 
Corollary 6.4.14. This proves the first statement. The second then follows 
from Theorem 6.4.7. Oo 


We turn now to a result of Sinclair [1969]. The proof is similar to the 
proof of Kleinecke [1957] given in the proof of Proposition 6.4.11. We also 
obtain a third proof of Corollary 6.4.12 from it. 


6.4.16 Proposition Any continuous derivation of a spectral normed al- 
gebra A maps each primitive ideal of A into itself. If A is a semisimple 
Banach algebra, this is true of any derivation. 
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Proof Let 6: A + A be a derivation and let P be an ideal. First we show by 
induction on n that any b € P satisfies 6"(b") +P = n!(6(b))"+P. The case 
7. = *. ‘s trivial. For any 0 < j < k repeated application of Leibniz’ formula 
shows 6(b*) can be expressed as a sum of products 671 (b)622(b) - - -6*(b), 
where each j, is a non-negative integer. Since some j; must be zero in 
ees” ~toduct, 67 (b*) belongs to P. Now Leibniz’ formula and the induction 
hypo:iesis show 


Ertl(ontl) 4p 6(6"(6"b)) +P = 65° (Feeney) +P 
j=0 / 


S (*) oor e+e) +20) +P 
j=0 ed 

n6"(b")5(b) + 57(b")6(b) + P 

(n + 1)6"(b")5(b) + P = (n + 1)!(6(b))"*? + Pz 


T* 6 ‘s continuous, Stirling’s formula gives for each b € P 


(6(6) + P)"I™ = [Cnt 2" (6") + PIN | < (e/m) HSI [OIL 


Merce each element of (6(P) + P)/P is quasi-nilpotent. The definition of 
2. der? ation shows that (6(P) + P)/P is an ideal. Hence (6(P) + P)/P is 
a quesi-regular ideal and thus is contained in the Jacobson radical of A/P 
by Theorem 4.3.6. Finally, if P is primitive (6(P) + P)P = {0} so 6 maps 
P into itself. The second statement follows from Corollary 6.4.19. QO 


Eere is the third proof of Corollary 6.4.12 which was promised above. 

Let 6 be a continuous derivation on a commutative spectral normed algebra. 
We replace A by A!, defining 61:4! —> A! by 6'(A + a) = 6(a) for all 
A+cé Al. (If A is already unital, this is consistent by Proposition 
6.4.£/2).) Now Theorems 4.1.9 and 2.4.12 show that A/P is isomorphic to 
C for each primitive ideal P. Hence any element a € A can be written as 
A-+b with 4 € C and b € P. Thus 6(a) = 6(b) belongs to P by Proposition 
6.4.16. Since P was an arbitrary primitive ideal, 6(a) belongs to Ay. Since 
a was arbitrary, 6 maps A into A). 
* We now turn to Johnson and Sinclair’s proof [1968] that every derivation 
of a semisimple Banach algebra is continuous. They actually prove more. 
Since we see only a small simplification in proving Corollary 6.4.19 directly 
instaac’ of deriving it from Theorem 6.4.18, we follow Johnson and Sinclair’s 
originei procedure. Thus for the next few results we will deal with a map 
4:4 — A which satisfies 6(a + b) = 6(a) + 6(b) and 6(ab) = 5(a)b + a6(b) 
£9r ai a, b € A, but which is not necessarily linear. We call such a map 
an adcitive derivation. Of course, an additive derivation is linear over the 
rationcd numbers, and it is therefore bounded if and only if it is continuous. 
Caont:ruity also implies real linearity. 
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Theorem 6.4.18 and Corollary 6.4.19 were conjectured by Kaplansky 
(1958b]. He also conjectured Corollary 6.4.19 for the special case of C*- 
algebras [1958a]. The latter conjecture was verified by Shoichiro Sakai 
[1960]. We will prove this special case directly in Volume II. 


6.4.17 Lemma _ Let A be a Banach algebra and let 6 be an additive 
derivation on A. Let T be a bounded representation of A on a Banach 


space X. 
(a) If T is irreducible and X is infinite-dimensional, then the map 


Aw 6(A)t AEA 


is continuous on A for each x € X. 

(b) If T = @%,T" 18 the direct topological sum of infinitely many 
irreducible subrepresentations on finite-dimensional T-invariant subspaces 
{¥":n€N} and no pair of the T” are equivalent, then the above map is 
continuous for each x in each X” except for a finite set of n EN. 


Proof In order to avoid large numbers of double subscripts, we suppress 
the symbol T and denote :lements of A by capital letters as if they were 
Operators on 4. (This notation is not logically defensible since T may 
have a nontrivial kernel Z, and it is not clear a priori that Z is 6-invariant. 
(After Corollary 6.4.19 has been proved, Proposition 6.4.16 will show that 
TZ is 6-invariant.) The reader can check that no confusion arises.) 

The proof is by contradiction. 

In case (a), Suppose Zp € V is a non-zero element such that 


Ar 6(A)zo 


is continuous on A. Let x be any other element of 4. Since T is irreducible, 
there is an element B € A such that Bro = x. Hence A r+ 6(A)z = 
6(A)Bzo = 6(AB)zq — A6(B)zq is continuous on A. Thus if A + 6(A)z 
is discontinuous for any x € 4, it is discontinuous for all non-zero z € 2%. 
We will derive a contradiction from assuming A ++ 6(A)z is discontinuous 
for all non-zero x. This will prove the lemma in case (a). 

In case (b), the above argument shows that A — 6(A)z is discontinuous 
for all non-zero x € 4X” if it is discontinuous for any zg € A”. For the, 
sake of proof by contradiction, we may therefore assume that A ++ 6(A)z 
is discontinuous for each non-zero z in each 4". (Any 4" for which this 
does not hold is simply omitted from the list.) Since the 4" are all closed 
and A-invariant, it follows that A ++ 6(A)z is discontinuous for all non-zero 
TEN. 

In case (a) we choose a sequence {Zn}nen of linearly independent unit 
vectors. Corollary 4.2.14 shows that we can choose a sequence of elements 
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{Cr}nen in A satisfying 


CnCn-1 eae Cizn-1 =0 
{C,Cn-1---Ci2j:j >n} is linearly independent (10) 
Cri] < 2". 


(The main point of this choice is simply to make CnC, -1 --:Ci2, non-zero 
for each n € N.) 

In case (b) we will find {tn}nen in X and {C,}nen in A satisfying these 
same conditions. Choose each z,, to be 8 unit vector in ¥". For eachn € N, 
consider the image of A under T! @T? @---@7™. This is a subalgebra of 
B(x!) @ B(X?) ®---@ B(4") which includes each direct summand. Hence 
by Wcdderburn’s Theorem (Theorem 8.1.1), it is isomorphic to a direct 
sum o* the algebras B(¥*). Since the T* are all inequivalent, it must be 
the direct sum of all of them. Hence we may choose an element C,, in A 
such i 1at C,2; = 0 for j < n and the restriction of C,, to +” is invertible. 
Clearly these C, can be chosen to satisfy ||C,|| < 27". Then they satisfy 
all the conditions of (10). 

By assumption A — 6(A)z is discontinuous for each non-zero z € 4’, so 
we can choose elements A), A2,... in A satisfying 


Anl| < min{1 + {]6(Cj;Cj_1---C1)[|"* : 7 = 1,2,.-., 0} (11) 
n-l 
[15(An)CnCn—1 “++ Citall > m+ D> 116(AjC3Cj-1---Cr)Il- 
j=l 
The z-strictions on the norms of the C,, and A,, allow us to define elements 
D arz D, in A by 


D = SO AjCsCy-1--Cy (12) 
j=l 
Dna = Anti t+ Ss AjCjCj-1-++ Ca42- 
j=un+2 


These elements satisfy 


Dall }6(CasiCn--*Cy)l| <2 (13) 
since 
Dall < WAnsall + D> [Asll CsCy-1--- Casall 
j=n+2 
S (1+ 16(CrsiCn Cr) M+ So ICiCj-1-+- Casall) 


j=nt+2 
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< (14+ |6(CatiCa-:-Ci)I) + LS 274) 


j=nt+2 


holds. For any n > 2 we have 


n-l 
D = ($5 AjCjCj-1---C2C,) + AnCnCn—1 +++ Ca 
j=l 


+DnCn4iCn ee C2C, 


which implies 


S(D)tn = 5( > AsC¥Cj-1 +++ C1)atn + 5(An)CnCn—1 + C2Ci tq 
j=l 
+6(Da)CnsiCn ++! CoC an + And(C,,C, —=yrt! C2Ci jin 
+Dn6(Cn4iCn eae, C2C\)rn. 


However, equations (11), (10) and (13) give ||An6(C,---C2C)znl| < 1, 
6(Dn)Cn4i1°--C2C\rn = 0 and |]D,6(Cay1---C2C))za|| < 2. These in- 
equalities together with (11) give 


}6(D)| > !6(D)zn}>n-3 Vn>O. 


This contradiction proves the lemma. Oo 


In the next theorem it is not assumed that A is unital. The notation 
(1 — e)A simply denotes the set {a — ea: a € A}. 


6.4.18 Theorem Let A be a semisimple Banach algebra, and let 6 be an 
additive derivation of A. Then A contains a central idempotent e satisfying: 
(a) eA and (1 — e)A are invariant under 6. 
(b) 6 restricted to (1 — e)A is continuous. 
(c) eA is finite-dimensional. 
Proof For each primitive ideal P of A, let yp: A — A/P be the natural 
map, and choose an irreducible representation T” of A on a linear space 


Xp with kernel P. Theorem 4.2.8 shows that 4’p can be given a Banach 
space norm so that T” is continuous. Assume for a moment that 


ar Tyr acA 


is continuous for each x € 4. Then this rational linear map is real linear. 
Thus (!7%(4) ~ Téita))@ = 0 holds for all t € R,a € A anda € 4. This 
implies tTf/,) — Ti.) = 0, 80 16(a) — 6(ta) belongs to P for each t € R and 
acéA. Hence wp o6 is real linear. We will now prove that it is continuous 
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by the closed graph theorem. Suppose {an }nen C A converges to zero and 
{wWp(6(an)) : n € N} converges tob+ Pin A/P. Then all z € X” satisfy 
Tee = limTZ, yx = 0, so TP = 0. Thus b+ P = P holds. Hence pp 05 
hes 2 closed graph and is therefore continuous. 

*° A/P is infinite-dimensional, then 1p is infinite dimensional (since 
«./’> is isomorphic to a subalgebra of B(Xp)). Hence Lemma 6.4.17(a) 
s':0x3 that our assumption above (on the continuity of the map a TKa)2) 
is correct in this case, s0 yp o 6 is continuous. 

ext we consider the case where A/P is finite-dimensional. If our as- 
sumption (on the continuity of the map a ++ Tia)7) were false for infinitely 
mex choices of P, we could construct T = @%,7T”" as a direct topological 
sum contradicting Lemma 6.4.17(b). Thus our assumption above is correct 
excent for finitely many such P. Let P,P2,...,Pn be these exceptional 
cofinite primitive ideals. 

net Py be the intersection of all primitive ideals of A such that pp oé is 
continuous and hence real linear. Let to: A + A/Ppo be the natural map. 
Ther wo 06 is real linear, and a now familiar closed graph argument shows 
that it is continuous. If Po is {0}, then the theorem is proved with e = 0. 
Hence we assume Pp is not zero. 

Theorem 4.3.2 and the semisimplicity of A show that the ideal Po is 
semisimple. Also {0} = N_oPj = Nf=1(PoMP;) holds. Thus the map 
brs (b+ PoNP, , b+ PoNPo, ...,b+PoMPn) is an injective homomorphism of 
Po ivto Po/(PoNP:) x Po/(PoNP2) x: +x Po/(PoMPn) which is isomorphic 
to (Po + Pi)/Pi x (Po + P2)/Pa x +++ x (Po + Pn)/Pn which, in turn, is 
a subalgebra of the finite-dimensional algebra A/P; x A/P2 x --- x A/Pn. 
Hence Pp is a finite dimensional semisimple algebra. Theorem 8.1.1 shows 
that Po contains an identity element e. For any a € A, ea and ae belong 
to Po and thus satisfy ea — eae = ae. Thus e is a central idempotent so 
6{e) = 0 follows from Proposition 6.4.9 (which obviously does not depend 
on iinearity). Therefore 6(ea) = 6(e)a + e6(a) = e6(a) holds, so eA = Po 
and (1 — e)A are 6-invariant. The natural map ~:A — A/Ppo induces 
2, continuous isomorphism 6 of (1 — e)A onto A/Po. The open mapping 
theorem shows that 9~! is also continuous. The restriction of 6 to (1—e)A 
is continuous since it can be expressed as the composition 97! 0 (yo 0 4) of 
the two continuous maps 0~! and yo 0 6. 8) 


‘An additional argument proves that 6 is actually complex linear on 
ti e)A. We refer the reader to the original paper for this (Johnson and 
Sinclair [1968]). 


2.4.22 Corollary A derivation of a semisimple Banach algebra is con- 
tinucus. 


“30% Since eA is finite-dimensional and a derivation is linear, its restriction 
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to eA is continuous. -) 


Small modifications of the proofs of Lemma 6.4.17 and Theorem 6.4.18 
show that these results hold for additive left centralizers on semisimple 
Banach algebras. In fact such a map L on J is continuous on all of A since 
L(a) = L(ea) = L(e)a for any a € eA. We have already noted that such 
maps are linear. 

We will now prove the theorem of Jewell and Sinclair [1976] on the conti- 
nuity of derivations on certain not necessarily semisimple Banach algebras. 
The hypotheses on the algebra are exactly the same as in Theorem 6.1.18. 
See Example 6.1.19 for a description of some Banach algebras to which this 
theorem applies. 


6.4.20 Theorem Every derivation of a Banach algebra A is continuous 
if A satisfies: 

(a) A has no non-zero finite-dimensional nilpotent ideals. 

(b) For each closed infinite-dimenstonal :deal I of A, there is a sequence 
{@n}nen © A such that the sequence {(II}_,a;)Z~ }nen of closed right ideals 
ts constantly decreasing. 


Proof Let 6 be a derivation of A and let As be the separating space of 
Definition 6.1.7. Propositions 6.1.8 and 6.1.9 show that A; is a closed 
linear space which equals {0} if and only if 6 is continuous. If a € As and 
{@n}nen are as in the definition and 6 € A is arbitrary, then the limits 
ab = lim(5(an)b + a,6(b)) = lim 6(aqb) and ba = lim(6(b)ay + 66(a,)) = 
lim 6(ba,) show that A, is an ideal. 

Suppose A; is infinite-dimensional. Choose a sequence {an}nen satis- 
fying condition (b) in the statement of the theorem. Lemma 6.1.17 applied 
toV¥ = Y= A, vy = 6, S,(a) = Tr(a) = ana for all a € A gives a 
contradiction. 

Hence As must be finite-dimensional. Therefore, the linear map 6 is 
continuous when restricted to As. We will show that A? is zero. Let 
a,b € Ag be arbitrary and let {an}ncn be a sequence converging to zero 
such that {6(a,)}nen converges to a. Then we have ab = limé(a,)b = 
lim(6(a,,b) — a,46(b)) = 0. Since the finite dimensional ideal Ag is nilpotent, 
it is zero. Hence 6 is continuous by Proposition 6.1.9. a 


We remark that all derivations are known to be continuous on certain 
other non-semisimple Banach algebras. Loy [1970a] proves this for certain 
Banach algebras of formal power series. Loy [1970a], John A. Lindberg, Jr. 
(1971], and Julian M. Cusack [1976] prove the continuity of every derivation 
on an Arens-Hoffman extension of a commutative Banach algebra with 
the same property, and in particular on an Arens—Hoffman extension of 
a commutative semisimple Banach algebra (cf. Example 3.4.13). Cusack 
[1976] shows that if there is a discontinuous derivation on a semiprime 
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Banach algebra, then there is a topologically simple radical Banach algebra. 
It is not known whether such a Banach algebra exists. See Examples 6.4.24, 
6.4.25 and 6.4.26. 

The next result is due to Georges Zeller-Meier [1967]. The proof uses 
an argument due to L. Terrell Gardner [1965]. Jacques Dixmier [1957], 
p. 314, gives a similar result, where @ is assumed to be an isometry and 
the ccnstant /3 replaces 1. He attributes the proof to Jean-Pierre Serre. 
A similar result for *-automorphisms of C*-algebras is due to Richard V. 
Kadison and John R. Ringrose [1967]. Johnson [1975], p. 88 shows by a 
three-dimensional example that Dixmier’s result [1957], which states that 
an az omorphism a satisfying Sp(a) C {A € C : arg(A) < 27/3} is the 
exponential of a derivation, is the best possible result of its type. 


6.4.27 Proposition Let a be a continuous automorphism of a Ba- 
nach «lgebra A. If a has spectrum in the open right half plane or satisfies 
lla —.'|| < 1, then @ belongs to a norm continuous one-parameter group of 
automorphisms. 


Proof If ||a — I|| < 1, then the spectrum of a lies in the open right half 
plane, so we need only consider the latter hypothesis. If we extend a to 
A’ in the natural way (i.e., a(A + a) = + a(a)), then the spectrum of a 
still satisfies the hypothesized restriction. Thus we may assume that A is 
unital. 

Le, 6 =Log(a), where Log is the principal branch of the logarithm 
function. We will show that 6 is a derivation so that a = e° lies on the 
norm ‘continuous one-parameter group (t + e*). Let 3: B(A) > B(A) be 
the avtomorphism defined by 


B(T)=aTa"' WT € BA). 


For any a,b € A, we get B(La)b = aLgaq'b = a(aa'(b)) = a(a)b = 
Ze(a)o. Hence L, is a closed invariant subspace of 3. Note that £ is 
exp(6;), where 6s € B(B(A)) is the inner derivation defined by 6 € B(A). 
The s>ectral restriction on a shows Sp(6) C {A € C: [Im(A)| < 1/2}. 
Propc sition 6.4.8 shows 


Sp(6s) © Sp(Ls — Rs) C {XE C: [Im(d)| < 7}. 


This implies Log(G@) = Log(exp(6s)) = 65 so Ly is invariant under Log(f) = 
6s. Hence for each a € A, there is an element a’ € A satisfying 6s5L, = Lo. 
For any b € A, we get a'b = Lab = 6sLab = 6(ab) — a6(5), so in particular 
for b = 1 we have a’ = &(a) — a6(1). Thus if we show 6(1) = 0, then 
¢ satisfies the derivation equation. Use Runge’s theorem (Theorem 3.3.3) 
to ap} roximate Log by polynomials {pp }nen On co(Sp(a)). Then 6(1) = 
Log(e\(1) = lim pr(a)l = lim p,(1) = Log(1) = 0. Thus 6 is a derivation, 
so a =. e® belongs to {e’® : t € R}. a) 
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In the above proposition, if a satisfies ||a — I|| < 1, then Log(a) can 
be defined by the series expansion in powers of a — J as in the proof of 
Theorem 3.4.4. Then Runge’s Theorem would no longer be needed. 
Next we give an analogue of Theorem 3.4.2. 


6.4.22 Corollary Let A be a Banach algebra and let G be the topological 
group of continuous automorphisms of A in the norm topology of B(A). 
Then the principal component Go of G is the subgroup generated by {e° : 
6 € Ap(A)} and G/Go ts discrete. 


Proof By the proposition the group generated by {e° : 6 € Mp(A)} is an 
open subgroup. It is obviously connected since t + e’ is an arc connecting 
e° to the identity automorphism. Hence it is the component. Oo 


Ezamples of Discontinuous Derivations and Homomorphisms 


Let A be a commutative Banach algebra and let 4 be a Banach A- 
bimodule. Then 4% is said to be a commutative bimodule if it satisfies 


ax = za VrEX ae A. 


The algebra A @ 2 defined before Proposition 6.4.3 is commutative if and 
only if both A and 4 are commutative. Let 6: A — 4 be a discontinuous 
derivation. We will consider the inequivalent algebra norm |{-||5 on APA 
introduced in Proposition 6.4.4. Note that ||aj|s is just the norm of A®@ ¥ 
pulled back through ys. Since the graph of 6 is just the range of ye, it 
is also the graph norm of 6 in A x 4 where 4 has the norm ||| - |||. We 


will denote the completion of A under the norm || - ||; by A’. Rather than 
considering the abstract completion, we will take this Banach algebra to 
be the closure of the graph of 6 in the Banach algebra A@® 4. The next 
theorem is due to Loy [1974a]. 


6.4.23 Theorem Let A be a commutative Banach algebra and let X be a 
commutative Banach A-bimodule. Let 6: A —+ X be a non-zero derivation 
which is zero on a dense subset of A. Then the Banach algebra A has two 
inequivalent complete norms. 


Proof The definition of the separating space 1% shows that it is included in 
the closure 6(.A)~ of the range of 6. We now show that the two spaces are 
equal. An element z € ¥ is in 6(A)~ if there is a sequence {bn}nen C A 
with 6(b,) converging to z. By the density of ker(5) we can choose a 
sequence {cn}nen C ker(5) with a, = b, — c, converging to zero. But the 
sequence {a,,}nen shows that z € X5. 

Next we show that the equality of 4% and 6(A)~ implies the equality of 
A® (45) and A’. The inclusion A’ = (graph of 6)- C A®6(A)~ = AAS 
is obvious. However, any a@z € A@ 45 can be written asa@zr = 
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¢@ 5(a) +0 @ (z — 6(a)) and both terms belong to the linear space (Graph 
of 6)~ since x — 6(a) belongs to 6(A)~ = %. 

' “aa equality of 6(A)~ and A@ 45 shows that 6(A)~ is a Banach algebra 
under both of the norms || - ||; and || - || (restricted from A@ %). Since 6 is 
ror-zero with dense kernel, it is discontinuous and hence these norms are 


Pl 


met equivalent. oO 


6.4.24 A Specific Example This example, due to Loy [1974a], satisfies 
the nypotheses of the above theorem. Let A be the disc algebra introduced 
in §1.5.2 and discussed further in §3.2.13. Let 4 be a Banach space and let 
T € B(¥) have norm at most one. If a € A has the power series expansion 
yo @n2”, then the module action is given by 


fo 9} 
at = za= So an2-"T"(z) Vrne xX, 
n=0 
This makes # into a commutative Banach A-bimodule since all a € A and 
x € & satisfy 


oO oo 
{Jax| Yo lanl2-" zl < So fen '2-7/22-"/? [2 
n=O 


n=0 


aa 1/2 7 6 1/2 
(x: lanlt2-" | ( > r) lz 
n=0 J 


\n=0 


IA 


2n 
l 7 : = 
< ge f fale) Pavia < Val. 
0 


Note that if we denote the function A + a(A/2) for \ € 2D by 4, then our 
module action is 
az = a(T)z Vac Aredr 


in terms of the analytic functional calculus. 

Yo complete this construction, we use results of Dales [1973] discussed 
briefly in example 3.4.11. Let ¥ be C((0,1]) and let T be the indefinite 
integzal operator or Volterra operator: 


t 
ry(t) = f s(s)ds V fe Ait (0,1). 
0 


In'the reference just cited, a non-zero linear map @ is defined from the 
s22.c2 Fp of functions analytic in a neighborhood of D into C((0, 1]) which 
ye.cisaes on the set of polynomials and satisfies 


B(F9) = F(T)B(9) + (TIBIA) = Vf, 9 € Fo. 
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Define 6 by 5(a) = (4) for alla € A. Then 6:.A — 4 is a derivation which 
vanishes on the dense subset of polynomials. Thus we have satisfied all 
the hypotheses of the theorem and hence have constructed a commutative 
Banach algebra with two distinct norms. The construction given has other 
interesting properties which are discussed in Loy [1974a]. It is shown that 
for any particular non-algebraic function f in Fp (such as the exponential 
function), and a € A may be chosen so as to make f(a) have different 
meanings in the functional calculi belonging to the two norms || - || and 


|< Ils on A. This implies that the radical of A’ is infinite-dimensional by 
Theorem 3.4.12. The paper cited above contains further related results, 

All bimodule derivations on certain algebras are shown to be continu- 
ous in Ringrose [1972] and Bade and Curtis, Jr. [1974], [1978] and [1984]. 
Because of point derivations, it is obvious that this can only happen on a 
commutative unital Banach algebra when M? has finite codimension for 
each maximal ideal M. The [1978] paper shows that in a separable algebra 
this condition and the absence of prime ideals of infinite codimension are 
necessary and sufficient. Pade and Dales [1989a], [1989b] give interesting 
partial results in algebras of power series and weighted convolution algebras. 
See also Loy [1973], Jewell [1977], Fereidoun Ghahramani {1980}, Dales and 
McClure {1981}, Willis {1983a], [1986], Ramesh V. Garimella {1987}, [1991], 
Viet Ngo [1988], J. Vukman [1988], Niels Gronbaek [1982a] [1989a], Kil 
Woung Jun, Young-Whan Lee and Dal-Won Park [1996] and Brian Forrest 
[1988},[1992a]. 


6.4.25 Cusack’s Results on Automatic Continuity The following 
discussion is taken from Chapter 2 of Cusack’s thesis [1976]. The basic 
method used is an extension of the argument used to prove Theorems 6.1.18 
and 6.4.20 in the present chapter. In the course of these proofs it is shown 
that certain separating ideals in a Banach algebra A satisfy the following 
conditions. 


If {an}nen © A is any sequence, then the decreasing sequence of 
right ideals (a,a2---a,A)~ eventually becomes constant. 


We shall call a closed ideal with this property an asymptotic ideal. (Cusack’s 
name “separating ideal” can lead to confusion.) Non-nilpotent asymptotic 
ideals are studied in depth in Cusack’s thesis with the objective of showing 
that many (possibly all) Banach algebras fail to have non-nilpotent, radical 
asymptotic ideals. In particular, it is shown that if Z is an asymptotic ideal 
of a Banach algebra A, then the Baer radical of the algebra Z is a closed, 
and therefore, nilpotent ideal of A. 

This detailed study shows that any of the following eight conditions 
imply the existence of a topologically simple radical Banach algebra: 

(1) There is an asymptotic ideal with a non-nilpotent Jacobson radical. 

(2) There is a homomorphism of one Banach algebra onto another which 


ares 
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has a non-nilpotent separating ideal. 

(3) There is a discontinuous homomorphism of a Banach algebra onto 
a seriprime Banach algebra. 

“:) There is a semiprime Banach algebra which fails to have unique 
norm topology. 

(£) There is a derivation of some Banach algebra with a non-nilpotent 
separating ideal. 

{€) There is a discontinuous derivation of a semiprime Banach algebra. 

(7) There is a derivation of a commutative Banach algebra with range 
not contained in the Jacobson radical. 

(8) There is a derivation of some Banach algebra which fails to map 
each »rimitive ideal into itself. 

Whether such an algebra exists remains unknown. However, it is shown 
that ‘2) and (3) are equivalent and that (6), (7) or (8) implies (5). 


6.4.26 Derivations on radical commutative Banach algebras We 
give some interesting examples of continuous non-zero derivations on certain 
radical commutative Banach algebras. 

Let A be the disc algebra with convolution multiplication which was 
described in Example 4.8.3. Define 6: A — A by 


(6f)(z)=2f(z2) WfEAa 
Any ,", g € A and z € D satisfy 


Sf *g)(z) = 2f *g(z)=z / f(w)g(2 — w)dw 
0 


/ wf(w)g(z — w)dw + i f(w)(z — w) f(z — w)dw 
0 0 


(5(f) * 9)(z) + (F * 6(9))(2) 


so thet 6 is a derivation on A which is obviously bounded with norm one. 

Nete that the same construction can be applied to the convolution alge- 
bra 1.-((0, 1}) introduced in Example 3.4.10. In fact, each of these examples 
is a swecial case of the general results on derivations of Banach algebras of 
power series presented in Sandy Grabiner {1974}. This paper determines 
all t. : derivations on each Banach algebra in a rather large class of radical 
Banach algebras of power series. See Example 3.4.14 above for notation. If 
h is a formal power series with zero constant term, then g++ goh (formal 
composition of power series) defines an endomorphism of C[[z]] and if & is 
any formal power series then g ++ kg’ (formal differentiation followed by 
forma: power series multiplication) is a derivation of C[[z]]. Suppose A is 
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a Banach algebra of power series invariant under these operations. Then it 
is fairly easy to see that the restrictions of these maps are continuous en- 
domorphisms and derivations of A and that all continuous endomorphisms 
and derivations of A have this form. These simple results are extended in 
various ways in Grabiner [1974]. Since all the automorphisms and deriva- 
tions of various Banach algebras of power series are known to be continuous 
(Example 6.1.19 and Loy {1969]), many of the results in the cited reference 
do not need continuity in their hypotheses. 


6.5 Jordan Derivations 


We briefly investigate Jordan derivations. Warning: In this section we 
use the notation ao b to denote the Jordan product ao b = ab + ba rather 
than the quasi-product. 


6.5.1 Definition Let A be an algebra. A map 6:A — A is called a 
Jordan derivation if it is linear and satisfies 


6(aob) = 6(a)0b+ a0 4(b) Va, bea. 


Obviously a derivation is a Jordan derivation. In fact there are not 
many examples of Jordan derivations which are not derivations. A num- 
ber of results help to explain this scarcity. We will give the elementary 
algebraic proof due to Cusack [1975], [1976] that every Jordan derivation 
on a semiprime algebra is a derivation. Although this proof is straightfor- 
ward, it is long and highly computational. Hence before giving it we will 
prove the much weaker result of Sinclair [1970b] that a continuous Jordan 
derivation on a semisimple Banach algebra is a derivation. Unlike the proof 
given here, Sinclair’s original proof depends on Herstein’s theorem [1957] 
that any Jordan derivation on a prime algebra is a derivation. 


6.5.2 Proposition A bounded Jordan derivation of a semisimple normed 
algebra ts a derivation. 


Proof Let 5’ be a bounded Jordan derivation on a normed algebra A’. Let 
A be the completion of A’ and let 6 be the closure of 6’ in. Ax A. Then 6 is 
a bounded Jordan derivation on A. As in the proof of Proposition 6.4.16, 
we find 6"(a”) + P = n!6(a)" + P for any n € N, any a € A and any ideal 
P of A. Hence, as before, (6(b) + P)/P is topologically nilpotent in A/P. 

Next we show that each primitive ideal of A is invariant under 6. Sup- 
pose P is a primitive ideal of A,b is an element of P and 6(b) does not 
belong to P. Let T be an irreducible representation of A on a linear space 
X with kernel P. Choose z € 4 so that y = T5(4)z is not zero. Since 
6(b) + P and T5,4) have {0} as spectrum, z and y are linearly independent. 


o 
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Thus Theorem 4.2.13 shows that there is an element a € Aso that Tyr =z 
end “ay = x—y. Then T55)a406(6) = Ton)2 + Tay = y+ o-y =, 
so that Ts(5)a+06(b) is not topologically nilpotent. On the other hand, 
6(b)a + a6(b) +P = 6(ba + ab) + P shows that T5(b)a+a5(b) is topologi- 
cally nilpotent. This contradiction proves that 6(b) belongs to P. Hence 
cach primitive ideal is 6-invariant. (This paragraph of the proof is valid for 
any spectral normed algebra A.) 

“. Jordan derivation satisfies Leibniz’ formula relative to Jordan multi- 
plication, i.e., 6"(a ob) = Sp_g ( 1)" (a) o 6"~*(b), where aob = ab + ba. 
Hence for any t € R, an b) = e*(a) oe (0) holds for all a, b € A. Each 
primitive ideal P of A is invariant under e*° so we define a norm continuous 
one-parameter group of Jordan automorphisms {a; : t € R} of A/P by 


ar(a+ P) =e*(a) +P. 


™“heorem 6.3.7 shows that each a; is either an automorphism or an anti- 
exsomorphism of A/P. By continuity, all a, for t sufficiently close to zero 
must be automorphisms. Now the group property shows that {a,; : t € R} 
is 2 group of automorphisms. Hence its generator is a derivation. Thus 


6(ab) — 5(a)b — a6(b) 


beiongs to each primitive ideal of A. By semisimplicity, 6 is a derivation. 
Hence &’ is also a derivation. Oo 


Mote that the second paragraph of the above proof shows that any con- 
tinuous Jordan derivation on a spectral normed algebra leaves the primitive 
ideais invariant. 

in order to organize the computations for Cusack’s theorem (which are 
taken directly from [1976]) we will adopt two notational conventions: 


[a, b, c] = abc + cha Va,bhceEA 
6(a,b) = 5(ab) — [6(a)b + a6(b)] Va,bceA 


where 6 is a Jordan derivation. Note that 6 is a derivation exactly when 
6(a, 6) vanishes for all a, b € A. Our first lemma does not involve Jordan 
cerivetions. From Theorem 4.1.10, recall that if P is a prime ideal, then 
cAb C P implies either a € P or b € P. As a slight extension we note that 
“45.4 ¢ P implies either a € P or b € P. The proof is the same. 


a 


®.2.% Gemma Let P be a prime ideal in an algebra A. 
{a) Ifa, bE A satisfy 


[a,clhe P VcéA, 
then cither b belongs to P or [a,c] belongs to P for allc€ A. 
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(b) Ifa, bE A satisfy 

[a,c,b] EP VcéEA, 

then eithera € P or be P. 
Proof (a): Suppose [a,c] ¢ P for some c € A. Any d € A satisfies [a, c]db = 
[acd — cda}b + c(da — ad)b = [a, cd|b— cla, djb € P. Hence [a, c]A Z P implies 
beP. 

(b): For arbitrary d, e € A, we get adaeb+bdaea € P. Then adb+bda € 


P and bea + aeb € P imply 2adbea € P. This gives aAbAa C P from es 
we conclude either a € P or bE P. 


The second lemma, due to Herstein [1957], is also computational. 


6.5.4 Lemma /f 6 is a Jordan derivation on an algebra A, alla, b,c € A 
satisfy: 
(a) (a?) = a6(a) + 6(a)a; 
(b) 5(aba) = 6(a)ba + a6(b)a + abd(a); 
(c) 6([a, , c]) = [(a), 5, 4 + la, 5(b), ¢] + la, b, 6(c)]; 
(d) 5(a,6)[a, 6] = 0; 
(e) la, b]6(a, b) =U, 
(f) Ic, b]6(a, b) + la, b]5(e, b) = 0; 
(g) (c, a]6(a, 6) + [a, b]6(c, a) = 
Proof (a): Alla € A satisfy 
25(a?) = (a0 a) = a0 &(a) + 6(a) 0a = 2(a6(a) + 8(a)a). 
(b): Note the identity 
do(doe)=do(de+ed)=d*0e+2ded WdecA 
From this we obtain 


26(aba) 6(a 0 (a0b)) — 6(a? 0d) 
ao6(aob) + (a) 0 (a0b) — a? 0 6(b) — 6(a”) ob 


26(a)ba + 2a6(b)a + 2abd(a). 


(c): Replace a by a+ c in (b). This gives 


6((a + c)b(a + c)) = 6(aba) + [5(a), b, c] + [a, 6(b), c] + [a, b, 6(c)] + (cde). 


Then (c) follows by subtracting 5(aba + cbc) from each side. 

(d): From (c) we get 6([a, b, ab]) = [5(«)}, b, ab] +[a, 6(b), ab] +[a, b, 6(ab)). 
The identity {a,b,ab] = (ab)? + ab?a, together with (a) and (b) implies 
6(|a, b, ab]) = abé(ab) + 6(ab)ab + 6(a)b2a + a6(b2)a + ab26(a) = ab5(ab) + 
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5(ab)ab + 5(a)b?a + ab6(b)a + a6(b)ba + ab*6(a). By comparing the two 
expressions for 5((a, b,ab]), we get 0 = (6(ab) — 6(a)b — a6(b))ab — (6(ab) — 
a6(b) — 5(a)b)ba = 6(a, b)[a, B}. 

(e): Since 6 is obviously a Jordan derivation on the reverse algebra, this 
follows from (d) by reversing the product. 

(f): From (e) we see [a + c,b]6(a + c,b) = 0. Combining this with 
ia-+~,b] = {a,b} + [c, b], 5(a +c, 5) = 6(a, b) + 6(c, b), and {a, b]6(a,b) =0 = 
[c, B12 “c, b), we have [c, b]5(a, b) + [a, b]6(c, 6) = 0, as required. 

(g): Interchange a and 6 in (f). This gives [c, a]6(b, a) + [b, a]6(c, a) = 0. 
But &(a, b)+6(b, a) = 6(aob) —a06(b)—6(a)ob = 0 implies 6(b,a) = —6(a, b). 
Thus (b, a] = [—a, 6] gives the desired conclusion. a) 


6.5.6 Lemma _ Let P be a prime ideal of the algebra A, and let 6 be a 
Jordcn derivation on A. If [a,b] is in P, then 5(a,b) is in P. 


Proo; We first consider the case when A/P is noncommutative. We assume 
[a,d] = P. Lemma 6.5.4(f) and (g) give [c, b|5(a,b) € P and [c, a]é(a,b) € P 
for all c € A. It follows from Lemma 6.5.3(a) that if there is an element 
c € A satisfying either {c,a} ¢ P or [c,b] ¢ P, then 6(a,b) € P holds. 
Suppose that [c,a] and [c, }] are in P for all c in A. By noncommutativity, 
let c and e be any elements of A satisfying [c,e] ¢ P. Then, [e,b] and 
[a +e, b] are in P and [c, e] and [c,a+e] are not in P. It follows that 4(e, b) 
and 4(a + e,8) are in P, and that 6(a,b) = 6(a + e, 6) — 6(e, b) is therefore 
in P. 

Now suppose that A/P is commutative. Lemma 6.5.4(d) and (e) give 
[a, b] 05(a, b) = 0 and therefore, since 6 is a Jordan derivation, 0 = 6([a, b})o 
5(a, b* + [a, b] o 6(6(a, b)). Since A/P is commutative 6([a, b]) o 6(a, b), and 
there“ore 26([a, b])6(a,b), are in P. Since A/P has no divisors of zero, either 
6(a,&, or 5({a, 5)) is in P. If 6([a,b]) is in P, we get 26(a,b) = 6(ab + ba) + 
6(ab- ba) —2(a6(b)+5(a)b) = 6([a, b])+(a06(b)—26(a)b)+(6(a)ob—26(a)b) € 
P. T..us in either case, 6(a, b) belongs to P. a) 


The final lemma is concerned with the case in which [a,b] does not 
beiox: ; to a prime ideal P. 


6.5.6 Lemma Let 6 be a Jordan derivation on an algebra A. Alla, b,c € 
A 26? sfy: 

(a} ([a, ble) = (6(ab) — b6(a) — 6(b)a)c + [a, b]5(c) + c6(a,b); 

(b} 8(c[a, b]) = c(6(ab) — b6(a) — 6(b)a) + 4(c)[a, b] + 5(a, b)c; 

(c [a,b], c, (a, 6)] = 0. 


Proat (a): The identity [a, b]c = [a,b,c] — co (ba) and Lemma 6.5.4(c) give 
o(ja, tic) = 4([a,b, c]) ~ 6(c 0 (ba)) = {6(a), b,c] + [a, 5(8), ec} + fa, b, 6(c)} — 
26(ba — 6(ba)c — 6(c)ba — bad(c) = c(b5(a) + 6(b)a — 6(ba)) + (6(a)b + a6(b) — 
§(ba)}c — 6(c)ba — bad(c) + abd(c) + 6(c)ba. 
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Since 6 is a Jordan derivation, we have 6(a)b + a6(b) — 6(ba) = 6(ab) — 
6(b)a — b5(a) and b5(a) + 6(b)a — 6(ba) = 6(a,b), and therefore 6([a, bc) = 
(a,b) + (6(ab) — b6(a) — 6(b)a)c + [a, b]5(c) as required. 

(b): This may be proved by a similar argument, or by reversing the 
product. 

(c): The idea of the proof is to evaluate 4((a, b]c[a,b]) in two different 
ways and then obtain the required result from Lemma 6.5.4(d) and (e). 

Replacing c by [a,b]c in (b), we get 5({a,b]c[a,b]) = 5(a,b)[a, ble + 
6({a, b]c)[a, b] + [a, b]e(5(ab) — b6(a) — 5(b)a) = [a,b]5(c)[a,b] + [5(ab) — 
b5(a) ~ 5(b)a,c, [a,b], by (a) and Lemma 6.5.4(d) and (e). We now ob- 
serve 5([a,6]) = (6(ab) — b6(a) — 6(b)a) + 5(a, 6). This implies 


6({a, bjc[a, b}) = 6([a, bela, b)) — [6(a, 4), ¢, [a, d)}, 


by Lemma 6.5.4(b). The result now follows by subtracting 6([a, bJc[a, 5}) 
from both sides. oO 


Cusack’s theorem is actually a little stronger than so far noted. 
6.5.7 Theorem A Jordan derivation 6 on any algebra A satisfies 
6(ab) — [5(a)b + a6(b)] Ap Va,bEA 


and hence induces a derivation on A/Ag. In particular every Jordan 
derivation on a semiprime algebra ts a derivation. 


Proof Let a and 6b be any elements of A and let P be any prime ideal of 
A. Lemma 6.5.6 shows [[a, b],c,6(a,6)| = 0, for all cin A. According to 
Lemma 6.5.3(b), either (a, b] or 6(a,b) belong to P. But Lemma 6.5.5 shows 
that [a,b] € P implies 5(a,b) € P. Since Ag is the intersection of all the 
prime ideals of A, this completes the proof. Oo 
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Structure Spaces 


Let A be an algebra. In this chapter we will study the space ( Pa / I, / 
=. ) of ( prime / primitive / maximal modular ) ideals of A as a topological 
svece under the hull-kernel or Jacobson topology. For certain classes of 
algcuras A, e.g., completely regular algebras (Section 7.2) and strongly 
harmonic algebras (Section 7.4), we will show that the subdirect product 
representation relative to =, (introduced in Definition 1.3.3 and Section 
4.6) yields significant information about A. Section 7.3 deals with more 
detailed questions in ideal theory revolving around primary ideals. We 
also consider central and weakly central algebras and show that they are 
completely regular under fairly weak additional hypotheses. 


7.1 The Hull-Kernel Topology 


“x. Section 3.2 we introduced the hull-kernel topology on the Gelfand 
space [4 of a commutative Banach algebra A. It is comparatively little 
used except in the case of completely regular commutative spectral algebras 
where it is Hausdorff and coincides with the Gelfand topology. In the 
commutative case, Proposition 3.1.3 shows that the Gelfand space of A can 
be identified with the set =, of maximal modular ideals of A, and Theorem 
4.1.9 shows that the latter set coincides with the set Il, of primitive ideals. 

In a noncommutative algebra A, the set P, of prime ideals and its 
subsets, Il, and =4, can each be given the hull—kernel topology. Again, this 
topology seems to be of comparatively little use unless further restrictions 
are placed on the algebra. Generally, these restrictions need to be sufficient 
to force the topology to be Hausdorff. The most important such restriction 
is the notion of complete regularity for noncommutative Banach algebras, 
which was introduced by Alfred B. Willcox in his thesis published as [1956a] 
and further elaborated by Charles E. Rickart in his book [1960]. Another 
:s eae notion of strongly harmonic algebras introduced by Kwangil Koh 
(1872] building on ideas of Silviu Teleman [1971]. We develop both of these 
theories in this chapter. 

ven any collection P of ideals in an algebra A, there is a corresponding 
subdirect product decomposition. This can be thought of as the function 
Ste © ziven by : 

a(Z)=a+TeA/I VITeEP 
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which maps A into the full direct product [],,p(A/Z). Such subdirect 
product representations ordinarily give little useful information about the 
algebra even when they are faithful. One main purpose of this chapter is to 
investigate situations in which the representation in [],j,¢3,(A/M), and 
a closely related representation, do become useful. 

The hull-kernel topology on the space of primitive ideals of a noncom- 
mutative ring was first systematically studied by Nathan Jacobson [1945b]. 
However, Marshall Harvey Stone {1937} had used a very similar idea in 
his theory of structure spaces of Boolean rings, and Gelfand and Georgi 
E. Silov {1941] had explicitly considered the hull-kernel topology on the 
carrier space of a commutative Banach algebra. Most of the ideas of this 
chapter were first investigated in the commutative case, particularly in Silov 
[1947a]. 

For a general algebra A, the set P4 of prime ideals of A seems to be 
the natural setting for the hull-kernel topology. However since prime ideals 
are not necessarily closed in a Banach algebra, they play a comparatively 
small role in the theory of this work. It seems likely that useful classes of 
closed prime ideals larger than the class of primitive ideals will eventually 
be found. Partly for this reason, we will introduce the hull-kernel topology 
for arbitrary subsets of the set P4 of prime ideals of an algebra A. The 
subsets of chief interest are Py itself, 4 = { primitive ideals of A} and 
=4 = { maximal modular ideals of A}. Theorems 4.1.8 and 4.1.9 show the 
inclusions =, C TN, C Px. Some of the following notation was introduced 
in a preliminary way in Chapter 4. 


7.1.1 Definition Let A be an algebra and let P, be a nonempty subset 
of the set P, of prime ideals of A. For each subset S of A, the hull of S 
relative to P4 is the set 


h(S) = {P € Pa: SC Ph. 
A subset of Pa which has the form h(S) for some S C A is called a hull in 
Py. When Py is ( Pa /Tla / Ea), we write (AP / A” / h= ) instead of h. 
For each subset B of P4, the kernel of B is the set 
k(B) = A{P:P © B}. 
The next proposition shows that hand k set up a Galois correspondence 


between the subsets of P4 and the subsets of A. 


7.1.2 Proposition Let A be an algebra and let P, be a nonempty subset 
of P,4. Consider S; C Sy C A and B, C By C Pa. Then k(B,) is an ideal 
of A and these subsets satisfy 


h(S2) © (Si) k(Bz) C k(B1) (1) 
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S; © hk(S;) B, © hk(B;) (2) 

Akh(S;) = A(Si) — kAk(B,) = k(Bi). (3) 

Hence, a subset B of Px is a hull if and only if it satisfies B = hk(B). 


Any jamtly {Sq : a € A} of subsets of A and any family {By : a € A} of 
subse's of P4 satisfy: 


AC) Sa) = ACD) Sa) = A(span( J Sa))= (A(Sa) (4) 


acA acA aéA aéA 
k( J Ba) = () #(Ba). (5) 
acA aca 


Any finite set {Z),I2,...,In} of ideals of A satisfies 


A((\Z;) = A(ZiTa-+-Zn) = (J A). (6) 


j=l j=) 


Proof These results are either obvious or are established by the same easy 
arguments used for Proposition 3.2.6. For (6), we note that the last equation 
is immediate since each ideal in P is prime. Also, the first set is included 
in the second by (1) while it includes the third set from the definition of a 
hull. a 


7.1.3 Theorem Let A be an algebra and let Py be a nonempty subset of 
Py. Then the family 


{P,\ HH: H is a hull in Py} 


of complements of hulls is a topology for P, which satisfies the Ty separation 
CL107". 


Proof “et T be the family which is asserted to be a topology. The equations 
(A) = 9 and h({0}) = Px show that P, and @ belong to 7. Proposition 
7.1.2 <0ws that TJ is closed under arbitrary unions and under (finite) in- 
tersec ions. The Tp separation axiom is the statement that if two points 
P, ans Po are distinct, then at least one is not in the closure of the other. 
This is obvious since P, € hk({P2}) is equivalent to Pp C Py. oO 


7.1.4 Definition Let A be an algebra and let P4 be a nonempty subset 
of P4. The topology described above is called the hull-kernel (or Jacobson) 
topoloayon Py. Let ( P4 / 11,4 / 2, ) be the topological spaces of all ( prime 
ideals / primitive ideals / maximal modular ideals ) under the hull-kernel 
topolc zy. This topological space will be called the ( prime structure space 
/ structure space / strong structure space ) of A. 
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We have already noted that Theorems 4.1.8 and 4.1.9 show the inclu- 
sions =4 C I, C Py, as Sets. The definition of the hull-kernel topology 
shows immediately that the topologies of Il, and = agree with their rel- 
ativized topologies as subsets of P or IT,. 


7.1.5 Proposition For any algebra A, =, satisfies the T; separation 
aziom. Furthermore, if each ( primitive / prime ) ideal of A ts modular or 
ts included in a mazimal modular ideal (e.g., if A is unital) and if ( Tl, / 
P, ) satisfies the T, separation aziom, then (Il4 / Pa ) equals Ey. 


Proof Since P; € {P2}~ is equivalent to P, D P2, this is obvious. oO 


7.1.6 Proposition Let A be an algebra. Let Py, bea nonempty subset of 
Px, which includes =4. If I is a modular ideal in A, then h(T) ts compact. 
In particular, P, itself ts compact tf A ts unital. 


Proof We establish the finite intersection property for K(Z). Let {Ho : 
a € A} be a family of closed subsets of h(Z) satisfying Nac aHa = 9. Each 
a € A satisfies J C kh(Z) C k(H,). Hence R = }04¢,4 k(Ha) includes 
the modular ideal TJ and is therefore modular. Therefore, Theorem 2.4.6(b) 
shows that R is included in some M € =, C Py unless R equals A. 
Equation (4) of Proposition 7.1.2 shows h(3>, k(Ha)) = Nacahk(Ha) = 
NacaHe = %. We therefore conclude R = A. Hence the relative identity e 
for I can be written in the form e = a, +--- + ap, for some a; € k(Ha,)- 
Since any a € A can be written as a = (1—e)a+a,a+---+a@na € k(Ha,)+ 
k(Ha,) +--+ +k(Ha,), we get Nai Ha, = ACh k(Ha,)) = h(A) = 0 as 
we wished to show. 

The last statement of the proposition is an immediate consequence of 
the first conclusion. a 


7.1.7 Theorem Let A be an algebra, and let I be an ideal in A. The hull 
(AP(Z) / AM (DT) / AB(Z) ) of I in ( Pa / Ma / Ea ) 8 homeomorphic to 
( Payt / Wayt / East) under the map P+ P/T. Also, { Pa\h?(Z) / Wa\ 
h4(Z) / S4\hF(Z) ) is homeomorphic to ( Pr / Tz / Ez ) under the map 
Pre PNT. 


Proof It is easy to see that P + P/T is a bijection of ( hP(Z) / A"(Z) 
/ h®(Z) ) onto ( Payt / Wayz / E./z ), and this fact is included in Theorem 
(4.1.8 / 4.1.10 / 4.5.2). If B is any subset of ( AP(Z) / AM(Z) / F(Z) ) 
and B’ is its image under this map, then k(B’) equals k(B)/Z. Hence 
any P€ ( Pa / lla / =u ) satisfies P D k(B) if and only if it satisfies 
P/I > k(B'). Therefore the map P ++ P/Z is a homeomorphism of h(Z) 
in ( Pa / Wy / =4) onto ( Payz / Mast / ay )- 

The last sentence of Theorem 4.1.10 asserts that P ++ PNT is a bijection 
of P4\h?(Z) onto Pz. In order to prove the second half of the theorem for 
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Pa, it only remains to show that this bijection P + PNT is a homeomor- 
phism of P,\h?(Z) onto Pz. We must show that for any P € P4\h?(Z) and 
any B C P4\ h(Z),P > k(B) is equivalent to PAI D k{P!NI: P’ € B}. 
The implication P D k(B) > PNI Dk{P'NTZ: P’ € B} is obvious 
and the opposite implication follows since (Np-eaP’) NZI C P andT < P 
imply NpeaP’ C P by the prime nature of P. Since Il, and =, are 
homeomorphically embedded in P,, the map P + PNT restricted to 
(114 \ h4(Z) / E, \ h3(Z) ) must be a homeomorphism onto its range. It 
thus remains only to prove that each ( primitive / maximal modular ) ideal 
of Z has the form PMT for some ( primitive / maximal modular ) ideal 
of A. However, this follows immediately from Theorem 4.1.8 in the case of 
primitive ideals and from Theorem 4.5.2 in the case of maximal modular 
ideals. oO 


7.1.8 Corollary Let A be an algebra andT the ideal (Ap / Ay / Am ). 
Then ihe map P ++ P/T is a homeomorphism of ( P, / Mla / Ea ) onto 
( Pays / Wayt / East ). 


Proof The choice of Z gives (h?(I) = Py / h"(I)=My AF(Z) = Ey ).0 


7.1.28 Proposition Let A and P, be as described in Definition 7.1.1 and 
aiso assume Za, C Pa. Any two ideals I; and Zz of A satisfy: 
_ (a) The sum T; +Z2 equals A if and only if Z; + Zz 1s modular and 
h(Z,) and h(Z2) are disjoint. . 

(b) If H 1s a hull in Py with k(H) modular and h(Z,) NH empty, then 
Z, contains an identity for A modulo k(H). 


Proof (a): If A = Z, + Tz holds, then Z; + 7Z> is trivially modular, and 
equation (4) of Proposition 7.1.2 shows that A(Z,) and h(Z2) are disjoint. 
Conversely, if h(Z,) and A(Z2) are disjoint, the same result shows that 
h(Z, + Z2) is empty. If Z, + Z2 is modular, Theorem 2.4.6 then shows 
T,+2,=A. $ £, 

(2): Since k(H)+T; includes k(H), it is modular. Since hk(H)Nh(Z;) = 
F7N.2(%,) is empty, (a) shows k(H) + Z, = A. Let e be a relative identity 
for k(H). Write e =c +d with c € k(H) and d € J). Then d is a relative 
identity for k(H) since d — e = c belongs to k(H). Oo 


The next result has important consequences in the next chapter. Note 
that "14 could be replaced with any set P, of prime ideals (each one o- 
ciosec for part (b)) satisfying P, 2 Wy. 


7.2.10 Proposition Let A be an algebra, let I be an ideal of A and leta 
be a7: element of A. In the following statements, the word “quast-invertible” 
can be replaced by “invertible” if A is unital. 

(a) The element a+TZ is quasi-invertible in A/T if and only if a+kh"™(A) 
is quasi-invertible in A/kh"(Z). 
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(b) If o is a spectral semi-norm on A, thena+T is quasi-invertible in 
A/T if and only if a+T is quasi-invertible in A/T where T is the o-closure 
of T. 


Proof Note that kh"(Z)/Z is naturally isomorphic to (A/Z), by the def- 
inition of the Jacobson radical. Hence (a) follows from Theorem 4.3.6. If 
o is a spectral semi-norm, its quotient norm @ on A/T is also spectral, so 
Corollary 4.3.10 implies Z/Z C (A/Z)s. Hence (b) follows from (a). 0 


Theorem 7.1.7 shows that if Z is an ideal in an algebra A, then the map 
B+ BNT is a homeomorphism of ( P4\h?(Z) / Wa\h"(Z) / S4\h*(Z) ) 
onto ( Pz / Tz / =r ). The same results hold for certain subsets other than 
ideals. The next instance is essentially due to Irving Kaplansky [1950]. 
Proposition 7.2.14 gives another instance due to Kaplansky [1949a]. We do 
not know whether the corresponding results hold for prime ideals. 


7.1.11 Proposition Let A be an algebra, and let e be an idempotent in 
A. The map P ++ PNeAe is a homeomorphism of { IL, \ h"(eAe) / Ea\ 
h=(eAe) ) onto ( Tleae / Zere )- 


Proof If P is a primitive ideal in I, \ A"™(eAe), let T be an algebraically 
irreducible representation of A on % satisfying ker(T) = P. Then T, is non- 
zero and each non-zero y € T. 4 satisfies Torey = TeTay = Te¥. Hence 
b+» Tlr.x is an irreducible representation of A on 7,4. The kernel of 
this representation is obviously PM eAe. Hence the map P + PNeAe 
maps II, \ h"(eAe) into Ileaze. Let P be 2 primitive ideal in T].4e and 
let M be a maximal modular left ideal of eAe satisfying P = M : eAe 
Definition 4.1.7 and Theorem 4.1.8). Define M to be the modular left ideal 

= AM+A(1—e) of A which is proper since it satisfieseMe C M # eAe. 
Therefore, there is a maximal modular left ideal C of A which includes M. 
Let P be the primitive ideal L: A of A. We wish to show PN eAe = P. 
Any b & P satisfies bAe = beAe C M C £ and bA(1-e) CA(1-e) CL, 
so we conclude P C PNeAe. Since e (the identity of eAe) does not 
belong to L, it does not belong to M + (PMeAe) CM+P CCL. Since 
M is maximal, this shows M = £NeAe,PMeAe C M and therefore 
PneAe © P. This concludes the proof of the identity PN eAe = P and 
shows that P + PM eAe maps Il, \ A" (eAe) onto Ie ze- 

Next we show that the map P ++ PMeAe is injective. If Pi, Po € 
Tl, \ h@(eAe) satisfy P} NeAe = Pp NeAe, then we have (Ae)Pi(Ae) C 
A(ePye) C (P; NeAe) C AP2 C Po. Since P2 is prime and Ae D eAe is 
not included in P2, we conclude P, C P2. Similarly, P2 C P; holds. This 
shows P, = P2 as we wished. 

If P is a maximal modular ideal in =, \ h=(eAe) with relative identity 
d, then P MN eAe is a modular ideal in eAe with relative identity ede. Fur- 
thermore, this ideal is maximal in eAe since b € eAe \ (P MeAe) implies 
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eAe = e(AlbA! + P)e = (eAe)b(eAe) + P. Conversely, if P C eAe is a 
maximal modular ideal of eAe with relative identity d € eAe, then the ideal 
P+ 1-e)A+A(1—e) + A(1—)A is a modular ideal of A with relative 
identity d (since ad — a = (eaed — eae). + e(ad — a)(1 — e) + (1 — e)(ad — a) 
holds for all a € A) and any maximal modular ideal M of A including this 
ideal with relative identity d must satisfy MMM eAe = P. We have shown 
that the map P +> PN eAe sends =, \ h?(eAe) bijectively onto Zee. 

Finally, it remains to show that the map is a homeomorphism. It is 
enough to consider the case of primitive ideals. Suppose that F is a closed 
subset of I.4e, and let B C II, \ h™(eAe) be defined by B = {P € 
Th \ h"(eAe) : PMeAe € F}. In order to show that B is closed in 
Tl, \ h"(eAe), we must show that any Po € I, \ AM(eAe) belongs to B 
if it iacludes k(B). However, this is obvious from the definition of B and 
the fect that F is closed in TI.4e. Conversely, suppose that B is closed in 
Ti, \ 2 (eAe) and define F C Tee by F = {PNeAe: P € B}. In order 
to st.o.w that F’ is closed, we need to show that Po € IIe xe belongs to F if 
it inc‘udes k(F). We have shown that there is some P, € I, \ h!(eAe) 
satisfying Po = P; MeAe. Then P, satisfies 


:&(B)e C k(B)NeAe ={PNeAe: P € B} =kK(F) C Po CP. 


Since P, is a prime ideal satisfying (Ae)k(B)(Ae) C P, and since P, does 
not include Ae, it must include k(B). Since B is closed, this implies P; € 2 
aud hence Po € F’. 


Subdirect Product Representations 


W: will briefly review the construction of a subdirect product represen- 
tatior associated with a collection of ideals. (See Definition 1.3.3 and the 
discussion surrounding Theorem 4.6.1.) Let A be an algebra and let B be 
a non :mpty collection of ideals of A. (The cases of particular interest are, 
of course, B = Pa, B = Tl, or B= Ey.) For each a € A, let a be the cross 
section in the direct product Ipes(A/P) defined by 


a(P)=a+P V PeB. 


Let A be the subalgebra {a:a6€ A} C Ipeu(A/P). Clearly, A satisfies 
{a(P\ : a € A} = A/P for each P € B so that A is a subdirect product. 
The rap a+ 4G is a homomorphism of A onto A with kernel NpegP. 

Fo- a special case in which B equals ( P4 / Il, / =, ), the kernel of the 
repressntation a ++ @ described above is (Ag / Ay / Am ). In this case, 
the qvotients A/P are ( prime / primitive / unital simple ) algebras and 
hence are reasonably tractable so that the structure of the direct product 
ilpep A/P) is comparatively well understood. However, the subdirect 
produ -t representation will still be of comparatively little use unless useful 
inford ation can be found describing which elements of the direct product 
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belong to A. Situations in which this type of information is available are a 
main theme of the present chapter. 

A change in viewpoint may be instructive. Instead of the direct product 
Ipea(A/P), consider the disjoint union S = Sg(A) = Upes(A/P). De- 
fine a function 7: S —» B by x(a + P) = P for alla € A and P € B. Then 
for each P & B, the subset r~!(P) of S is called the fiber (or stalk) over 
P. Each fiber has the structure of an algebra. The sets B and S are called 
the base space and total space, respectively, and the map 7: S — B is called 
the fiber map. A function f:B —+ S is called a section (or global section) 
if xo f is the identity map on B. The set I'(B,S) of all sections is obvi- 
ously an algebra under pointwise operations. For each a € A, the function 
a: B — S defined as before by a(P) = a+ P is a section and a+ 4 is a ho- 
momorphism of A into the algebra ['(B, S). In terms of this language, the 
subdirect product representation will become useful if an effective descrip- 
tion can be given of which sections belong to A. The hull-kernel topology 
would seem to offer some hope for finding such a description. However, 
in general, it is difficult to find meaningful relations between elements of 
neighboring fibers, so that the topology of the structure space has only a 
very weak interaction with the subdirect product. This is in part due to the 
poor separation properties of the hull-kernel topology. Except on Ey, it is 
not often even 7}, and it is even less often Hausdorff. There are two ways 
to avoid this difficulty. Any topological space can be made T,, Hausdorff 
or completely regular by collapsing certain sets of points into points and 
giving the quotient space its quotient topology. If this is done to P4, I, or 
=, (with the hull--kernel topology), then the new space may even be iden- 
tified with a certain space of semiprime ideals. (The point in the quotient 
space obtained by collapsing B C P, to a point can be identified with the 
ideal k(B) of the original algebra.) These Hausdorff or completely regu- 
lar quotients of structure spaces have proved valuable and are exhaustively 
discussed in John Dauns and Karl Heinrich Hofmann {1968}, [1969]. In the 
first reference, several classes of topological algebras are exhibited as the 
algebra of continuous sections of a type of bundle or field of algebras over a 
suitable quotient structure space. This important theory is too technical to 
be included here. See James Michael G. Fell and Robert S. Doran [1988al, 
[1988b], Joseph W. Kitchen, Jr. and David A. Robbins [1982], [1983] and 
[1985], Maurice J. Dupré and Richard M. Gillette [1983], Stephen Allan 
Selesnick [1979], Anthony Karel Seda [1981] and Gerhard Gierz [1982]. 

We will pursue the second approach. We place more severe restrictions 
on the algebra A which force its structure space to be well behaved. Propo- 
sition 7.1.5 suggests that the best theory (i.e., the most results with the 
least restrictive hypotheses) will be obtained by concentrating attention on 
the strong structure space. This leads to the theory developed in the next 
section. 
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Algebras Satisfying Polynomial Identities 


This specialized subject will illustrate some of the ideas just introduced. 
Ve begin our discussion with some simple examples. An algebra A is com- 
mutative if and only if any two of its elements are roots of the noncommut- 
ing polynomial 

S(x,y) = 2y — yz. 

Ecre is a second example. Recall that M,, is the algebra of alln xn 
compiex matrices. If C € M2 has trace zero, Theorem 2.7.15 (the Jordan 
decomposition) shows that it can be written as G~'DG where G is an 
invertible matrix and D is either a diagonal matrix with diagonal entries 
A end — for some . € C or a strictly lower triangular matrix. In either 
case, ©? is a multiple of the identity matrix and is therefore in the center 
of Mz. However, the commutator AB — BA of any two matrices A and B 
in M2 has trace zero. This shows that any three matrices in M2 are roots 
of the noncommuting polynomial 


W(z,y,z) = (zy — yx)?z — 2(zy — yz)? 


known as Wagner’s polynomial. We can easily define much more compli- 
cated algebras which satisfy this same polynomial identity. For instance, 
‘et & be a compact Hausdorff space and consider the algebra C(2, Ma) 
of all continuous functions from 2 into Mg. (We have already noted the 
identification of this algebra with the algebra tensor product C(Q) @ M2.) 
Clearly any three elements of C(Q, M2) are roots of Wagner’s polynomial 
W. Aay subalgebra satisfies the same condition. 

"hese examples should make clear what we mean by a noncommuting 
polynomial over the complex field. In order to keep the discussion as ele- 
mentary as possible, we will consider a noncommuting polynomial to be a 
finite 'near combination of monomials where each monomial is just a finite 
procrct of symbols. The degree of a noncommuting polynomial is the length 
of its Longest monomial. A noncommuting polynomial P of n variables may 
be eva.uated at an ordered n-tuple (a), a2,...,@,) of elements from any al- 
gebra A simply by replacing each symbol by its corresponding element in 
A. Obviously, this gives an element in A. We say that (a),42,...,@n) is a 
root of P if it satisfies P(a,,a2,...,@n) = 0. 


7.1.12 Definition Let A be an algebra and let P = P(x,,22,...,2n) 
be a noncommuting polynomial. Then A is said to satisfy the polynomial 
identity P if any ordered n-tuple (a), a2,...,a,) of elements from A is a 
rcot of P. It is said to satisfy a polynomial identity of degree d if it satisfies 
some roncommuting polynomial of degree d. 

The standard polynomial in n noncommuting variables is defined by 


Sa(s1,22,---,2n) = Se 8gn(7)Lo(1)Lo(2) *** Lo(n) V 21, 22,.--,2n 
ovEXy 
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where ©, is the group of all permutations of {1,2,...,n} and sgn(c) is +1 
depending on whether o is an even or an odd permutation. 


Obviously the standard polynomial S,, is of degree n and multilinear. 
(The latter means that for any k = 1,2,...,n, if a1, @2,...,@4,...,@, and 
Q),@2,..-,0%,...,@pn are roots of S,, then so is a),a2,...,Aa_p + pbk, ---, En 
for any A, yz in C.) It is also alternating. (This means that interchanging 
the order of two elements in an n-tuple substituted into it changes the sign. 
Hence if the same element occurs twice in an n-tuple, then S,, is zero on the 
n-tuple.) Multilinearity and the alternating property are useful since they 
show that an algebra A satisfies the polynomial identity S,, if and only if 
every set of n distinct elements chosen from a linear space basis for A is a 
root when arranged in some (hence in any) order. 

In this subject, the degree of a polynomial is more important than 
the number of noncommuting variables or the number of terms. Hence 
the next theorem shows that Wagner's fifth degree polynomial identity for 
Mp2 with six terms in three noncommuting variables is eclipsed by the 24- 
term, fourth degree polynomial S, in four noncommuting variables just 
introduced. We shall omit the proof of the following result of Shimshon 
Amitsur and Jacob Levitzki {1950] since full proofs can be found in any of 
the standard references listed at the end of this discussion. 


7.1.13 Theorem The algebra M,, satisfies the standard polynomial So, of 
degree 2n and does not satisfy any polynomial identity of degree less than 2n. 


Perhaps the most fundamental result in the theory is due to Irving 
Kaplansky [1948e]. We will give the special case for Banach algebras and 
indicate how that follows from the strictly algebraic statement. 


7.1.14 Theorem A primitive Banach algebra which satisfies a polynomial 
tdentity of degree d is tsomorphic to a full matriz algebra M,, with n < d/2. 
Proof The version given on page 17 of Nathan Jacobson’s book [1975] states 
that A is a simple algebra of dirnension n? (where n < d/2) over the center 
Az of A and that Az is a field. However, the Gelfand-Mazur theorem 
(Corollary 2.2.3) shows that this field Az must be just the complex field 
C. Theorem 8.1.1 shows that any finite-dimensional simple algebra over C 
is a full matrix algebra. ia 


7.1.15 Example In order to have a simple but reasonably representative 
example, the reader may wish to consider the algebra A defined by 


{f: {0, 2] — M2: f(0)n1 = f(0)22; F(8)12 = f(s)a =0fors< 1; f(2)12 a 0} 


so the matrices f(t) are multiples of the identity for t¢ = 0, diagonal for 
t < 1 and lower triangular for t = 2. The set of primitive ideals is: 


Th = (Pt, Poe t © {O}U]1, 2[; s €]O, 1] U {2}; k € {1,2} } 
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where P, = {f € A: f(t) =0} and Pag = {f € A: f(s)ee = f(8)21 = O}. 
Note that the quotient algebra of A modulo Po or P,,x for s €}0, 1] U {2} 
and k € {1,2} is C while the quotient modulo P; for ¢ €]1,2{ is Mz. The 
hull--kernel topology on II, is T, since all primitive ideals are maximal. 
It exsigns the topology of ]1,2{ to {P; : t €]1,2[ }, the topology of ]0, 1] 
to {P,% : 3 €]0,1] } for k € {1,2}, and for s € {1,2} it puts both P, 
and P,,2 in the closure of any subset of {P;,: ¢ €]1,2{ } which has s in 
i: ‘osure of its set of indices. Finally for k € {1,2}, Po is in the closure 
of a subset of {P,, : s €]0,1)} if 0 is in the closure of the set of indices. 
The center of A is Az = {f € A: f(t) is a multiple of the identity for t € 
{0} U [1,2] and f(t) is a diagonal matrix for t €]0, 1[}. 


We derive some results about semisimple unital algebras satisfying a 
polynomial identity which are suggested by the main results of Naum Ya. 
Krupnik [1980a], [1980b], [1981] and [1987] and Krupnik and E. M. Shpigel’ 
[1982]. These results show that the last example is somewhat typical. 


7.1..6 Theorem Let A be a semisimple unital Banach algebra which 
satisfies a polynomial identity of degree d. 

(1) Each primitive ideal P of A is marimal with quotient algebra iso- 
morphic to My, for some np < d/2. 

{5) The center Az of A is the set of elements c such that for each 
P € My there is a (necessarily unique) complex number yp(c) satisfying 
c- “p(c)1 é€ P. 

is) The map P ++ yp is an open surjection of 4 ontoTy, with 
ker(“"p) = PN Az. Hence Az is semisimple. 

({d) There are continuous functions 7 and 6 from A to B(Tl,) with the 
former linear satisfying 


t(ab) =7(ba) 6&(ab) = 6(ba) V abéA (7) 


v(c)(P) =npyp(c) 6(c)(P) = yp(c)"” Vcé€Az;PET, (8) 
aé€éAg ifand only tf 6(a) ts never zero (9) 

Sp(a) = {A € C: 6(A — a) is zero at some P € Ta} VaéA (10) 
6: Ag — B(TLa)g is a group homomorphism. (11) 


Proof (a): If A satisfies a polynomial identity it is clear that A/P satis- 
fies the same identity. Hence the last theorem shows that this quotient is 
isomorphic to a full matrix algebra satisfying the indicated bound on its 
dimension. Since matrix algebras are simple, P is maximal. 

“ \: If c satisfies the condition, then ac — ca belongs to each primitive 
ideal. Hence c is in the center of A because A is semisimple. Conversely, if 
¢ belongs to the center of A then c+ P must be in the center of A/P for 
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each P. Since this quotient is isomorphic to a full matrix algebra, c+ P is 
a multiple of the identity 1+ ?. 

(c): It is easy to see that yp is an element of the Gelfand space of 
Az with the indicated kernel. The proof of Proposition 7.2.14(c) and (d), 
which begins by assuming the algebra A is unital as we have supposed here, 
shows that this is a surjection. Since hulls are always Gelfand closed, it is 
an open map. 

(d): For each P, let yp be the natural map of A onto A/P and choose 
an isomorphism @p:A/P -—+ M,,p. Define r(a)(P) and &(a)(P) to be 
Tr(9p o yp(a)) and Det(@p o yp(a)), respectively, for all a € A. Since 
all automorphisms of M,, are inner, the definitions of + and 6 are indepen- 
dent of the choice of 6p. Equation (10) (which we are about to prove) shows 
that fur cach P the absolute values of the characteristic values of Op opp (a) 
are all bounded above by |{a|| which implies ||7(a@)||o. < np|la|| < (4/2)|[a]| 
and ||5(a)jloo < |lal["® < }Ja}|4/* so that these functions are bounded. The 
continuity of + follows immediately from the above estimate and its lin- 
earity. To see the continuity of 5, we note that yp is continuous for each 
P and that, since A/P is finite-dimensional it has a unique linear space 
norm topology. Hence Deto@p is also continuous. Formulas (7), (8) and 
(11) are immediate consequences of the definition. Theorem 4.1.8(d), which 
states that an element is invertible if and only if it is invertible modulo each 
primitive ideal, makes (9) and (10) clear. a) 


Krupnik [1987] considers topologies on II, which make the functions 
above and the coordinate functions of the various matrix representations 
continuous. We believe that more work along this line would be desirable. 
The following definition and results are also based on Krupnik [1987]. 


7.1.17 Definition A unital Banach algebra <A is said to have a sufficient 
family of n-dimensional representations if there is a set ® of homomor- 
phisms y: A — M,,, satisfying n, <n for all y € ® and 


(a € Ag) <=> (Det(y(a)) #0 VY pe ®). 


7.1.18 Theorem The following are equivalent for a unital Banach alge- 
bra A. 

(a) A has a sufficient family of n-dimensional representations. 

(b) A/ A, satisfies a polynomial identity of degree 2n. 

(c) A/ Ay satisfies the standard polynomial identity of degree 2n. 
If A/A; has a sufficient family of n-dimensional representations, then A 
enjoys the above properties. 

A Banach algebra A has a sufficient family of n-dimensional represen- 
tations for some n if and only if A/A, satisfies some polynomial identity. 


Proof (a) => (c): Let ® be a sufficient family of n-dimensional representa- 
tions. Note that b € M{ker(y) : y € ®} implies Det(p(Al — 6)) # 0 for all 


‘ 
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non-zero X and all y € ®. Hence Sp(b) = {0} for all bin N{ker(y) : yg € P}. 
Therefore this ideal is included in the Jacobson radical. Since each 2n-tuple 
@1,4,..-,@g,, chosen from A and each y € ® satisfy Sen(a1,42,...,4an) € 
ker(7), Son(@1,@2,-..,@2n) is in Ay. Therefore A/A, satisfies the polyno- 
Mhial identity S2,. 

(c) = (b): Obvious. 

(b) = (a): Theorem 7.1.16, particularly (10), (11) and the definition of 
6, establishes this. o 


dere is a very special case. Theorem 1.1.20 describes the case in which 
a Banach algebra B is a full matrix algebra over some subalgebra A which 
is itse!f a unital algebra. If A is commutative we easily show that B has 
a anSicient family of n-dimensional representations. In fact we only need 
to assume that B is a unital spectral subalgebra of M,(A). Let y:B — 
M,(/,) be an isomorphism onto a spectral subalgebra. Let @ = {y, : 
7 € "4 } where y:B — M, is defined by (y,(6))4; = y((y(a))i). If 
et{y¥0y(b)) = y(Det(yp(b))) never vanishes, then Det(((b)) is invertible in 
A. Thus Cramer’s rule (see the remarks following Theorem 1.1.20) allows 
us te write the inverse for (a) in M,,(A). Since y is an isomorphism onto 
% unital spectral subalgebra, this is enough. 

The modern theory of algebras satisfying polynomial identities (often 
called Pl-algebras) started with Kaplansky’s paper [1948e]. There is a vast 
literature which concentrates mainly on rings and non-normed algebras over 
an arditrary field. We mention Israel N. Herstein [1968], Nathan Jacob- 
son 11975], Aleksandr Robertovit Kemer [1991], Naum Ya. Krupnik [1987], 
“rex ik and Bernd Silbermann [1989], Denis Luminet [1986], Vladimir 
Miiider [1990], Claudio Procesi [1973] and Louis Halle Rowen [1980]. In the 
lass *wo decades, there has been considerable emphasis on central polyno- 
mials which, like (zy — yx)? on Mo, send an algebra onto its center. See 
particularly the last reference listed above. 


’,.1..¢ Structure Spaces of Tensor Products The results given in 
=xamole 3.2.18 suggest that each structure space of the projective tensor 
rrodvct of two Banach algebras ought to be the Cartesian product of the 
cecresponding structure spaces of the factors. Neither completely general 
theorems of this type nor any relevant counterexamples seem to be known. 
Bernard R. Gelbaum [1959], [1961], [1970] (the last reference corrects errors 
in the previous two) obtains a continuous map of E4 x Zg onto E 4g, and 
shows that it is a surjective homeomorphism in certain cases. In particular, 
ae gives a natural homeomorphism of 54 x =g onto a subset of [,8. No 
case seems to be known in which this subset is proper. Kjeld B. Laursen 
[1977l. using a method due to Arnold Lebow [1968], shows that if A and 
‘? c-. Sanach algebras with A commutative, then [4 x Eg is in bijective 
correspondence with 246, under the map which sends the pair (y, M) to 
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the ideal 


{>> ay @ by € ASB: IIx] [!bel]| < 00 and S= plan)b, € M}. 
k=1 


k=1 k=1 


For C*-algebras, closely related but more definitive results will be given 
in Volume II, including those of Laursen [1969a]. 


7.2 Completely Regular Algebras 


The following concept was introduced by Willcox [1956a] and extended 
by Rickart [1960]. On first sight, the second condition in the next definition 
appears somewhat artificial. Proposition 7.2.2 explains it: it is not enough 
to have =, Hausdorff, = 4: must also be Hausdorff. 


7.2.1 Definition An algebra A is said to be completely regular if it 
satisfies: 

(a) =, is Hausdorff; and 

(b) Each M € Sy has a neighborhood V in =, such that k(V) is 
modular. 


If A is unital, the condition (b) is automatically fulfilled by choosing 
V = =,. Hence, a unital algebra is completely regular if and only if 
its strong structure space is Hausdorff. Note also that Proposition 7.1.6 
applied to (b) shows that = is a locally compact topological space and 
hence completely regular. The next proposition extends this observation. 


7.2.2 Proposition Let A be a nonunital algebra. Define ( Ty / = ) 
to be the set ( Il, U {00} / E4 U {00} ) with the topology consisting of 
the open subsets of ( I14 / =, ) and all the sets of the form ( (Il, \ H)U 
{oo} / (E4\H)U{oo} ), where H is a hull (possibly empty) in (ls / S ) 
with k(H) modular. Then ( 11, / = ) is a compact (Ty / T, ) space which 
ts homeomorphic to (Na / =a: ) in a natural way. 

Furthermore, =), is Hausdorff (equivalently A! is completely regular) 
if and only if A ts completely regular. In this case, =\ is the one-point 
compactification of =4. Hence, =, is a completely regular topological space 
when A ts completely regular. 


Proof As usual we regard A as embedded in A!. Note that the second 
paragraph is an immediate consequence of the first. (The remarks following 
Definition 3.2.9 show that =, is completely regular.) 

Theorem 7.1.7 shows that the map P +> PMA is a homeomorphism of 
( Ta \ AMA) / Ba) \ hF(A) ) onto ( ha / =e ae Clearly, A itself is the 
unique element of ( h"(A) / h=(A) ). Thus the bijection of (M4: / Sa: ) 
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onto (IT, / 4 ) is given by 


[ PHPNA, if PHA 
\ Ar oo. 


We reed to identify the inverse of this map on ( Il4 / Ey ). If Misa 
maximal modular ( left ideal / ideal ) in A with ( right relative / relative ) 
identity e, define M c A! by M = {A+ae A!: Ae+a € M}. Then 
MnA=M holds and the calculation A'/M = (A+ M)/M = A/(Mn 
A) = A/M shows that M is also a maximal modular ( left ideal / ideal ) 
of A-. Theorem 4.1.8 shows that we may write any P € Il, as M: A for 
some maximal modular left ideal MM and then define P to be the primitive 
ideal M4 : A! of A! which satisfies PM A= {a € A: \a+ab € M for 
all A\+6 € A!'} =P. (If P is maximal modular, we have now given two 
definitions of P and these definitions even appear to depend on the choice 
of the relative identities involved, but since PM A = P holds, Theorem 
7.1.7 shows that all these definitions of P must agree.) Thus P ++ P from 
(Tha / Ba ) to ( Tha: \ h8(A) / Bar \ h3(A) ) is the inverse of the above 
map. 

T> complete the proof, we need only show that the neighborhood sys- 
tem for oo in ( II, / 54, ) agrees with the neighborhood system for A in 
(Tha / Sa ). If the nonempty hull H in ( 14: / S,: ) does not contain 
A, tion the kernel of its image in ( 11, / =) ) is k(H)MA which is modular 
since it satisfies A!/k(H) = (A+k(H))/A ~ A/(k(H)MA). Conversely, if 
H is » hull in (1,4 / ©, ) with k(H) modular and e is a relative identity 
for k(H), then the kernel of the image of H in (IL: / =: ) contains 1 —e 
and ! ence is not included in A. Since this is equivalent to saying that the 
comp-ement of the image of H is a neighborhood of A in ( ai / Ew ), 
this completes the proof. Oo 


7.2.3 Proposition Let A be completely regular and let I be an ideal of 
A. TienT and A/T are completely regular. 


Prooj Theorem 7.1.7 shows that =z and =4,/z are Hausdorff, so it only 
reme‘ns to show that they satisfy condition (b) of the definition. In order 
to show this for Z, choose Me =z. Theorem 7.1.7 shows that M=MnIr 
for some M € Ey \ h=(Z). Choose a closed neighborhood H of M in =, 
disjoint from h=(Z) and with k(H) modular. (This is possible since =, is 
completely regular and h®(Z) is closed.) Let H be the image of H in Ez 
under the map described in Theorem 7.1.7 so that H is a neighborhood 
of M and equals k(H) MZ. Proposition 7.1.9(b) shows that Z contains a 
relative identity e for k(H) as an ideal of A. Thus, e is a relative identity 
for 6 4) = k(H) OT as an ideal of Z. Therefore (b) holds in T. 

In order to establish condition (b) in A/Z, let M € Z4/z be arbitrary. 
Theo:em 7.1.7 shows M = M/T for some M € h(Z). Let V be a neighbor- 
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hood of M in =, with k(V) modular. Then k(V 1 A(Z)) is also modular 
since it includes k(V). Let V be the image of VN A(Z) in 4/7 under the 
map described in Theorem 7.1.7 so that V is a neighborhood of M and 
kK(V) is k(VNA(Z))/Z. Then k(V) is modular in A/T with relative identity 
e+T, where e is a relative identity for k(VNA(Z)) in A. Hence A/T satisfies 
condition (b} of the definition. oO 


7.2.4 Corollary An algebra A is completely regular if and only if A/ Ay 
ts completely regular. 


Proof The last proposition shows that A/Ay is completely regular if A 
is. Corollary 7.1.8 shows that [4 and =4/,4,, are homeomorphic under the 
map M > M/Ay,. Hence we need only check that condition (b) holds in A 
when A/Ay is completely regular. Let M € =, be arbitrary and let V be 
a neighborhood of M/Ay in =4/4, With k(V) modular. Let V be the cor- 
responding neighborhood of M in = so that k(V) equals k(V)/Am. Since 
A/k(V) is isomorphic to (A/Am)/(K(V)/Am) = (A/Am)/kK(V), k(V) is 
modular. Hence (b) holds in A/Awm. a 


The following result gives a converse to Proposition 7.1.6 in a special 
case. 


7.2.5 Proposition Let A be completely regular. An ideal I of A is 
modular 1f and only if h®(Z) is compact. 


Proof Proposition 7.1.6 shows that h=(Z) is compact if I is modular. As- 
sume that h=(Z) is compact. For each M € h=(Z), choose a neighborhood 
Vu of M with k(V,,) modular. Choose a finite subcover V;, V2,..., Vn- 
The second inclusion of (1) and (5) in Proposition 7.1.2 show k(V) D 
k(UjaiV;) = Nf. k(V;). Hence k(V) is modular, since €; 0 €20...0e, 
is a relative identity for k(V), where e, is a relative identity for k(V;), j = 
123523: . Oo 


We will now obtain the detailed structure of the subdirect product rep- 
resentation A © Hajca,(A/M) for a completely regular A. If.A is strongly 
semisimple as well as completely regular, this will give structural details for 
A. We begin by obtaining a partition of the identity for the relative identity 
of a modular ideal. 


7.2.6 Proposition Let A be a completely regular algebra. Let K be a 
compact subset of =, and let V\,V2,...,Vn be a finite open cover of K. 
Then there exist elements e, € k(=4\ V;) for j = 1,2,...,n such that 
€) +eg +--+ +, ts a relative identity for k( K). 


Proof For j = 1,2,...,n, let Z; be the ideal k(=4 \ V;) and let Z be 


T, +Iz +--+: +TZ,. Proposition 7.1.2 shows h(Z) = NP_,A(Z;) = Nai (Ea \ 
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Vj) ==.4\U%1Vj. Hence K and h(T) are disjoint. Since Proposition 7.2.5 
shcws that k(A) is modular, Proposition 7.1.9 gives a relative identity e € I 
cor k(K). Since T is the sum Z, + Zz +---+TZy,, the existence of e; € TZ; 
ses‘sfying e =e, + eg +-+: + ey is immediate. Oo 


7.2.7 Definition Let A be an algebra and let £ be a subset of A. An 
aiement f € Tnics,(A/M) is said to belong to L near an ideal M € Ey if 
there is some neighborhood V of M in =, and some a € CL satisfying 4 = f 
on V. Anelement f € Tiecz,(A/M) is said to belong to £ at infinity if 
there is some open subset V of 4 with 54 \ V compact and some a € £ 
satisfying @ = f on V. If f belongs to £ at each point of E, and at infinity, 
then f is said to belong to L locally. 


The following lemma shows that we can “paste together” elements of 
the algebra if their representations in the subdirect product agree on the 
overlapping parts of certain open sets. 


7.2.8 Lemma Let A be a completely regular algebra. Let L be a one-sided 
ideal of A. Let H be a closed subset of =,4 which is covered by open sets 
Vo, Vi,---;Vn such that Vi,...,V, have compact closures. If ag,@1,...,@n 
are elemenis of L satisfying 4; = @, on V; Vi for all j,k = 0,1,...,n, 
then there is an element a € CL satisfying 


@=4;0nV;NH Wj=0,1,...,n. 


Proof Let L be a left ideal. Proposition 7.2.6 gives elements e1,€2,...,€n € 
A satisfying e; € kK(E4\V;) (4e., €; vanishes off V;) for 7 = 1,2,...,n and 
such that e = )05_, e; isa relative identity for k(H\Vo). For each M € Ey, 
let j(M) be the set j(M) = {7 : M € V;}, so that €(M) = Doe 5.a4y €3(M) 
helds. Define a € L by a = (1 — e)an + €10) + €2@2 +--+ + Endy. For 
MEANY Vo, we get 

(1 — &(M))o(M) +) é,(M)a;(M) 

j=l 
[a= e(M)) + SD es(M)lax(M) = ae(M), 


J€i(M) 


a(M) 


and for M € (HO Vi) \ Vo we get 


a(M) = ((1— e)éo)(M) + > &(M)aj(M) = eax(M) = &(M).0 
JE7(M) 


7.2.9 Lemma Let A be a completely regular algebra and let CL be a one- 
sided ideal of A. If f € JT] (A/M) belongs to L near each point of a 
MEZA 
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compact set K C Sa, then there is some b € L satisfying b = f on an open 
neighborhood of K. 


Proof For each M € K, choose an open neighborhood Vy of M in =, 
and an element a € C satisfying @4, = f on Vay. Since Sy is locally 
compact, we may assume each V,, has compact closure. By compactness, 


we can choose a finite subcover V,, V2,...,V, with corresponding elements 
@;,@2,...,@, in £ satisfying 4; = f on V; for j = 1,2,...,n. Lemma 7.2.8 
gives the desired result. oO 


We can now obtain a useful description of which elements of the full 
direct product mez, (A/M) belong to the subdirect product A or to the 
image in A of a left ideal £L of A. 


7.2.10 Theorem Let A be a completely regular algebra and let £ be a (not 
necessarily proper) left ideal of A. The image L£ of L in the subdirect product 
representation A C IIncz,(A/M) is the set of f € Mmes,(A/M) which 
belong to L locally. If A is unital, A is the set of f € Tmes,(A/M) which 
belong to A near each point of = 4. 


Proof If f belongs to C locally, then it belongs to £ at infinity so there 
is some compact set K C =, and some a € C satisfying 4 = f on the 
complement of K. Furthermore, f belongs to £ near each point of =4 and 
a fortiori near each point of K so there is some b € C satisfying b = f 
on an open neighborhood of K. Apply Lemma 7.2.8. If A is unital, ee 
f € Tiace,(A/M) belongs to A at infinity. 


We can use the above description to obtain some remarkably detailed 
information about the structure of a completely regular algebra. We give 
an example. 


7.2.11 Proposition Let A be a completely regular algebra. For anyn € N 
let Ho, Hy,...,H, be disjoint closed subsets of =, with H,,H2,...,Hn 
compact and letap,ai,...,4n € A be arbitrary. Then there ts some a € A 
satisfying 

@=4; on Hj, forj =0,1,...,n 


Proof Define H to be the set US_)H; and B to be the algebra A/k(/H). 
Then B is completely regular and = =p may be identified with H = U% y-0 115. 
Regard each H; as a subset of = and define J € Tez, (B/M) by fm) = 
(a; + k(H)) +-M for M € H;,j = 0,1,2,...,n. Then f belongs locally to 
B, so Theorem 7.2.10 shows that some b = a + k(H) € B satisfies b = f on 
=s = H. Thus a € A has the desired property. QO 


Theorem 7.2.10 describes which elements f € IImes,(A/M) have the 
form } for some element 6 in a left ideal £. If the algebra is assumed to 
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be strongly semisimple as well as completely regular, so that the subdirect 
sum representation is faithful, we obtain information on which elements 
a € A belong to £. We will now apply this result to the case of an ideal, 
where it can be sharpened by the following lemma. 


7.2. 2 Lemma Let A be completely regular and let I be an ideal of A. For 
each a € A, & belongs to I near each point in h({a})° or in the complement 
of h(Z). 


Proof Since zero belongs to Z and @ = 6 holds on h({a})°, a belongs to Z 
near each point of h({a})°. If M belongs to =, \ h(Z), we can choose a 
neighborhood V of M with compact closure disjoint from A(Z). Proposition 
7.2.5 shows that k(V) is modular so Proposition 7.1.9 shows that J contains 
a relative identity e for k(V). Hence (ea) = @ holds on V. Since ea belongs 
to T, this shows that a belongs to Z near each point of & 4 \ h(Z). Oo 


7.2.:8 Corollary Let A be a strongly semisimple completely regular al- 
gebra, and let T be an ideal of A. 

(a) An element a € A belongs to Z if and only if a@ belongs to T near 
each point of h(Z) \ h({a})° and at infinity. 

(9) IfV C Sy is an open set containing h(Z) and possessing a compact 
com lement, then k(V) ts included in Z. 


Proo’ Theorem 7.2.10 and Lemma 7.2.12 establish (a). Conclusion we is 
an iramediate consequence. 


We now investigate the connection between the structure spaces of an 
algebra and the Gelfand space of its center. The next result is related to 
Proposition 7.1.11. For a commutative spectral algebra C, there is a close 
connection between its Gelfand space I'¢ and its strong structure space 
=c. The map which takes y € I¢ into its kernel is a bijection of '¢ onto 
Ec = IIc. However, we endow the Gelfand space with its Gelfand topology 
and the structure spaces with their hull-kernel topologies. Hence this map 
is a tomeomorphism if and only if C is completely regular. 


7.2.14 Proposition Let A be a spectral algebra with center Az. 

(a) Each primitive ideal in TL, \ h"™(Az) is modular with a relative 
identity in Az. 

(b) The map P++ PN Az sends I, \ h"(Az) into Ma, = Zaz. 

(«) If Az is completely regular, this map ts continuous and the images 
of t: ATL, \ AM(Az) and S4 \ h®(Az) are closed. 

(a) If (c) holds and A is ( semisimple / strongly semisimple ) then the 
imag: of (T4\ h"™(Az) / Ea \ AF(Az) ) is all of Ma, = Eu,. 


Proo,’ (a), (b): Theorem 4.2.11 shows that for each primitive ideal P of 
A the center of A/P is isomorphic to C when it is non-zero. However, 
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the map c + (PN Az) ++ c+ P is obviously an injective homomorphism 
of Az/(PM Az) into the center of A/P which has non-zero range when 
P belongs to [4 \ h"(Az). Thus, the preimage of 1 € C ~ (A/P)z 
contains an element e € Az which is a relative identity for P. Furthermore, 
the isomorphism Az/(P Az) ~ C shows that P Az belongs to Ey,. 
Theorem 4.1.9 shows £4, = I4,. 

(c), (d): At first, we assume that A is unital (so that h"(Az) is empty) 
and we work exclusively with II, \ A" (Az). 

If B is any closed set in I1.4, then Po € IL, belongs to the closure of its 
preimage in II, if and only if it satisfies Pp D N{P € Il4: PN Az € B}. 
But this is equivalent to Pp NM Az 2D NpesP, which implies Pp N Az € B 
since B is closed. Since the preimage in Il_4 of each closed set is closed, the 
map P ++ PM Az is continuous from II4 to II4,. Since Il, is compact 
and II,4, is Hausdorff, this shows that the image of II, is closed. Finally 
if A is semisimple, then Npen,(P Az) = (Npen,P) NAz = {0} implies 
that the image of II, is dense. Since this image is also closed, it is all of 
1la,. This establishes the proposition for 4 when A is unital. 

Suppose .A is nonunital. Then (A!)z is naturally isomorphic to (Az)?. 
Proposition 7.2.2 identifies T14: and [_4: with I14U {oo} and I1,4, U {oo}, 
respectively, under suitable topologies. Since P + PNMAz carries the point 
oo (= A in Il4:) onto oo (= Az in II,4:), the nonunital case follows from 
the unital case. The proof for the strong structure space is similar. a 


Note that the above theorem does not assert that the map P+ PN Az 
is injective on either M4 \ h"(Az) or S4 \ h(Az). This is not true in 
general, but the cases in which it is true are of sufficient interest to have 
been studied. The two parts of the following definition are due to Kaplansky 
{1949a] and Yosinao Misonou [1952], respectively. 


7.2.15 Definition An algebra JA is said to be ( central / weakly central ) 
if ( A"(Az) / h=(Az) ) is empty and the map P ++ P/N Az is injective 
on (Tl, / = ). A central algebra is obviously weakly central. An algebra 
which satisfies only h"(Az) = @ is called quasi-central. 


7.2.16 Theorem A central spectral algebra A satisfies Il4 = Sy. 


Proof Proposition 7.2.14(a) shows that each primitive ideal P of A is 
modular and hence is included in a maximal modular ideal M (Theorem 
2.4.6). This implies PM Az C MM Az. Proposition 7.2.14(b) shows that 
PO Az is maximal and hence equal to MM Az. Since P + PN Az is 
injective on II4, we conclude P = M. oO 


Finally we use Proposition 7.2.14 to show that certain weakly central 
spectra] algebras are completely regular. This result is due to Willcox 
[1956s]. 
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7.2..7 Theorem Let A be a weakly central spectral algebra with a com- 
siete: y regular center. Then A is completely regular and M1 MN Az 
‘2 = Aomeomorphism of =, onto a closed subset of S,4,. If A is either 
stror.gly semisimple or central and semisimple, then M ++ MN Az is a 
homeomorphism of =, onto Z,,. 


Proof Proposition 7.2.14(c) shows that M ++ MnAz is a continuous map 
of 24 onto a closed subset of =4,. Since A is weakly central, this map is 
a bijection onto its range, and since Az is completely regular, this range is 
Hausdorff. Hence =, is Hausdorff. 

Let Mo be an arbitrary point in =4. Use the complete regularity of 
Az +0 choose a neighborhood V of MyM Az in 2,4, such that k(V) is a 
modular ideal in Az with relative identity e. Let V be the preimage of V 
in By (te, V={M € B4: MN Az € V}). Proposition 7.2.14(a) shows 
that zach M € V has a relative identity e’ in Az. Since e + (MN Az) 
and e’ + (MN Az) both equal the identity element of Az/(MMAz), we 
conciude e—e’ € MN Az. Hence, e is a relative identity for each M in V. 
Thus, e is a relative identity for k(V). Therefore, V is a neighborhood of 
/“, ~rith modular kernel. This completes the proof that A is completely 
regular. 

Lat Mo be an arbitrary point in 5,4 and let K be a compact neigh- 
porhuod of Mg. Then the restriction of the map M ++ Mn Az to K 
is a.gontinuous bijection of a compact space onto a Hausdorff space and is 
therefore a homeomorphism. Thus, the map M ++ MnAz is a homeomor- 
phism of £4 onto its range. If A is strongly semisimple, Proposition 7.2.14 
sows that the range of this map is =,4,. If A is central, Theorem 7.2.16 
shovrs 1,4 = &4. Therefore, semisimplicity implies strong semisimplicity.O 


See also John Francis Rennison [1982], [1987], [1988], [1990] and Sin-ei 
‘Tekarasi [1981], [1983a], [1983b], [1986]. 


7.3. Primary Ideals and Spectral Synthesis 


Identifying the ideals of an algebra A is always one of the most basic and 
.most important tasks in understanding the structure of the algebra. The 
sceximal modular ideals and the primitive ideals are usually much easier to 
Sina than the general ideals. (In many Banach algebras the prime ideals are 
nc; easily found.) The ideals which are intersections of maximal modular 
idea!’ or of primitive ideals are therefore tractable. Another way to express 
ths property of an ideal is to say that it is the kernel of its hull, taken with 
respect to S24 or I1,4, respectively. Thus, one is led to ask which ideals 
in an algebra are of this type. When A is a spectral normed algebra, any 
intersection of maximal modular or of primitive ideals is closed so that one 
snows ask which closed ideals are the intersection of maximal modular or 
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of primitive ideals. This is often called the problem of spectral synthesis. 

In order to use the theory of completely regular algebras, we concen- 
trate on the question of which closed ideals are the intersection of maximal 
modular ideals. The following definitions are essentially due to Georgi 
Evgenyevié Silov [1947a] and Willcox [1956a]. 


7.3.1 Definition Let A be an ( algebra / spectral normed algebra ). Then 
A is called an ( N-algebra / topological N-algebra ) if each of its ( ideals / 
closed ideals ) with nonempty hull in =, is equal to the kernel of its hull. 
It is called ( Tauberian / topologically Tauberian ) if each of its ( ideals / 
closed ideals ) is included in some maximal modular ideal. 

An ideal which is included in exactly one maximal modular ideal is said 
to be primary. If a primary ideal P satisfies h?(P) = {M}, then P is 
said to be M-primary. We call Aa ( weak N-algebra / weak topological N- 
algebra ) if each of its ( primary ideals / closed primary ideals ) is maximal 
modular. 

Let A be an algebra and let H C =, bea hull. Let 7(H) be the sum 
of all ideals of the form k(V) where V is an open set in = 4 which includes 
H, and let 7(H,0o) be the sum of all ideals of the form k(V), where V is 
an open subset of =, including H with compact complement. If H = {M} 
is a singleton, we write J(H) = J(M) and J(H,co) = J(M, oo) and if 
H is empty, we write 7(@,00) = J(0o). 


Note that an ( algebra / spectral normed algebra ) is an ( N-algebra / 
topological N-algebra ) if and only if each ( homomorphic image / continu- 
ous homomorphic image ) of A is either Brown- McCoy radical or strongly 
semisimple. (The term N*-algebra used by Silov [1947a], Willcox [1956a], 
Rickart [1960] and others must be changed since an asterisk in the name 
of a class of algebras is now universally used to denote a class of algebras 
with involution.) 

Our definition of Tauberian algebras differs from that given by Will- 
cox [1956a] and Rickart [1960]. We will show that a strongly semisimple 
completely regular Banach algebra is topologically Tauberian in our ter- 
minology exactly when it is Tauberian in their terminology. For other 
algebras, our definition seems more useful. The terminvlogy arises from a 
close connection with the Tauberian theorems of harmonic analysis. Note 
that an ( algebra / spectral normed algebra ) is a ( Tauberian N-algebra 
/ topologically Tauberian topological N-algebra ) if and only if each of its 
( ideals / closed ideals ) is the kernel of its hull. This happens if and only if 
each of its ( homomorphic / continuous homomorphic ) images is strongly 
semisimple. 

Our definition of primary ideals is a considerable generalization of the 
classical] notion of primary ideals used in commutative algebra (c/., e.9., Os- 
car Zariski and Pierre Samuel [1958]). However, the primary ideals defined 
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here play approximately the same role in the present theory as the classical 
ones do in commutative algebra. Note that in a spectral normed algebra, 
the closure of any M-primary ideal is M-primary. A maximal modular 
ideai M is always M-primary. An M-primary ideal which is not equal to 
M is obviously not the kernel of its hull. Hence, any { N-algebra / topo- 
logical N-algebra ) is a { weak N-algebra / weak topological N-algebra ). 
If ar algebra is not a weak N-algebra, we may hope to write some ideals 
as an intersection of primary ideals even if they are not an intersection of 
max’ mal modular ideals. 

Corollary 7.2.13 suggested the definition of 7(H) and J(H,oo). If Vi 
and '/2 are two open sets in =, both including H, then V, M V2 is another 
such set. Hence, the equation k(V, 1 V2) = k(V;) + k(V2) shows that 7(H) 
can also be described as the union of all ideals of the form &(V) for V an 
open set including H. The same reasoning shows that .7(H, oo) is the union 
of al! ideals of the form k(V), where V is an open subset of 4 including 
H wth compact complement. Of course if A is unital, 7(H) and 7(H, co) 
coincide. 

Ir A is strongly semisimple and we consider it as identified with its 
subd'rect product representation in Ies,A/M or in Sz,(A), then the 
ideal 7(H) is the set of elements which vanish near H, and J(H, oo) is 
the set of elements which vanish both near H and at infinity. Thus for 
M€ Eu, A/7(M) can be identified with the algebra of germs of functions 
vanishing near M. This is of course a standard construction in sheaf theory 
(cf. Roger Godement [1958}). 


7.3.2. Proposition Let A be a strongly semtsimple completely regular 
alget~a. For any hull H C 54, J(H,0o) 1s minimal among ideals with 
hull Y. (That is, J(H, 00) satisfies h(7(H,co)) = H and is included 
in asy ideal I of A which satisfies h(Z) = H.) In particular, for each 
Me =,, J(M, 00) is minimal among all M-primary ideals. 


Proo, First we note that h(7(H,oo)) equals H. The inclusion H C 
h(.7(H, co)) is obvious. Suppose M € Ey, does not belong to H. Since 
=a is locally compact, we can choose an open neighborhood V of M in 
=, vith compact closure disjoint from H. Then U = =, \ V7 satisfies 
k(U} C J(H, 00). Hence, h(7(H, 00)) C Ak(U) C B4 \ V does not include 
M. Since M ¢ H was arbitrary, this shows H = h(J(H, 00)). 

li T is an ideal satisfying h(Z) = H, and V is an open set including 
H with compact complement, then Corollary 7.2.13(b) shows k(V) C = 
Hence we conclude 7(H, 00) C T. 


7.3.3 Corollary If A 1s a strongly semisimple completely regular spectral 
normed algebra, then J(H,0o)~ ts minimal among closed ideals with hull 
H. (That is, J(H,0o)~ is a closed ideal with hull H and is included in 
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any other closed ideal with hull H.) In particular, for each M € Ey, 
J(M,0o)~ is minimal among all closed M-primary ideals. 


Proof As noted above, the closure of an M-primary ideal in a — 
normed algebra is M-primary. 


7.3.4 Theorem Let A be a strongly semisimple completely regular ( al- 
gebra / spectral normed algebra ). 

(a) A is an ( N-algebra / topological N-algebra ) if and only if ( J(H, 00) / 
J(H,00)7~ ) equals k(H) for each nonempty hull H in =. 

(b) A is a ( weak / weak topological ) N-algebra if and only if ( 7(M, co) / 
J(M,0oc)~ ) equals M for each maximal modular ideal M of A. 

(c) A is ( Tauberian / topologically Tauberian ) if and only xf ( J(oo) / 
Toc) ) equals A. 


Proof These results are immediate consequences of ( Proposition 7.3.2 / 
Corollary 7.3.3 ) which shows that any ( ideal / closed ideal ) of A satisfies 
( J(h(Z), 00) C ZT C kh(Z) / T(h(Z),00)— CT C kh(Z) ) whether A(Z) is 
arbitrary nonempty (a), a singleton (b) or empty (c). oO 


Specializing to the case of a strongly semisimple completely regular 
Banach algebra A, we wish to find conditions on the faithful subdirect 
product representation A — A C IIjies,(A/M) related to the properties 
of Theorem 7.3.4. Note first that A is a normed subdirect product in the 
sense that 


Hall, = sup{||a(M)||: Me S4} 
= sup{|la+ M||:M €=,4} 
is finite and hence defines an algebra norm || - ||, on A (where, of course, 


\]a(M)|| = |la+M|| = inf{|]a+ || : 6 € M} is the quotient norm on A/M ). 
Clearly this norm satisfies 


lial, Sila] VaEed 


It is not usually complete; in fact, the inverse boundedness theorem shows 
that it is complete if and only if it is equivalent to || - |]. 

We say that A © IImes,(A/M) is closed under multiplication by 
C(E.) if for each f € C(S4) and a € A, there is a b € A satisfying 


b(M) = f(M)a(M) V MEEy. 
The element 6 is then denoted by fa. 


7.3.5 Theorem Let A be a strongly semisimple completely regular Ba- 
nach algebra. Let ||- ||, be equivalent to || - || and let A be closed under 
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multiplication by C(Z,4). Then A ts a topological N-algebra if it is a weak 
topological N-algebra. 


Proof The last theorem shows that we may assume J(M,co)> = M 
for oll M € Ey. Hence, we need only show 7(H,00)~ D> M(H) for all 
:o2Scapty hulls H in S4. Since 7(0o)~ includes 7(M,oo)” = M for 


each M € Sy, it includes k(H). Hence, for any 6 € k(H) and any e > 0, 
Sher is some open set Uy in [4 with compact complement and an element 
fo € .3(Up) satisfying ||b — col] < €. Let Ko be the compact set H \ Up. The 
equation 7(M,oo)~ = M shows that for each M in Ko there is an open 

neighborhood Uy, of M and an element ca, € k(U a4) satisfying ||b—cay|| < 
€. Since Kg is compact, it is covered by a finite family U),U2,...,Un of 
thes: neighborhoods Uyj,. For j = 1,2,...,n, let c; € k(U;) be an slemanit 
satisfying ||b — c;|| < €. Since 5,4 is locally compact and Up UU, U---UU,, 
is am open set including H with compact complement, there is an open set 
U;41 Which includes the complement of Uj UU, U---UU,, but has compact 
clogure disjoint from H. Since Uo, Ui,...,Un41 is a finite cover of 4, there 
exists a partition of unity fo, f,,.-., fn41 subordinate to this cover. (That 
is, for 7 = 0,1,2,...,2 + 1 there exists a function f; € C(E,) with range 
in [0,1] satisfying f;(M) = 0 for M ¢ U; and 7*5 f;(M) = 1 for all 
M € Ey. See Bourbaki [1966] [X.4.3 for a aproek) Define c € A by 


c= foco + fic: + +++ + fatn + fn4i6 


and U C4 by U ==, \U,,,. Since each c; belongs to k(U;) and each 
f; vanishes off U; for 7 = 1,2,...,n, the element c belongs to k(U). Since 
U is an open néighborbbed of H with compact complement, the element c 
belongs to 7(H, 00). For each M € Sy, we get 


1 1M) BMIE = WSO HMM) - 3 Hi 
j=0 
< 5 fy( MIG; (M) — b(M)|I 
7=0 
< SO Fi(M)lle; — bl] <e. 
j=0 
Hence le — b||, < € holds. Since || - ||, and || - || are equivalent and « > 0 
: wea erbitrary, we conclude that b belongs to .7(H,0o)~ as we wished to 
shew. Oo 


7.3.8 Theorem Let A be a strongly semisimple completely regular Banach 
algebra. Let || - ||, be equivalent to ||-|| and let A be closed under multiplica- 
tion ty C(E,). For eacha € A, let the function M ++ ||@(M)|| fromS4 to 
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R, be continuous at zero and vanish at infinity. Then every closed ideal T 
of A satisfies I = kh(Z), so that A is a topologically Tauberian topological 
N-algebra, 


Proof The previous two theorems show that it is enough to establish 
J(oo)> = A and J(M,oo)” D M for each M € Ey. We verify both 
simultaneously. Let Mo be ( a maximal modular ideal / all of A) and let 
a be an element of Mo. For any € > 0 there is an open set V with com- 
pact complement satisfying ||a(M)|| < € for each M € V and ( Mo € V 
/ no additional condition ). Let U be an open set satisfying J C V and 
{ Mo € U / no additional condition ). Urysohn’s lemma (cf. e.g. Rudin 
[1974]) shows that there is an f € C(=,4) with range in [0,1] satisfying 
{(M) =1 for M ¢ V and f(M) =0 for M € U. Define 6 to be fa. Then 
||a — bj|, is the supremum of the numbers 


, : _ fo if M¢éV 
aM) — (M)|| = { {M)lla(M)ll<e if MEV. 


The equivalence of || - ||, and the complete norm shows ( a € J(Mo,0)7 / 
a € J(co)” ). a 


The abstract commutative Banach algebra formulation of Ditkin’s the- 
orem in Silov [1947a] is generalized to the setting of semisimple completely 
regular weak topological Banach N-algebras by Willcox [1956a], Corol- 
lary 1.6.1. (In Definition 2.3 of this paper, change “J(r) C Z(Mpo)” to 
“I(x) NZ(Mo)”.) 

We now explore the theory of primary ideals in more detail beginning. 
with a beautiful result of Willcox [1956a]. 


7.3.7 Theorem Let A be a strongly semisimple completely regular algebra. 
Then each ideal I of A with nonempty hull is the intersection of the set 


{Z + J(M, oo): M € h(Z)} 
of primary ideals. 


Proof Proposition 7.3.2 shows that for each M € h(Z), the hull of J + 
J(M,0co) must be {M} so that this ideal is M-primary. Obviously, the 
intersection M{Z + J(M, oo) : M € A(Z)} includes Z. On the other hand, 
for each element a € Z + J(M,0v), it is clear that @ belongs to J near 
M and at infinity. Hence, each element of the intersection satisfies the 
criterion of Corollary 7.2.13(a) and thus belongs to Z. QO 


It does not appear to be known whether the analogous topological ver- 
sion of this theorem holds. We would want to show that if a spectral normed 
algebra or Banach algebra satisfies the hypotheses of the above theorem, 
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then each of its closed ideals I with nonempty hull satisfies 


I =A{(Z + h(M, co))~ : M € A(Z)}. 


The set of ideals which are intersected in this equation is obviously the set 
of clesed primary ideals which are minimal among closed primary ideals 
including TZ, so that this equation holds if ZJ can be written as the intersec- 
sion =f closed primary ideals. Unfortunately, no proof seems to be known 
to show that the above intersection is included in J = (N{Z + h(M, oo) : 
M € h(Z)})~. Some partial results are given in Willcox [1956a]. 

lf A is a strongly semisimple completely regular ( algebra / spectral 
normed algebra ), then A has another subdirect product representation be- 
sides the representation A C Thmcz,(A/M). For each M € Ey, ( Propo- 
sition 7.3.2 / Corollary 7.3.3 ) asserts that ( 7(M,0o) / 7(M,0oo)~ ) is 
an M-primary ideal. Hence the intersection of these primary ideals is the 
zeru ideal and for each M € By, ( A/7(M,00) / A/JT(M,00)7 ) is an 
( algebra / spectral normed algebra ) which is local in the sense that it has 
exactly one maximal modular ideal. For each a € A and M € Sy, define 
a(M) to be (a+ J(M, oo) / a+ J(M,0o)7) ) in this quotient algebra. 
Then the following result is immediate. 


7.3.8 Proposition Let A be a strongly semisimple completely regular 
( algebra / spectral normed algebra). Then the function a ++ @ defined 
above ts a faithful ( representation / continuous representation ) of A as a 
( subcirect product / normed subdirect product ) of local ( algebras / spectral 
norm :d algebras ). 


7.4 Strongly Harmonic Algebras 


Tlie hypothesis of strong semisimplicity (i.e., N4es,M = {0} ) seems 
unnecessarily strong for the above result since the conclusions may hold if 
(Omes,J7(M, co) / mex, 7(M, 00)~ ) is zero and each J(M, 0c) is a 
primary ideal. We will now introduce a class of algebras which are not all 
strongly semisimple, but have a very satisfactory subdirect product repre- 
senta.‘on in terms of primary direct factors. As a matter of fact, for these 
algebras this subdirect product representation can be replaced by a repre- 
sentation as an algebra of sections of a suitable sheaf over = 4 as base space 
in which the fibers are local algebras. 

This class of algebras was introduced by Kwangil Koh [1972]. His work is 
strongly influenced by a series of papers by Silviu Teleman [1969a], [1969b] 
and {°969c] which are presented in a connected way in Teleman’s survey 
[197*! These results are also related to the works by John Dauns and Karl 
Hein-!~h Hofmann [1966] and [1968]. 
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7.4.1 Definition An algebra A is said to be strongly harmonic if for each 
pair M,, Mg of distinct maximal modular ideals of A, there are ideals Z 
and T2 satisfying M,; ¢ A(Z;) for 7 = 1,2 and Z,Z2 = {0}. 


These algebras are closely related to completely regular algebras as 
shown in the next proposition. 


7.4.2 Proposition The strong structure space of a strongly harmonic al- 
gebra is Hausdorff. Hence, a unital strongly harmonic algebra ts completely 
regular. Conversely, a strongly semisimple algebra with a Hausdorff strong 
structure space is strongly harmonic. 


Proof Let M, and Mz2 be distinct elements of = 4 and let TZ, and Tz be the 
corresponding ideals guaranteed by Definition 7.4.1 satisfying Z,Z2 = {0} 
and M, ¢ A(Z,) for j = 1,2. Then A(Z,) U A(Z2) 2 A(Z;Z2) = Za shows 
that =, \ A(Z2) and =y \ A(Z)) are disjoint neighborhoods of Z; and Za, 
respectively. Hence, =, is Hausdorff, so if A is unital it is completely 
regular. 

Suppose A is strongly semisimple and its strong structure space is Haus- 
dorff. Then for any two distinct ideals M, and Mg in S44, choose disjoint 
open neighborhoods V; and V2 of M, and Mg, respectively. Then the 
ideals Z; and Z> of Definition 7.4.1 may be chosen as TZ, = k(=4 \ Vi) and 
I, = k(B \ V2) since these ideals satisfy M, ¢=4\Vi = h(Z1), Me ¢ 
Ea\Va = A(Z2) and TiT2 C TjNZ2 = k(B4\N)NK(E,4\Va) = k(B a) = {0}. 

oO 


For an algebra A which is strongly harmonic rather than strongly semi- 
simple and completely regular, it is not clear that 7(M, co) will be a pri- 
mary ideal when M is a maximal modular ideal of A. The next definition 
gives a suitable substitute for 7(M). 


7.4.3 Definition For each maximal modular ideal M in A, the M- 
component of the zero ideal is the ideal T(M) defined by 


I(M) = {a € A: aA'b = {0} for some b € A\ M}. 


Since a maximal modular ideal is prime, it is clear that J(M) is included 
in M. (To see this, note that a € I(M) implies AlaA!b = {0} C M for 
some } in A\ M. Since M is prime, this implies a € Ala C M.) We 
can describe I(M) in terms of the left and right annihilators introduced in 
Definition 1.2.1. 


T(M) = Uf{(A’b)z4 2b € A\ M} = {ae A: (aA')ps Z M}. 


Hence, if a belongs to Z(M) for some M € Ey, then U = 2,4 \h((aA!)ra) 
is a neighborhood of M in =, and a belongs to each M’ in U. 
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We will now show that Z(M) is well-behaved in certain strongly har- 
meric algebras including unital ones. A satisfactory theory depends on 
raeiing some hypothesis similar to assuming that the algebra is unital, 
since Z(M) is an analogue of 7(M) rather than 7(M, oo). 


7.4.4 Proposition The following two conditions are equivalent for an 
algebra A in which each primary ideal ts modular. 

(a) A is strongly harmonic. 

(b) For each M € Ey, I(M) ts the smallest M-primary ideal (i.e., 
I(M) satisfies h=(I(M)) = {M} and I(M) ts included in any P satisfying 
nECE) = {M)). 


Proof (a)=>(b): Suppose M is a maximal modular ideal of A and P is an 
/A-9-imary ideal. We first show that any a € Z(M) belongs to P. We have 
noted that (aA')ra is not included in M. If P + (aA!)ra were not equal 
to A, it would be included in some maximal modular ideal M’ 4 M by 
Theorem 2.4.6. Hence A = P+ (aA')pa holds so that the relative identity 
e for P can be written as e = p +5 for pe P and bE (aA')ra. Therefore, 
a = a(p + 6) — (ae — a) = ap + (ae — a) belongs to P as we wished to 
show This again shows Z(M) C M (i.e., M € A(Z(M)) ) and that any 
M-ozimary ideal of A includes Z(M). 

ext we show that no ideal M’ € Sy different from M_ belongs to 
h(Z(M)). Given such an M’, we have ideals J and T’ of A satisfying 
Ig MT’ ¢ M’ and T'T = {0}. Hence we may choose b € T\ M 
satisfying Z'A'b = {0}. This implies Z’ C J(M). Thus Z’ Z M’ implies 
I(M) ¢ M’ as we wished to show. 

(b)=>(a): Let My, and Mg be distinct ideals in = 4. By condition (b), 
we rnay choose a € I(Mz) \ M,. Hence, Z; = AlaA! Z My, and Z2 = 
(aA')Ra ¥ Mg satisfy Z,T, = {0}. Oo 


For a strongly harmonic algebra in which each primary ideal is modular, 
the a20ve proposition and Theorem 7.1.7 show that M/I(M) is the unique 
maximal modular ideal of A/T(M) and that if Z is any ideal of A properly 
included in Z(M), then A/T fails to have a unique maximal modular ideal. 


7.4.8 Proposition An algebra A satisfies Omeczs,2(M) = {0} if any of 
the fcilowing conditions hold: 

fe) A is unital; 

(b) Ata = {0} and A ts Tauberian; 

‘c) Ata = {0} and A is a topologically Tauberian spectral normed al- 


ners. 


Proof (a) If a is non-zero, then aA = aA! is non-zero so that (aA)ra is a 
Draper ideal. Theorem 2.4.6 shows that there is some maximal (necessarily 
mecuiar) ideal MM which includes (aA)z4. This implies a ¢ J(M). The 
conclusion follows. 


’ 
4 
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(b) and (c): If @ is non-zero, either hypothesis shows that there is a 
maximal modular ideal M which includes (aA')ra. Hence, a does not 
belong to Z(M). Since a was an arbitrary non-zero element, Mmes,2(M) 
is zero. i] 

We will now give the representation theory for a unital strongly har- 
monic algebra as the algebra of all continuous sections of a sheaf of algebras. 
The last result shows that the representation is faithful. 


7.4.6 Definition A sheaf of algebras is a triple (S,7, B) consisting of 
two topological spaces S and B, a continuous surjection 7: S — B, and, for 
each b € B, an algebra structure for 7—'(b), satisfying: 

(a) Each s € S has an open neighborhood U in S such that the restric- 
tion of 7 to U is a homeomorphism of U onto 1(U) which is an open set in 
B; and 

(b) For each 4 € C, the function s — A3 is continuous from S to S. The 
functions (s,t) > s +t and (s,¢) — st are continuous from {(s,t)€ SxS: 
x(s) = x(t)} C Sx S in its relativized product topology to S. 

For each subset V of B, a function f:V -»+ S is called a continuous 
section over V if it is continuous and wo f is the identity map on V. 
The algebra (under pointwise operations) of continuous sections over V is 
denoted by '(V,S). The algebra ['(B, S) is denoted by ['(S) and is called 
the algebra of global continuous sections of S. Finally the sheaf is said to be 
soft if each continuous section over a compact subset of B is the restriction 
of a global continuous section, and is said to be unital if each fiber is a 
unital algebra and the section which takes the value 1 at each point of the 
base space is continuous. 


For a more detailed general discussion of sheaves see Godement [1958]. 
Other more specialized papers are cited below. 


7.4.7 Proposition Let A be an algebra and let S(A) be the disjoint unton 
U{A/ZI(M) : M € By}. Let 1: S(A) > Sy be defined by x(a + I(M)) = 
M. For eacha€ A, let a:24 — S(A) be the global section of 1 defined by 
a(M) =a+2Z(M). Then {a(U) :a€ A;U open in Sy} is the base for a 
topology on S(A). Under this topology, (S(A),7,=,) is a sheaf of algebras 
and for each a € A, @:=4 — S(A) ts a continuous section. Moreover, 
f:24 — S(A) is a continuous section if and only if each point in =, has 
a neighborhood on which f agrees with some a. 


Proof First we show that the set described in the proposition is the base for 
a topology. If b+ Z(M) € S(A) is a point in a(U)Né(V) for some a, c € A 
and open subsets U,V of =, then a — b,c — 6 and hence a — c belong to 
I(M). By definition of Z(M), this implies ((a — c)A)r4 Z M. Let W be 
the open subset UNV N(E,4 \h(((a —c)A?)Ra)) of 54 which includes M. 
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Then b + Z(M) is contained in the basic open set a4(W) = ¢(W) which is 
inch ded in 4(U) NM ¢(V). Hence we have a base for a topology. 

Liearly for each a + I(M) € S(A) and each oe neighborhood of 
M in Za, @(V) is mapped by 7 bijectively onto V = 1(a(V)). However, 
{a(U) : U C V is open in =} is a base for the topology of 4(V) since 
&(W* n4(V) = @(WNV) holds. Thus 7 is also a homeomorphism when 
restricted to V so that (a) of Definition 7.4.6 is satisfied. Condition (b) 
of this definition is trivial in this case so that (S(A), 7,5) is a sheaf of 
algebras. From the definition of the topology, it is obvious that @ is a 
continuous section for each a € A. In order to prove the last sentence, let 
f:=,, — S(A) be an arbitrary section, and let Me € =, be arbitrary. Let 
a(V) be a basic open neighborhood of f(Mo). Then f(a@(V)) = {M € 
V : a(M) = f(M)} is an open set if and only if the condition is satisfied. 


The above proposition shows that any algebra A has a homomorphic 
image A which is a subalgebra of ['(S(A)). Clearly, the kernel of this 
representation is Naice,2(M) so that the representation is faithful if this 
intersection is zero and a fortiori if A is unital or strongly semisimple. 
However, this is just a reformulation of the subdirect product representation 
of A in Imez,A/Z(M) and suffers from all the weaknesses of such a 
representation unless it can be shown that A is actually all of [(S(A)). A 
numt er of hypotheses have been explored which force this equality. We 
ment:on the following papers: Alexander Grothendieck [1960], Dauns and 
Hoffmann [1966], [1968], Richard S. Pierce [1967], Teleman [1969a], [1969b], 
{197i'!, Koh [1971], [1972]. (Several of these papers speak of the base space 
as P,, but if P4 is Hausdorff in a unital algebra A, then P4 equals ©.) 
We now give the theorem from the last of the above references starting with 
a result which we would call a lemma except for its independent interest. 


7.4.8 Proposition Let A be a strongly harmonic algebra and let K C54 
be compact. 

(a) For any Mo ¢ K, there are ideals I, and Tz of A satisfying Mo ¢ 
h(Z,), K ial h(Z2) = ) and TZ, = {0}. 

(b) Furthermore, K equals the hull h(N{Z(M) : M € K}). 


Proof (a): For each M € K, choose ideals ZT and I)“ satisfying Mo ¢ 
MEY, M ¢ h(Z#) and IMIM = {0}. Since K is compact, it is covered 
by a sinite collection of ihe open sets =4 \ h(ZZ"). Let the corresponding 
pairs of ideals be (Z},Z2), (Z?,73),...,(Z?,Z}) and define Z, and TZ, by 
Ty = os ‘Tf? and I, = se. a. Then K is covered by UZ_, (Eu \ 
n(Zy =4\nn A(T) = S4\A(Z2) and Mo is not an element of h(Z1). 
Also | “the = {0} is obvious. 

(b}: The obvious inclusion NmexKZ(M) C OmexM = k(K) implies 
KC UOmext(M)). Suppose some Moy € h(NOmexT(M)) is not in K. 
Then, (a) gives ideals Z, and Z satisfying Mo ¢ h(Z,), K NA(Zz) = @ and 
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T,I2 = {0}. Hence any M € K satisfies Z, @ M which implies J, C Z(M). 
This gives JZ) C NmexI(M). Since we assumed Mo € MO mex T(M)) 
this leads to the contradiction Z; GC Mo. 


7.4.9 Theorem Let A be a unital strongly harmonic algebra. Then the 
sheaf (S(A),7,=,) i3 @ unital, soft sheaf of unital local algebras. Further- 
more, a ++ G is an isomorphism of A onto the algebra T'(S(.A)) of global 
continuous sections of this sheaf. Conversely if (S, 7, B) is any unital, soft 
sheaf of unital local algebras over a compact Hausdorff space B, then T'(S) 
is a unital strongly harmonic algebra and B is naturally homeomorphic to 


Proof Proposition 7.4.5 shows that a ++ @ is an isomorphism. Next we 
show that S(A) is a soft sheaf and that A includes (and hence equals) 
T'(S(A)) by showing that, for any compact subset Ko of 2,4 (Ko = Ey 
is possible since A is unital) and for any f € I'(Ko,S(A)), there is an 
a € A satisfying @{x, = f. Since =4 is Hausdorff (Proposition 7.4.2), Ko 
is closed so Up = Ey \ Ko is open. Since f is continuous, Proposition 
7.4.7 shows that for each M € Ko there is an open set Uy, in =, and 
an element aa, € A satisfying a4, = f on Ux, Ko. Relying on the 
compactness of Kp, choose a finite subcover U;,U2,...,U, of the cover 
{Un : M © Ko} and let a), a2,...,a, be the corresponding elements of 
A. Then =, equals U~_,U%. Define K, and Z, by Ky = Ea \ Up, and 
Ty = {Z(M): M € Ky} for k =0,1,...,n. Each Ky is compact since it 
is closed in = which is compact by Proposition 7.1.6. Proposition 7.4.8(b) 
now shows Ay, = A(Zx) for k = 0,1,...,n. But this gives @ = Mpg Kk = 
Np_oh(Ze) = h(Sp-o Ze), which implies A = 5°{_9Zx. Hence, there are 
elements e, € Z, satisfying 1 = S~~_ ex. For each M € KoN Ke, we 
have @(M)é(M) = 0 = f(M)é(M) and for each M € Ko NU,, we 
have G,(M)é,(M) = f(M)éx(M), so that we get a,é, = fe, on Ko for 
all k = 1,2,...,n. Define a € A by a = eg + oy_, Geez. Then for each 
M€ Ko, we find 


@(M) = &(M)+ >. ae(M)é(M) 


a 


= f(M)éo(M) + >> f(M)ée(M) 
k=1 
= f(M)(>> &)(M) = f(M) 
k=0 


since €9(M) is zero. Thus we have established that (S(A), 7,5) is a soft 
sheaf and (taking Ko = =,4) that A equals I'(.S(A)). 
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Let (S, 7, B) be a unital soft sheaf of unital local algebras over a compact 
exvsdorff space. The constant section 1 is an identity element for I'(S). 
7o7 23ch 6 € B, let M, be the unique maximal ideal of x~1!(b), Since the 
sheaf is soft, for any b € B the set M, = {f € T(S) : f(b) € Ms} isa 
proper subset of I'(S) which is obviously a (necessarily modular) ideal of 
T(S\. Since f ++ f(b) is a homomorphism of '(S') onto 77!(b) and M, is 
meximal in 2~1(b), My is maximal in ['(S). Furthermore, since the sheaf 
is soft, My, and My are distinct when 6 and 0’ are distinct elements of B. 
Hence, {My : 6 € B} is a subset of Ep(s). Next we show that this subset 
equals =r(s): 
if Z is any proper ideal of I'(S), we show that there is some b € B 
satisfying J C M,. Suppose not. Then for each b € B the ideal {f(d) : 
f €-T} of w~}(b) must be 2~1(b) itself. Hence for each 6 we can find 
fo € Z satisfying f,(b) = 1. For each 6 € B, there is an open neighborhood 
U, of 6 satisfying f,(d) = 1 for all d € Uy. Choose a finite subcover 
{U,, :k = 1,2,...,n} and apply Lemma 7.2.8 to this subcover and the 
corresponding family of functions {f,, : k = 1,2,...,n}. This gives the 
contradiction: 1 € I. We conclude that b+ My, gives a bijection of B onto 
=r(s)- 
ee we must show that the map b++ Mz, is a homeomorphism. Since 
both B and =r(s) are compact and Hausdorff, this will be true if the inverse 
of this map is continuous. Hence we show that if U is an open set in B, then 
{M, : 6 € U} is open in Epis). Let bp € U be arbitrary. Since the sheaf 
is soft and B is compact, we can find f € ['(S) satisfying f(bo) = 1 and 
f(b) = 0 for allb € B\U. Hence, Eps) \ {Ms :b€ U} = {M,:b€ B\U} 
is inctuded in A({f}). But then, Ma, € Erysy \ A({f}) C {My : 6 € US 
shows that the arbitrary point My, in the image (under b++ M,) of U is 
in tze interior of this image so that the image of U is open and b+ Ms is 
é herreomorphism. QD 


The representation described in the last theorem applies to a number of 
classes of Banach algebras which are important in analysis. However, since 
the fibers in a sheaf are necessarily discrete, this representation ignores 
ths topological structure of these algebras. This is at the very least un- 
eetnetic, and suggests the possibility of a deeper representation theory of 
topological algebras by continuous sections of some structure more general 
than a sheaf. Such a theory has been worked out in detail by Dauns and 
Hofmann [1968]. This beautiful theory is so technically complicated that 
we will not present even a survey of its results. However, we remark that 
this theory gives a detailed faithful representation theory for arbitrary C*-~ 
algebras and in this respect far transcends the theory described here. One 
reason for the wider applicability of this representation theory is the fact 
shes is is based on the refinement of the subdirect product representation of 
cy. elgebra A over IL, (rather than =) and hence is faithful for semisimple 
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rather than strongly semisimple algebras. (All C*-algebras are semisimple.) 


7.4.10 Example There are many examples of completely regular and 
strongly harmonic algebras. Theorem 3.2.10 shows that a completely reg- 
ular commutative Banach algebra (in the sense of Definition 3.2.9) is a 
completely regular algebra in the sense of Definition 7.2.1. Examples of 
commutative completely regular algebras include: (1) Co(Q) for any lo- 
cally compact Hausdorff space 2 (equivalently any commutative Banach 
algebra satisfying the hypotheses of Theorem 3.2.12, t.e., any commuta- 
tive C*-algebra); (2) for each n € N, the algebra C()((0, 1}) of n-times 
continuously differentiable functions on [0,1] with the norm 


Mi (k) 
w= So Moe ov seemo,u) 
k=0 : 


(3) the algebra CBV/((0, 1}) of continuous functions of bounded variation 
on {0,1] with norm 


Ifll=Ifll.o+lfllay Vv fe CBV((0,1)); 


and (4) the classical group algebra L1(G) for any locally compact abelian 
group. Moet of these commutative examples have suitable noncommutative. 
generalizations. 

Any algebra A with a discrete strong structure space =, is obviously 
completely regular since any M € =, has the neighborhood {M} which has 
M as its modular kernel. A fortiori, any algebra with a discrete structure 
space II, is completely regular. Theorem 8.4.5 shows that all modular 
annihilator algebras have discrete structure spaces and hence are completely 
regular. The next Chapter has many examples in Section 8.8, the diagram 
of Theorem 8.7.11 and Example 8.1.2. In particular, L}(A’) is completely 
regular when K is a compact group. 

John R. Liukkonen and Richard D. Mosak ({1974b], Corollary 2.5) and 
Eberhardt Kaniuth and Detlef Steiner ([1973], p. 324) independently and 
by different methods extend this last observation (and a result of Will- 
cox [1956b]) to show that L'(G) is completely regular for any group G in 
[FIA]~. A group is said to belong to [FIA}~ if it is locally compact and 
the closure of the group of inner automorphisms in the group of all home- 
omorphic automorphisms (with its natural topology) is compact. (The 
abbreviation stands for “finite inner automorphism” and the superscript 
bar indicates that “finite” should be changed to its topological equivalent 
“compact”.) Note that this is a common generalization of the result for 
compact and for abelian groups. Kaniuth and Ginter Schlichting ([1970] 
Satz 2) and Mosak [1972] showed that the Banach algebra L'(G) is also 
strongly semisimple for groups G in [FIA]~. Siegfried Grosser and Martin 
A. Moskowitz [1971b] obtained the same result for [MAP] groups. The class 
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[MAP] was introduced in §3.2.17. The abbreviation stands for “maximally 
alm; periodic” and a group G belongs to the class [MAP] if it is locally 
comp .ct and has enough finite-dimensional irreducible representations to 
separate points or, equivalently, if there is some continuous injective ho- 
momorphism of it into a compact group. For many related results see the 
preset author’s survey [1978]. 

In Volume I], we will show that a C*-algebra A has a Hausdorff structure 
space II, if and only if the function P + ||a + P| is continuous on 5, for 
each a € A. It then follows easily that A is completely regular. In addition, 
Yosinao Misonou [1952] shows that W*-algebras are weakly central. Fred 
B. Wright [1954] obtains the same result for AW*-algebras. Theorem 7.2.17 
then chows that these algebras are completely regular. 

Willcox [1956a] notes that the algebra of matrices over C%({0,1]) is 
comp. etely regular and that in this case 7(to)~ is the set of matrix functions 
satisfying f{;(to) = fi(to) = 0 for all i,j. The results cited in §1.10 shows 
that certain other tensor products are completely regular. 

Proposition 7.4.2 shows that strongly semisimple algebras with Haus- 
dorff structure spaces are strongly harmonic. A semisimple commutative 
algebra with Hausdorff Gelfand space is therefore strongly harmonic. This 
incluces all the commutative examples mentioned above. Similarly we con- 
clude that L(G) is strongly harmonic if G is an [FIA]~ group. 

I! Ais any AW*-algebra and M, and Mg are distinct ideals in =, then 
there are central idempotents e; ¢ M, for 7 = 1,2, satisfying e,e2 = 0. 
Hence AW*-algebras (and a fortiori W*-algebras) are strongly harmonic. 
These algebras are not strongly semisimple unless they are finite (in the 
sense defined below). 


7.4.11  Centroids, Double Centralizer Algebras and Extensions 
Proposition 7.2.14 shows that the structure space of a spectral algebra A 
and 0° its center Az may be identified if, for instance, A is strongly semi- 
simple and central and Az is completely regular. Theorem 7.2.17 explicitly 
states the analogous conclusion for strong structure spaces. Quite gener- 
ally there is a connection between the structure spaces of an algebra and 
its c¢ ter. However, the center of a nonunital algebra may well reduce to 
{0} «aking it useless. The center of A! is not a useful substitute in the 
presert context. For instance, if A is nonunital with a locally compact 
rlaus’ orff structure space, then A! may have a structure space which fails 
to Le dausdorff or even 7,. These considerations lead us to consider the 
centre'd which is very well behaved. 


De® ‘tion The centroid of an algebra A is the center of the double cen- 
traiizcr algebra D(A) of A. 


?- position 1.2.3 shows that the centroid of A can also be described as 
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the subalgebra of £(.A) consisting of maps T satisfying 


T(a)b = T(ab) = aT(b) VabeEA 


For a Banach algebra with trivial left and right annihilator ideals, Theorem 
1.2.4(b) shows that all the maps in the centroid are continuous. 

The idea of the centroid was independently introduced by Robert C. 
Busby [1968] and Jacques Dixmier [1968], both working in the context of 
C*-algebras. A systematic investigation was begun by Dauns and Hofmann 
{1968], III.6 and {1969]. Under various hypotheses, they determine the 
structure space of the centroid. This work has been continued by Dauns 
[1969], [1974] and closely related work is found in Busby [1967], (1971b]. In 
general, these references deal with various special cases of the problem of 
finding the structure space of an algebra .A in terms of the structure space 
of an ideal Z of A and the structure space of A/Z. The best results are 
obtained in the case of C*-algebras, and some of them will be discussed 
further in Volume II. 

Another result on C*-algebras is closely enough related to the present 
considerations to warrant discussion here. This is the Dauns—-Hofmann 
theorem which asserts that the centroid of a C*-algebra A can be identified 
with C(I1,), so that for each 7’ in the centroid there is an f € C(IT,) 
satisfying 

T(a)+P=f(P)lat+P VW PEelly; aca. 


This was first proved in Dauns and Hofmann [1968]. Other more transpar- 
ent proofs have been given in Dixmier [1968], Theorem 5, Gert K. Pedersen 
[1972] and George A. Elliott and Dorte Olesen [1974]. The last cited proof 
is also the easiest and establishes a Banach space generalization. 


8 


Algebras with Minimal Ideals 


Intrecuction 


<2 this chapter we investigate the role which minimal left ideals play in 
«hose elgebras which possess them. (Minimal here simply means minimal 
~ree. inclusion among all non-zero left ideals.) Significant results usually 
cecerd on assuming that the algebra is semiprime. However, the stronger 
assumption of semisimplicity, which is common in other areas of our theory, 
is comparatively seldom needed here. Furthermore, norms behave particu- 
tarly vvell on minimal ideals so that a number of results can be proved for 
normed algebras without assuming completeness. In particular, any norm 
‘sg spectral on many of the algebras considered in this chapter. 

We will naturally be concerned mainly with algebras which not only 
have some minimal left ideals, but “enough” minimal left ideals in some 
sense. Such algebras are quite special, but they have a correspondingly 
rich theory. Many classes of algebras with “enough” minimal left ideals 
have been defined, and towards the end of the section we will prove all the 
inclusions which hold between these various Classes. (These results are sum- 
marized in a diagram of implications in Theorem 8.8.11.) However, we will 
cor.32ctrate attention on the class of modular annihilator algebras which 
‘vas introduced by Bertram Yood [1958] and has been intensively studied 
by Yood [1964] and by Bruce A. Barnes [1964], [1966], [1968a], [1968b], and 
ji27le]. This class seems to give a particularly good compromise between 
axior:s strong enough to give a significant theory and axioms weak enough 
to be satisfied by most important examples. Furthermore, modular an- 
xthilssor algebras are defined purely algebraically while many of the other 
classes are defined in terms of mixed algebraic and topological criteria. This 
previces a particularly elegant and straightforward theory. 

'm a semiprime algebra A, every minimal left ideal has the form Ae for 
an icempotent e € A such that eAe is a division algebra. Conversely, Ae is 
s.r}. mal left ideal for any such idempotent. These idempotents are called 
minimal idempotents. If A is a normed or spectral algebra and e and f are 
minimal idempotents, then eAe and eAf are both one-dimensional (unless 
the latter is {0}). 

The sum of all minimal left ideals in a semiprime algebra A is the ideal 
(not just left ideal) generated by the set Ajg; of all minimal idempotents. 
his tdeal, which was introduced by Jean Dieudonné [1942], is called the 

wot 
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socle of A and is denoted by Af. It is also the sum of all minimal right 
ideals. In a semiprime algebra A, the socle and Jacobson radical satisfy 
ApA, = A;Ap = {0} and this makes the Jacobson radical tractable. 

If £ is a minimal left ideal of A, then the restriction of the left regular 
representation of A to act on £ is an (algebraically) irreducible represen- 
tation of A. Conversely, any irreducible restriction of the left regular rep- 
resentation has this form. These irreducible representations have pleasant 
properties which are described in Proposition 8.2.6 and in Theorem 8.3.6 for 
semiprime normed or spectral algebras. In particular, these representations 
are uniquely determined by their kernels. 

Any faithful irreducible representation T of an algebra A with a non- 
zero socle maps the socle onto the algebra of those finite-rank operators on 
the representation space which belong to T4. This allows a very concrete 
description of any such representation, which we give in Proposition 8.3.3 
and Theorems 8.3.4 and 8.3.6. 

Theorem 8.4.5 contains eight equivalent conditions on a semiprime al- 
gebra which we use to define modular annihilator algebras. The irreducible 
representations of these algebras are restrictions of the left regular represen- 
tation and hence are uniquely determined by their kernels. Furthermore if 
A is such an algebra, then the structure space II, of A is discrete, the hull 
of Ar is empty, every left ideal of A which is not a subset of A, includes a 
minimal left ideal, and Ay is the left and right annihilator of Ap. Theorem 
8.4.12 shows that all norms on modular annihilator algebras are spectral. 

Proposition 8.3.3 shows that ideals and semiprime quotients of modu- 
lar annihilator algebras are again of the same type. Furthermore, in any 
semiprime algebra A, any ideal of k(h(Af)) is a modular annihilator al- 
gebra. This allows the introduction in Theorem 8.5.5 of a very detailed 
Fredholm theory (due to Barnes [1968a]) for elements in k(h(A,)) for any 
semiprime algebra A. Since any modular annihilator algebra A satisfies 
A = k(h(Ap)), this Fredholm theory holds for all elements in these alge- 
bras. This in turn gives a purely spectral characterization of semisimple 
modular annihilator algebras among semisimple algebras as those for which 
no element has a non-zero limit point for its spectrum. This result of Barnes 
[1968b] is given in Theorem 8.6.4. 

Section 8.7 introduces many types of algebras which have been shown to 
have a large socle in some sense. These include dual, annihilator, left anni- 
hilator, completely continuous, left completely continuous, compact, mod- 
ular annihilator, and Duncan modular annihilator algebras. After defining 
all these terms, we establish their logical relationships. Theorem 8.8.11 
presents all these results in the form of a diagram of implications. Enough 
examples are included to show that no implication beyond those in the the- 
orem are possible between these concepts for semisimple Banach algebras. 
A number of results are proved for left annibilator and annihilator algebras. 
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Finally, we prove the automatic continuity result of Barnes {1967b] which 
asserts that any homomorphism of a Banach algebra onto a dense subalge- 
bra of a semisimple Duncan modular annihilator is necessarily continuous. 

Sirce minimal ideals play so important a role throughout this section it 
may be well to review the simplest and most concrete representative case 
before beginning to consider the more abstract results. Let 1 be a normed 
linear space and let B(%) be the normed algebra of all continuous linear 
operators on 4. For any z € X and w € X* the symbol z @w denotes the 
eieme:_t of B(A’) defined by 


TOwly)=wly)er Wye. 
For each fixed non-zero w € X* the set 
VX @w={r@w:rEX} 


is obviously a non-zero left ideal of B(4’) which contains no smaller non- 
zero left ideal of B(A’). Conversely, if £ is any minimal left ideal of B(4’), 
choose a non-zero T € £ and w’ € X* to satisfy w = T*(w’) # 0. Then 
for any z € X,x Q@w = (x @u’)T belongs to L, so that C includes (and 
therefore equals) 1 @w. Hence we have described the family of all minimal 
left ideals of B(%). 

If we normalize w to have norm one, then the map z +> z @w is a linear 
isometry of Y onto ¥ @w which is also an equivalence between the usual 
representation of B(4’) on *¥ and the representation of B(V’) on ¥ @w 
obtained by restricting the operators in the left regular representations of 
B(X) ‘o X @w C BX). If we choose z € ¥ to satisfy w(z) = 1, then 
we car write Y @w = B(X)E, where E is the one-dimensional projection 
z@w € B(X). Note that F satisfies EB(Y)E = {ETE : T € B(X)} = 
{z @u(Tz @w):T € B(X)} = {w(Tz)z @w: T € B(XY)} =CE. 

Similarly each minimal right ideal of B(1’) has the form z@X’* = {z@w : 
w € X*} for some fixed non-zero z € ¥. If z is normalized to have norm 
one, the map w +> z®w is an isometric linear isomorphism of 4’* onto z@4° 
which is an equivalence between the usual anti-representation of B(1’) on 
X* (4.2, TH T* € B(A*)) and the anti-representation of B(V) on z@ ¥* 
obtain2d by restricting the operators of the right regular anti-representation 
of B(X) to z@X* C B(¥). As before we can write z@A’* = EB(X), where 
E = zw is a one-dimensional projection obtained by choosing any w € 4’* 
satisfying w(z) = 1. 


8.1 Finite-Dimensional Algebras 
We begin this chapter by devoting a section to consideration of finite- 


dimensional algebras. A simple dimension argument shows that any non- 
zero left ideal in a finite dimensional algebra contains a minimal left ideal. 
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Starting from this observation, we could prove the next two theorems by ar- 
guments similar to those which we use in the rest of this chapter. However, 
we prefer to give simple proofs based on Theorem 4.2.13. 


Wedderburn Theorem 


Our first theorem is due to Elie Cartan [1898]. The theorem was gen- 
eralized to finite-dimensional algebras over arbitrary fields by Joseph H. 
Maclagan Wedderburn [1907] and to rings satisfying the ascending and de- 
scending chain conditions on left ideals by Emil Artin [1926]. Hence this 
theorem is often called the Artin-Wedderburn theorem. Charles Hopkins 
[1939] showed that only the descending chain condition on left ideals is 
needed for its proof. We could easily prove the theorem with this hypoth- 
esis, but we will not do so. (Of course the generalized form of the theorem 
without further hypotheses does not give full matrix rings over the com- 
plex numbers, but rather matrix rings over some division ring.) This brief 
review of history shows that the theorem deserves to be called the Cartan 
theorem, but, in part to avoid confusion with other theorems by Cartan, 
we will follow common usage and name it after Wedderburn. 

We mention first that every finite-dimensional algebra is a Banach alge- 
bra under some norm and that any two such norms are equivalent. In fact 
any two linear space norms on a finite-dimensional space are easily seen to 
be equivalent by a simple basis argument. The same argument shows that 
any linear operator on a finite-dimensional space is continuous with respect 
to any norm on the space. To see that any finite-dimensional algebra A can 
be made into a Banach algebra one can proceed as follows. Choose a basis 
for A!. This establishes a linear isomorphism between A! and C” for some 
n. Transfer the Euclidean linear space norm (or any other norm) from C” 
to A’. Now the extended left regular representation is an isomorphism of 
A into B(A). Hence the algebra norm of B(A') can be transferred to A. 
Since A is finite-dimensional it is complete in this norm. 


8.1.1 Wedderburn Theorem A finite-dimensional prime algebra is 
tsomorphic to a full matriz algebra and hence ts simple and unital. A finite- 
dimensional semiprime algebra is isomorphic to a direct sum of finitely 
many full matniz algebras and hence ts strongly semisimple and unital. 


Proof Let A be a finite-dimensional prime algebra. Finite dimensionality 
implies the existence of some minimal left ideal £. (Simply look for a left 
ideal of smallest dimension.) Let T: A — £(L) be the restriction of the left 
regular representation to £, i.e., 


Tab = ab Vac AbEL. 


Then T is irreducible since £ is minimal. The kernel of T satisfies ker(T)£ = 
{0}. Since A is a prime algebra (t.e., {0} is a prime ideal) and £ is non- 
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zero, this implies ker(T) = {0}. Hence T is both faithful and irreducible. 
By the remarks preceding this theorem A is a Banach algebra. Hence 
“neov2m 4.2.13 applies and shows that T is strictly dense. However, it is 
an immediate consequence of the definition of strict density that a strictly 
cere: -epresentation on the finite-dimensional linear space C must have 
all c” .2(£) as range. Hence T induces an isomorphism of A onto the full 
matrix algebra M,, where n is the dimension of £. Since M,, is simple and 
unite: Shis concludes the proof of the first assertion of the theorem. 

Now let A be a finite-dimensional semiprime algebra. The last para- 
graph shows that each prime ideal P of A is maximal modular since A/P 
is a 7-1] matrix algebra which is simple and unital. A dimension argument 
3207s jhat there is a finite set P,, P2,..., Pn of prime ideals in A satisfying 

™_,72: = {0}. We may assume that no proper subset has intersection {0}. 


j=0! 


For eazh a € A define 0(a) by 
O(a) = (a+ Pi,a+ Po,...,a+ Pp). 


Then € is an injective homomorphism of A into the algebraic direct sum 
®j-,4/P;. By what we have proved above, each quotient algebra A/P; 
is isomorphic to a full matrix algebra, Thus it only remains to show 
that & is surjective. This will follow if we show that for any k satisfy- 
ing 2 < k <n and any b € A/P, there is an a € A satisfying 6(a) = 
(C,0,...,0,6,0,...,0), where the non-zero entry is in the kth position. This 
is equivalent to showing 


A=(() Pj) +Px 


1<j<n 
jwk 


for any k satisfying 1 < k <n. However this is an immediate consequence 
of the fact that P, is a maximal ideal. Oo 


§.2.¢ Xxample We give a simple, completely explicit example of what 
this decomposition into full matrix algebras looks like in a concrete case. 
Indeed we have chosen the simplest example which is interesting—namely 
the sj::-dimensional algebraic group algebra of the symmetric group on three 
cbjecis. Since this algebra is not commutative it must contain a full matrix 
alge.>:s, of dimension strictly greater than one, and hence one knows a priori 
that ic ‘s the direct sum of M2 and two copies of C. Here are the details. 

De:.ote the symmetric group of all permutations of the numbers {1, 2, 3} 
by &.. As usual let (12) and (123) denote, respectively, the permutation 
inte>c.2nging 1 and 2 and the permutation which replace 1 by 2, 2 by 3, 
end 2 by 1. Using this notation, we denote the six group elements by: e 
= iéentity transformation, a = (12), 6 = (23), c = (13), d = (123) and 
jf = (..2). The group multiplication table follows. 
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Let A be the algebraic group algebra (Section 1.10) of X3 which in the case 
of a finite group such ae ¥3 is just the underlying algebra of the normed 
é!- or L'-group algebra. It is natural to identify each group element with 
the delta function concentrated at it. Then e is an identity for A. Consider 
the following elements of A: 


h=-(a+b+ct+d+ertf), k= i(-a-b-ctdtetf) 


oll 


ey eee ae 


These are orthogonal central idempotents with sum e = 1 so that A has 
the algebra direct sum decomposition 


A=hABkKADIA 


with hA and kA one-dimensional and 7A four-dimensional. If we define 
X0, x1: 23 ~+ C by 


xo(g) = 1 g€%3 
os +1 g = d,e orf 
xa(9) = { -l1 g=a,borce 


we see: 
gh=hg=xol(g)h, gk=kg=xilg)hk WgEXSs. 

This gives the multiplicative structure of the one-dimensional minimal ide- 
als hA = Ch and kA = Ck in A. In order to obtain the structure of the 
four-dimensional minimal ideal 7A we let ¢ be a complex cube root of 1 
(e.g., ¢ = (—1 + V3%)/2 and consider the two orthogonal noncentral pro- 
jections m = }(e+ (d+ ¢7f) and n = 3(e+¢?d+(f).) It is easy to check 
j =m-+n and that 7: 3A— Mp is an isomorphism when we define: 


sino(h G), xe (So). 
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ram) = ({ ) and ran) = (9 a 


Thus we have written A as a direct sum of minimal ideals isomorphic to 
C,C and M2. The restriction of the left regular representation of A to 
she ;wo dimensional subspace spanned by m and am yields the group (or 
algebra) representations 7:3 — Mo (or 7: A + Mo) given by: 


ne= (5 .) r(a)=($ i) n= (¢ 4 
won( 8) we(S2) o-G6 8) 


Similar explicit calculations have been carried out for many small finite 
groups. The difficulty increases rapidly with the size of the group. We will 
show later that a similar analysis is possible for compact groups. Again the 
details are complicated in all but the simplest cases. 


The following corollary is taken from Peter G. Dixon and George A. 
Willis [1993]. The second statement depends on Theorem 8.1.1. Theorem 
4.8.9 and Corollary 4.8.10 are closely related. 


8.1.3 Corollary Let A be a commutative Banach algebra. Then A is 
united if and only tf it satisfies A? = A and it also has a modular closed 
nilpctent ideal. 

In particular, a finite-dimensional commutative algebra A is unital if 
and only if it satisfies A? = A. 


Proof If A is unital, A? = A and we may choose the ideal {0}. Suppose, 
conversely, that Z is a modular closed ideal and n is a positive integer such 
that all b,5o,..-,5n € Z satisfy b)b2---b, = 0. Let e be a relative identity 
for J. Then any a@),d2,...,@, € A satisfy 


(1 — e)"a,a2---ay = (1 — e)ay(1 — e)ag--- (1 — e)an = 0. 


Hence the n-fold quasi-product power of e, which we denote by u, satisfies 
UA, 69°'' Gy = 442+: a, for any n-fold product a,a@2---a@, in A. However, 
by induction, A? = A implies that every element of A is a sum of n-fold 
products, so that u is an identity for A. 

If A is finite-dimensional, Theorem 8.1.1 shows that A/A, is unital, 
so Aj is modular. Any finite-dimensional algebra can be given a norm in 
wnica it is a Banach algebra. Furthermore A, is a closed nilpotent ideal, 
so that the last paragraph shows that A is unital if A? = A. QO 
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The next theorem is due to Chester Feldman [1951]. It is an improve- 
ment of another theorem due to Wedderburn [1907] which deals with finite- 
dimensional algebras. The theorem shows a case in which one can be sure 
that a nonsemisimple algebra can be suitably decomposed into its Jacobson 
radical and a subalgebra isomorphic to its semisimple quotient. After the 
theorem we will give an example, also due to Feldman, of a Banach algebra 
A in which there is no subalgebra B such that A is the linear space direct 
sum of Ap and B. We will also introduce some standard terminology and 
additional results. 


8.1.4 Feldman Theorem Let A be a Banach algebra such that A/ Aj is 
finite-dimensional. Let ®: A— A/Ay be the natural map. Then there is a 
closed subalgebra B C A satisfying: 

(a) B+ AJ =A. 

(b) BN Ay = {0}. 

(c) © induces a homeomorphic isomorphism of B onto A/ AJ. 


Proof The last theorem shows that A/A, is isomorphic to })>y_, M, 
Choose an isomorphism of }7;_, Mn, onto A/ Ay. Let {ak :1< i,j < ne} 
be the image in A/Aj of the matrix units in the kth matrix under the chosen 
isomorphism. Proposition 4.3.12(e) shows that we may choose orehogonel 
idempotents {eX : 1 < k < n;1 < i < nx} in A such that B(ek) = ak 
for all i and k. The identities akak ak, = af, and af,as,jak, = ak, show 
that for all: &,1,j satislying LS kis, S42. My and 17S ne 
we can choose bf, € ef, Ae}, and bf, € en Aes, satisfying #(b*,) = ak, and 

©(bt;) = a},. Then the equation 5 (bk, b,) = at ay = an shows that there 
is an element c¥ € As Ne}, Ae}, satisfying bf,b5, = ef, — ck. Proposition 
2.5.3 shows riat A, Nek, Aek, is a spectral subalgebra of A and Theorem 
4.3.6(b) shows that c} has a quasi-inverse, eiudi we will denote by ds, in 
A and hence in Ay Me}, Aef,. Define ef and ef, by ef = bk, (ef, _ dé) and 
bE. Then we have 


Gy, = 


eh; e}, = ees d*) = (ef, - c5)(ef, — d¥) 


— cj - ak + ckdk =ef,. 


Now we define ef, by ek, = efet;- Clearly these elements satisfy 
B(ef,) = af, and efem = dimbjpet, 


for all 1 < kim <n,1 < i,j < ny,1 < p,q < nm (where 6; is the Kro- 
necker delta and the second equation just reflects the definition of matrix 
units in the direct sum decomposition }>;_, Mn, )- Hence if we denote the 
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linear span of these elements by B, then ® induces an isomorphism of B 
onte A/A,. Since B is finite-dimensional, it is complete and hence closed 
in “ and the isomorphism from B onto A/Ajy induced by ® is a homeo- 
merpiism. Since 6 maps B onto A/A, we conclude, B+ Ay = A. Finally, 
s'rce B has the form eAe, where e = >-7_, Si, e& is idempotent, and 
since & is semisimple, Proposition 4.3.12(b) implies BM Ay = {0}. oO 


8.1:5  Feldman’s Example The following example is due to Feld- 
man [1951]. However some of the results given here were first obtained 
by William G. Bade and Philip C. Curtis, Jr. [1960a]. Consider the com- 
miutative algebra .A° of all finite sums 


a 


 Ajey + ur VA; HEC 


i 


j 
where {ej : 7 € N} is a family of mutually orthogonal idempotents and r 
is ex‘ element satisfying r? = re; = ejr = 0 for all j € N. Norm these 
elements by 


= Ajey + well = max{(S_|d51?)"/?, Iu — So Ay}. 
j=1 j=l 


3t ‘s straightforward to check that this is an algebra norm (submultiplica- 
tivizy is checked in the first reference above). Let A be the completion of 
A° ‘n this norm. It is easy to see that the Jacobson radical of A is the 
ons-cimensional space Cr. Furthermore, in the quotient norm we have 


n n 
So Ayes + ur + Aull = (So 1517)? 
j=) j=l 
soitnat the map 


Are lim SU Aj(e9+As) VAE P(N) 
j=1 


ig an isometric isomorphism of £2(N) with pointwise multiplication onto 
J. 3. Hence A/A, contains the element > 7~, j~'(e; +A) (convergence 
*g i. “ae quotient norm since by at j= /6) while A does not contain 
any s'ement of the form }75°, j~ ‘ey because this series diverges in A since 
Leas E100 

Tae above remarks imply that there is no closed subalgebra B of A 
_satisiving A = B® Aj (see Theorem 6.1(b) of our second reference for 
2, orcof). Hence Feldman’s Theorem (8.1.4, above) fails for this Banach 
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algebra. Since the radical of A is one dimensional and nilpotent this shows 
that no simple hypothesis on the radical itself will be strong enough to 
imply the conclusion of Theorem 8.1.4. 

We follow Theorem 8.6.1(c) of our second reference in constructing a 
ponclosed subalgebra B of A which satisfies A = B® Aj. The map of 
onto B which we are about to define is a discontinuous isomorphism. Since 
@(N) is a linear subspace of &(N) ~ A/A,s we may use a Hamel basis or 
Zorn’s lemma argument to construct a linear subspace of £2(N) satisfying 
@(N) = £'(N) ® Y. For  € é"(N) define y(A) by 


y(A) = > Axe; 


j=) 


which converges absolutely in the norm of A. For any \ € Y (which must 
satisfy )>7° , |A;| = 00) we define (A) as the limit of the Cauchy sequence 
P(A)n = Dj Ayey + (H-, Ayr in A. It is easy to show that the nat- 
ural map of A onto A/Aj; (or equivalently the Gelfand transform) maps 
v(é2(N)) onto &(N) (with suitable interpretation of A/A, or of ®,4, respec- 
tively). It remains to show that ¢ is a homomorphism and that p(é?(N)) is 
a subalgebra of A. Clearly the restriction of y to @1(N) is a homomorphism 
and ¢(é!(N)) is a subalgebra. If A, » are two elements of Y, then we have 


P(A) ne(4)n = (~ Aje; + 0: r; )r) ( Hye; + (>> 4)r) = So AsHies 
j=l j=) j=l j=l j=) 


and this sequence converges to (Ay) in y(é'(N)) since the pointwise prod- 

uct Ay belongs to £'(N) by the Cauchy-Schwarz inequality. Hence, the 

product of any two elements (A) and y(,2) in p(Y) equals g(Az) in p(é"(N)). 
Similarly, the product of an element ¢(A) in y(é'(N)) and an element ¢(1) 

in p(Y) equals y(Ap) in y(é!(N)). Therefore, y(é?(N)) is a subalgebra and 

¢ is a homomorphism. 

Since the above remarks show that B is not closed, ¢ must be dis- 
continuous. To see this explicitly, note that the idempotent element f, = 
(1,1,...,1,0,0,...) in &(N) with 1 in its first n entries satisfies || f, || = n'/? 
and ||~( fn)|| = 2. 

Another very important property of this example is the fact that A is a 
Banach algebra under two inequivalent norms. A second complete algebra 
norm is given by 

INke(A) + wr ill = HAlly + Lal 
where we have split each element of A according to the direct sum decom- 
position A = y(é?(N)) @ Ap. 

Using the same direct sum decomposition again, note that we can define 
a map 6: A — A by 


8(p(A) + ur) = pr. 
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This is a derivation since each term in the derivation equation 6(ab) = 
6(a)b + a6(b) is zero. Similarly 6 is also an endomorphism. However, in the 
origiz:al norm of A this map is discontinuous. In particular, for any n € N 
we have || vpn ej $nrl| = n'/? but (S25 167 +nr)l = 16(e(fa)+nr)|| = 
\|nr|] =n. 

Note that the algebra A has a dense socle in either of the two norms 
given here. Of course, the socle of any commutative algebra is defined. It 
is important to note that A is not semiprime since A¥ = A;A = {0} holds. 
However it is obvious from the definition that Cr and Ce, for any i € N are 
minimal (two-sided) ideals of A so that the socle contains any element of 
the form $75, Aye; + ur. By definition, this set of elements is dense in A 
in its original nonin and it is also obviously dense in the norm ||| - |||. 


We introduce some terminology and other examples related to this one. 


8.1.6 Definition Let A be a Banach algebra and let A, be its Jacobson 
radical. We say that A has an ( algebraic / topological ) Wedderburn 
splité'ng if there is a { subalgebra / closed subalgebra ) B satisfying 


A=Aj;+B and A;NB= {0}. 


Of course, in either case ®: A — A/A, induces a continuous algebra 
isomcrphism of B onto A/A, which is homeomorphic in the case of a topo- 
logical splitting by the open mapping theorem. In this terminology, Feld- 
man’s theorem (Theorem 8.1.4) assures a topological Wedderburn splitting 
and his example (Example 8.1.5) has an algebraic but no topological Wed- 
derburn splitting. 

The following elegant theorem of Curtis and Richard J. Loy [1989] im- 
proves a similar result of Gregory F. Bachelis and Sadahiro Saeki [1987]. 
The corollary indicates how this relates to the last example. 


8.1.7 Theorem Let A and B be commutative Banach algebras with 
A unital. Let p,y: A — B be two continuous homomorphisms satisfying 
yp(a) — p(a) € By for allac A. 

(a) For a € Ag, lim||a”||||a~"||/n = 0 implies y(a) = (a). 

(b) Fora € A, lim ||e"*|| ||e~"*||/n = 0 implies g(a) = (a). 

(c’ If A ts the closed linear span of elements satisfying (a) or (b), then 
y anc w are equal. 
Prooj Define ( e / f ) to be ( y(1) / #(1) ). Then e — ef and f — ef are 
idem;otents in Bj, so e = ef = f by Proposition 4.3.12. Hence we may 
replace B by eB and thus assume that B, y and wy are all unital. 

(aj: For any a € Ag, define b = y(a)~'(¥(a) — y(a)) so Ty b= 

y(a~')y(a). Then b € By satisfies lim ||(1 + 6)"|| = lim ||p(a-")¥(a")|| < 

‘ill {|| lim |la*|| ||a~"||/n = 0. Theorem 2.6.12(a) shows b = 0 aud hence 
g(a) = ¥(a). 
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(b): For any a € A, part (a) shows y(e*) = y(e*). Hence we get 
e?(a) = y(e*) = ¥(e*) = e¥(2)+" where r = ¥(a) — y(a). This implies 
0 =r(1+5>%,7r"'/n!) where the second factor is invertible since the 
series is in the Jacobson radical. We conclude r = 0. 

(c) Obvious. QO 


8.1.8 Corollary Let A be a non-semisimple unital commutative Banach 
algebra which ts the closed linear span of etther of the following two sets: 


{a € Ag: lim|ja”||||a~"||/n = 0} or {ae A: lim|le”°|] |le“"*||/n = 0.} 
Then A does not have a topological Wedderburn splitting. 


Proof If A had a topological Wedderburn splitting, we could choose y: A -+ 
A to be the identity map and w: A — A to be the composition of the natural 
map A -— A/Aj, and the inverse of the continuous (hence homeomorphic) 
isomorphism of B onto A/A,;. The theorem would imply Ay = {0}, con- 
trary to hypothesis. Oo 


8.1.9 Non-splitting and Sets of Non-synthesis The following inter- 
esting examples are due to the combined work of Bachelis and Saeki [1987], 
Bade (1989], Curtis and Loy [1989] and Curtis [1989], based on the above 
theorem or variations of it. Sets of non-synthesis were introduced in §3.6.16 
where the ideal 7(S), which is minimal among all closed ideals with hull 
S, is also described (cf. Definition 7.3.1). (Our notation is essentially dual 
to that used in some of these references.) 


Theorem Let G be a noncompact locally compact abelian group and let S 
be a compact set of non-synthesis in G. Then L'(G)/J(S) has no algebraic 
Wedderburn splitting. 


Theorem Let S be a closed set of non-synthesis in R. Then L'(G)/7(S) 
has no topological Wedderburn splitting. 


A number of hypotheses are also known which force the existence of alge- 
braic or topological Wedderburn splittings. The question of the uniqueness 
of the subalgebra or closed subalgebra B has also been discussed. See our 
chapter on cohomology in Volume II and Feldman [1951], Bade and Cur- 
tis [1960a], [1960b], Barry E. Johnson [1968a}, {1972b], Nikolai Valeryevich 
Yakovlev [1989] and the references above. 

Here are some references to the numerous papers giving criteria for a 
Banach algebra to be finite-dimensional: Kaplansky [1954], Dixon [1974], 
Abdullah H. Al-Moajil [1981], [1982], Leoni Dalla, S. Giotopoulos and Nelli 
Katseli [1989] 
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8.2 Minimal Ideals and the Socle 


2.2. 0tents and Ideals 


“> our discussion of algebras with minimal ideals certain idempotents 
-y’ -"ey an important role. For this reason we recall some simple identities 
wis. we have used before. For any idempotent e in any algebra A we have: 


Ae = {a€ A:a=ae} = {a€ A: a(l—e) = 0} (1) 
eA= {ace A:a=ea} = {ae A: (1—e)a=0} (2) 
eAe = {a € A:a=ea=ae} = {a€ A: (1—e)a=a(1—e)=0}. (3) 


Ali taree of these sets are spectral subalgebras and are closed if A is a 
sopological algebra. Furthermore, Proposition 4.3.12(b) shows that the 
last set satisfies (eAe)y = eAeM Ay. Recall also that two idempotents e 
ecc * are said to be orthogonal if they satisfy ef = fe = 0. 

r4any of our preliminary results will deal with one-sided ideals. We will 
some*.imes state these results, and even definitions, merely for left ideals. In 
st cases the result for right ideals follows immediately by considering the 
“te algebra. It is easy to see when this is the case. However, the reader 
showld bear in mind that a primitive ideal is not necessarily primitive in 
‘ire :cverse algebra. 


Minimal Ideals 


8.3.1 Definition Let A be an algebra. An idempotent e € A is called 
minisnal if eAe is a division algebra. The set of minimal idempotents in A is 
gencted by Ay. A left ideal of A is called minimal if it is minimal among 
s+4 52 of non-zero left ideals ordered by inclusion. If A is a topological 
algebra, a left ideal of A is called a minimal closed left ideal if it is closed 
goc i4 minimal among the set of non-zero closed left ideals of A. Minimal 
.ideas, minimal closed ideals, minimal right ideals and minimal closed right 
ideals are defined similarly. 


The term “minimal idempotent” as used in the above definition seems to 
‘yeve Deen introduced by Charles E. Rickart [1960] although closely related 
concepts have a long history. (The related idea of primitive idempotents 
HES occurs in Wedderburn {1907].) It is justified by the next proposition. 
“artial justification can also be given in terms of the order structure 
mpotents. If A is an algebra and e and f are idempotents in A, 
necvrite e < f if fe = e holds. This is equivalent to eA C fA. If A 
‘» an algebra of linear operators on a linear space 4, it is equivalent to 
ec & fX. (This is the reason we are using principal right ideals rather 
shes principal left ideals here. There is a different, but completely similar, 
partial order among idempotents based upon left ideals, and it enjoys the 
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same relationship to minimal idempotents that we are about to establish.) 
Now suppose f is a minimal idempotent and e is an idempotent satisfying 
e< f. Then we have efef = eef = ef and fef = ef. Hence ef = fef is 
an idempotent in the division algebra f Af so that either ef = f or ef =0 
holds. Therefore f is minimal in the ordering just introduced if it is minimal 
according to Definition 8.2.1. The converse is not true. For instance, for 
any compact connected topological space 2, 1 is an idempotent in the 
commutative semisimple algebra C(Q) which is minimal in this ordering 
but does not satisfy Definition 8.2.1 unless 2 is a singleton. 


8.2.2 Proposition Let L be a minimal left ideal of an algebra A. If L? is 
non-zero, then there is an idempotent e € A which satisfies L = Ae. Any 
such idempotent is minimal. Conversely, if A is semiprime and e € A is 
a minimal idempotent in A, then Ae ts a minimal left ideal. Analogous 
results hold for right ideals. 


Proof Let £ be a minimal left ideal satisfying C? # {0}. Then for some 
(necessarily non-zero) a € £, Ca is a non-zero subset of .A which is a left 
ideal included in £. The minimality of £ implies £ = La. This implies 
the existence of a (necessarily non-zero) element e € C satisfying ea = a. 
Similarly C(e — 1) is a left ideal included in £. Minimality implies either 
L(e-1) = L or L(e — 1) = {0}. However, the first equation is impossible 
since it would imply the existence of an element b € C satisfying b(e—1) = e 
which in turn implies the contradiction 0 = ba~ ba = bea—ba = b(e—1)a = 
ea =a. Hence L(e — 1) = {0} holds and this implies e(e — 1) = 0 so that 
e is idempotent. Moreover, the inclusions £ > Ae D {e} and minimality 
imply £ = Ae. 

Now suppose e is an idempotent satisfying £ = Ae. Then ee = e 
belongs to £ and the subalgebra eAe has e as an identity. Any element 
eae € eAe \ {0} satisfies £ D Aeae D {eeae}. Hence minimality implies 
£ = Aeae. Thus there is an element b € A satisfying beae = e and hence 
satisfying (ebe)(eae) = e. Thus each non-zero element of e4e has a right 
inverse. The proof of Corollary 2.2.3 shows that eAe is a division algebra. 
Hence e is a minimal idempotent. 

Finally, in order to establish the converse, we assume that A is semiprime 
and that e is a minimal idempotent. Let £ be a non-zero ideal included 
in Ae. Since £2 C AeL is not zero, e£ is not zero. Hence there is some 
element ae € £ satisfying eae # 0. Since eAe is a division algebra there is 
an element b € A satisfying ebeae = e. Hence e belongs to the left ideal £ 
so that £ equals Ae. Thus Ae is a minimal left ideal. QO 


8.2.3 Corollary Let A be a semiprime algebra. Every minimal left ideal 
of A has the form Ae for some minimal idempotent e. Conversely, if e 13 
a mtnimal idempotent, then Ae 1s a minimal left ideal. 
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If A ts also a topological algebra, then every minimal left ideal is closed, 
so that a left ideal of A is a minimal closed left ideal if and only if tt is a 
minimal left ideal. 


Consideration of the simple case of a full matrix algebra shows that the 
idempotent e of the Jast corollary is not usually uniquely defined. 


8.2.4 Proposition The following two conditions are equivalent for a pair 
e and f of idempotents in an algebra A. 

(a) ef=e and fe=f. 

(d) Ae = Af. 

“hese conditions establish an equivalence relation both on the set A; of 
all idempotents in A and on the set Ay, of all minimal idempotents in A. 

if Ais semiprime the map e ++ Ae establishes a bijective correspondence 
between the set of equivalence classes of minimal projections and the set of 
minimal left ideals of A. 


Precf Condition (b) is equivalent to assuming both e € Af and f € Ae. 
Thu: it is equivalent to (a) by equation (1) above. The conditions ob- 
viously define an equivalence relation on either set mentioned. The last 
proposition shows that the map mentioned establishes the stated bijective 
correspondence. Oo 


We now mention another useful equivalence relation on Ay with larger 
equivalence classes. Let A be a semiprime algebra and let e be a minimal 
ider: potent of A so that Ae is a minimal left ideal and eA is a minimal 
righ« ideal. Then it is obvious that the restriction of the left regular repre- 
sentation to Ae is an irreducible representation. This representation is 30 
usefil that we introduce the special notation L* for it. Thus we have 


L&(be)=abe Wa,bEA. (4) 


The right regular representation is an anti-representation of A. An anti- 
representation can be thought of as a representation of the reverse algebra 
A. Using this viewpoint, we carry over all the terminology concerning 
repr 2sentations to anti-representations. Then the restriction of the right 
reguiar representation to eA is an irreducible anti-representation. Again 
we give this anti-representation a special notation, R*. Hence we have 


Ré(eb) = eba Va,beA. (5) 


Now we introduce an equivalence relation on Ay; by considering when 
L* end L/ are equivalent for e, f € Avy. The notation Equiv(L*, Lf ) 
and some remarks about equivalences were introduced following Definition 
4.1... 


8.2.5 Proposition Let A be a semiprime algebra and let e and f be 
minimal idempotents of A. For each b € eAf, let Vj: Ae —- Af be defined 
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by Vi(ae) = aed for all ae € Ae. Then the map b +> V, establishes a 
linear bijection between eAf \ {0} and Equiv(L*,L’). The following are 


(a) L* ts equivalent to L!. 
(b) Re ts equivalent to Rf. 
(c) eAf is non-zero. 
(d) fAe is non-zero. 


Proof Clearly V, belongs to Equiv(L*,L/‘) for each non-zero b € eAf. 
Suppose V belongs to Equiv(L*, Lf). Let b = V(e). Then b € Af and 
eb = eV(e) = L{V(e) = V(L£d) = V(e) = imply 6 € eAf. Furthermore 
V(ae) = V(L’,e) = LL,V(e) = aeb for all a € A implies V = Vj. Hence 
b+-» V, is a linear bijection. This proves the equivalence of (a) and (c). The 
same argument in 4* proves the equivalence of (b) and (d). Since e and f 
play symmetrical roles in (a) and (b), (c) and (d) are equivalent. QO 


Properties (a) and (b) in the last proposition are easily seen to be equiv- 
alent when e and f are arbitrary idempotents in an arbitrary algebra. In 
this more general case they are each equivalent to the existence of elements 
c€ eAf and de f Ae satisfying cd = e and dc = f. However, in our more 
special setting the easier criteria (c) and (d) will be useful. Note that the 
conditions just mentioned for pairs of elements of A; define an equivalence 
relation on A; which generalizes the equivalence relation on Ay, defined 
by the conditions of the last proposition. 

The next proposition provides an alternative proof of the equivalence of 
the four conditions in the last proposition. 


8.2.6 Proposition Let A be a semiprime algebra and let e be a minimal 
idempotent of A. Then L* 13 an irreducible representation of A and any 
irreducible representation of A with the same kernel as L* is equivalent to 
L*. Furthermore, if A ts a prime algebra, then L* ts faithful so that A is 
in fact primitive. 


Proof Since Proposition 8.2.2 shows that Ae is a minimal left ideal, L* 
is irreducible. Suppose T is another irreducible representation of A with 
the same kernel as L*. Then T, is non-zero so we may choose a non-zero 
vector z in T,47. Define a map V: Ae > XT by V(ae) = Taez = Taz. 
Then we get T,V (be) = TaThez = Totez = V(abe) = VLE (be) for all b € A. 
Hence V(Ae) is a non-zero T-invariant subspace of 47. By irreducibility V 
is surjective. Similarly ker(V) is a left ideal of Ae which does not contain 
e so that V is injective. Hence V is an equivalence. 

If A is a prime algebra then ker(Z°)Ae = {0} and Ae # {0} imply that 
L* is faithful so A is primitive. oO 


The following definition is due to Dieudonné [1942]. 
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§.2.". Definition Let A be an algebra. The left socle of A is the sum 
of al! the minimal left ideals of A. The right socle of A is the sum of all 
cirt-sal right ideals of A. If the left and right socle of A coincide then 
thes common value is called the socle of A and is denoted by Ap. 


Here, as usual, we follow the common convention that the sum of an 
empty family of one-sided ideals or ideals of A is {0}. Curiously, this 
common convention is not followed by many authors in dealing with left 
scéies, right socles and socles. Hence they say that a socle exists if the 
“o® end right socles exist, are non-zero, and coincide. In the same case we 
wouid say that A has a non-zero socle. When we say that A has a socle we 
do not imply that the socle is non-zero. 

Obviously the left socle is a left ideal and the right socle is a right ideal. 
We will now prove that in fact they are both ideals. 


8.2.6 Proposition Let A be an algebra. The left socle and the right socle 
of “A are both ideals. If A is semiprime, these ideals coincide so A has a 
soos. In this case the socle equals the left ideal, the right ideal and the ideal 
gene, ated by the set of minimal idempotents of A, and therefore Ar M Ay 
eguois {O}. 


Pree; Let £ be a minimal left ideal and let a be an element of A. Then 
La is a left ideal. If R is a left ideal included in Ca, then {b € L: ba € R} 
is a left ideal included in £ and hence is {0} or £. Therefore La is either 
a minimal left ideal or zero. Hence the left socle @{£ : £ is a minimal left 
ideal} is closed under multiplication from the right. Thus it is an ideal. 
Similarly, or by considering the reverse algebra, the right socle is an ideal. 

Tf A is semiprime, Corollary 8.2.3 shows that the left socle is the left 
idea! generated by Az; and that the right socle is the right ideal generated 
by Aw. The result just proved shows that in fact both the left and the 
right socle are the ideal generated by Aj,;. Hence they agree, so A has a 
socle. 

Suppose a non-zero a belongs to Ag M Ay. Then since a belongs to 
ec Aum, Ae there is some e € Ay; satisfying ae # 0. By minimality 
Ae is included in Ap 9 Ay. This implies e € A; which is impossible es 
‘dnosition 4.3.12(a). Hence Ap M Ay is {O}. 


Tye first argument in the above proof is useful. It shows that if £ is a 
minimal left ideal of A and a is an element of A, then Ca is either {0} or a 
mintraal left ideal. See also Abdullah H. Al-Moajil [1979] and Nelli Katseli 
|1984j for a new characterization of the socle. 


Phe, .?resocle 


‘IV.ost of the theory in this chapter is developed for semiprime algebras 
anc. <ven semisimplicity is sometimes required in other treatments. In order 
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to extend some of the results to a wider context, M. R. F. Smyth [1976] 
introduced the concept of the presocle in an arbitrary algebra. 


8.2.9 Definition The presocle Apr of an algebra A is the preimage in 
A of the socle in the semisimple quotient A/A, of A, t.e., 


Apr = {a€ A: a+ Ay € (A/Ay)r}- 


8.2.10 Proposition In any algebra, the presocle ts an ideal which includes 
both the left and the right socle. 


Proof The presocle is obviously an ideal. Suppose CL is a minimal left ideal 
in A. If £? is {0} then it is included in the Jacobson radical. Otherwise, 
Proposition 8.2.2 shows that it has the form £ = Ae for some minimal 
idempotenet e. Since e+ Ay is a minimal idempotent in A/Aj,, LC is again 
included in the presocle. The argument for the right socle is similar. 


In asemiprime algebra, Ar +A, is a subset of the presocle. In fact, this 
sum is a direct sum by the last proposition. When are the two sets equal? 
Proposition 4.3.12(d) shows that the preimage of a minimal idemoptent in 
A/Ay can be chosen to be an idempotent in A. When is it minimal? For 
additional results we refer the reader to the paper already cited and Smyth 
[1982], Barnes, Murphy, Smyth and West [1982] and Pietro Aiena {1987}. 


8.3. Algebras of Operators with Minimal Ideals 


We will now investigate the socle of a strictly dense algebra of operators 
on a linear space. Note that such an algebra is primitive, hence semisimple, 
hence semiprime. Therefore the socle exists. We introduce some concepts 
and notation which will allow a rather concrete description of the socle in 
this case. 

8.3.1 Definition A pairing between two linear spaces V and W is a 
bilinear map (:,:) : V x W — C which satisfies 


((v,w)=OforallveV) => w=0 (1) 
( (v,w) =OforalweW) => v=0. 


If T is an operator in C(V), then an operator T? € £(W) is said to be an 
adjomt of T relative to (-.-) if it satisfies 


(Tv, w) = (v, Tw) VueVvViwe Ww. (2) 


The set of operators in £(V) with adjoints in £(W) relative to a pairing 
(,-7 is denoted by L, )(V). 
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A pairing between VY and W is called a normed pairing if V and W 
are normed linear spaces and the bilinear map is continuous. The set of 
oper2.ors in B(V) with adjoints in B(W) relative to a normed pairing (-, -) 
is denoted by B, )(V). 


It is easy to check that an adjoint is unique when it exists, and that 
L, )(V) and B; )(V) are subalgebras of £(V) and B(V), respectively. We will 
denote the adjoint of T € L;, )(V) by T*. Then the map T ++ T* is an anti- 
isomorphism of £, )(V) into £(W) and of B, )(V) into B(W). For any subset 
B © 2: )(V) we will use Bt to denote the subset Bt = {T* : T € B} € L(W). 
If V is a normed linear space and W is a Banach space, the closed graph 
theorem shows B, )(V) = B(V)NL, )(V). (A special case of this situation 
plays a prominent role in Volume II.) 

Next we will investigate the finite-rank operators in CL, )(V) and B; )(V). 
(The rank of an operator is the dimension of its range.) If V is a linear space 
or normed linear space, we will denote the set of finite-rank operators in 
L(V) and in B(V) by Cr(V) and Br(V), respectively. The results given 
here ere due to Nathan Jacobson [1947]. We need an elementary lemma. 


8.3.2 Lemma Let Y and W be linear spaces and let (-,-) be a patring 
for V and W. For any finite linearly independent set {v1,v2,...,Un} in V 
there exists a (necessarily linearly independent) set {w,,w2,...,Wn} in W 
satisfying 


(vj, W;) = 6; 1 < 4,j < nr. 


Proof Let X be the linear subspace of V spanned by {v1,U2,...,Un} and let 
y be the subspace of linear functionals on 4 induced by the pairing with 
elements of W. Since 4 is finite-dimensional, if Y is not the entire space 
1 of linear functionals on 4 there must be an element v € 7 satisfying 
w(v) = 0 for all w € Y. This is impossible since it would contradict the 
second implication in (1). Hence ¥ is just Vt and in particular there are 
elements of W implementing each of the linear functionals vu; ++ 6,;. B. 


Let (:,-) be a pairing between the linear spaces V and W. For any v € V 
and v) € W define maps v @ w: V + V and w @! v: W — W by 


v@w(z) = (z,w)v Vrev (3) 
we@tv(y) = (v,y)w Vyew. 


It is clear that v @ w belongs to L(V), w @* v belongs to £(W) and that 
w@®' + is the adjoint for y®w. Furthermore, these operators have rank one 
when they are non-zero. Hence any operator of the form 


Yo» @u; (4) 
j=1 
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belongs to £e(V) ML, )(V) and has the operator 


>> w; @ v; (5) 
j=1 


as its adjoint. If (-,-) is a normed pairing, the operator (4) belongs to 
Br(V) NB, )(V) since both (4) and (5) are clearly bounded operators. 
Next we will show that, conversely, any operator in Le(V)NL, )(V) (or 
in Br(V) MB; )(¥) if the pairing is normed) has the form (4). 
Suppose T is a finiterank operator in C,)(V). Then we may find a 
basis {v),v2,...,Un} for its range and we have 


Tz= J uj(zyy Vrev 


j=1 


where each w, is a linear functional on ¥V. Use Lemma 8.3.2 to find elements 
¥1,Y2,---, Yn in W satisfying (v,,y,) = 6;; for 1 < i,j <n. Then we have 


(Tz, yi) = S > uj (z)(v,, 4s) = w(x) 


j=) 


for 1 <i <n. Hence if we define w, € W by w, = Thy, for 1 <i <n we 
have T = )°'_, ¥; ® w, as desired. 

Hence we have established that £-(V)ML, )(W) or in the normed case 
Br(V) 2 B, )(¥) is the set of all operators of the form (4). We will now 
discuss the most important case in which such operators arise. We separate 
the nonnormed case and the normed case. Recall that strict density was 
introduced in Definition 4.2.12. 


8.3.3 Proposition Let B be a strictly dense algebra of operators on a 
linear space V and let B have at least one minimal left (or right) ideal. 
Then there ts a linear space W and a pairing (-,-) of V and W satisfying 
the following three conditions: 


B L, )(¥); (6) 
Be = Lr(V)NB=Le(V)NL,)(V) 


In 


n 
{So v; @u, : nEN;v, EV; w, € W for j =1,2,...,n} 
j3=1 


= NM{I:T is a non-zero ideal of B}; (7) 


B! 1s strictly dense on W. (8) 
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Frocf Since B is semiprime (it is even primitive), Corollary 8.2.3 shows 
the’ B has a minimal left ideal if and only if it has a minimal idempotent. 
‘7's sve will show that each minimal idempotent FE of B has rank one. If 
= hes rank greater than one then there are independent vectors v), v2 in 
=. Since B is strictly dense there is an operator T € B satisfying Tv, = 


°,~2g = vg. Hence ETE is non-zero so there is an operator S € EBE 
seiis ying SETE = E. However, this contradicts Ev, = v,;. Hence £ has 
rer’: one. 

3'nce each minimal projection of B has rank one, Proposition 8.2.8 shows 
Or = BBy1B C BNL FV). In order to establish the opposite inclusion and 
hens? prove the first equality of (7), we choose an arbitrary T € BN Lr(V). 


Censider the natural pairing 
(v,w)=w(v) Vvev;wervt 


between Y and Vt. The remarks preceding the statement of this proposition 
show that we may write 


n 
= Sou; @w;, 
j=1 


where v; € V,w; € V' and {,v2,...,Un} is linearly independent. The 
strict density of B shows that for any k = 1,2,...,n there is an operator 
T,-@ B satisfying T,vj; = 6,;0;. Then 


‘ BT,T = Biv, ® wz) = {v @ we: v € V} 


‘s cy-iously a minimal left ideal of B. Hence T = 57"_, T,.T belongs to Br 
siece T,T = 7,1,T belongs to BT;,T for each k = 1,2,...,n. Hence we 
heyve 2stablished 

Be = Cp(V) NB. 


Now Jefine W by 
W = {we V! : v@w € B for some non-zero v € V}. 


‘Nxthermore, for any T € B we have v@ wT = v@Ttw so that Tt maps 
YW into itself. 

“f/2 continue to use the pairing (v,w) = w(v) for any v € V and w € W. 
“Me 13 a bilinear mapping which satisfies the first implication in (1). To 
prove the second implication in (1), let v € V \ {0} be arbitrary. We must 
finc. w € W satisfying (v, w) 4 0. Let y € W \ {0} be arbitrary and choose 
cs © to satisfy (a, y) #4 0. The irreducibility of B guarantees a T € B 
satistying Tv = x. Choosing w to be w = Tty we have (v, w) = (v,Tty) = 
(7'y, 4) = (x,y) #0. Hence we have shown that (-,-) is a pairing of Y and 
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For any T € B the restriction of T? to W is the adjoint of T relative 
to this pairing. This proves (6) which implies Bp = Cr(V)N BC Lr(V)N 
L£, )(V). However we proved the penultimate equality of (7) before stating 
this proposition, and our remarks on the set W show that any operator of 
the form (4) belongs to £-(V)MB. This completes the proof of (7) except 
for the last equality which we will prove after establishing (8). 

In order to prove (8), let {w1,we,...,Wa} and {y,ye,.--,Yn} be ar- 
bitrary subsets of W with the first linearly independent. Lemma 8.3.2 
guarantees a set {7),73,...,2n} in V satisfying (z;,wx) = 5;x. Define 
T € B by T = S77, 2; @ yj. Then T'(wx) = 71 yj @* zj(we) = Ye 
holds. Therefore B} is strictly dense, proving (8). 

To establish the last equality of (7), it is enough to show that any non- 
zero ideal Z of B includes Br. In fact it is enough to show that Z contains 
some rank one operator vp ® wo since the irreducibility of B and Bt then 
implies that Z contains every rank one operator v ® w and hence includes 
Br. If T € Z is non-zero, choose x € Y satisfying Tx # 0 and w € W\ {0}. 
Then Tz®w = T(xr@w) is a rank one operator in B. Thus (7) is established. 
QO 


We now give a variant of the last proposition which takes into account 
possible norms on B. For Banach algebras it is due to Rickart [1950]. 


8.3.4 Theorem Let B be an irreducible spectral algebra of operators on 
a linear space Y and let B have at least one minimal left (or right) ideal. 
Then there is a norm on VY, a normed linear space W and a normed pairing 
{-,-) between V and W satisfying 


BC B, )(V); (9) 
Br = Br(V) 1B = Br(V) NB, {¥); (10) 
B is strictly dense on W. (11) 


If B is a Banach algebra under any norm ||-||, then V and W may be taken 
as Banach spaces and any operator T in B satisfies ||T*\|,, < \|T ||, < IIT Il, 
where || - ||,) denotes the operator norm on W and V. 


Proof Theorem 4.2.13 shows that B is strictly dense. Choose a spectral 
semi-norm o on B. Theorem 4.2.8 shows that the choice of any non-zero 
z € V gives rise to a norm on YV by the construction of Theorem 4.2.7. 
Furthermore, relative to this norm, each operator in B is bounded. We 
obtain the linear space W as in the proof of the last proposition except 
that this time the elements of W are all continuous linear functionals in 
y*. Give W the norm which is the restriction of the norm of ¥*. Then 
the pairing between Y and W is a normed pairing. For each T € B,T* will 
be the restriction to W of Tt. This proves (9). Hence (10) and (11) follow 
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directiy from the corresponding results in the last proposition. When B is a 
Banach algebra we use its complete norm in the above construction. Then 
Theorem 4.2.7 gives all the results stated here. Oo 


Next we introduce some topological considerations on the algebra. 


8.3.5 Proposition Let A be either a normed or a spectral algebra. Every 
minimal idempotent e of A satisfies eAe = Ce. If o is either an alge- 
bra norm or a spectral semi-norm for A, then there is a continuous linear 
functional w on (A,o) satisfying 


w(a)e = eae. (12) 


Proof Let o be a spectral semi-norm on A. Then o(e) is non-zero since 
no idempotent is quasi-invertible. Hence under either hypothesis on o, the 
restriction of o to ee is a nontrivial algebra norm. The Gelfand~Mazur 
theorem (Corollary 2.2.3) shows that eAe consists of complex multiples 
of its identity element, e. Define w:A —+ C by eae = w(a)e. Clearly 
w is @ linear functional. It is also continuous since it satisfies |w(a)| = 
o(e)~ o(w(a)e) = o(e)~'a(eae) < o(a)a(e). 0 

Waen A is a semiprime normed or spectral algebra and e is a minimal 


idempotent of A, then the irreducible representations L* and R¢ have some 
special properties which we wish to describe. 


8.3.6 Theorem Let A be a semiprime normed or spectral algebra. Let e 
be a minimal idempotent of A. Then L* and R° are strictly dense, and for 
any spectral semi-norm or algebra norm on A there exist norms on Ae and 
eA and a normed pairing (-,-) for Ae and eA satisfying: 


{a,b)e = ba Vae AesbeeA; (13) 
 e Bi y(Ae); (14) 
(Lt)! = Rt € BleA) VaceA; (15) 
Li, = Br(Ae)NB, (Ae); (16) 
L® and R* are contractive. (17) 


If A is a Banach algebra, then the norms on eA and Ae may be taken as 
the complete norms which are the restrictions of the complete norm of A. 

Finally, ife and f are two minimal idempotents then either eAf = {0} 
or eA; = Cc # {0}, where c is any non-zero element in eAf. In the latter 
case any equivalence between L° and L! is a complex multiple of V- and 
hence 's a topological equivalence. 


Proof Proposition 8.2.2 shows that Ae and eA are minimal left and right 
ideals, respectively, so that L° and R* are irreducible. Hence Theorem 
4.2.13 shows that L° and R* are strictly dense. Let o be a norm or a 
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spectral semi-norm on A which is the complete norm of A if A is a Banach 
algebra. Then o(e) is non-zero since e is not quasi-invertible and hence 
a(e) = o(e?) < o(e)* implies o(e) > 1. Furthermore, the set {b € Ae : 
a(b) = 0} is a left ideal of A which is a proper subset of the minimal ideal 
Ae and hence is zero. Thus the restriction of o to Ae is a norm. Similarly 
o induces a norm on eA. Obviously L* and R* are contractive relative to 
these norms. Using the notation of Proposition 8.3.5 we define the pairing 
between Ae and eA by 


(a,b) = w(ba) Vace Aesbe eA. 
Equation (13) is an immediate consequence. It in turn implies 
{a € Ae : (a,b) = 0 for 6 € eA} = {a € Ae: ba = 0 for b E eA}. 


The minimality of Ae implies that this last set is {0}. Similarly {b € eA: 
(a,b) = 0 for a € Ae} equals {0}. Hence (-,-) is a pairing. Equation (13) 
also gives |(a,b)| < o({a,b)e) = o(ba) < o(b)o(a) which implies that (-,-) 
is a normed pairing. 

Using (13) yet again, we get (L‘a, b)e = bca = (a, R£b) for any elements 
a € Ae,be eA andceé A. This establishes (15) and hence (14). Equation 
(16) is now a mere restatement of (10). 

Proposition 8.2.5 shows that the last paragraph of the present theorem 
will follow if eAf is at most one-dimensional. Suppose a, b € eAf are 
linearly independent. Since L* and A are strictly dense, there are elements 
c,d € A satisfying ca = b,cb = b,ad = b and bd = 0. This implies 
b = cb = cad = bd = 0 which contradicts the independence of a and b. This 
establishes the last result of the theorem. Q 


8.3.7 Proposition Let A be a normed algebra. 

(a) Ife is a minimal idempotent in A, then x(e) is a mtntmal idempotent 
in A** with respect to either Arens product. 

(b) If A and A** are also semiprime and A has a minimal ( left / right ) 
ideal, then A** also has a minimal { left / right ) ideal. 


Proof By Proposition 8.3.5 eAe is just Ce. Hence x(e)A**x(e) is just Cx(e) 
since x(eAe) is weak* dense in it by (15) of Theorem 1.4.2. 

Suppose A has a minimal left ideal. Corollary 8.2.3 shows that the 
minimal left ideal has the form Ae for some minimal idempotent e. Thus 
A’**e is a minimal ideal in A** by the last portion of Proposition 8.2.2. 0 


8.4 Modular Annihilator Algebras 


Up to the present point in this chapter we have either assumed directly 
that the algebras under consideration have minimal cne-sided ideals or mini- 
mal idempotents or assumed that they were finite-dimensional. Many large 
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and important classes of infinite-dimensional algebras have minimal one- 
sidec ideals. In most cases proof depends either on the spectral properties 
2) <.2-1pact operators or on Proposition 8.4.3 below. This proposition shows 
shai. if certain left annihilator ideals are non-zero they are minimal left ide- 
als.‘ Before stating this important proposition we need to summarize some 
4.47-cntary facts about annihilator ideals. 


8.4.1. Definition Let S be a subset of an algebra A. The left annihilator 
of S in A will be denoted by 


ALAS = {a € A: ab = 0 for bE S}. 


The right annthilator of S in A will be denoted by AgaS. If the algebra JA is 
clear:y understood, we simply write p45 and p48. For the left annihilator 
in «. of the right annihilator of S in A we write Apra& or praS. Similar 
notation has the analogous meaning. A ( left / right )} ideal of A which is 
ayo (left / right } annihilator of some subset of A is called a ( left / right ) 
anntilator ideal. 


8.4.2 Proposition Let S be a subset of an algebra A. Then 14S is a left 

idee, and paS is a right ideal. Similarly the left annihilator of a left ideal 

or tne right annihilator of a right ideal is an ideal. FurthermoreS CICA 
implies 

LAS Dial, RAS D2 Ral, (1) 

SC risS, SC rad. (2) 


From these results we get easily 


LRLAS = LAS, RLRAS = RAS. (3) 


An ‘seal I is a ( left / right ) annihilator ideal if and only if it satisfies 
{T= pra / T = peal ). If A is semiprime and T is an ideal, they 
gotig: yi 


aed ta 


Ay © 1alAr) = ralAr); (4) 
Ar © salAj) = ra(Ay); 
tal = pal and TN zaT = {0}. (5) 


Finally, if A is a topological algebra it is obvious that both taS and paS 
are. closed. 


Proof Most of these remarks are obvious. The results on semiprime algebras 
“olcv from the last remark in Proposition 8.2.8 and the obvious equations 
(Z1,Z)? = {0} and (r4ZZ)? = {0}. a) 


¥/> will often use these easy results without comment. The next two 
resuits are preparatory for Theorem 8.4.5 which plays a fundamental role 


‘ 
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throughout the rest of this chapter. The first is due to Yood (({1964], Lemma 
3.3, p. 38.) 


8.4.3 Proposition Let A be a semiprime algebra. The following condi- 
tions are equivalent for a maximal modular left ideal M of A. 

(a) raM # {0}. 

(b) There is a minimal tdempotent e of A satisfying: M = traM = 
A(1—e) and praM = eA. 

(c) Ar Z M. 
The corresponding results hold for right ideals. 


Proof (a) => (b): If RaM is a quasi-regular right ideal, then Theorem 4.3.6 
shows paM C Ay C M. However this implies (paM)? C MraM = {0} 
which contradicts the semiprime character of A. Lemma 4.3.5 gives a right 
quasi-singular element e € p4M. Then A(1—e) is a proper left ideal which 
includes M(1 — e) = M. The maximality of M implies ppaM = M = 
A(1 —e). Since e belongs to p4M, we conclude (1 — e)e € RAA = {O}. 
Hence e is an idempotent and thus g4M = ra(A(i — e)) = eA. In order 
to prove that e is a minimal idempotent, Proposition 8.2.2 shows that it 
is enough to establish the minimality of Ae. If £ is a non-zero left ideal 
included in Ae, the maximality of A(1—e) shows the existence of an element 
be € LC Ae satisfying be + a(1 — e) = e. Multiplying on the right by e we 
get e = be € £ and hence L = Ae. Therefore e is minimal. 

(b) = (c): Obviously e € Ar does not belong to M. 

(c) > (a): Corollary 8.2.3 shows that there is a minimal idempotent e 
satisfying Ae Z M and hence AeM M = {0} and Ae@®M=A. Let d 
be a right relative identity for M and let d = b @c be the corresponding 
direct sum decomposition for d so that b = be € Ae and ce M hold. Then 
we have a(b — 1) = a(d— 1) — ac € M. Hence ae(b— 1) € AeN M = {0} 
for all a € A, implies b? = b and Ab = Ae. So finally, A= Ae® M = 
Ab@® M = Ab@® A(i ~ b) and A(1— 6) C M imply M = A(1 — b) . 
naM = dA # {0}. 

The following result is due to Barnes ({1966], Proposition 3.1, p. 567.) 
8.4.4 Proposition Let A be a semiprime algebra and let e be a minimal 
idempotent of A. Then A(1 —e) and (1 — e)A are maximal modular left 
and right ideals of A, respectively. Moreover, the set 

P© = za(Ae) = ra(eA) 
A(l-—e): A= {aE A: AaC (1-e)A} 
is a primitive ideal in both A and A® which includes no other primitive 
ideal of A or AR. Every irreducible representation of A with kernel P& 


is equivalent to both L* and LA/AQ-©). Any prime tdeal which does not 
contain e includes 1 (Ae). 
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Proo; Obviously A(1— e) is a modular left ideal. Suppose C is a left ideal 
which properly includes A(1 — ¢). The Peirce decomposition, A = Ae ® 
A(1 -- e), implies that there is some b € CL satisfying b = ae + c(1 — e) with 
ae # 0. Since Ae is a minimal left ideal by Proposition 8.2.2, ae € £M Ae 
implies £ D> Ae and hence £ = A. Thus A(1 — e) is a maximal modular 
left ideal of A. The same argument applied to A” shows that (1 — e)A 
is a maximal modular right ideal of A. Theorem 4.1.8(a) now shows that 
A(1 — e) : A is primitive in A and {a € A: Aa C (1 — e)A} is primitive in 
AR, 

The equations 


ra(Ae) = A(L-—e):A and ra(eA)={ae A: AoC (1 - )A} 


are iramediate. Let P* denote the primitive ideal A(1 —e): A= ,a(Ae). 
If a belongs to pa(eA) then ea is zero so Ae(ra(eA)) = {0} C P® holds. 
Thec-em 4.1.8(b) shows that P* is prime so that either Ae € P®° or 
ra(e.i) S P* holds. It must be the latter since e € Ae does not belong to 
P*. The same argument in the reverse algebra shows P* = 1 4(Ae) C {a: 
Aa C (1 —e)A} = ra(eA). Hence all four sets are equal as asserted. 

Tre ideal P® = 14(Ae) is the kernel of L° and the ideal P° = A(1—e) : 
A is the kernel of LA/A(-) 50 that the last sentence of the proposition 
follows from Proposition 8.2.6. 

Suppose P is primitive and satisfies P C P* for some e € Ay. Then 
P*raP* = {0} C P implies P*? C P € P* or paP* C PC P* by Theorem 
4.1.8/5). HoweverraP* = rra(Ae) > Ae # {0} and the semiprime nature 
of A contradicts p4P° C Pe. If P is a prime ideal, then e ¢ P and 
La(Ae)Ae = {0} C P imply Pe = 1 a(Ae) C P. Bo 


The next theorem combines results of Yood ((1964], Theorem 3.4, p. 38) 
and Barnes [1966]. 


8.4.5 Theorem The following conditions are equivalent for a semiprime 
algebra A. 

(a) Each mazimal modular left ideal M satisfies paM # {0}. 

(t) Each mazimal modular right ideal M satisfies ,~M # {0}. 

(c) A/Ar is a radical algebra. 

(cd) Every primitive ideal of A has the form P* (defined in Proposition 
8.4.4) for some e € Aur. 

(e) Every irreducible representation of A is equivalent to L° for some 
e€ Ayr. 

(i) The hull of Ay is empty. 

(g) 4 ts discrete and A satisfies ra(Ar) = ra(Ar) = Ay. 

(hb) Il, 18 discrete and every left ideal which is not a subset of Ay 
includes a minimal left ideal. 
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spectral semi-norm on A which is the complete norm of A if A is a Banach 
algebra. Then o(e) is non-zero since e€ is not quasi-invertible and hence 
o(e) = o(e”) < o(e)? implies o(e) > 1. Furthermore, the set {b € Ae: 
a(b) = 0} is a left ideal of A which is a proper subset of the minimal ideal 
Ae and hence is zero. Thus the restriction of o to Ae is a norm. Similarly 
o induces a norm on eA. Obviously L° and R* are contractive relative to 
these norms. Using the notation of Proposition 8.3.5 we define the pairing 
between Ae and eA by 


(a,b) = w(ba) Vae AesbeeA. 
Equation (13) is an immediate consequence. It in turn implies 
{a € Ae: (a,b) = 0 for b€ eA} = {a € Ae: ba = 0 for bE eA}. 


The minimality of Ae implies that this last set is {0}. Similarly {b € eA: 
(a,b) = 0 for a € Ae} equals {0}. Hence (-,-) is a pairing. Equation (13) 
also gives |(a, b)| < o{{a,b)e) = o(ba) < o(b)o(a) which implies that (.,-) 
is a normed pairing. 

Using (13) yet again, we get (L‘a, b)e = bca = (a, REb) for any elements 
a € Ae,be€ eA and ceé A. This establishes (15) and hence (14). Equation 
(16) is now a mere restatement of (10). 

Proposition 8.2.5 shows that the last paragraph of the present theorem 
will follow if eAf is at most one-dimensional. Suppose a, b € eAf are 
linearly independent. Since L* and R¢ are strictly dense, there are elements 
c,d € A satisfying ca = b,cb = b,ad = b and bd = 0. This implies 
b = cb = cad = bd = 0 which contradicts the independence of a and b. This 
establishes the last result of the theorem. a] 


8.3.7 Proposition Let A be a normed algebra. 

(a) Ife is a minimal idempotent in A, then K(e) is a minimal idempotent 
in A** with respect to either Arens product. 

(b) If A and A** are also semiprime and A has a minimal ( left / right ) 
ideal, then A** also has a minimal ( left / right ) ideal. 


Proof By Proposition 8.3.5 eAe is just Ce. Hence x(e)A**x(e) is just Cx(e) 
since x(eAe) is weak* dense in it by (15) of Theorem 1.4.2. 

Suppose A has a minimal left ideal. Corollary 8.2.3 shows that the 
minimal left ideal has the form Ae for some minimal idempotent e. Thus 
A**e is @ minimal ideal in A** by the last portion of Proposition 8.2.2. O 


8.4 Modular Annihilator Algebras 


Up to the present point in this chapter we have either assumed directly 
that the algebras under consideration have minimal une-sided ideals or mini- 
mal idempotents or assumed that they were finite-dimensional. Many large 
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and important classes of infinite-dimensional algebras have minimal one- 
sidec ideals. In most cases proof depends either on the spectral properties 
>] <2/nanact operators or on Proposition 8.4.3 below. This proposition shows 
nai if certain left annihilator ideals are non-zero they are minimal left ide- 
als.‘ Before stating this important proposition we need to summarize some 
“.arcentary facts about annihilator ideals. 


8.4.1, Definition Let S be a subset of an algebra A. The left annihilator 
of € a A will be denoted by 


ALaS = {a€ A: ab=0 for bE S}. 


The right annihilator of S in A will be denoted by ApS. If the algebra A is 
ciear:y understood, we simply write ,4S and p48. For the left annihilator 
in “ of the right annihilator of S in A we write Azra& or traS. Similar 
notation has the analogous meaning. A ( left / right ) ideal of A which is 
se (left / right ) annihilator of some subset of A is called a ( left / right ) 
anniivlator ideal. 


8.4.2 Proposition Let S be a subset of an algebra A. Then aS is a left 

tcez, and Ra4S is a right ideal. Similarly the left annihilator of a left ideal 

or tne right annithilator of a right ideal is an ideal. FurthermoreS CICA 
implies 

LAS 2Lal, RaS > ral, (1) 

SCritaS, SC iraS. (2) 


“rorn these results we get easily 


LRLAS = LAS, RLRAS = RAS. (3) 


An ‘veal T is a ( left / right ) annthilator ideal if and only if it satisfies 
{T= pral / I = peal ). If A is semiprime and T is an ideal, they 


Ay © salAr) = ra(Ar); (4) 
: Ar © 1a(As) = ra(As); 
LAL =Rral and TN yzaT = {0}. (5) 


Finally, if A is a topological algebra it is obvious that both LaS and paS 
are. closed. 


Proof Most of these remarks are obvious. The results on semiprime algebras 
“cic from the last remark in Proposition 8.2.8 and the obvious equations 
(Z,4Z)? = {0} and (R4ZTZ)? = {0}. a) 


‘7/2 will often use these easy results without comment. The next two 
resuits are preparatory for Theorem 8.4.5 which plays a fundamental role 


‘ 


680 8: Algebras with Minimal Ideals 8.4.3 


throughout the rest of this chapter. The first is due to Yood ((1964], Lemma 
3.3, p. 38.) 


8.4.3 Proposition Let A be a semiprime algebra. The following condi- 
tions are equivalent for a maximal modular left ideal M of A. 

(a) raM # {0}. 

(b) There is a minimal idempotent e of A satisfying: M = traM = 
A(l —e) and paM = eA. 

(c) Ar Z M. 
The corresponding results hold for right ideals. 


Proof (a) => (b): If p4M is a quasi-regular right ideal, then Theorem 4.3.6 
shows raM © Ay C M. However this implies (paM)? C MraM = {0} 
which contradicts the semiprime character of A. Lemma 4.3.5 gives a right 
quasi-singular element e € g4M. Then A(1—e) is a proper left ideal which 
includes M(1 — e) = M. The maximality of M implies pp~zM = M = 
A(i — e). Since e belongs to r4M, we conclude (1 — e)e € raAA = {0}. 
Hence e is an idempotent and thus p4M = ra(A(1 — e)) = eA. In order 
to prove that e is a minimal idempotent, Proposition 8.2.2 shows that it 
is enough to establish the minimality of Ae. If L is a non-zero left ideal 
included in Ae, the maximality of A(1—e) shows the existence of an element 
be € LC Ae satisfying be + a(1 — e) = e. Multiplying on the right by e we 
get e = be € £ and hence £ = Ae. Therefore e is minimal. 

(b) = (c): Obviously e € Ar does not belong to M. 

(c) => (a): Corollary 8.2.3 shows that there is a minimal idempotent e 
satisfying Ae Z M and hence Ae M = {0} and Ae@®M = A. Let d 
be a right relative identity for M and let d = 6 @c be the corresponding 
direct sum decomposition for d so that b = be € Ae and c € M hold. Then 
we have a(b — 1) = a(d — 1) — ac € M. Hence ae(b— 1) € Ae M = {0} 
for all a € A, implies b? = b and Ab = Ae. So finally, A = Ae@ M = 
Ab ® M = Ab@ A(1 — b) and A(1 — 6) C M imply M = A(1 — }) so 
naM = dA ¢ {0}. 


The following result is due to Barnes (({1966], Proposition 3.1, p. 567.) 


8.4.4 Proposition Let A be a semiprime algebra and let e be a minimal 
idempotent of A. Then A(1 —e) and (1 —e)A are marimal modular left 
and right ideals of A, respectively. Moreover, the set 
Pe = a(Ae) = raleA) 
A(l1-—e): A= {aEA: AaC (1-e)A} 


is a primitive ideal in both A and A® which includes no other primitive 
ideal of A or A®. Every irreducible representation of A with kernel P* 
is equivalent to both L¢ and LA/AQ-*), Any prime tdeal which does not 
contain e includes 1 4(Ae). 
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Proo; Obviously A(1— e) is a modular left ideal. Suppose CL is a left ideal 
which properly includes A(1 —e). The Peirce decomposition, A = Ae @® 
A(1 -- e), implies that there is some b € C satisfying b = ae + c(1 — e) with 
ae #0. Since Ae is a minimal left ideal by Proposition 8.2.2, ae € £M Ae 
implies £ D> Ae and hence £ = A. Thus A(1 — e) is a maximal modular 
left ideal of A. The same argument applied to A? shows that (1 ~—e)A 
is a maximal modular right ideal of A. Theorem 4.1.8(a) now shows that 
A(1 — e) : A is primitive in A and {a € A: Aa C (1 — e) A} is primitive in 
AP. 
The equations 


ra(Ae) = A(1—e):A and pa(eA) = {ae A: Aa C (1 -e)A} 


are itamediate. Let P* denote the primitive ideal A(1 — e) : A = ,a(Ae). 
If a belongs to pa(eA) then ea is zero so Ae(pa(eA)) = {0} C P* holds. 
Thecvem 4.1.8(b) shows that P* is prime so that either Ae C P* or 
ra(e.i) C P* holds. It must be the latter since e € Ae does not belong to 
P*. The same argument in the reverse algebra shows P® = ,4(Ae) C {a: 
Aa © (1 — e)A} = ra(eA). Hence all four sets are equal as asserted. 

Tue ideal P* = 1 4(Ae) is the kernel of L* and the ideal P* = A(1—e) : 
A is the kernel of LA/AG~-e) so that the last sentence of the proposition 
follows from Proposition 8.2.6. 

Suppose P is primitive and satisfies P C P* for some e € Awy. Then 
P© raP* = {0} C P implies P* C P C Pe or na P* C PC P* by Theorem 
4.1.8(5). Howeverpa,P* = ria(Ae) 2 Ae # {0} and the semiprime nature 
of A contradicts paP* C P*. If P is a prime ideal, then e ¢ P ss 
La(Ae)Ae = {0} C P imply P* = ,4(Ae) C P. 


The next theorem combines results of Yood ({1964], Theorem 3.4, p. 38) 
and Barnes [1966]. 


8.4.5 Theorem The following conditions are equivalent for a semiprime 
algebra A. 

(a) Each mazimal modular left ideal M satisfies paM # {0}. 

(t) Each mazimal modular right ideal M satisfies 4M # {0}. 

(c) A/Ap ts a radical algebra. 

(2) Every primitive ideal of A has the form P® (defined in Proposition 
8.4.4) for some e € Amr. 

(e) Every irreducible representation of A is equivalent to L* for some 
e€ Aas. 

(i) The hull of Ay is empty. 

(g) Il, ts discrete and A satisfies ,a(Ar) = rA(Ar) = Ay. 

(hj Ia is discrete and every left ideal which is not a subset of Ay 
includes a minimal left ideal. 
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Proof (a)<+(c): The map M — M/ Arf is easily seen to send the set of 
maximal modular left ideal of A including Ag onto the set of maximal 
modular left ideals of A/Ar. Hence A/Ar has no maximal modular left 
ideals (i.e., it is a radical algebra) if and only if no maximal modular left 
ideal of A includes Ar. Proposition 8.4.3 shows that this is equivalent to 
(a). 
(b)<>(c): Since (c) holds in A if and only if it holds in A®, and since (b) 
holds in J if and only if (a) holds in A®, these two conditions are equivalent 
by what we just proved. 

{c)<>(f): Theorem 4.1.6(b) shows that A/Apr has an irreducible rep- 
resentation if and only if there is an irreducible representation of A with 
kernel containing Ar. Hence A/ Arf is radical if and only if h(Ar) is empty. 

(d)=>(f): This result, waich is not needed to close the circuit of impli- 
cations, follows easily from e ¢ P*. 

(f)=>(d): Let P be a primitive ideal of A. Proposition 8.2.8 shows there 
is some e € Ay, satisfying e ¢ P, and hence e ¢ eP C P. Thus the 
inclusion eP C eA and the minimality of eA imply eP = {0}. Hence P is 
included in p4eA = P*. We conclude that P = P® since P* is minimal 
among primitive ideals by Proposition 8.4.4. 

(d)<>(e): Proposition 8.4.4 shows this. 

(d)=(g): Proposition 8.4.4 and (d) imply 


Aj = Meanie” = Mee Ant ra(Ae) = rA(Ar). 


In order to show that II, is discrete we will show that the complement A. 
of each singleton subset {P°} of Ty is closed. Any Pf in A, is a prime 
ideal and hence satisfies either P®¢ C P/ or p4P® C PS. Since Pf isa 
minimal primitive ideal by Proposition 8.4.4 we have pra(eA) = taP® C 
P!. Since this holds for all P/ € A. we have ,ra(eA) C k(A.). However 
€ € pra(eA) implies P® ¢ h(zr4eA). We conclude P* ¢ hk(A_.) as we 
wished to show. 

(g) = (h): Let £ be a left ideal which is not included in Ay = paAr = 
“1 RraAe : e € Ams}, where the last equality follows from Proposition 8.2.8. 
Let e € Ay, satisfy C Z paAe so that there is some 6 € L with Aeb # {0}. 
The remark following Proposition 8.2.8 shows that Aeb is a minimal left 
ideal included in C. 

(h) = (f): Let P bea primitive ideal and let Z be the kernel k(I14\{P}) 
so that A, = INP holds. Since Il, is discrete we conclude J Z P and 
hence J Z A,. Hence there is a minimal left ideal £ included in J. However 
L is not included in. Ay = INP since C contains a non-zero idempotent by 
Proposition 8.2.2 and A, contains none by Proposition 4.3.12. Hence £ is 
not included in P and thus P is not in the hull of Ag. Since P € II_4 was 
arbitrary, h{Ap) is empty. Oo 
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3.4.2 Definition A modular annthilator algebra is a semiprime algebra 
satisfying the equivalent conditions of Theorem 8.4.5. 


Yood ([1958], p. 376) defined modular annihilator algebras and their 
sheory has been considerably advanced by Yood [1964] and by several pa- 
23c of Barnes, particularly [1964], [1966], [1968a], [1968b], and [1971al]. 
Se-7.96 does not require in his definition that modular annihilator algebras 
De scraiprime, although Yood did in [1964]. Most results require that the 

_alge>va be semiprime. John Duncan [1967] used the term modular annihila- 
tor algebra for a much weaker concept introduced in Definition 8.6.1 below. 
The idea of modular annihilator algebras evolved from the much more re- 
strictive idea of annihilator algebras introduced by Alfred W. Goldie [1954] 
and in Definition 8.7.1 below. We will develop the theory of modular anni- 
hiletor algebras very fully here. 

Theorem 8.4.5 gives a great deal of information on modular annihilator 
elge’s as. If A is a modular annihilator algebra then II, is discrete, h(Ar) 
is empty, A/Apf is a radical algebra, the Jacobson radical satisfies Ay = 
La(Ax) = ra(Ap), every irreducible representation is equivalent to L° for 
some 2 € Ay, and every left ideal which is not a subset of A, includes a 
minimal left ideal. Furthermore, we note that A satisfies 


LA(Ar @ Ay) = ra(Ar © A,) = {0} (6) 


so that Ar ® Ay is “most” of A in a certain sense. To see this, note that 
‘x geniprime character of A gives Ap N Ay = Ap ON taAr = {0}, and 
raldis ® Aj) = ta(Ar ® Ag) = ra(Ar)O1aA(As) = AsO 1a(Az) = {0}. 
For osier algebras with discrete structure spaces see the references above. 

».c+e that any semiprime Jacobson radical algebra is a modular annihi- 
iatoz <igebra by default since it has no maximal modular left ideals at all. 
This limits the theory somewhat. Characterizations of algebras with A/Ay 
rae-'t'ar annihilator are given in Theorem 8.6.4. In particular, one of these 
cnaracterizations is purely in terms of the spectrum of each element. We 
now stete a result which gives a reasonably concrete representation of I14. 


8.4.4 Proposition Let A be a modular annthilator algebra. For each ir- 
reducible representation T of A, let [T] be the equivalence class of T relative 
to equivalence of representations, and let A be the set of these equivalence 
classes. Let ~ be the equivalence relation on Ay defined by 


Vt = (24) @ [R) = (R!] @ ef ¢ {0} @ fae x {0}. (7) 
‘Ten le maps 


fe] > PP; [el + [L°]; (L°] + ker(L°) = P* (8) 


estadiisn (compatible) bijections of (Am1/ ~) onto T,; of (Am1/ ~) onto 
4. end of A onto Ty. 


684 8: Algebras with Minimal Ideais 8.4.8 


Proof Proposition 8.2.5 establishes (7). Theorem 8.4.5 and Proposition 
8.2.6 give the other results. Bo 


The next result shows that if Z is an ideal in a semiprime algebra A 
then Ay, is the disjoint union of Iy; = Am; MZ and Ams N Lal = 
Ami rat. If e and f belong to Ay, and satisfy e ~ f (so that eAf and 
fAe are non-zero), it is clear that ¢ and f either both belong to Zy or 
both belong to Ay: taZ. Proposition 8.4.9 shows that if Z is an ideal 
in a modular annihilator algebra then Z and A/Z are modular annihilator 
algebras, provided that Z is semiprime in the second case. Furthermore, it 
is easy to see that e, f € Inq; satisfy e ~ f relative to Z if and only if they 
satisfy the same relation relative to A. Similarly e, f in Ay; O aT satisfy 
e~ f in A if and only if they satisfy e+ Z ~ f +Z in A/Z. Hence, when 
T is a semiprime ideal in a modular annihilator algebra, the construction 
of the last proposition gives bijections among A(Z), M471, (Am1OLaZ/ ~), 
ha es ~) and among (Tl, \ h(Z)), lz, and (Amr NZ/ ~) and 
Talay: 


8.4.8 Proposition An ideal Z of semiprime algebra A satisfies: 
(a) Im; = Ami NT. 
(b) Amr \ Im1 = Amr zal = Ami ral. 
(c) Ip = Ap NT = ArT. 
(d) AF ia) LAL = AF nN RAL. 
(e) Ar = (Ar NT) @ (Ar N LaT). 


Proof (a): Let e be an idempotent in Z. Then we have Ze C Ae = (Ae)e € 
Ie which implies Je = Ae and eZe = eAe. This implies (a). 

(b): The inclusion AyyM RAZ C Ams \Tmz is clear. To prove the 
opposite inclusion, let e be an element of Ay; \ Zuz. Then Ze C Ae is 
either {0} or Ae. Since the latter case implies e € Z, it does not hold. 
Hence e belongs to raZ. The second equality follows from (5). 

(c), (d), (e): Theorem 8.4.5(a) shows that Z is semiprime. Hence Propo- 
sition 8.2.8 and the proof of part (a) above show Zp = )°.¢7,,,2€ = 


weseT ine Ae and 


Ar= S> Ae= YO Aet+ DO Ae. 


e€Ams e€Imt c€Ami\Tur 


Since (b) shows that the second summand is included in ,4Z, the last 
expression is a direct sum decomposition. oO 


The first statement in the next proposition is due to Yood [1964] and its 
proof is due to Barnes (1971a}. The last statement is due to Barnes [1968a]. 
Remarks following Theorem 8.6.4 will show certain cases when subalgebras 
of modular annihilator algebras are again of the same type. 
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8.4.9 Proposition Let A be a modular annihilator algebra and let T 
be an ideal of A. Then T is a modular annihilator algebra. If I is a 
semirrime ideal, then A/T is also a modular annihilator algebra. Further 
if A is any semiprime algebra and TZ is an ideal of k(h(Apr)), thenZ is a 
modular annthilator algebra. 


Proof In order to show that Z is a modular annihilator algebra it is enough 
(by Theorem 8.4.5(f)) to show that h(Zr) C IIz is empty. Suppose P is a 
primitive ideal of J which includes Zr. Theorem 4.1.8(e) asserts that there 
is some primitive ideal P of A satisfying PM Z = P. However TAp C 
Ar C P implies Ap C P which contradicts Theorem 8.4.5(f). Hence h(Z-) 
is empty so Z is a modular annihilator algebra. 

Theorem 8.4.5(e) shows that A/T will be a modular annihilator algebra 
if and only if every irreducible representation of A/T is equivalent to L® 
for some minimal idempotent é € (A/Z)my1. Let T be an irreducible repre- 
sentation of A/Z on a linear space VY. For each a € A denote a+TZ by a. 
Define T: A + L(¥) by T, = Ty for each a € A. Then T is an irreducible 
representation of A so that there is an element e € Ay and a linear bijec- 
tion U: Ae > & satisfying U(bae) = U(Lgae) = T,U(ae) for all a, b € A. 
Suppose ae belongs to Z. Then we get U(ae) = U((ae)ee) = T,-U(ee) = 
T~U(2) = 0. Hence we can define a linear bijection U:(A/Z)é — *X by 
U (aé) = U(ae). Furthermore U(baé) = U (bae) = T,U(ae) = T,U(ae) = 

TU (é) holds for all @,6 € A/Z. Therefore U is an equivalence between 
L and T. This shows that (A/Z)é is a minimal ideal so that é belongs to 
(A/Z) m1 by Proposition 8.2.2. Thus we have verified condition 8.4.5(e) for 
A/T. 


Suvpose A is semiprime and J = k(h(Ar)). Then Z is semiprime by 
Theorem 4.4.8(a) and satisfies Zp = Ap by Proposition 8.4.8(c). Hence the 
ideal T/Tp = Z/Ap in A/Af is radical by Theorem 4,.3.2(a). Thus Z is a 
modular annihilator algebra by Theorem 8.4.5(c). The first statement of 
this proposition now yields the last statement. Oo 


The last statement in Proposition 8.4.9 shows that any semiprime al- 
gebra A contains a largest ideal k(h(Ar)) which is a modular annihilator 
algebra. Of course it may happen that A/k(A(Ar)) has a non-zero socle so 
that kh((A/k(hk(Ar)))r) is non-zero. Proceeding in this way, transfinitely 
if necessary, and then looking back at preimages in A we would eventually 
arrive at a largest ideal of A which could be analyzed in terms of mod- 
ular annihilator algebras. In this way we could define a radical property 
which would be something of a curiosity since the radical part would be 
suscep‘ible of analysis and the radical free part would be intractable. 

The following result is due to Barnes. 
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8.4.10 Proposition Let A be a modular annihilator algebra. 

(a) If P is a prime ideal of A then either: (1) P does not include Ar 
and both A/P and P are primitive so P has the form P*; or (2) P includes 
Ap and A/P is radical. 

(b) Let T be a topologically irreducible normed representation of A ona 
normed linear space X. Then either ker(T) does not include Ar and there 
is a dense T-invariant subspace Y of X such that the restriction of T to ¥ 
is algebraically irreducible and has the same kernel as T, or ker(T) includes 
Ar and A/ker(T) is radical. 


Proof (a): Proposition 8.4.9 shows that A/P is a modular annihilator 
algebra. If A/P is not radical then it has a primitive ideal which Theorem 
8.4.5(d) shows must be of the form 7 4(A/P)e for some e € (A/P) 7. Since 
(A/P)e is non-zero and A/P is prime, the primitive ideal p4(A/P)e must 
be zero. Hence P is primitive. If P does not include Af then Proposition 
8.2.8 shows that there is some e € Ay; which does not belong to P. The 
minimality of Ae implies that Aem P = {0}. Hence the restriction of the 
left regular representation of A/P to (Ae + P)/P is irreducible. Hence if 
A/P is radical P includes Ar. If P includes Ar then A/P is radical by 
Theorems 8.4.5(c) and 4.3.2(a). 

(b): Proposition 4.2.5 asserts that ker(T) is prime. Assume that ker(T) 
does not include Ay Then Theorem 8.2.8 shows the existence of ane € Amr 
which does not belong to ker(T). Choose z € ¥ satisfying T.z 4 0. Since 
T is topologically irreducible the T-invariant subspace Y = {Tiez : a € A} 
is dense in ¥. The surjection V: Ae — Y defined by V(ae) = Tyez for all 
a € A certainly satisfies VL¢ = T,V for all b € A. Hence its kernel is a left 
ideal properly included in the minimal left ideal Ae and therefore equal to 
zero. Therefore V is an equivalence between L* and the restriction of T to 
¥Y which must therefore be algebraically irreducible. The argument given 
in the proof of (a) shows that ker(L°) = 1 4Ae equals ker(T7). QO 


8.4.11 Example The following simple example shows that a faithful 
topologically irreducible representation T of a semisimple modular annihi- 
lator algebra need not be algebraically irreducible. Let Xp be an incomplete 
normed linear space with completion ¥ and let A be {7 @w € Br(a’) : 
x €X%,w € X*}. Then the identity representation of A on 4 is topolog- 
ically irreducible but not algebraically irreducible. Its restriction to %p is 
algebraically irreducible. 


The first statement in the next result (for the semisimple modular anni- 
hilator algebras) is due to Yood ([1958], Lemma 2.8, p. 376). The original 
proof, which we give, evolved from Frank F. Bonsall [1954al. 
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8.4.12 Theorem Any algebra norm on a modular annthilator algebra is 
a spectral norm. An algebra semi-norm T on a modular annthilator algebra 
is ¢ sgectral semi-norm if and only tf the Jacobson radical is r-closed. This 
occurs tf A, is a semiprime ideal included in A). 


?reo.” Let A be a modular annihilator algebra and let || - || be an algebra 
zozy; on A. Let A be the completion of (A, ||-||). Suppose a is an element of 
4, act is anon-zero element of the spectrum of a. Then ~!a is not quasi- 
invertible in A. Suppose it lacks a left quasi-inverse. Then A(A~!a — 1) 
is a proper modular left ideal since it does not include A~1a. Theorem 
2.4.6(D) shows that there is a maximal modular left ideal £ which includes 
A(QQ."-a ~ 1). Since A is a modular annihilator algebra we may choose a 
non-zero element 6 in p4L C paA(A7~!a — 1). Since A~1ab — b belongs 
tc pA and A is semiprime, we conclude A~!ab = b. Now if c € A were 
se" quasi-inverse for A~'a in A we would have 0 # b = A~'ab = (co 
47 a)o+ cA~!ab — ch = 04 cb — cb = 0. Hence A~!a is not quasi-invertible 
in A. If \~14@ lacks a right quasi-inverse the argument is similar. Hence 
pa(@) < pz(a) < |la|| holds. Therefore || - || is a spectral norm. 

Let 7 be an algebra semi-norm on A. If 7 is a spectral semi-norm, 
Corollary 4.3.11 shows that A, is r-closed and A, C Ay. Conversely, if Ay 
(which is always semiprime since it is the intersection of prime ideals) is 
t-closed or if A, = {a € A: r(a) = 0} C A, is semiprime, then r induces 
an algebra norm 7 on A = A/A, or on A= A/A,, respectively. Since A 
is a modular annihilator algebra by Proposition 8.4.9, 7 is a spectral norm 
by ihe argument above. Hence 7 is a spectral semi-norm since it satisfies 
T(a} > 7(a) > p(a+ As) = p(a), where a represents the residue class of a 
in A and we have used Theorem 4.3.6(d). Qo 


‘“r2orem 8.1.1 asserts that a finite-dimensional semiprime algebra is the 
direct sum of finitely many full matrix algebras. Hence it is obviously a 
serc'et~ ole unital algebra and Theorem 8.4.5(c) shows that it is a modular 
aun’.‘ stor algebra since A = Ap. The next result, which is essentially 
due tc Barnes ((1966], Proposition 6.3, p. 573), extends this observation 
had provides a converse. The proof is new. First, we provide examples 
co! sezziprime algebras A which are not modular annihilator algebras even 
though A/A, is a modular annihilator algebra or even finite-dimensional. 


8.4.2 Example Suppose B is one of the semiprime radical Banach alge- 
bras described in Example 8.8.3, 8.8.4 or 8.8.6 and let A be the unitization 
B) of B. Then A, = B is the unique maximal modular left ideal of A. (To 
see i's note that A+a has spectrum {A} in A.) Hence A/Aj, is isomorphic 
tc C ard is therefore a modular annihilator algebra. However, the equation 
rai/.z) = {0} shows that A is not a modular annihilator algebra although 
it is semiprime. (Cf. Theorem 8.6.4 below.) 
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8.4.14 Proposition Let A be a non-radical modular annihilator alge- 
bra. Then A is a unital spectral algebra if and only if A/A, is finite- 
dimensional. In particular a unital, semisimple, modular annihilator, spec- 
tral (or normed) algebra is finite-dimensional. 


Proof Theorem 8.1.1 and the remarks preceding it show that A/.A, is unital 
and normable if it is finite-dimensional (without even assuming that A is 
a modular annihilator algebra). Now suppose 4 is a modular annihilator 
spectral algebra and A/A, is unital. Then Proposition 8.4.9 shows that 
we may as well replace A by A/A, and hence assume that .A is a unital 
semisimple modular annihilator algebra. Hence if Ar is proper it is included 
in some maximal modular left ideal and therefore has a non-zero right 
annihilator. Since Theorem 8.4.5(g) shows ra Ap = Ay = {0} we conclude 
that A = Ap. Hence we can write 1 = )>¥_, a;e; for some a; € A and 
€, © Am. Theorem 8.3.6 therefore shows that any b € A can be written 
as b= 1b1 = 0", _, a;e;banek = Yo" 41 Aj,k@yCye Where we have used the 
final remark in Theorem 8.3.6 to write e; Ae, = Cc,,. Hence {a;cj, 21 < 
j,k <n} is a finite set which spans A. Oo 


8.5 Fredholm Theory 


We wish to introduce the Fredholm theory of certain elements in semi- 
prime algebras which is due to Barnes [1968a]. This requires a number of 
preliminaries. The major results are stated in Theorem 8.5.5. 

Let T be a linear operator on a linear space 4. For any n € N° we 
clearly have the inclusions 


ker(T™) ker(T"*"); (1) 
and T"¥ mex. 


Furthermore, it is easy to see that if there is some m € N° satisfying 
(ker(T™) = ker(T™+!); T™X = T™+!X) then for any n € N we will have 
(ker(T™) = ker(T™+"); T™X = T™+"2X), We are ready for a definition. 


8.5.1 Definition The ascent of T is the smallest integer in N° satisfying 
ker(7"™) = ker(77™*!) and the descent of T is the smallest integer m in N° 
satisfying T"X = T™+' YX. If there is no such integer we will say the ascent 
or descent is 00. 

Let A be an algebra and let a be an element of Al. Let ( La / Ra ) 
denote the restriction to A of the ( left / right ) regular representation of 
a on A’, respectively, i.e., 


Lab=ab Rab=ba ac A! bEA. 


¢ 
2 


We will denote the ascent of ( L. / Ra ) by ( ax(a) / ar(a) ), and the 
descent of ( La / Ra ) by ( 61 (a) / dr(a) ). 
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Note that the ascent of T is zero if and only if T is injective and the 
descent of T is zero if and only if T is surjective. If A is semiprime, then 
we have the formulas 


azr(a) = min{meé N°: paAa™ = paAa™t?}; 

6L(a) = min{mé N°:a"A=a™" A}; (2) 
ap(a) = min{meée N°: p4a™A= ,aa™* A}; 

6p(a) = min{me N°: Aa™ = Aa™*?}. 


8.5.2 Lemma [/f a linear operator T € L(+) has finite ascent and descent, 
then they are equal and 


X=T "XX O ker(T”) 
holds where m is their common value. 


Proof Denote the ascent and descent of T by a(T) and 6(T), respectively. 
First assume 6(T) = 0 and suppose a(T) > 0. Then T is surjective but 
not injective. Choose x, € ker(T) \ {0}. Inductively choose 29, 23,... 
satisfying Tz,41 = Xn. Then for each n,z,, belongs to ker(T") but not to 
ker(T"~'). This contradicts the finite character of a(T). Hence 6(T) = 0 
implies a(T) = 0. 

Next we will show a(T) < 6(T). Denote 6(T) by m. Then consider the 
restriction T’ of the operator T to the space T™ (2%). Since this operator is 
surjective 6(T’) = 0 and hence a(T’) (which is clearly finite and less than or 
equal :o a(T)) must also be zero. Thus 7” is invertible. Suppose z belongs 
to ker(T™t!), Then T’(T™z) = T™*1z = 0 implies T™z = 0. Hence a(T) 
satisfies a(T) < m = 6(T). 

Next we will show 6(T) < a(T). In the first paragraph we have covered 
the case 6(T) = 0 so we may assume m = 6(T) > 0. Let y = T™~'z belong 
to T™-!¥\ T™X. By the choice of m, the restriction of T™ to T™X is 
surjec ive so that there is some z € T"% satisfying T"z = Tx. Hence we 
have T™(z— x) = 0 and T™~1(z—2) = T™-1z—y #0. Thus we conclude 
a(T) 2: 6(T) and by our previous result a(T) = 6(T). 

Fi: ally, let y be any element of T™4 NM ker(T™) where m satisfies m = 
a(T) = 6(T). Then some z € & satisfies y = Tx so T? rz = T™y = 0. 
However, this implies y = T™xz = 0 since m = a(T). Hence we have 
ker(T™)NT™ 2 = {0}. Now suppose z is any element of 1. Since restriction 
of T” to T™ is surjective we may write T"2z = T™y for some y € T™ 2X. 
Hence we have x = y + (x — y) where y € T"X and T™(x — y) = Tz — 
Ty = 0 hold. Hence 4 is the direct sum of T™¥ and ker(T™). Oo 


There is a natural concept of dimension or rank in the socle of a semiprime 
aiges.... We introduce this notion and then prove a simple lemma which 
explairs the concept. 
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8.5.3 Definition A left ideal has finite-rank if it is included in the sum 
of finitely many minimal left ideals. In this case we will call the rank of 
the left ideal the smallest number of minimal left ideals the sum of which 
contains it. The ideal {0} will be said to have rank zero. Clearly a similar 
concept can be defined for right ideals. 


The next lemma shows that there is no ambiguity in speaking of the 
rank of a (two-sided) ideal. Note that any principal left ideal Aa generated 
by an element a in the socle has finite-rank since we may write a = Pa a, 
with each a, in a minimal left ideal C,. Hence Aa is included in }7"_, L;. 
Tn essence the following lemma develops the theory of finite-rank left and 
right ideals. 


8.5.4 Lemma Let A be a semiprime algebra. A left ideal L in A has 
finite-rank if and only tf there is an idempotent e in Ap satisfying L = Ae. 
The rank of a fintte-rank left ideal £ is the number of orthogonal minimal 
idempotents in any marimal family included in L. It is also the number 
of terms in any direct sum decomposition of L as the sum of minimal left 
ideals. Any left ideal properly included in a finite-rank left rdeal L has finite- 
rank strictly less than the rank of L. The analogous results hold for right 
ideals also. 


Proof By symmetry we only need to deal with left ideals. We use Corollary 
8.2.3 repeatedly and without further comment. Let £ be a non-zero left 
ideal with rank n so that there is a set {e; : j = 1,2,...,n} of minimal 
idempotents satisfying £ C yore , Ae,. Theorem 8.4.5(h) applied to £ 
considered as a left ideal of Ar ee that C includes some minimal ideal 
and hence contains some minimal idempotent. Zorn’s Lemma guarantees 
a maximal family {f. : @ € A} of orthogonal minimal ML es in 2 
Then SiacaAfa © £ is a direct sum. For each a € A, fa, = 

holds for certain a; € A. There must be some k with axex # ae eee 
implies in turn Aagesr # {0}, Aex = Aanexr C Afa, + 5-1 Ae;, and 
hence LC Afa, + S05, Aes. Hence if A has more than one element, 
then for any az € A \ {a,} we have fa, = @a,fa, + Lin b;e;. Since 
the sum )°,.4Afa is direct, there must be some i # k with bie; # 0, so 
we may write LC Afa, + Afa; + 32” =), Ae;. Proceeding in this way at 
each step we replace an ideal Ae, by ant ideal Af,,. Hence eventually we 
exhaust A (since {fq : a € A} is an orthogonal family). We want to show 
£C Daed Afa CL. 

Let e be the sum of the finite set {f, : @ € A} so that e belongs to 
LO Ap. If £(1 — e) is a non-zero left ideal included in £, it must contain 
a minimal idempotent f/, by the argument given above. Define fg by fg = 
(1-e) fs € L(1-e) CL. Then fg = (1—-e) fg, fg = (1-e) fa(1—e) fg = fF is 
an idempotent which is non-zero since it satisfies f, = (fg)? = f,(1—e) fg = 
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fafa. It is minimal by Proposition 8.2.2 since Afg = Af, is minimal. Then 
{fe : a € A} U{fg} contradicts the maximality of {fa : a € A}. Hence 
<‘° -- e) = O implies C = Le C Ae © Vaca Afa C L. The definition 
of a ae shows that A has at least n elements, and the construction shows 
the: it has at most n elements. Hence the rank of a finite-rank ideal is 
‘2s 2umber of orthogonal minimal idempotents contained in any maximal 
iamily. The equation £ = Ae shows that a finite-rank ideal has the form 
Ae “cr some e € Ap. The converse is a special case of the remark that any 
arinc'pal left ideal Aa generated by an element a € Arf is finite-rank. 

If we apply the replacement procedure described at the beginning of this 
svat to a direct sum £ = @f_,Ae; then linear independence shows that 
She >7ocess cannot terminate ‘with less than n terms and the proof already 
given shows that it does terminate with not more than n terms. Hence 
the amber of elements in a maximal family of orthogonal idempotents is 
exactiy n, so any direct sum decomposition contains exactly n terms. 

Finally, let M be a left ideal included in a finite-rank left ideal £. Clearly 
M has finiterank. Let {f; : j = 1,2,...,m} and {e; : j = 1,2,...,n} 
be maximal families of orthogonal minimal idempotents in M and in CL, 
-estectively. The argument given earlier in this proof proves m < n. If 
m == n, the replacement procedure described earlier shows M = £. This 
proves the inequality of ranks. oO 


The next theorem contains Barnes’ [1968a] major results on the Fred- 
holin theory of certain elements in semiprime algebras. Note that for any 
ideal T in an algebra A the preimage in A of the Jacobson radical in A/T 
3 the set k(h(Z)). Hence this set is the same in A and in the reverse al- 
getcn AR even though it is defined in terms of primitive ideals. Since a 
semiprime algebra A is a modular annihilator algebra if and only if A/Ar 
ig: om we see that A is a modular annihilator algebra if and only if 
A=k h(Ap)). Furthermore J = k(h(A f)) is always a modular annihila- 
Sor "algebra by Proposition 8.4.9. Thus any modular left ideal in J has a 

+260 right annihilator in Z and hence in A. We will use these facts in 
a next theorem. 


§.E.6 Theorem Any element a in the socle Ar of a semiprime algebra 
J, ‘satisfies: 
a) Sp(a) is finite. 
‘>! For any non-zero X € Sp(a) and any n € N,za((A — @)"A) and 
ralA{aA — a)") have finite-rank. 
(c} For any non-zero  € Sp(a), 


ay (A — a) = 6,(A — a) = ap(A — a) = ba(A — a) 


iere oll finite. 


692 8: Algebras with Minimal Ideals 8.5.5 


(d) For any non-zero 4 € Sp(a) and any n €N, there is an idempotent 
e € Ar satisfying pa(A(A — a)") = eA and A(\ — a)" = A(1 - e). 
(e) Any non-zero 4 € Sp(a) satisfies 


A= paA(d— a)" @ (A-@)™A= za(A- 0)™A@ A(A — 0)™ 


where m = a, (A — a). 

Any element a in k(h(Ar)) satisfies (b) and if A is a normed or spectral 
algebra then a also satisfies (c), (d), (e) and: 

(a') Sp(a) ts either a finite set, or a countably infinite set containing 
zero which is its only limit point. 

In particular any element a in a modular annihilator algebra A satisfies 
{b) and tf A is also normed or spectral, then it also satisfies (c), (d), (e), 
and (4’). 


Proof (b): We discuss only p4(A(A—a)") since this result in AR establishes 
the other half of (b). Let a belong to Ar and let A and n be as stated. 
The we have (A — a)” = A" — ab where 6 is a polynomial in a. Hence any 
c€ pa(A(A—a)") satisfies (A" — ab)c € pa A = {0} 80 c= A“ abc belongs 
to aA. Lemma 8.5.4 now shows that pa(A(A — a)”) C aA has finite-rank. 

Suppose next that a belongs to k(h(Ap)) and that A,n, and 6 are as 
before. Since k(h(Ar))/Agr is radical, Theorem 4.3.6(b) shows that there 
is some c € k(h(Ap)) and some d € Af satisfying co \~"ba = d. The 
equation in A’, (1 —c)(A— a)" = A"(1—d) shows A(A—a)" D> A(1—d) and 
hence p4(A(A\ — a)") C ra(A(1 — d)). Since the last ideal has finite-rank 
by the first part of the proof above, we have established (b). 

(c): Again the symmetry of the situation allows us to prove only one’ 
half of the relations. We will first show that a,(A — a) is finite when 
a € Ap. Let m be the rank of aA. If ay(A — a) > m we can find an 
orthogonal set €9, €1, €2,-.-,€m of idempotents with eg € pa(A(A—)) and 
ex © RA(A(A — a)¥t") \ pa(A(A — a)*) for k = 1,2,...,m. However, as in 
the proof of (b), we conclude that each e, belongs to aA. This contradicts 
the rank of aA and shows that az(\ — a) <m. 

Next we assume that a belongs to k(k(A;)) and that A is a normed 
or spectral algebra. Again we will show that a,(A — a) is finite. For each 
n € N define a right ideal R, by Ry = ra(A(A — a2))N(A—a)"A. If 
a1 (A — a) is not finite each R,, is non-zero. We will derive a contradiction 
from assuming this. Since ra(A(A — a)) has finite-rank by (b) and the 
sequence {R,,} of these right ideals is clearly decreasing, this sequence must 
eventually become constant (and by assumption, unequal to {0}). Hence 
there is some e € Ang; in N7,Rn. Therefore, for all n > 0, we have 


€€ ra(A(A — a))N(A— a)" A. (3) 


We consider the representation L* described in Theorem 8.3.6. Choose 
an algebra norm or spectral semi-norm ¢ on A and a corresponding norm 
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on Ae. Proposition 8.4.10 shows that o is a spectral semi-norm in any 
case. Since k(h(Ar))/Ar is radical, Theorem 2.2.5 and Corollary 4.3.9 
show i Mp+00(a’((a + Ar)"))!/" = 0, where a’ is the quotient semi-norm. 
Hence we can find an integer p € N and an element c € A p satisfying 
a(aP ~ c) < |A|?/6. To simplify notation we put L¢ = K,L¢ = J and 
K? — J = D. Then Theorem 8.3.6 shows ||D]j < |A|?/6. 

Now we will use this inequality to show that \ — K has finite ascent. 
Suppcve not. The Riesz Lemma (in §1.7.7) shows that we can find yn € 
ker((A — K)"**) with |lynl| = 1 and dist(yn,ker((A — K)")) > 3. Let 
Zn = A-PJy,. Then we have 


Zn = AP(KP yn, — Dyn) 


ae 
yn ~A71(A~ K) S071 K) Fyn — AP Dyn 
k=0 


Since the middle term belongs to ker((A — K)"), we have for any n > m 
2n — 2m = Yn — A? Dyn + XP Dym 
with y € ker((A — K)"). Hence we have 


zn — 2m]) 2 |I¥n — yl] — A? Dynl] — A~? Dy 
bot. 1.4 
~ 2 6 6 6 

However, this is impossible since Theorem 8.3.6 shows that J = L€ has 
finite-cimensional range so that each z, belongs to the compact ball in J.Ae 
of radius ||J|| |A|~?. Therefore 4 — L¢ has finite ascent. This contradicts 
(3). Therefore the original assumption that a,(\— a) was infinite must be 
rejected. Hence az,(\ — a) is finite under either hypothesis. 

Next we will show that 6z(A—a) is finite. Let a satisfy either hypothesis. 
Denote a,(\ — a) by m. We may suppose m > 0, so part (b) shows that 
there is an idempotent e € Ap satisfying p4(A(A — a)™) = eA. Consider 
the modular left ideal £ = A((\—a)™ — e). We will prove p4Ll = {0}, and 
then £ = A. Suppose b € pal so that (A — a)™b = eb and (A — a)*™b = 
(A —a)™eb = 0. Since m = az(A ~ a) we have (A — a)™b = 0. However 
this implies b € pa(A(A — a)™) = eA, so b = eb = (A—a)™b = 0 as 
we wisied to show. Now suppose £ # A. Theorem 2.4.6(e) shows that 
f =rA-™((A — a)™ +e) € kh(Ap) is the right relative identity for some 
maxim2l modular left ideal AA D LO kh(Ar) D kh(Ar)(1 - f). But 
Propos‘tion 8.4.9 asserts that kh(Ar) is a modular annihilator algebra, so 
Theoren 8.4.5(a) gives a non-zero element 6 in the right annihilator of M 
in kh(.4p). Since kh(Ap) is semiprime, we conclude (1 — f)b = 0. This 
contrac icts ra(A(1 — f)) = {0}. 
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Let 6 be any element of A(A — a)™. Then we may write 6 = c(A — a)™ 
and c = d((\ — a)™ ~ e). Combining these and recalling the definition of e, 
gives b = d(A — a)?™. Hence 6p(A — a) is less than or equal to a,(A — a). 
By symmetry ay(A—a), ar(A—a), 6,(A — 4) and dp(A — a) are all finite. 
Lemma 8.5.2 shows that a, = 6,, @r = dp and the inequality just obtained 
together with its translation into the reverse algebra give the rest of the 
equations in (c). 

(e): This is an immediate consequence of (c) and Lemma 8.5.2. 

(d): Lemma 8.5.4 and conclusion (b) above show the existence of an 
idempotent e satisfying g4A(A — a)" = eA. Clearly we have A(A — a)" C 
LRAA(A—a)" = paeA = A(1—e). On the other hand, pa(A(A—a)"+Ae) = 
RaA(A — a)" AN pa(Ae) = eAN(1—e)A = {0}. Hence A(A — a)" + Ae = A 
holds and any 6 € A(1—e) may be written as b = (c(A—a)" + de)(1—e) = 
c(A — a)". This gives the opposite inclusion. 

(a): We have a € Apr. Suppose {An}nen is an infinite sequence of 
distinct non-zero points in Sp(a). For each n € N, Az!a is either left or 
right quasi-singular. Hence by working in either A or A*®, and choosing 
the subsequence where ,;'a is left quasi-singular, we may assume that 
A(An —a) is a proper left ideal for each n. Hence, for each n € N, conclusion 
(b) shows that there is some en € Ay, satisfying A,en = aen. Therefore 
each e,, belongs to the finite-rank ideal aA. If for some n > 1 there exist 
a, € A satisfying e)a; + e242 + -*+ + €n@n = 0 with ena, non-zero, we 
obtain the contradiction 0 = (Ai — a)(A2 — @)--+ (An — @)(€141 + e2a2 + 
tt €n—1Gn—1) = (Ay — @)(Az — @) +++ (An ~ @)(—€n@n) = —(Ar — An) (A2 — 
An)- +: (An=1 — An)en@n. Hence e,A; + e242 +---+enA, is a direct sum 
for any n € N. This contradicts the finite-rank of aA. 

(a’): Theorem 8.4.12 shows that k(h(Ar)) is a spectral algebra under 
either hypothesis. [f Sp(a) has no non-zero limit points then each compact 
annulus {A : n~? < |A| < p(a)} must contain only finitely many points so 
Sp(a) is countable. Hence it is enough to derive a contradiction from the 
assumption that \ # 0 is the limit of a sequence {An}nen in Sp(a). The 
same argument used in the proof of (a) shows that for each n € N there is 
an €n € Ay, satisfying (A, — a@)e, = 0. Conclusion (e) shows that we can 
write 

A= A(\— a)” ® ca((A ~ a) A), 


where m = ar(A — a). Let L be the left ideal 
L={bed: tim, ||ben||/lJenl| = O}. 


Since (A—a)™en = (A~An)™en holds for all n 2 0, we have A(A~a)™ CL 
and ¢, € (A — a)™A for all n € N. Therefore pa((A — a)™A)e, vanishes 
for all n € N, so that ,4((A — a)” A) is also included in £. The direct sum 
decomposition above shows that C = A. However limy-..0 ||aen||/llen|| = 
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limn—oo ||An€nll/|len|| = |A| shows that this contradicts the assumption that 
X was non-zero. Hence (a’) holds. a) 


8.6 Algebras with Countable Spectrum for Elements 


“a this section we will characterize two kinds of algebras by assuming, 
in part, that the spectrum of every element is countable. We begin by 
introcucing a class of algebras larger than the class of modular annihilator 
algebras. Duncan [1967] defined a class of Banach algebras which he called 
mediuiar annihilator algebras but his definition differs from that given in 
this vork which is due to Yood ([{1958], p. 376). His modular annihilator 
alge=ves were Banach algebras with a family {L_ : a € A} of maximal 
modular left ideals satisfying 


NacaLa = {0} and r4la #0 VaeéA. 


The first equation implies that the algebra is semisimple, hence semiprime. 
Proposition 8.4.3 shows that the second condition implies the existence of 
«, winimal idempotent e, for each a € A satisfying Lo = A(1— ea). Hence 
we heve {0} = NaeaLa = NacaA(1 — €a) = Naea LA(€aA) 2 La(Ar). 
‘There‘ore Duncan’s definition is equivalent to requiring that the Banach 
vagelcs, A be semisimple and satisfy 14(Ar) = {0}. In keeping with the 
spirit of the development given here we offer the following definition. 


8.6... Definition An algebra A is called a Duncan modular annthilator 
algebra if it is semiprime and satisfies 


LAAF = RAAR = AJ. 


Treorem 8.4.5(g) shows that modular annihilator algebras are Duncan 
moavar annihilator algebras. However, if ¥ is any infinite-dimensional 
Banec2 space, then A = B(1’) is a semisimple (in fact primitive) Duncan 
modviar annihilator algebra which is not a modular annihilator algebra. 
To see that B(4) is a Duncan modular annihilator algebra note that T € 
za(Ap) implies 0 = T(z @w) = Tz @w for all x € ¥ and w € ¥*. Hence 
Tz = 0 for all x € XY. The algebra B(2’) is not a modular annihilator 
algebra since it is infinite-dimensional and unital contradicting Proposition 
b.4.24. 


Tae following theorem is due to Barnes [1968a], Theorem 2.2. 


8.4.2 Theorem If every element of a Banach algebra A has finite or 
counichle spectrum, then A/A, is @ Duncan modular annthilator algebra. 


Proof First we will show that a semisimple commutative Banach algebra A 
»#{>out minimal ideals must contain a point with uncountable spectrum. If 
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the Gelfand space [4 contains a connected subset which is not a singleton, 
then there is some a € A for which Sp(a) = a(I'4) is a connected subset of C 
that is not a singleton. Since such sets are uncountable we may assume that 
I’, is totally disconnected. If [4 contained an isolated point then the Silov 
idempotent theorem (Corollary 3.5.13) would give a minimal idempotent. 
Hence I’, is totally disconnected without isolated points and each open set 
is infinite. 

Choose a nonempty, open, compact subset N in 4. Then choose two 
disjoint, nonempty, open, compact subsets Ny and N, satisfying No UN, = 
N. For k = 0,1 choose disjoint, nonempty, open, compact subsets Nxo and 
Nx, satisfying Neo U Ny, = Ny. Proceeding inductively in this fashion, we 
obtain nonempty, open, compact subsets Nx, 45...k,, Where ki, k2,...,k, is 
any list of n 0’s and 1’s. The Silov idempotent theorem (Corollary 3.5.13) 
gives corresponding idempotents ex,%,...%, Such that @%,4,...4, is the char- 
acteristic function of Nx,:-,..k,- For each n € N define a, € A by 


=. 
an = > Ckyka...Ky* 


n=l 


Choose a strictly increasing sequence {m,,}nen so that a = )>~ , 27™*a, 
converges in A. 

Given any sequence {k,}nen Of 0’s and 1’s, the finite intersection prop- 
erty shows that there is a point y in N92, Ne,k,...4, and we have 


>_ kn2-™" = a(y) € Sp(a). 


Therefore Sp(a) is uncountable. This completes the proof of our first as- 
sertion. 

Now suppose A satisfies the hypotheses of this theorem. Theorem 
4.3.6(d) shows that we may assume that A is semisimple by replacing it 
by A/Ay. Denote the closed ideal ,4Ar by Z. If no element of T has 
spectrum different from {0} then Theorem 4.3.6(b) shows J C Ay = {O}. 
Thus this case is complete. 

Now suppose that Z contains an element 5 with spectrum different from 
{0}. We will show that this implies the existence of a minimal idempotent 
e € I. This is a contradiction since Proposition 8.4.8(a) shows that e 
also belongs to Ar but the semisimplicity of A gives Ar N taAr = {0}. 
Since T is an ideal we have Spz(b) = Sp4(b). Note that there is a non-zero 
isolated point in the spectrum of b. Hence Proposition 3.4.1 gives a non-zero 
idempotent inZ. Let E be a maximal family of commuting idempotents in Z 
and let C be a maximal commutative subalgebra of ZT including E. Since C is 
a closed spectra! subalgebra of A we may apply the first portion of this proof 
to C and thus obtain a minimal idempotent e in C. We wish to show that e is 
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minimal in T, or equivalently (by Proposition 8.3.5) that eZe equals Ce. If f 
is an idempotent in eZe and g is an idempotent in E, then Proposition 8.3.5 
gives ge = ege = Ae for some \ € C and hence gf = gef = Aef = fre = fg. 
Therefore f belongs to E by the maximality of EF. The last sentence now 
shows f = fe = Ae for some A € C. However, Ae = f = f? = A?e shows 
that is zero or one. Therefore the unital algebra eZe contains no non-zero 
idem >otent except its identity e. Hence Proposition 3.4.1 shows that the 
spectrum of each a € ee is connected. Since eTe is a spectral subalgebra 
of A, each a € eZe has countable spectrum. Thus the spectrum of each 
a € eTe is a singleton. 

Theorem 4.3.2(a) and Proposition 4.3.12(b) show that eZe is semisimple. 
We apply an argument of Irving Kaplansky ((1954], Lemma 4, p. 375) to 
show that the set V’ of elements with spectrum {0} is the Jacobson radical 
of eZe and hence each element a € eZe satisfies a = Ae for A € Sp(a). The 
remark following Theorem 4.3.6 shows that it is enough to show that V 
is a left ideal. If a € NV, b € A and ba ¢ NW then Proposition 2.1.8 shows 
ab ¢ N. Since the spectrum of these elements is a singleton but not {0}, 
(ba)-*6 and 6(a6)~? are right and left inverses for a. Hence a € N implies 
ba EN. If a,b € NM anda+b ¢ N then a(a + db)! = 1 — b(a +b)? 
contradicts our last conclusion that a(a + b)~! and b(a + 6)~! both belong 
to MV. Hence a + b belongs to N as we wished to show. Oo 


3.6.2 Example The converse of this result is far from true. Consider 
for instance A = (J) (under pointwise algebra operations) where J is the 
unit ‘nterval (or any other uncountable subset of C). Then Ap is the set of 
funct:ons in A with only finitely many non-zero values so that A is clearly 
& commutative semisimple, Duncan modular annihilator algebra. However, 
the function f(t) = t for all t € J has uncountable spectrum. 

Consider the set A = c(I) of all f: J — C for which there is some Ay € C 
such that the set {t € J: |f(t) — Ay| > €} is finite for all e > 0. Under 
point vise multiplication this is a unital commutative semisimple Banach 
algebra where each element has countable spectrum but A is not a modular 
annikilator algebra by Proposition 8.4.14 or Theorem 8.6.4. 

If we consider A = @(J) forl<p<worA=Q(J)={f:14C : 
the set {t € I: |f(t)| > €} is finite for all « > 0}, each element in these 
algebras has countable spectrum and they are modular annihilator algebras 
by Theorem 8.6.4. 

Example 8.4.13 shows that we cannot replace A/A, in the conclusion 
of Treorem 8.6.2 by A. 


© -operty (b) of the next theorem shows that a major difference between 
modvrlar annihilator algebras and Duncan modular annihilator algebras is 
that the latter may contain idempotents not in their socle. The equivalence 
of (a: and (c) below is due to Barnes ({1968b], Theorem 4.2, p. 516) but 
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our proof is much simpler than his. A closely related result is given in 
Proposition 8.7.8. Example 8.4.13 also shows that this characterization 
cannot be extended to non-semisimple modular annihilator algebras. Since 
elements in A and their images in A/A, have exactly the same spectrum, 
no spectral condition can characterize non-semisimple modular annihilator 
algebras. 


8.6.4 Theorem The following are equivalent for a Banach algebra A. 

(a) A/Ay is a modular annihilator algebra. 

(b) Each element of A has finite or countable spectrum and each idem- 
potent of A/A, belongs to the socle of A/A,. 

(c) No element of A has a non-zero limit point for its spectrum. 

In fact any modular annihilator algebra has all its idempotents in Ar 
and if it 1s normed or spectral it satisfies (c). 


Proof Theorem 8.5.5 shows that if A or A/Aj, is a modular annihilator 
algebra then (c) holds. In particular (a) implies (c). If e is any idempotent 
in a modular annihilator algebra then e+ Ar is an idempotent in the radical 
algebra A/Ap, hence Proposition 4.3.12(a) implies e € Ar. 

For the rest of the argument, Theorem 4.3.6(d) allows us to replace A 
by A/A, and thus assume that A is semisimple. 

(c) = (b): Since any uncountable set in C must have more than one 
limit point we need only prove the statement about idempotents. Suppose 
e is a non-zero idempotent in A. Then ee is semisimple by Proposition 
2.5.3(d). Hence Theorem 8.4.5(e) shows that eAe contains minimal idem- 
potents which are obviously minimal idempotents in A since feAef = fAf 
holds for any f € eAe. Let E be a maximal family of orthogonal minimal 
idempotents in eAe. If E is infinite we may choose a sequence {fr}nen 
of distinct elements in E. Choose a sequence {An }nen of distinct numbers 
converging to zero and satisfying >>, |An| || fall] < 00. Then the element 
e+ >”, Anfn has f, as a characteristic vector with characteristic value 
1 +A, for each n € N. Since this contradicts (c), we conclude that EF is 
finite, say E = {f,: j = 1,2,...,n}. If f =e — Do}, f, is non-zero then 
the argument at the beginning of this paragraph shows that fAf contains 
minimal idempotents. Since this would contradict the maximality of E we 
conclude that e = )>)_, f, belongs to the socle of A. 

(b) => (a). (Recall that we are assuming that A is semisimple.) Let 
M be a maximal modular left ideal of A. Let c be a right relative identity 
for M so that 1 belongs to Sp(c). The spectral condition in (b) ensures 
that we may apply Proposition 3.4.1 to obtain an idempotent e commuting 
with c and satisfying cod = doc = e for some d € A. Hence we have 
A(1 — e) C A(1—c) © M. Condition (b) shows that e belongs to Ar. 
Hence we have Ar ¢ M. Thus A is a modular annihilator algebra by 
Proposition 8.4.3 and Theorem 8.4.5(a). Oo 
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Barnes ([1969b], Theorem 3.1, p. 7) deduced the following result as a 
zorc ary of the above theorem and of Theorem 8.4.12. If A is a normed, 
i: :mple, modular annihilator algebra, then BB, is a modular annihila- 
Sor 2'gebra (where B is a subalgebra of A which is a Banach algebra in 
serce norm) if and only if the norm of A is a spectral norm on B. In par- 
Sicv_er, a closed subalgebra of a modular annihilator algebra satisfies this 
sone’ tion. The general result follows since the spectral properties proved 
in this theorem show that the spectrum and the boundary of the spectrum 
are equal for any a € A, and hence by Proposition 2.5.10, B is a spectral 
subaigebra if and only if the norm of A is a spectral norm on B. In the 
same paper Barnes also shows that if A is a normed, semisimple, modular 
ann‘hilator algebra and B is a semisimple subalgebra then Br = Ar B. 
(A mistake in the proof can be corrected.) We remark that the inclusions 
Be C Ap (1B and Ay;™B C By; are easy. If e € B is idempotent, then 
it must belong to Ap, since e+ AF is an idempotent in the radical algebra 
A/Ar. The first inclusion follows. On the other hand if e € Ay,;NB holds, 
then the inclusion eBe C eAe = Ce proves its minimality. See also Aupetit 
(1086). 
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We will now discuss the relationship between various conditions on al- 
23423 or topological algebras which ensure that they have a large socle in 
76 sense. All these relations will be summarized in a diagram in Theorem 
.11. Counterexamples will be provided at the end of the chapter to show 
tha i ve have exhausted all of the possible implications. Along the way 
we will show that many such algebras can be written as topological direct 
ssa of topologically simple ideals of the same type and that each topolog- 
val simple algebra has a particularly satisfactory faithful representation 
as cornpact operators. 
‘ye begin by defining the remaining classes of algebras which have large 
socles in some sense and which have been studied in detail in the literature. 


nai 


my 
a 


8:7.1 Definition A topological algebra JA is: 
_ (a) A dual algebra if it is semiprime and each closed left ideal C satisfies 
£ = rraL and each closed right ideal R satisfies R = gira. 
(c) A left annthilator algebra if it is semiprime and the left annihilator 
‘of each proper closed right ideal is non-zero. 
’ ({c) An annihilator algebra if both A and A® are left annihilator algebras. 
{2 A left completely continuous algebra if it is normed and L, is a 
20.u2eet operator for each a € A. 
‘2’ A completely continuous algebra if both A and A® are left completely 
conti:uous. 
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(f) A compact algebra if it is normed and L,R, is a compact operator 
for each a € A. 


Dual algebras, annihilator algebras and left annihilator algebras were 
defined by Irving Kaplansky (1948a], Frank F. Bonsall and Alfred W. Goldie 
[1954], and Malcolm F. Smiley [1955], respectively. In their definitions, they 
did not require that the algebras be semiprime, but the majority of their 
results were for semisimple algebras. On the other hand, the definitions of 
the last two classes referred only to Banach algebras. The concept of dual 
algebras seems a little too strong since it leaves out important examples 
without providing much better results. (However, Kaplansky [1948a] shows 
in Theorem 15 that for any comnpact group G, L(G) is a dual algebra 
under convolution.) The existence of an annihilator Banach algebra which 
is not dual was first established by Johnson (1967b]. His example was 
semisimple and commutative. 

The definitions of completely continuous, left completely continuous and 
compact algebras are due to Irving E. Segal [1940] and [1947a], Definition 
1.9, p. 80 (cf. Kaplansky (1948b], p. 698), to A. Olubummo [1957] (whose 
attribution of the definition to Kaplansky we have been unable to verify), 
and to Klaus Vala [1967] and James C. Alexander [1968], independently. 
The last definition grew out of an observation of Vala [1964] (cf. Example 
8.8.2). See also Marianne ‘'reundlich [1949], Bonsall [1969b], Alexander 
[1969], Kari Ylinen [1968], Yood [1982] and Abdullah H. Al-Moajil [1984]. 

Note that a normed alge>ra A is completely continuous if and only if 
both Z, and R, are compac: operators for each a € A. The implications: 


dual => annihilator => left annihilator => modular annihilator and 


completely continuous => left completely continuous > compact 


are obvious. For any reflexive Banach space 7, Br(4)~ is a topologically 
simple semisimple annihilator Banach algebra, but a reflexive Banach space 
2% was constructed by Alexander M. Davie [1973a] such that Br(4’)~ is not 
dual. We will show in Proposition 8.7.4 below that By(4’)~ is a topolog- 
ically simple, semisimple, left annihilator Banach algebra for any Banach 
space Y. Bonsall and Goldie ({1954], Theorem 16, p. 164) showed that 
Br(4)~ is never an annihilator algebra, unless 4 is reflexive. 

Example 8.8.8, which is due to M. R. F. Smyth [1980], shows that a 
semisimple left completely continuous Banach algebra need not be com- 
pletely continuous. 

Among the classes of algebras introduced here, annihilator algebras have 
probably received the most attention. A full presentation of their theory is 
given in Bonsall and Duncan ([1973b], Section 32). Nevertheless, we believe 
that modular annihilator algebras and left annihilator algebras (particularly 
the former) provide more convenient compromises between strong axioms 
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(to give a rich theory) and weak axioms (to give a multitude of examples). 
Note thet, unlike the classes defined here, modular annihilator algebras are 
defined >urely algebraically without reference to any topology. 

We begin investigating the relationship among these classes of algebras 
and the size of their socle by considering certain topological algebras A in 
which the socle or the ideal Ay + A, is dense. Result (b) is due to Smiley 
(1955!. Proposition 8.7.3 contains a partial converse of (b) as well as a 
structur> theorem for topological algebras with dense socle. 


8.7.2 Proposition Let A be a spectral normed algebra. 

(a) If A is a left annihilator algebra, then Ar + Ay is dense. 

(bd) if A is a semisimple left annthilator algebra, then Ap is dense. 

(c) Ff Ap + Ay is dense in A and A is semiprime, then A is a modular 
annihila‘or algebra. 


Proof (a) Theorems 2.4.7 and 8.4.5(b) show that 4 is a modular annihilator 
algebra. Hence equation (6) of Section 8.4 gives p4(Ar +A,) = {0}. Since 
(Ar+A,)7 is a closed (right) ideal with zero left annihilator, it must equal 
A 


(b) This follows immediately. 

(c) Let £ be a maximal modular left ideal in A. Then CL is closed (by 
Theorerm 2.4.7) and proper, so it does not include Ay + Ay. However, it 
does include A; by Theorem 8.3.6(a). Hence it does not include Ar. Thus 
Proposition 8.4.3 shows paL # {0}. Hence A is a modular annihilator 
algebra "xy Theorem 8.4.5(a). Oo 


The main idea of the next proposition is due to Kaplansky ((1948b], 
Theoren: 5, p. 692). 


8.7.3. Proposition Let A be a semiprime topological algebra with dense 
socie. Ten A is semisimple and equal to the normed direct sum of its closed 
topologically simple ideals. Furthermore, the closed topologically simple ide- 
als are exactly those of the form AeA™ for some e € Ay. 


Proof Inclusion (4) of Section 8.4 shows Ay © ra(Ar). Clearly anything 
which ar nihilates Ap annihilates its closure, so this inclusion becomes Ay C 
LaA= 9}. Hence JA is semisimple. 

Let e« be any minimal idempotent in A and consider the closed ideal 
K = AeA™ generated by e. First we will show that K is topologically 
simple. Theorem 4.3.2(a) shows that K is semisimple. Let Z be a non- 
zero Closed ideal of K. If Ze is {0} and a and 6 are arbitrary elements 
of A then ae € K implies Zaeb = (Zae)eb C Zeb = {0}. It follows that 
AeA = “S1_, ajeb; : n € N;a;, b; € A} satisfies TAeA = {0}. Since K is 
the clas:ure of AeA we conclude Z? C IK = {0}, which is a contradiction 
since *. is semiprime by Theorem 8.4.5(a). Hence Ze is not zero so there 
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is some ae € Te \ {0}. Since Kae is not zero and Kae is included in the 
minimal left ideal Ae, we have J > KT = Ae. Similarly we find ZT D eA. 
Hence the closed ideal T includes AeA and hence K. Thus KX is topologically 
simple. 

Conversely, suppose K is any topologically simple ideal in A. Then 
KApr is not {0} since this would imply K? C KA = K(Apr)~ = {0}. 
Hence KM Ap is a non-zero ideal in the modular annihilator algebra Ap 
and thus contains a minimal idempotent e by Theorem 8.4.5(h). Thus the 
inclusion AeA~ C K together with the topologically simple nature of K 
gives K = AeA™. 

Let A be a subset of Aa; so that each ideal of the form AeA™~ with 
e € Am; can be expressed in the same form for a unique e € A. Clearly 
(Sc-c4(AeA)~)~ includes and hence equals A; = A. Hence A equals the 
topological sum (i.e., the closure of the sum) of its topologically simple 
closed ideals. However, this sum must be topologically direct. This can 
be seen as follows. Suppose {Z, : a € A} is the set of all distinct topo- 
logically simple ideals in A. Then Z,Zg = I, MZ is {0} for each a # #. 
Suppose there is a subset B C A and an element a € A \ B such that 
Ta (SogeuZa)~ is not {0}. Then this intersection must equal Z4, and 
since Z, )>4¢% Za = {0} holds by the previous remark, we have ZZ = {0}, 
contrary to assumption, (Note that we have shown that any sum of distinct 
topologically simple ideals in a semiprime topological algebra is a topolog- 
ical direct sum.) oO 


In applying the last proposition to semisimple dual, annihilator, or left 
annihilator algebras, it is useful to know that the topologically simple direct 
summands are again of the same type. Any closed ideal in a dual topo- 
logical algebra is again a dual algebra as shown by Kaplansky ([1948b], 
Theorem 2, p. 690). It is shown in Bonsall and Duncan ([1973b], Theorem 
9, p. 163) that a closed ideal Z in a semiprime annihilator Banach algebra 
A is an annibilator algebra if it satisfies (ZA)— = AZ~ = 7. Since this 
is obviously true of topologically simple ideals in a semiprime algebra, the 
result holds bere also. For left annihilator algebras the result is included 
in Smiley [1955]. We remark that Bonsall and Duncan ({1973b], Proposi- 
tion 15, p. 165) also contains a condition under which the quotient of an 
annihilator Banach algebra is again of the same type, 

In Proposition 8.7.4 we will use the approximate B*#-condition intro- 
duced in Definition 2.3.9 above to characterize those topologically simple 
direct summands which occur in Proposition 8.7.3. 


8.7.4 Proposition The following are equivalent for a left annthilator 
Banach algebra A. 

(a) A is primitive. 

(b) A 1s topologically simple and semisimple. 
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(c) There is a faithful, contractive, strictly dense representation T of A 
on some Banach space X satisfying Br(X) C Ta C Bx(*) and such that 
ine preimage of Br(¥) under T is dense in A. 

Moreover the norm of A satisfies the approvimate B* condition if and 
only if T is an isometry. 


Proof (b) => (a). Since A is semisimple, it has at least one primitive ideal, 
which must be {0} by topological simplicity. 

.i(c) => (a). This follows immediately since we have already noted that 
Bolt ) is irreducible on 2. 

As noted above .A is a modular annihilator algebra. 

(a) = (b). The socle of A is dense, since otherwise Ay = raAr is 
non-zero. Theorem 8.4.5(d) shows that there is some minimal idempotent 
e satisfying {0} = ,4Ae. Let Z be a non-zero closed ideal of A. Then for 
each, non-zero 6 € I there is some ae € Ae with bae # 0. Hence Ze is a 
1on-22r0 ideal included in the minimal ideal Ae. Therefore Ae = Ze C I 
‘renties e € I. Therefore Z includes AeA~ which is topologically simple by 
“sex cattion 8.7.3. If deA7 includes Ay it includes Ar and hence includes 
5 “FR = 4 and we are done. Otherwise there is some f € Ajys) satisfying 

«| feA~ and hence AfA~ M AeA~ = {0}. However, taking J = Af A~ 
‘= previous argument we have the contradiction e € Af A. 
(a’ = (c) Theorem 8.4.5(e) shows that A has a faithful representation L° 
for gome e € Ay. Theorem 8.3.6 shows the properties of L*. Proposition 
3.7.2(3) shows that Ap is dense in 4. Since L* is contractive, L4. © 
3p(Ae) is dense in L4. This implies L4 C Br(Ae)~ C Bx (Ae). 

Next we show that all of Bp(Ae) is included in L4. Suppose S is a rank 
one oserator in B(Ae) and suppose 14 ker(S) is {0}. This implies succes- 
sively, pa(ker(S).A) = {0}, (ker(S)A)— = A, and Ae = (ker(S)A)~e = 
ker(S\eAe~ = ker(S)e~ = ker(S). Since this is impossible, we may choose 
.: #% 2 which satisfies bker(S) = {0}. Let ce € Ae satisfy S(ce) # 0. Then 
we heve Ae = ker(S) @ Cce and hence bce # 0 since otherwise we would 
have 2 = 0. Now since L° is irreducible we can find d € A satisfying 
L§bce = S(ce). Hence S equals L4,, 80 L% includes all rank one operators. 
Hence it includes all finite-rank operators. 

"?T is an isometry then A satisfies the approximate B*#-condition, since 
v2 heve already noted that T'4 does. Now suppose A satisfies the approx- 
‘mese B#-condition. Since a +> ||T,|| is an algebra norm on A satisfying 

<7." < |lal] for all a € A and a spectral norm by Proposition 8.4.10, Propo- 
sition 3.7.5 shows 


e 


Toll = lal VaEeAd. o 


™4e following easy result is essentially due to Kaplansky ([{1948b}, p. 698). 
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8.7.5 Proposition Let A be a normed algebra satisfying one of the last 
three properties of Definition 8.7.1. Let B be a closed subalgebra and let ZT 
be a closed ideal of A. Then B and A/T satisfy the same property as A. 


Proof The case of closed subalgebras is obvious. So is the case of quotient 
algebras after noting the equality po La = La,z 0°, where yp: A > A/T is 
the natural map. oO 


The next result is due to Alexander [1968] (Theorem 7.3, p. 15) and 
Barnes for Banach algebras. 


8.7.6 Proposition Let A be a semiprime spectral normed algebra with 
dense socle. Then A is a semisimple modular annihilator algebra and if 
T is any normed topologically irreducible representation of A on a normed 
linear space X, then there is a dense T-invariant linear subspace ) of X 
such that the restriction of T to ¥ is algebraically invariant and has the 
same kernel as T. 

If A is a Banach algebra, then it is compact. 


Proof Since the socle is dense, its annihilator is zero and hence A is semi- 
simple by inclusion (4) of Section 8.4. (Note that the norm need not be 
spectral in this argument.) Since primitive ideals are closed in a spectral 
norm, none can contain the dense socle of A. Theorem 8.4.5(f) implies 
that A is a modular annihilator algebra and Proposition 8.4.10 implies the 
condition on T since the primitive ideal ker(7’) does not include Ar. 

Next we will show that if a belongs to the socle of a semiprime Banach 
algebra A, then L,R, has finite-dimensional range. (The converse is proved 
by Alexander in [1968], Theorem 7.2, p. 14.) We can write a = }0"_, aje;, 
where a, € A and e, € Ay. Hence Theorem 8.3.6 shows that aAa © 

hea 27€;Adeee C mange Ca;cj~ for any non-zero cj, € e;Aex. Thus 
La, has finite-dimensional range so it is compact. 

The mapa ++ L,R, (although nonlinear) is obviously continuous. Hence 
if Ap is dense in A and L,R, is compact for each a € Ap, then L,Rz is 
compact for each a € A. Oo 


8.7.7 Corollary /f A is a semiprime Banach algebra with Ap PA, dense 
and A; compact then A is compact. 


Proof If a belongs to Ap + Aj, we can write a = c+ dojui 283) with 
c € Aj, a; € A, and+, € Ay;. Then for any b € A, we have L,R,(b) = 
ebc+ 57" _, chaje,+~"_, a,e;bc+ 50" ,_, @j€,baxex. Inclusion (4) of Section 
8.4 shows that the second and third sums are zero. Hence if A, is compact, 
the argument in the previous proof shows that A is compact. oO 


Recall that a bounded operator T on a normed linear space 4 is called 
a Rresz operator if its image in B(V)/Bx (4) is topologically nilpotent. 
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(These operators were briefly discussed in Section 2.8.) The next result is 
due to Barnes [1971a]. Note that both the necessity and the sufficiency of 
the first condition are proved under (different) weaker hypotheses. 


8.7.8 Proposition A semisimple Banach algebra is a modular annthilator 
algebra if and only if L,Rq is a Riesz operator for each a € A. Hence for 
any compact Banach algebra A, A/Aj is a modular annihilator algebra. 


Proof If A is a compact Banach algebra, Proposition 8.7.5 shows that 
A/Aj,z is a compact semisimple Banach algebra. Hence the last statement 
3 an immediate consequence of the first. 

Suppose LR, is a Riesz operator and C is the commutant of a in A. If 
A 40 belongs to the boundary of Spc(a?), then Theorem 2.5.7 shows that 
-here is a sequence {6,}nen With ||b,|| = 1 for all n and {A~1a7b, — ba}nen 
converging to zero. Hence Sp(LaR,) contains » since {(A — LaRa)bn}nen 
converges to zero. Also Sp,4(a?) equals OSpc(a*) by Proposition 2.5.3. So 
p(a?) is included in Sp(LaR,) which has no limit points except zero as 
shown in Section 2.8. Thus the same is true of Sp(a) since Sp(a*) = Sp(a)? 
holds. Theorem 8.6.4 shows that A is a modular annihilator algebra. 

Conversely, suppose A is a semisimple modular annihilator Banach al- 
gebra. Then A/ A; is a radical algebra by Theorems 8.4.5(c) and 4.3.2(a). 
“ence Corollary 4.3.8 shows that for any a € A and any n € N there is an 
element b,, € Ap and an €,, > 0 satisfying 


ila” — ba ||" =e, > 0. 
Any c € A satisfies 
Il((LaRa)” — Lo, Re, )ell lla"ca” — bpcbpll 
||Ja"ca” — b,ca™|| + {|b,ca” — bach, 
la” — ba l{(a"ll + [loni){lel| and hence 
En(la"|l + [lball)'/” < en(2lla”|| + en)”. 


IA IA IA Il 


Il(LaRa)” — Lo, Ro, Il!” 


‘The last sequence converges to zero. The proof of the last propositon shows 
that Ly Ry, belongs to Br(A) C Bx(A), so LR, is a Riesz operator. O 


The next proposition is due to Barnes ((1966], Theorem 7.2) for semi- 
cimple algebras. The last remark is due to Kaplansky ((1948b], p. 698). 


°.7.9 Proposition Let A be a semiprime left completely continuous 
stormed algebra. Then A is a modular annithilator algebra and all its ir- 
reducible representations are finite-dimensional. 


Proof Since A is semiprime, L:A —> Bx(A) C B(A) is faithful and 
Proposition 2.5.3 shows Spa(a) = Spcia)(La). In order to prove that 
A is a modular annihilator algebra, Theorem 8.4.5(c) and 4.3.2(a) show 
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that it is enough to prove that there is no maximal modular left ideal 
including Ap. Suppose M is an exception. Choose c € A satisfying 
A(1—c) GC M. Then 1 belongs to Sp,4(c) = Sp(L.). Since L, is com- 
pact, ker(J — L.) = rpaA(1 —c) is finite-dimensional and the ascent of 
I — L, is finite by the results of Section 2.8. If m denotes this ascent, then 
R = pa(A(—c)™) = ker((I ~ Le)") = ker((I — Le)?™) = ra(A(1 —c)?) 
is a finite-dimensional right ideal. 

We wish to find an idempotent e € Arf Satisfying eA = R. Since R is 
finite-dimensional, it includes a minimal right ideal of A which contains a 
minimal idempotent by Lemma 8.5.4. Let e be the sum of a maximal (nec- 
essarily finite) family of orthogonal minimal idempotents in R. Obviously 
e belongs to the socle of A. Suppose eA C R does not equal R. Then 
we may choose a € R \ eA and consider 6 = a—ea 4 0. SincebACR 
i8 non-zero and finite-dimensional it includes a minimal idempotent f, by 
the above argument. The minimality of f and the equation ef = 0 (which 
follows from f € 5A), show that f € R is orthogonal to all the idempotents 
chosen previously with sum e. This contradiction establishes R = eA. 

Since we are assuming Ar C M, we have A(1—(d+e)) C M, where d € 
A is defined by 1-d = (1-c). As before, the fact that L}, , is compact and 
that 1 belongs to its spectrum implies that p4A(1-(d+e)) = ker(J—L},.) 
is non-zero. Let b be a non-zero element in this ideal so that it satisfies 
(1~d)b = eb € pa(A(1—c)™). Then we have A(1— d)?b = A(1—d)eb=0 
which implies 6 € r4(A(1 — d)?) = ra(A(1 —c)?™) = ra(A(1 — d)). This 
implies eb = (1 — d)b = 0. Since 6 was chosen from eA this implies 6 = 0, 
contrary to its choice. Hence we conclude that no maximal modular left 
ideal includes Af so that A is a modular annihilator algebra by Theorem 
8.4.5(a) and Proposition 8.4.3. 

Theorem 8.4.5(d) now shows that any irreducible representation has a 
kernel of the form P* for some e € Ay. Proposition 8.4.4 shows that 
Pe = {ae A: Aa C (1—e)A} is the kernel of the anti-representation R°. 

Since L. is compact by hypothesis, and its restriction to eA is the 
identity operator on eA, eA must be finite dimensional. Hence A/P® is 
also. Thus any irreducible representation is finite-dimensional. a 


8.7.10 Theorem Let A be a compact Banach algebra. Every irreducible 
representation of A ts equivalent to a representation on @ Banach space in 
which each representing operator is compact. 


Proof Since we are only interested in irreducible representations we may 
replace A by A/A, and hence assume that A is semisimple. Proposition 
8.7.10 asserts that A is a modular annihilator algebra. Theorem 8.4.5(e) 
shows that each irreducible representation is equivalent to L® for some 
€ € Ax;. Theorem 8.3.6 gives the structure of these representations and 
we will use the notation defined there. 


ta 
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Choose and fix an arbitrary e € Ay; and an arbitrary a € A for which 
‘ ton-zero. We will show that LS is compact. 
tny b,c, d € A satisfy 


l|bec|| ||de|] > ||becde|| = |]b(de, ec)e|| = | (de, ec)| ||bel}. 
Hence any b, c € A satisfy 
I|bec|| > ||bel] sup{|(de, ec)| : de € (Ae); }. 


Since L§ is non-zero, we may choose d € A satisfying ade 4 0. Since (-,-) 
is & pairing we may choose c € A satisfying 0 # (ade,ec)e = ecade = 
(de, eca)e. Denote | (de, eca)|/||de|| by 6. The inequality above shows that 
any 3 € A satisfies 

|[becal| > 5||be||. 


Now “et {bne}nen C (Ae); be arbitrary. Since A is compact there is a 
subsequence {ab,,, eca}ken Of La Ra(bpec) = ab,eca which converges. The 
last inequality shows 


Legon, e — LEbn,el| < 57" lab, eca — ab, ecal| 


y2ica in turn shows that a subsequence of {L&b,e}nen converges. Hence 
§ ‘g compact as we wished to show. oO 


‘iv now summarize the major results of this chapter. 


§.7... Theorem The diagram on the next page summarizes known itm- 
nlications between the various classes of algebras studied in this chapter. 
feres indicate implications and letters beside the arrows indicate extra 
concitions which are required in the proof. Some of these extra conditions 
may te unnecessary but no other implications, beyond those shown here, 
car. old between these classes of algebras for semisimple Banach algebras. 


Proof Results not proved in Propositions 8.7.2, 8.7.6, 8.7.8, 8.7.9, or The 
orem 8.7.10 or in the discussions surrounding the various definitions are all 
‘erivial. Example 8.8.8 or Barnes ({1966], Theorem 7.1) show that even for 
Banech algebras with dense socle the implication LCC>CC fails. 

‘¥/nen A is a Banach algebra, there are two ways to define the condition 
KIR given in the diagram. First, any irreducible representation of the 
algenra A is equivalent to a continuous representation on a Banach space 
zaat T, consists of compact operators. Second, if T is a strongly 
2ous representation of the algebra A on a Banach space then Ty, 
».8 of compact operators. Theorem 4.2.8 shows the equivalence of 

vo definitions. QO 
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Cc 
cc S 
LCC 
i 
FIR 
K 
[im 
KIR 
FD = finite-dimensional C = commutative 
D= dual CC = completely continuous 
A = annihilator LCC = left completely continuous 
LA = left annihilator K = compact 


DS = semiprime with dense socle DMA = Duncan modular annihilator 
MA = modular annihilator 
D(S@R) = semiprime with (socle @ radical) dense 
FIR = all irreducible representations are finite-dimensional 
KIR = all irreducible representations are equivalent to representations on 
Banach spaces in which each representing operator is compact. 
Abbreviations for the conditions are: sp = semiprime; ss = semisimple; 
S = spectral normed; B = complete normed. 


8.7.12 Classes of Algebras with Large Socle 709 
Annihilator Algebras 


We wish to include a few results on the much studied class of annihilator 
Banach algebras. Let A be such an algebra. Since it is a left annihilator 
algebra, Proposition 8.7.2 shows that Ag + A, is dense. Hence the socle 
Ar is dense if A is semisimple. In that case Proposition 8.7.3 shows that 
A is the normed direct sum of its closed topologically simple ideals, all of 
which are of the form (AeA)~ for some minimal idempotent e. Proposition 
8.7.4 gives more information on these ideals. None of the above results 
require more than that the Banach algebra be a left annihilator algebra. 
The next theorem, which improves on Bonsall and Duncan ([1973b] 32.20), 
captures the difference between annihilator algebras and left annihilator 
algebras. We have already noted that B,(%) is a left annihilator algebra 
for eay Banach space 4, but this theorem shows that it is an annihilator 
algebra if and only if 4 is reflexive. For another approach to this theory 
using single elements (an abstraction of finite-rank operators), see John A. 
Erdcs [1971] and S. Giotopoulos, S. [1985], cf. Joachim Puhl [1978]. 


8.7..2 Theorem Let A be a semiprime annihilator Banach algebra and let 
e be a minimal idempotent. Then the pairing of Theorem 8.3.6 establishes 
homeomorphic linear isomorphisms of eA onto (Ae)* and of Ae onto (eA)* 
wher. eA and Ae have the complete norms they inherit as closed linear 
subspaces of A. Hence eA and Ae are both reflexive Banach spaces and the 
linear functional of Proposition 8.3.5 is autoperiodic. 


Proof By symmetry it is enough to establish the homeomorphic linear 
isomorphism of eA onto (Ae)*. Recall from Proposition 8.3.5 and Theorem 
8.3.6 that there is a linear functional w € A* satisfying w(a)e = eae for all 
a € A and a pairing between Ae and eA satisfying (a,b)e = ba = w(ba)e 
for all a € Ae and all b € eA. Hence the map b € eA + ubdlae is a 
continuous linear injection of eA into (Ae)*. (As usual, uy is defined by 
u(a) = w(ba) for all a € A.) It is enough to show that this map is 
surjective, since the inverse boundedness theorem will then establish that 
it is a homeomorphism. Let 7 be an arbitrary non-zero element of (Ae)*. 
Defire F € A* by 7(a) = r(ae) for alla € A. In the notation of Definition 
4.2.20 we have -A = {b € A: T(ba) = 0V a € A}. We claim ker(7) = 
Aer: 7A. (If b = be belongs to the kernel of 7 then for all a € A, we have 
7(ba: = r(beae) = 7(bw(a)e) = w(a)7(b) = 0. For the opposite inclusion, 
note that b € Ae implies 7(b) = 7(b) = T(be) which gives AeNzA C ker(7).) 
Since 7 is non-zero, we may find c € Ae satisfying r(c) = 1. 

‘v/e now switch attention to the topologically simple Banach algebra B = 
(AeA)~ and its right ideal R = 4B. We use Theorem 32.9 of Bonsall 
and Duncan [1973b] to establish that B is an annihilator algebra. Note 
that R is a proper ideal of B, since it does not contain c € Ae C B. Hence 
the annihilator algebra property shows that there is a non-zero element d 
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of B in ,4R. However, the proper two sided ideal 14Ae of B is {0} by 
topological simplicity. For any a € Ae, a — r(a)c belongs to ker(r) C R 
so we conclude d(a — r(a)c) = 0. Since dAe is not {0}, dc € Ae is not 
zero. Using the fact that we have a pairing again, we find b € eA satisfying 
bdc = e. Hence any a € Ae satisfies r(a)e = T(a)bdc so T = Woaglea as 
we wished to show. Finally, w is autoperiodic since Theorem 8.3.6 shows 
that Ae and eA are homeomorphically isomorphic to the left and right 
representation spaces defined by w. Oo 


8.7.13 Corollary The representation space of any irreducible representa- 
tion of a semiprime annthilator Banach algebra can be given the sturcture of 
a reflerive Banach space, relative to which the representation 13 continuous. 
If the representation is already strongly continuous on a Banach space, the 
Banach space is reflezive. 


Proof Theorem 8.4.5 shows that every irreducible representation is equiv- 
alent to the representation L° on the Banach space Ae for some minimal 
idempotent e. Theorem 8.7.12 and Corollary 4.2.4 complete the proof. O 


8.7.14 Corollary A semisimple annthilator Banach algebra is an ideal 
in its double dual unth respect to either Arens product. 


Proof By Proposition 1.4.13 we must show that the left and right regular 
representations L, and R, are weakly compact for each a in a semisimple 
annihilator algebra A. The theorem shows this for any minimal idempotent 
a = e since Ae and eA are refiexive. However, A is the closed ideal gen- 
erated by its minimal idempotents. Since L and R are continuous and the 
weakly compact operators form a closed ideal in B(.A), we get the desired 
result. Oo 


Automatic Continuity 


We close this section with an automatic continuity result too specialized 
to be given in Chapter 6. The result is due to Barnes [1967b]. The reader 
may wish to compare this result with Proposition 6.1.13 and Corollary 
6.1.14. The set B, was introduced in Definition 6.1.7. 


8.7.15 Theorem Let A and B be Banach algebras and let y: A > B be 
a homomorphism unth dense range. Then 14(Br) includes B,. Hence if 
La(Br) vanishes (i.e., if B is a semisimple Duncan modular annihilator 
algebra) then p ts continuous. In particular a normed representation T of 
A on a normed linear space X is continuous if TaN Bp(X) is dense in Ty. 


Proof Proposition 6.1.8(d) shows that By is a closed ideal of B. For any 
minimal left ideal C of B,B,£ C CL equals either CL or {0}. The former 
case is impossible since £ = B,£ C B, contains a non-zero idempotent by 
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Corollary 8.2.3, but B, contains none by Proposition 6.1.10. Hence B, is 
included in ,4(Bp). 

'S pa(Br) equals {0} then y is continuous by Proposition 6.1.9(a). The 
last zemark follows from the previous one by noting that 4 may be com- 
pleted without altering the hypothesis. a) 


fe mention two other results on automatic continuity of homomor- 
phisms which involve minimal ideals. The first result is contained in Bache- 
iis [1972]. Let A and B be Banach algebras with A semisimple and let 
yp: 4 — B be a homomorphism. Then ¢ is continuous on each minimal 
ideal of A. Furthermore there is a constant K satisfying 


liye(ab)|| < K]lal] ]b]| VaeAp; bE Az. 


From this it is shown that if A; has a bounded approximate identity, then 
y is continuous on Ay. Note that this result puts no restrictions on B or 
ony! A). 

‘The last result we mention is from Barnes [1967b]. Let A be a Banach 
algebra such that any closed ideal Z of A with A/T finite-dimensional sat- 
isfies J? = I. (He shows that C*-algebras and dual algebras with bounded 
approximate identities (such as L}(G) for G a compact group) satisfy this 
condition.) Let B be a strongly semisimple modular annihilator algebra (e. 
g-,a semisimple completely continuous algebra). Then any homomorphism 
y: A — B is continuous without any restriction on the range of y. 


8.8 Examples 


3.8.7 Example The argument given before Theorem 8.6.2 shows that 
B() is a semisimple (indeed primitive) Duncan modular annihilator normed 
egos or Banach algebra, respectively, whenever 7% is a normed linear 
so2c. or Banach space. It was also shown there that when 4 is an infinite 
dimeusional Banach space, then B(.’) is not a modular annihilator algebra. 


8.8.2 Example Vala [1964] (cf. Alexander [1968], Theorem 3.2) shows 
that for any compact linear operator T on a Banach space 7 the map from 
2(¢?. to B() defined by 


SHTST SEB(X) 


‘s \ t-mpact linear operator on B(4’). This proves that Bx (2’) is a com- 
oac’ 3anach algebra for any Banach space 4’. Hence Bx (7) is a modular 
ann'>‘lator algebra and thus Theorem 8.4.5(e) shows easily that every ir- 
recuc'ble representation of Bx (4) is topologically equivalent to its given 
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representation on 1. Thus every irreducible representation of Bx (A) con- 
sists of compact operators and none of them are finite-dimensional if 7 is 
finite-dimensional. Actually Bx (4) is the largest irreducible subalgebra of 
B(%) which is a compact Banach algebra with respect to a complete algebra 
norm majorizing the operator norm (Bonsall and Duncan [1973b], p. 179). 
Furthermore, Bx (%) is topologically simple when By (4) = Br(X)7 holds, 
as it does for many Banach spaces 7. That this identity fails for some Ba- 
nach spaces was first shown by Per Enflo [1973]. For such a Banach space, 
Bx(4) is a compact Banach algebra in which its socle Br(%) is not dense. 


8.8.3 Example The algebra B4(¥) = Br(¥)~ of approximable operators 
obviously has B,(2’) as its dense socle. Since it is a semisimple (in fact, 
primitive) Banach algebra, it is compact and a modular annihilator algebra 
by results in this section. It is also easy to see that it is topologically simple. 
More is true. B,4(%) is an approximate B#-left annihilator algebra. This is 
proved in Smiley ((1955], Theorem 2). Furthermore, B,(.V) is an annihila- 
tor algebra if and only if 2 is refiexive. See Antonio Fernandez Lopez and 
Angel Rodriguez-Palacios [1985]. Hence B,(2’), for any nonreflexive Ba- 
nach space 1’, is a topologically simple, semisimple, left annihilator Banach 
algebra which is not an annihilator algebra. This too can be generalized. 
Let B be any algebra of operators which includes By(%) and is complete 
in some norm which dominates the operator norm and relative to which 
Br(2) is dense in B. Then B is an annihilator algebra if and only if ¥ 
is reflexive (Rickart [1960], Theorem 2.8.23), and B is a dual algebra if 
and only if each T € B belongs to TBM BT (ibid., Theorem 2.8.27). The 
C? algebras of operators on a Hilbert space and the algebras Bys(H) and 
Br(H) discussed in §1.7.17 satisfy all the above hypotheses and hence are 
infinite-dimensional, topologically simple, dual algebras. 

We remark here that all these examples of semisimple (in fact primitive) 
dual Banach algebras have natural infinite-dimensional (faithful) irreducible 
representations and thus are not left completely continuous or completely 
continuous algebras by Proposition 8.7.9. 


8.8.4 Example Davie (1973a] uses Enflo’s example [1973] of a reflexive 
Banach space which does not have the approximation property to provide a 
topologically simple annihilator Banach algebra B4(%) which is not dual, 
thus settling a question which remained open since Bonsall and Goldie’s 
paper [1954]. 


8.8.5 Example The algebra of inessential operators on a Banach space 4 
introduced by Kleinecke [1963] is a modular annihilator algebra by Propo- 
sition 8.4.10 above. Similarly one sees that the algebra By x (.) of weakly 
compact operators on Y = C(M) (|Q, a compact Hausdorff space) and on 
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a = L'(M) (M, a measure space) are modular annihilator algebras since 
Dunford and Schwartz {1958], VI.7.5 and VI.8.13, show that the square 
of these algebras is included in Bx (4). By previous remarks these alge- 
bras Bw x«(4) provide examples of modular annihilator algebras which are 
not compact algebras since they properly contain By(%). If * is a lo 
cally convex topological linear space then Bx (%) is shown to be a modular 
annihilator algebra by Barnes ([1971a], 4.2). 


8.8.6 A Normed Algebra of Operators with a Dense Socle which 
is not a Modular Annihilator Algebra. This example is due to Yood 
[1964'. The assertions which we do not check here are all verified in the 
cited reference. Let X% be an incomplete normed linear space and let X be 
its completion. Let A = Br(%) be the algebra of bounded linear operators 
on 2 which have finite-rank. Let z belong to ¥% \ 4 and let U belong to 
the closure of A in B(4) but satisfy 7z = z where U is the closure of the 
grapk of U in ¥ x X. Let B be the subalgebra of B(a’) generated by A 
and U. Clearly B is a normed algebra with dense socle A. However, the 
left ideal M = {T € B : Tz = 0} is maximal among closed modular left 
ideals but is not a maximal modular left ideal. Hence B is not a modular 
annihilator algebra since it is normed but contains nonclosed maximal left 
ideals contrary to Theorem 8.4.12. 


8.8.7 Example The algebra of all precompact operators on a normed 
linear space need not be a modular annihilator algebra or even a Duncan 
modular annihilator algebra. As pointed out by Barnes [1971a], the example 
on p. 590 of John Ringrose [1957] contains a precompact operator with the 
whole plane as spectrum. Hence Theorems 8.6.2 and 8.6.4 show this. 


8.8.8 A Left Completely Continuous Semisimple Banach Algebra 
which is not Completely Continuous Smyth [1980] gave the first such 
example settling a question which had been long open. Let A be the algebra 
(under pointwise operations) of complex sequences. Consider the following 
four rorms: 


ao 
llall, = > lan| {lal = sup{|an| : n € N} 
n=l 
co co 
lls = D0 m7 lanl Nall, = So nlan| 
n=l n=1 


Let / (k) be the subalgebra of elements in A with finite || - ||,-norm. Define 
£ to be the following algebra under matrix multiplication: 


c= {(% He); a, € A(k); k = 1,2,3,4} 
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with norm 


4 
W(o 92 = Do leall 
k=1 


(a3 a4 


It is tedious but straightforward to show that C is a semisimple Banach 
algebra. (The ideals 


a, a 
Mn = ie: ay : Qen = 0;k = 1, 2,3, 4} 


are maximal modular since £/M,, is isomorphic to M2. Hence CL is even 
strongly semisimple. 
In order to show that C is left completely continuous, we choose an ar- 


bitrary element b = ie 2) € £, and show that b£, is totally bounded. 


bg by 
Let € > 0 be arbitrary and choose N € N satisfying 
= E — € 
-2 
2, [bel < 9 ae < ry 
N7 = 2 Iban E 
ia 2 Ibanl < 5 


Let 7 be the finite-dimensional ideal: 

T={a€Ll:ia,=0 n>N; k=1,2,3,4}. 
It is easy to verify that the distance from any c € bL; to L£, is less than 
8/9. Since T is finite dimensional, 7, can be covered by a finite number 


of (c/9) - balls. Hence b£, is totally bounded as we wished to show. 
To see that C is not completely continuous, we define {ap,}men € Ay 


by Onn = bmn (the Kronecker delta). Clearly es :) belongs to £; but 


Qn, 0 0 1\ 0 a, : 
( 0 0) (3 ;) = (0 0 ) has no convergent sequence, so that right 


multiplication by ; 0 is not a compact operator. 

In the cited reference an easy proof is given that a left completely con- 
tinuous semiprime algebra with a dense socle is completely continuous. 
8.8.9 Example Smyth (1980} also gave an example of a semisimple com- 
pact Banach algebra A and elements b, c € Aso that 

ar+bac acA 


is not compact. This contradicts a conjecture of Alexander {1968] who had 
proved that all such maps are compact if A is a C*-algebra. 
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Cohen's idempotent theorem 415 
cohomology 415 
cohomotopy group, first 411 
coimage of a morphism in 4 category 501 
cokernel of a morphism in a category 501 
commutant 9 
commutative bimodule 610 
commutative C*-algebra 329 
commutative subset of an algebra 9 
commutativity, characterizations of 238, 
311, 468 
compactification of a topological space 335 
complete topological linear space 526 
completely regular topological space 65, 326 
completion of a normed algebra 15 
composition in a category 499 
conjugacy class 131 
connecting homomorphisms 42 
consistent norms 228, 559 
continuity ideal 571 
continuity of homomorphisms from C(M) 
577 
continuous spectrum 286 
continuum hypothesis 578 
contractive map 11 
convolution of linear functionals 136 
convolution measure algebra 435 
convolution product 114, 129 
coordinate function on C198 
coproduct, categorical 38, 165 
countable spectrum 695 
Cousin data 412 
Crabb’s Lemma 266 
critical points 436 


cross rection 38 
croszed product 260 
cyclic vector of & representation 440 


decomposing subspace 277, 443 
decomposition of representations 443 
decomposition property § 296 
degree of 
soncommuting polynomials 627 
trigonometric polynomials 113 
deriva ion 393 
Additive 603 
elgebra 591 
vimodule 591 
centralizing 601 
iscontinuous examples 610 
inner 592 
desceni of an operator 289, 688 
determinant 71 
diagoral matrix 275 
Dicksea, Leonard Eugene (1874-1954) 4 
differential 1-form 393 
dimension of a representation 441 
direct product of algebras 37 
© 38 
direct product of two algebras 34 
direct sum of algebras 39 
direct, sum, algebraic 39 
direct sum, Banach algebra 39 
direct sum, internal, external 40 
Dirichlet kerne] 128 
Dirichlet’s theorem 127 
Dirichiet, Peter Gustav Lejeune 
(1805-1859) 6, 127 
disc algebra 68, 330 
disc algebra under convolution 507 
discrete group 130 
divisit’e subspace 364 
divisor of zero 4 
joint, two-sided 4 
left, right 4 
dominate 14 
double centralizer algebra 26, 315, 454, 
495, 497, 525, 599, 653 
éutomorphisms of 31 
«xamples 30, 53, 66, 104, 148 
double dual space 22 
doubie dual algebra 47, 316, 527 
identities in 49 
doubi: power bounded 27) 
dual g oup of G 419 
dual nap 21 
dual norm of a linear functional 21 
dual o a homomorphism 313 
dua! o erator 287 
Dunfo'd, Nelson (1906-?) 156 
Dunfo d-Pettis property 93 
“sunfo d-Pettis theorem 170 


Eberle n-Smulian theorem 83 

Eidel> :it’s lemma and theorem 106 

Bicel’::it, Meier (1910-1943) 12, 
105, 553 

elementary q-form 393 


105, 
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elementary tensor 159, 23, 73, 75 
epimorphism 501 
equivalence of representations 440 
equivalent monomorphisms 500 
essential spectrum 295 
Euler, Leonard (1707-1783) 127 
exponential function in A 201, 411 
kernel of 358 
exponential spectrum 203 
extension of A by C 33 
split 34 
equivalent 33 
extension of homomorphisms 322 
extensions of subalgebras 369 
exterior derivative 394 
exterior differential calculus 392 


factorization of sequences converging to 
sero 54) 
factorization theorems 535-552 
[FC]~-groups 530 
feebly spectral subalgebra 254 
Fejér kernel 123 
Feldman theorem 662 
Feldman’s example 663 
[FIA] ~-groups 530 
fiber 626 
fiber map 626 
filter 45 
Fréchet 45 
proper 45 
finite-rank for a left ideal 690 
finitely generated normed algebra 383 
forcing 578 
Fourier algebra 126, 154, 173, 423 
Fourier expansion 120 
Fourier series 122 
Fourier transform 122, 423 
Fourier transform, inverse 125 
Fourier, Jean Baptiste Joseph 
(1768-1830) 127 
Fourier—Planchere] transform 121, 431 
Fourier—Stieltjes transform 424 
Fredholm theory in Banach algebras 691 
Fredholm, Eric Ivar (1866-1927) 128, 191 
free semigroup algebras 509 
Freudenthal-Weil theorem 530 
full subcategory of a category 502 
functional calculus 
discontinuous 363 
continuous function 376 
for spectral algebras 353 
analytic (holomorphic) 200, 343, 
349 


polynomial 199, 342 
rational function 199, 342 
unique 363 
various 341 
functional subalgebra 354 
fundamental theorem of spectral 
semi-norms 228 


Gamma function 531 
Gantmacher’s theorem 62 
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Gelfand homomorphism 303 
Gelfand’s limit o“(a) 16, 210 
Gelfand radical 304 
Gelfand space 304, 408 

augmented 305 
Gelfand theory 309 
Gelfand topology 303 
Gelfand transform of a 303 
Gelfand, Israel Moiseevit (1913- ) 11, 156 
Gelfand-Maxur theorem 211 
Gelfand-Raikov theorem 429 
Gelfand-radical 304 
Gelfand semisimple 304 
generalised basie 372 
generated by (normed algebra) 318 
generator of one-parameter group 595 
geometric category of 

Banach algebras 32, 517 

Banach spaces 32, 81 

normed algebras 32 

normed linear spaces 32 
geometric multiplicity 274 
i 214 


global section 626 

Goldstine’s theorem 79 

Grothendieck topology 96 

group algebra of a locally compact group 
143 


group of A 193 

groups with invariant neighborhoods of e 
$29 

groups with small invariant neighborhoods 
of e 529 


Haar functiona] 140 
Haar integral 140 
Haar measure 142 
Hamel basis 4 
hermitian element 376 
Hilbert space 108 
Hilbert space adjoint 109 
Hilbert, David (1862-1943) 90, 128, 191 
Hilbert-Schmidt norm 73 
history of 
algebras 4 
analytic functional calculus 343 
Banach algebras 11 
Fourier analysis 127 
ideals and quotients 6 
matrix algebras 72 
radicals 503 
representations 438 
the spectrum 191 
homomorphism 5 
injective, surjective 5 
unital 18 
from derivations 593 
bomotopic in G 411 
bomotopy 411 
hull of a subset of A 620, 323, 408, 446 
hull-kernel topology 621, 326 
hyperinvariant subepaces 294 


Index 


ideal (two-sided) 5 
left, right, one-sided 5 
minimal 667 
minimal closed 667 
ideal of finite rank operators 23 
idealizer 29 
left, right 29 
idempotent 4, 67, 479 
existence of 357 
minimal 667 
order among 668 
orthogonal 4 
identity element, multiplicative 3 
image of 8 morphism in a category 501 
implicit function theorem 405 
{IN]-group 529 
inclusion of subobjects 501 
inductive system of algebras 42 
normed 42 
infinite conjugacy class (ICC) groups 131 
injective tensor product 99, 175, 473 
inner product 108 
intertwining operators 443 
invariant subset in a group 529 
invariant subspace 225, 440 
inverse Fourier transform 423 
inverse Fourier-Stieltjes transform 424 
inverse of a relation 2 
inversion theorem 424 
involution 109 
irrational rotation algebra 259 
isometric 11 
isometric Banach spaces 81 
isometry 11 
isomorphic Banach spaces 81 
isomorphism 5 
isomorphism in a category 499 


Jacobson radical 225, 474, 585 
Jacobson topology 621 
Jacobson-radical algebra 225, 474, 507 
James space 79 
algebra structure of 79 
Johnson—Rickart uniqueness of norm 
theorem 229, 557 
joint spectrum 383 
Jordan 
block 284 
canonical form 
Jordan 
derivation 614 
homomorphism 580 
product 579 


284 


Kaplansky's theorem 244 
kernel of a 
jinear map 5 
morphism in a category 501 
set of prime ideals 620 
kernel of a subset of [4 323 
Koszul complex 416 
Kreln—Milman property 85 


L-homomorphism 436 
L-anace 435 
> gehra 436 
~ -jcoro algebras, functorial properties 
P 145 
{*-zroun algebra of G 130 
: -:odule 455 


z formula 592 
ule wracket 580 
Lie homomorphism 591 
Lie idect! 592 
“ie mipetent 241 
La product 241, 591 
Lie subalgebra 241 
limit 
inductive or direct 42 
normed inductive 42 
normed projedtive 44 
projective 44 
iinear functional 21 
linear map, unital 18 
linear space 
normed, semj-normed 10 
semi-topological 7, 8 
tepological 7 
Jucal spectral theory 296 
locaily bounded topological linear space 
298 
locally compact group 134 
local convex semi-topological linear space 
20 
logarithms in Banach algebras 359 


‘-7roup 338 
onent of the zero ideal 646 


ww ary 640 

: 14 
a sevich basis 372 
svtst lyebra 


or an algebra 74 
acoms on 72 
matrix :epresentation of a linear operator 
70 
matrix cnits 69 
mexime’ ideal 235 
~oxicac ideal space 304 
rmeximai one-sided ideals 542 
maximally almost periodic group 145, 338 
mezsure algebra of a group 137 
a: polynomial 275 
aki functional 20 
mixed identity 49 
modular function 141 
moduiz: ideals 235, 448, 634 


‘mohomerphism 500 
morsifera has a 

cc'nage 501 

voxernel 501 

ernel 501 

in sge 501 

1 in a category 499 

neuiivtiacar maps 159 
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bounded 166 
multilinear noncommuting polynomial 628 
multiplicative linear functionals 304 
multiplier 28 
multivariable functional calculus 378, 388 


N-algebra 640 
Naimark, Mark Aronovid (1909-1978) 11 
Nagumo, Mitlo (1908-7) 11, 201 
natural map K: % — 4°" 22 
neighborhood 7 
Newburgh theorem 222 
nll ideal 481 
nil radical 483 
nil subalgebra, dense 514 
nilpotent element 4 
nontrivial, proper 4 
topologically 18 
nilpotent algebra 481 
nilpotent ideal 481 
non-synthesia, sets of 666 
Noncommuting polynomial 627 
norm 
complete algebra 215 
a. 39 
“. 37 
minimal 558 
minimal spectral 558 
regular algebra 19 
supremum or uniform 64, 303 
weakly spectral 223 
norm topology is minimal 558 
Norm topology is minimum 558 
norm-unital 260 
norma! element 376 
normed bimodule 455 
normed left A-module 455 
normed representation of an algebra 456 
normed symmetric algebra of quotients 
452 
nuclear C*-algebra 186 
nuclear norm 98 
nullity of T 274 
numerical radius 26), 264 
numerical range 261 


objecta in a category 499 

one-parameter group 595 

one-sided identity 477 

Open mapping theorem for analytic spaces 

549 

operator 22 
approximable 88, 712 
compact 88, 289, 532, 711 
completely continuous 88 
decomposable 296 
diagonalizable 275 
elementary 453 
finite-rank 23, 87, 673 
Fredholm 108 
Hilbert~Schmidt 109 
inessential 108, 712 
integral 101 
nuclear 98 
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operator 
projection 276 
Riesz. 108, 295, 704 
strictly singular 93 
trace class 109 
transcendental topologically nilpotent 
286 


weakly compact 88, 91, 712 
operator porm 22 
ortbonormal] basis 109 


pairing 672 
normed 672 
Parseval's identity 120, 431 
partition of the identity 634 
Peirce, Benjamin (1809-1880) 4, 18 72 
Peirce, Charles Saunders (1839-1914) 25, 72 
permanently quasi-singular 250 
perturbation set 480 
Pettis lemma 549 
Pl-algebra 631 
piecewise smooth function 127 
Plancherel theorem 431 
point derivation 375 
point spectrum 286 
polydisc 382 
polynomial! convex set 318, 381 
polynomial identity 627 
polynomial polyhedron 381 
polynomially convex hull 203, 381 
polyradius of a polydisc 382 
Pontryagin dnality theorem 432 
positive definite function 424 
positive element 532 
power bounded 271 
presocle 672 
primary ideal 640 
prime 
algebra 446, 658 
ideal 446, 483 
tadical 485 
structure space 621 
primitive ideal 443 
principal component of a topological group 
200 


product of sets in a linear space 5 
product, categorical 38 
projection operator 
along a linear subepace 276 
onto a linear subspace 276 
projective Banach algebra tensor product 
171, 61 
projective system of algebras 44 
normed 44 


projective tensor product 99, 166, 340, 631 
proper ideal 235 


property 9 296 
peeudo- Banach algebra 354 


quasi-central algebra 638 

quasi-group of A 193 

quasi-inverse (left, right two-sided 193 
quasi-multiplication 193 


quasi-nilpotent 18 
quasi-product 193 
quasi-regular ideal 475 
quasi-singular 193 
quotient object 501 
quotient of £ 446 


Raikov, Dmitrif Abramovit (1905-7) 11, 
189, 417 
radical = Jacobson radical 474 
radical algebras, examples 613 
radical subcategory of a category 502 
radical weight function 372 
Radon-Nikodym property 85 
rank of T 274 
rank of a left ideal 690 
Ransford’s three circles theorem 227 
rational function 198 
recalcitrant systems 602 
reduction of a representation 441 
regular homomorphism 26 
regular module action 591 
regular unitisation of algebra norm 20 
relative consistency 578 
relative identity, left, right, two-sided 235 
relative inverse 205 
relatively regular 
algebra 205 
element 205 
renorming an algebra 15 
representation of an algebra 224, 440, 456 
continuous 456 
cyclic 440 
equivalent 440 
extended left regular 25 
extended right regular 25 
faithful 440 
internal models of cyclic 442 
irreducible 225, 440 
left regular 25 
Tight regular 25 
strongly continuous 456 
topologically completely irreducible 
460 


topologically cyclic 456 
topologically equivalent 456 
topologically irreducible 456 
trivial 440 
representation of a group 132 
bounded 132 
continuous 151 
finite-dimensional 338 
continuous, bounded 338 
normed 132 
residual] spectrum 286 
resolvent function 217 
resolvent set of a 196, 217 
restriction of a 
function 2 
representation 441 
homomorphism T 441 
reverse of an algebra 7 
reverse of a function on a group 135 
Riemann-Lebesgue Lemma 122 
Riesz Lemma 89 


Riesz representation theorem 137 

Riesz, Frigyes (1880-1956) 90 

right A-module 455 

root of a noncommuting polynomial 627 
Rung? -pproximation theorem 347 


Schauder's theorem 89, 289 
Schric ., Erhard (1876-1959) 128, 192 
Schur’: ‘emma 443, 463 
sectiosr, 648, 626 
semi-norm 10 
e'sebra 10 
n “trivial algebra 10 
c. otient 14 
ecuivalent 14 
semidi:-ct product of algebras 34 
semigre 'p algebra 155 
semipri ne algebra 481, 613, 658 
sernipri ne ideal 481 
semisimple (Jacobson) 225, 304, 474, 602 
separating function 563 
separat.ag spaces of » 563 
set difference 2 
sheaf of algebras 648 
unital 648 
short exact sequence of Banach algebras 
33 
short five lemma 518 
Silov bcundary 319 
Silov idempotent theorem 408 
Silov, Georgi Evgenyevit (1917-1975) 
Silov boundary 319 
Silov idsmpotent theorem 408 
Silov, Georgi Evgenyevit (1917-1975) 301 
([SIN]-group 529 
single e' ements 709 
single velued extension property 296 
singly generated algebra 318 
singulax‘ty set of p 576 
socle 671 
Ve 3, righ 671 
soft she sf 648 
spectre:! 
m=pping theorem 199 
rozm 212 
ce ius p(a) 196, 208 
re.olution of S 278 
seni-norm 212, 226, 252, 687 
examples 188 
stability of 219 
ercte 244 
suralgebra 245 
examples 190 
sy ithesis 434, 640 
spectry: + Sp(a) of a 196 
Seandary of 253 
continuity of 222, 362 
spectrum of WG L™(G) 434 
spectrum of an algebra 304 
sphere, unit 14 
square roots in Banach algebras 360 
spectral theory of compact operators 289 
ER-algebra 210 
atalk 626 
stanaarc ideal 372 
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standard polynomial 627 
Stokes’ Theorem 395 
Stone, Marshall Harvey (1903-1989) 14 
Ston h compactification 335 
Stone-Weierstrass theorem 66 
strict topology 525 
strictly dense 464, 674 
strong operator topology on B(%, y) 22 
strong radical 490 
strong spectral radius 207 
strong spectrum 207 
strong structure space 621 
strongly -measurable 156 
strongly exposed point 85 
strongly harmonic algebra 646 
strongly semisimple 490, 567 
structure space 304, 621 
subadditlve 10 
subalgebra 3 

hereditary 6 

normal 6 

unital 3 
subcategory of a category 502 
*-algebra 109 
subdirect product 41, 496, 625 
subharmonic functions 230 
submultiplicative 10 
subobject 500 
subrepresentation 441 
sufficient family of n-dimensional 

representations 630 

suitable contour 344 
sum of a family of ideals 40 
sum of sets in a linear space 5 
support of a function 2 
Sylvester, James Joseph (1814-1897) 72 
symmetric element 265 
symmetric subset of a group 134 


T-invariant subspace 440 
tame linear functional 145 
Tauberian algebra 640 
Tauberian theorem 435 
Taylor functional calculus 416 
Taylor spectrum 416 
tensor map 159 
tensor norm 159 
admissible 179 
dual 180 
injective 99, 175 
nuclear 180 
projective 99, 167 
reasonable 180, 524 
uniform 180 
weak 175 
tensor products of matrices 73 
topological category of 
Banach algebras 32, 517 
Banach spaces 32, 81 
normed algebras 31 
normed linear spaces 32 
topological divisor of sero 250 
joint, two-sided 250 
left, right 250 
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topological equivalence of representations 
456 
topological group 133 
topological N-algebra 640 
topological quasi-divisor of sero 250 
joint, two-sided 259 
left, right 250 
topologically finite inner automorphism 
group 145 
topologically nil semi-normed algebra 477 
topologically nilpotent 213 
topologically nilpotent algebra 515 
topologically Tauberian algebra 640 
topology 
defined by a semi-norm 14 
of coordinatewise convergence 300 
of uniform convergence on compact 


trace of a projective tensor product 170 

trece on By (2%) (X bas approximation 
property) 100 

trace on a matrix algebra 70 

normalised 70 

translate of a function on a group 135 

translation invariance 112 

trigonometric polynomials 113 

two-sided continuity ideal 572 


ultrafilter 45 
countably incomplete 45 
fixed, free 45 
ultrapower 46 
ultraprime algebra 460) 
ultraprime constant 450 
ultraprime ideal 450 
ultraproduct 46 
uniform algebras 69, 313 
uniformly topologically nil algebra 515 
unimodular 141, 529 
unique Banach algebra topology 553 
unique normed algebra topology 553 
unitisation of an algebra 19 
norm 20 
unordered sum 39 


vanish at infinity 65 
Varopoulos algebra 173 
von Neumann mean 338 


weak countable compactness 83 

weak N-algebra 640 

weak operator tupology on B(2’, Y) 22 
weak relative inverse 205 

weak sequential completeness 83 
weak topological N-algebra 640 
weakly B-measurable 156 


weakly almost periodic 60, 80, 472 
weakly analytic Banach space valued 
function 217 
weakly invertible 207, 492 
weakly quasi-invertible 492 
weakly quasi-regular 492 
weakly relatively regular element 205 
weakly sequentially complete 83 
Wedderburn splitting, algebraic 665 
Wedderburn splitting, topological 665 
Wedderburn theorem 658, 662 
Wedderburn, Joseph Henry Maclagan 
(1882-1948) 4, 72, 505, 658 

Wedderburn- Artin structure theorems 72 
weight function 154, 436 
weight sequence 373 

basic 373 

convex 373 

ordinary 373 

star-shaped 373 

unicelullar 372 
weighted shift 372 
Weil's formula 146 
Wendel’s theorem 148, 149 
Wey! spectrum 295 
Wiener, Norbert (1894-1964) 11, 128 
without order 25 


Zermelo—Frankel axioms 578 
sero object in a category 499 
sero subobject 501 
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Miscellaneous 
(... 7... f ...) (choices in text) 3 
A, 'B, Cc (algebras) 
X,Y, % (linear spaces) 
@ (emoty set) 2 
A\B='‘ace A:a¢ B} 2 


S+T={stt:s8€S,teT} 5 
a+T ={a+b:b€ T} 5 

ST =span{st: 3 € S,t€ T} 4 
B (idea iser) 29 

(uv, w) (pairing) 672 

S° (interior of S) 2 

S~ (cieaure of S) 2 

8S (acy srdary of S) 2 

Bee ses , (direct sum) 39 


, #° (Banach algebra direct sum) 39 
1 


1 (Umuitinicative identity) 3 


(1 — ajo. = {b-—ab:b € A} 5 
? Jsation of A) 19 
14 
. tization of || - ||) 20 
uh toot Lion of a) 20 
2, (ciscs’ unit ball) 14 
A 
anc -o-—ab 193 
wo (lor.en product) 579 
a {Gelfand transform) 303 


[a, b] (closed interval) 3 
[a, 8} (Lie »roduct) 241, 580 


]a, ef (omen interval) 3 

aoSp(7") (approximate point) 286 
[A] (elses of abelian groups) 529 
A(D) fets; algebra) 68, 330 

rat Sh, -rtic on interior) 333 
4(G) Gro vier algebra on G) 423 
A(G) (Yourier algebra on G) 423 
A(T} (Fonrier algebra on T) 126 


AC = 4O(T) (absolutely continuous 
" functions) 113 

AC'(*) (AC, convolution) 115 

Ai’(G (a'most periodic) 337 

A (catzsory of algebras) 500 

ar ilator ideal) 25 

aif) (atgebra of weight HK) 374 
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A/T (quotient algebra) 5, 8 
az(a), ap(a) (ascent) 688 
a(T) (ascent) 289 


B 
baS (balanced convex hull) 4 


6G (Bohr compactification) 338 
B(G) (Fourier-Stieltjes) 424 
B(G) (Fourier-Stieltjes) 424 


B(Q) (bounded functions) 65 

BA (Banach algebra category) 500 

(lf llase (Bochner-Schoenberg—Eberlein 
norm) 317 

As (Brown-McCoy radical) 

8} (dual from pairing) 673 

B,)(V) (operators with a dual from a 
pairing) 672 

B(%), B(4,¥) (operatora) 22 

Ba(%), Ba(%,¥) (approximable) 88 

Br(%), Br(X, ¥) (finite rank) | 23, 87 

B;(%), Br(#’, y) (integral) 101 

Bx(X%), Bx(%,y) (compact) 88 

By (XX), Bn (4, ¥) (nuclear) 98 

Boc(%), Bcc(X, ¥) (completely contin- 
uous) 88 

Bss(%), Bss(X, ¥) (strictly singular) 93 

Bwx(%), Bwx(%, y) (weakly compact) 88 

AN (Stone—Cech) 335 


Cc 


485 


chy (A) (characteristic polynomial) 273 
coS (convex hull) 4 
cSp(T) (continuous spectrum) 
C = C(T) (continuous functions) 115 
C(«*) (C, convolution product) 115 
CBV = CBV(T) (continuous bounded 
variation) 113 
CBV(#) (CBV, convolution) 115 
C(M) (continuous bounded) 65, 333 
Co(M) (vanishing at infinity) 65 
Coo(Q) (compact support) 65 
C}(T) (continuous derivative) 68 
C™(V) (infinitely differentiahle) 
Cy = {uvu7} su € G} 131 
CH (continuum hypothesis) 579 
CHom(A, 8) (continuous homomorphisms) 9 
C (complex field) 2 
Cc" (n-tuples from C) 


286 


380 
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D 


[D] (class of discrete groups) 529 

Det(M) (determinant of M) 71 

Dy (domain of f) 344 

D= eC yy <1) 2 

D(A) (double centraliser algebra) 26 

D*(V) (differential ¢-forms) 393 

Dsp(A) (algebra of bounded double 
centralizers) 26 

55 (derivation on D(A)) 599 

6,, (Kronecker deita) 3 

6x(a), 6p(a) (descent) 688 

&(T) (descent) 289 

6, (inner derivation) 592 

A (modular function) 141 

A(A) (derivations of A) 591 

A(A, 4) (derivations: A to 2) 591 

As(A) (bounded derivations) 591 

As(A, XY) (bounded module derivations 
into XY) 591 

41(A) (inner derivations) 592 

A1(A, %) (inner derivations) 592 

A(V) (derivations on V) 393 

¢' (algebraic dual of y) 313 

X* (algebraic dual of 2’) 21 

T' (aigebraic dual of T) 21 

w @' v (rank one from pairing) 673 

84 (boundary of A) 319 


e < f (order for idempotenta) 668 
e° for ao € A (exponential) 202 
eSp(a) (exponential spectrum) 203 
E* (matrix units) 70 

Equiv(S, T) (equivalences) 440 
Ext(C, A) (extensions) 34 


F 


f(a) (functional calculi for a € A) 
199, 342, 349, 353, 388 

f «4 9 (convolution) 129 

S~ (inverse) 2 

f(u) = flu?) 135 

F(u) = f(u)* 135 

Se(v) = S(vu7) 135 

wv) = flute) 135 

fo, NagN-- No, 393 

S\s (restriction to S) 2 

f9. f 9 for f,g€ A** 47 

[FC)~ (class of groups) 529 

(FLA]~ (class of groups) 145 

[F1A]~ (class of groups) 530 

FS‘X) (free semigroup) 509 

F (feild: Ror C) 3 

F. (analytic near Sp(a)) 344, 87 

Fa (germs of above) 349, 381 

F=Cijzi] 300, 370 

Fy (analytic on U) 348 

F(M) = (f(z): f EF, 2EX} 2 

Apr (socle) 671 


G 


G/N (quotient group) 134 

Ga (G made discrete) 135 

G (dual group) 417 

G (double dual group) 422 

GBA, GNA (categories) 500 

Ag (invertible group of A) 193 

Ty (Gelfand space) 303 

ro, (augmented Gelfand space) 305 
To = Ti (a) 419 

Ap (Gelfand radical) 304 


H 


A(S) (bull in Py) «620 

A(S) (pullin 4) 323 

hP(S) (bullin P4) —- 620, 446 

AN(S) (hull in Ty) 620, 446 

A5(S) (hullin =4) 620, 490 
hal(()=C"for¢eT 114 

h, € L™(G) for y ETa 419 

H(A) (span of idempotents) 412 
H)(A) = Ac/exp(A) 413 

Homa (A, B) (morphisms in C) 499 
Hom(A, 8) (algebra homomorphisms) 5 
H = {h, : ne Z} 114 

An (hermitian elements) 376 

ll Wags (Hilbert-Schmidt norm) 73 


I 


I, (functional calculus) 349, 388 

T™ (functional calculus) 344, 388 
(IN] (class of groups) 529 

Z(e) (continuity ideal) 572 

Ti(¢), Tra(v) (continuity ideal) 571 
A; (idempotents of A) 4, 667 
Al) (union of Al)) 384 


JJal[ (a) = inf {]Ja"||?/" : ne N} 16 

a~(a) = inf{a(a")'/" : ne N} 16, 210 
J 

7 (James space) 79 


7 (00) (vanishing near 0c) 640 
J(M) (vanishing near M) 640 
J7(M, oo) (vanishing near M 640 
7(H) (vanishing near H) 640 

J(H, 0c) (vanishing near H, 00) 640 
A, (Jacobson radical) 225, 474-481 


Ajqz (joint quasi-divisors of zero) 250 
Ajz (joint divisors of zero) 250 
K 


k(B) (kernel of BG Px) «620, 323 
ker(y) (kernel of ») 5 

{K] (class of compact groups) 529 
LS, aie, Gee 22, 79 
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L 


lima Aa (inductive limit) 44 


lima +. (projective limit) 42 


L)(R,,) (semigroup algebra) 531 
£)(G) ¢ }-group algebra) 142 
L(G" L®(G) 418 

ub «= LMT) 113 

o7(2" ware summabie) 431 

web T) 113 

Le = LS '(T) 113 

L™(«#) (1%, convolution) 115 

t, (le :guiar representation) 25 

L} (ext... Jed left regular representation) 25 
i* (repre ventation on Ae) 669 

rA/E ty action of L by £L) 441 

. _f (:" annibilator) 25 

Ange € quasi-divisors of zero) 250 
Avz (laf. divisors of zero) 250 
e'(Z.,w! Beurling algebra) 436 

£1(S, 4, ’) (weighted cross product) 512 
21(S,4, °,V) (welghted cross product) 512 
@}(G) (alsebraic group algebra) 128 
(Q-a)A={Ab—ob:be A} 5 

A= (Mya, dn) EC? 380 

A (left Hs ar measure) 142 

dX” (coms: 2x conjugate of 4 € C) 3 

Aw, ('. orw € A*) 60 

£(¥), Li.*, ¥) (linear maps) 22 
L(x), X?,..., 2": ) (multilinear) 159 
CL: A (quotient of £L) 446 

£, (V) ( inear with adjoint) 671 
LRLA (:. aibilator) 679 


M 


mty ("mal polynomial) 275 
MiGi ( - asure algebra) 137, 435 
M,.(.4 (5 Xm matrices over A) 74 
M..(A) (x N matrices over A) 43 
Me T° -atrix of T) 70 

[MAP} (« ass of groups) 145 

Amy (mizimal idempotents) 667 
T(M) (/: -component) 646 


N 


mul(Z') Craltity of 7) 274 
N (nati: . numbers) 2 
Ne 6 (2,3,...} 2 


Ne ed algebra category) 500 

No (fps ye X:a(z—y) <e} 14 
a (3e!z' vorhoods of Sp(a)) 348, 383 

Aw (no al elements) 376 


Ani (1 adical) 483 

Alm) {n-tupies from A) 382 

fla}), (norm from Nez, (A/M)) 642 
I iloo = suri f(w)|: w € 2} 64 
||(L, R)|l (corm in Dg(A)) 26 

|Jw{| (dua! norm) 21 


oO 
O(U, &) (analytic functions) 296 
w «7 (convolution in 4’*) 136 


wr E L(G)" forhEL™(G) 418 
wa, awe A*,a€ Awe A* 47 
wy, swe A*, we A®, f «A 47 


P 


pc(K) (polynomially convex hull) 203 
p(a) (functional calculus) 199, 342 
pe £(a}, x, .., 4; Z) (tensor map) 159 
perSp,(a) (permanent spectrum) 253 
pSp(T) (point spectrum) 286 

P,~ (prime ideals) 621, 446 

P(K) (limite of polynomials) 384 
P(D) (limits of polynomials) 331 
P(T) (limits of polynomials) 331 
P(N) (limits of polynomials) 333, 384 
w(x ) (firat cohomotopy group) rae 
Fm,n? Alm) _, Alm) 385 

ew Al™) 4 Alm") 385 

ly (primitive ideals) 621, 443 
MaeaA® (direct product) 338 

T2193 = 0199 °-+ an 5 

P(C”) (polynomials) 381 

P(S) (perturbation set) 430 

P* (primitive ideal from e) 680 

S’ (commutant) 9 

S$” (double commutant’ 9 

Y, (separating space) 582 

xX (separating space) 563 

a. 3 (real partials in C") 392 
y+ (annihilator set) 283 

Wz, (annihilator in L4()) 454: 

+z (annihilator set) 288 

T+ (annihilator in L®) 454 


Q 


at (quasi-inverse of a) 193 

Aga (quasi-group) 193 

Agz (quasi-divisors of zero) 256 

Ag = {pE A: W(p) CR,} 269 
Q(’) (generalized Calkin algebra) 108 


R 


rank(7T’) (rank of T) 274 

rSp(T) (residual spectrum) 286 

RLRAA (annihilator) 679 

R® (restriction to Ae) 669 

R(NQ) (limits: rational functions) 333 

Ra, (right regular representation) 25 

Ri (extended right regular representation) 25 

(|: [az (regular unitization of {| - ||) 20 
(real number field) 2 

R, = {te R;2 > 0} 2 

Rs, = {t ¢ R;t > 0} 2 

R, (discrete real numbers) 134 
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Apreg (largest completely regular sub- 
algebra) 328 

A® (reverse algebra) 7 

Ara (right annihilator) 25 

Angz (right quasi-divisors of zero) 250 


Arz (right divisors of zero) 250 
ea(a) = p{a) (spectral radius) 196 
8 


spanS (linear span) 4 

SPME(S) (closed span) 534 

suppf (support of f) 2 

S(W) (spectrum of W) 434 

Sy (standard polynomial) 627 

Spa(a) = Sp(a) (spectrum) = 196, 383 

Sra (a) = Sp*(a) (strong spectrum) 207 

Sp" (S) (Taylor spectrum) 416 

[SIN] (class of groups) 529 

9,(a)-= 5 (a) (strong spectral radius) 207 

As (symmetric elements) 265 

SA (category of spectra! algebras) 500 

SSA (category of spectral semi-normed 
' algebras) 500 

ou (Minkowski functional) 20 

oy (separating function) 562 

X% = {z € X:a0(z) = 0} 10 

£3 (symmetric group) 659 

ee I (sum of ideals) 40 

a® ina BY-sigebra 232 

X* (continuous dual) 21 

x*° (double dual) 22 

T* (dual of an operator) 286 


T 


td = {2 € X : ofz) < t} 14 

Tr(A) (trace of A) 70 

To, 71, Tz, Ty (separation properties) 8 

T',T? Av + BX") 63 

T* (adjoint from pairing) 672 

T. (representing operator) 440 

T” (subrepresentation) 441 

TX/Y (reduction of T) 441 

Tu : O(U, X) ~ O(U, X) 296 

T= ve Cia =1} 2 

Atw (topological nilpotents) 213 

T = T(T) (trigonometric polynomials) 113 

6:G—-4G 422 

TT} © T2% © T,, (tensor product of 
maps) 176 

xX! @ Xx? @.-- @ X” (algebraic tensor 
product) 160 

x) e278 +++ @A™ (injective tensor prod- 


uct) 175 

X!1@X7@..- 82" (projective -ensor prod- 
uct) 166 

z @w (rank-one operator) 23 


Z;@zr2@:>--@z, (elementary sensor) 159 


u 
[Um] (unimodular groups) 529 
Vv 


V(G x G) (Varopoulos algebra) 173 
Ay =As +iAs 268 


w 


W(a) (numerical range} 261 

ll: yw Caumerical radius) 261 

Ay = {w € A® : w(1) = jw) = 1} 261 
Auc (weakly invertible) 207 
W(S) (weak* closed span) 434 


x 
=~ (maximal modular ideals) 621, 490 
Zz 


z = (21, 22,--+52n) 380 

2(A) =A ford EC 198 
Z3(Ay,A,---) An) = AY 380 
ZFC (Zermelo—Frankel Axioms) 578 
Z (all integers) 2 

Az (center of A) 250 


